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Saddle-point optimality criteria of Kuhn-Tucker and Fritz Johns are
established in the case of continuous time programming problems. The functions
involved are not assumed to be differentiable. In the process, an important
theorem of the alternative is also proven.

1. INTRODUCTION

Tyndall [10] treated rigorously the following two continuous time program-
ming problems, which originated from Bellman’s bottleneck problems [1].

PriMAL PrOBLEM Maximize

fo " a(t) a(t) dt
subject to
BOs() <o)+ [ KG.9s0)d  0<i=T
FOEL 0<t<T

where 2(¢) is an n X 1 vector-valued function, bounded and measurable on

[0, T1.

DuaL ProBLEM. Minimize

f o) i) dt
subject to ’
B'(t) w(t) = a(t) + ft "Kis ul)ds 0t T
w(t) = 0 0=t T
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where w(2) is an m X 1 vector-valued function, bounded and measurable on
[0, T].

Assuming B and K are nonnegative constant matrices, a(t), ¢() are continuous
vector-valued functions defined on [0, 7', and under the regularity condition

{2(2): Bz(t) < 0,2(2) = 0Vt [0, T]} = {0},

Tyndall [10] proved a duality theorem. Levinson [8] generalized and consider-
ably shortened Tyndall’s results. He let a(t), ¢(¢), B(t) be piecewise continuous
on [0, T} and K{(t, 5) be piecewise continuous on [0, T'] X [0, T]. Grinold [4, 5]
relaxed Tyndall’s regularity assumptions and required that a(t), c(¢), B(2),
K(t, s) be bounded and measurable. Hanson and Mond [6] generalized the
duality theory by considering a concave objective function of the primal problem.
They also established the complementary slackness principle and the Kuhn—
Tucker conditions. Farr and Hanson [2, 3] further generalized the continuous
time programming problem by introducing nonlinear, differentiable constrains
and establishing the complementary slackness principle and Kuhn-Tucker
theorem in their setup. In [3]. they introduced the time lag effect, thus extending
the results of Larsen and Polak [7].

The purpose of this paper is to consider the continuous time programming
problem (linear and nonlinear) in an entirely different direction. We establish
the Kuhn-Tucker and Fritz Johns saddle-point optimality criteria without
assuming differentiability of the functions involved. In the process we prove a
theorem of the alternative (Theorem 7 below) which is of great value in itself.
This puts the continuous time programming problem in the same perspective
as the classical nonlinear programming problem, as presented in [9, Chap. 5].

2. SUFFICIENT OPTIMALITY CRITERIA
We consider the following:

MaximizAaTiON ProBLEM (MP). Maximize

1) — [ a0 a

subject to

SE) <)+ [ et 0<i<T
= ' <t<T M

() =0 0<t

where 2(-) is an 7 X 1 vector-valued function defined on [0, T']. Let D" be the
collection of all such functions which are bounded and measurable. Let D "
be the collection of all such nonnegative functions.
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f(°) is an m X 1 vector-valued function defined on D". ¢(-) i1s an m x| vector-
valued function defined on [0, T']. g(-, -, -} is an m > | vector-valued function
defined on [0, t] x [0, T} x D" for each t € [0, T']. ¢(-) is a real-valued function
defined on D*.

Note. All vectors are considered column vectors and the integrals are in
the Lebesgue sense. Let

S = {z(t)e D 2(t) = 0Vtel0, T], f(2(t) < c(t) + fot g(s, 8, 3(5)) dsg .

S is called the set of feasible solutions of MP.

If there exists a Z(¢) € S such that /() = max, ()., /(2), we say 2(¢) is a solution
of the maximization problem (MP).

For our further study, we assume that D" is suitably normed (say, || 2(¢)|| =
MaX,o, 71 S | 242)] for all 2(t) e D7).

LocaL MaxiMizaTioN PrRoBLEM (LMP). Find a 2(z) in S, if it exists such
that for some open ball By(3(t)) = {2(¢) € D": || 2(t) — 2(t)|| < 8} around Z(t)
with radius & > 0, 2(t) € Bs(Z(2)) N S implies I(2) < I(Z).

Let D™ be the collection of all m x 1 vector-valued functions defined on
[0, T]. Then we consider The Fritz—John saddle-point problem (F]JSP).

Find 2(¢2)e D,*, 7(t)e D™, 7, real, (7,,7(t)) =0 Vte [0, T], if they exist
such that G(2(t), 7y, (1)) << G(2(2), 7y, 7(1)) << G(=(2), 7y , 7(2)) for all r(¢)e D™,
7(t) = 0 and for all 2(t)e D, and where G(2(t), 7y, r(t)) = fo [—rop(2(t)) +
r'(t) X {f(2(t)) — c(t) — fo g(s, t, 2(s)) ds}] dt. Throughout, a prime on a vector

means the transpose of that vector.

Tre Kunn-Tucker SappLe-Point ProBLEm (KTSP). Find 2(¢)e D7,
#(t)e D™, a(t) = 0 Vt € [0, T, if they exist such that F(3(t), u(¢)) < F(2(¢), u(t))
<< F(2(1), #(t)) Vu(t) eD™ u(t) =20Vte[0,T] and Va(t)e D,® where
F(a(1), u(t)) = [o [—(=(t) + /(1) {/(3(2)) — () — [a(s, 2, () ds}] dr.

Remark x. 1f (Z(2), 7, 7(t)) is a solution of FJSP and r, > 0, then (2(¢),
(1/7,) 7(2)) is a solution of KTSP. Conversely, if (2(t), #(¢)) is a solution of
KTSP, then (2(t), 1, #(t)) is a solution of FJSP.

The following first four results are easy to establish. Qur Theorems 1, 3, and 4
are analogous to Theorems 5.2.1, 5.2.2, and 5.2.4 in Mangasarian [9] and hence
can be proven following Mangasarian’s line of argument. We state them without
proofs.

TrEOREM 1. If S is a convex set and ¢ is a concave function in 2(t), then the
set of solutions of MP is convex.

Lemma 2. If f is convex in 2(t) and g is concave in z(t), then S is a convex set.
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THEOREM 3. Let S be convex and Z(t) be a solution of MP. If ¢ is strictly con-
cave at Z(t), then Z(t) is the unique solution of MP.

THEOREM 4. If Z(t) is a solution of MP, then it is also solution of LMP. The
converse is true if S is convex and ¢ is concave at 3(t).

THeoreM 5 (Sufficiency). If (2(t), #(t)) is a solution of KTSP, then 2(t) is a
solution of MP almost everywhere on [0, T). If (2(t), 7, , 7(t)) is a solution of F]SP
and 7y, > 0 then Z(t) is a solution of MP almost everywhere.

Proof. The second statement is an easy consequence of the first statement
and Remark .

Let (2(¢), #(t)) be a solution of KT'SP. Then for all #(t) in D™, u(t) >> 0 and
for all 2(¢) in S,

J| = paend+ [ o f0) o o) — [ w0 gt 500 ] de
< [ = deepar+ [ {0600 — 7@ ) — [ #0g176) i

T T t
< fo — $(z(t)) dt + fo gﬁ’(t) f(=(t) — @(2) ct) — fo @'(t) g(s, 1, 2(s)) ds{ dt.
2)
From the first inequality in (2), we have
J| o) —w @) {fem) — a0 — [ e afa<o. )
Let

A= Jre 0, T1£(a0) — () — [ 601,5) s <0

B, = fte 0, Th:Ats@) — ) — [ 86,1, 56) ds >0

for { = 1, 2,..., m where f;(2(¢)) is the 7th component of the vector function

FE@) = (fu(B(®))y-- f(Z(®)))’. Similar interpretations apply to c¢/t) and
&4s, t, #(s)). Note that 4, B, =0 and 4,V B, = [0, T] for all i = 1,..., m.
Since the vector function #(t) is at our disposal, we can choose

i;(2) Ytec A1
ut) = [ﬁ,-(t) +1 Vte Bi]

409/59/3-3
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for i = 1,..., m. Now
02 [ o) = 50} e — o) = [ 2ot 26 ] a
[ o) — e~ [ st s af e
. A — o) — f gls, 1, 5(6) ds| d

-1

But this is possible only (in view of the definition of B;) if B; has Lebesgue
measure 0. Therefore, f(Z(2)) — ct) — jogl(s 1, E(s))ds <0 a.e. on [0, T],

ie.,

fiED) — clt) — j 85, 1, () ds; d.

FAEQ) < olt) + f: g, t, 5(s)ds ae. on [0, T).

Now T = AIUB1~ += A, JVB, and 4,NB; =0 for i =1,.. > 1. We

take 4 = nz 1 Az ’ B = Uz 1 B Then 0 < f"‘(B) < Zz_l IU‘(B) - 21—1 0=
0 = u(B) = 0, where p is the Lebesgue measure on the sigma field of subsets
of [0, T]. Also note that

AuB:(ﬂAi)uB

i=1

ﬂ(A UB) = ﬂT T.

Hence

FE0) <o) + [ gt 2 de Ve,

3a
i.e., (2) is a feasible solution of MP a.e. on [0, T']. G2

Now #(t) = 0Vie[0, T] and f(2(2)) < c(t) + ﬂ,g(s, t, #(s)) ds a.e. on [0, T].
Hence

a(t) g F(&@) — o) — fo “os, 1, 7(s) dsg <0 ae. on [0,T]
Therefore

fo 70 g FE@) — o(t) — fo "o, £, 2(5)) ds| dt < 0. ()
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But taking #(¢) = 0 in (3), we have
T
| aw
0

Combining (4) and (5) together, we get

FE0) = o) — [ g601,56) dsf dt > 0. (5)

f( lT @' (t) 3 FEE) — ot) — fo "o, 1, 3(5)) ds% dt = 0. (6)

From the second inequality in (2) and by (6), we have
J| — 4oy ar
<[~ pletoy e + [ ") |1(a(0) — ) — [| #6515 ] .

Hence
| —#ewyar < [ —gtato) ar

(This is because, #() = 0Vt e [0, T] and for all feasible 2(2), f(2(2)) — ¢(t) —
[58(s, £, 2(s)) ds < 0.) Hence [, $(2(2)) = [o $(2(2)) for all 2(t)€ S, ie., %)
is an optimal solution of MP a.e. on [0, T'] and this proves the theorem.

With some suitable restrictions on the functions f, ¢, and g, we can easily
produce an optimal solution. We do this in the next theorem.

THEOREM 6. Let
(1) (=(2), #(t)) be a solution of KTSP;
(i) f(0)=0;
(ii)) «(t) =0Vte[0, TT;
(iv) g(s, 2, 2(5)) =0Vse[0,t], te[0, T], 2(s) = 0Vse [0, T].
Then there exists an optimal solution 2*(t) of MP.

Proof. By Theorem 5, 2(¢) is an optimal solution of MP a.e. on [0, T].
Define
wn _ [B@) if ted
#0=[" & eal

Then by (3a) and hypotheses (ii), (iii), and (iv), 2*(t) is a feasible solution of MP.
Now

=) = [ o) de — [ #ao) e+ [ 9(0)de — [ pisto) e
— [ #(ate de = 1)

(Since u(B) = 0, u(4) = ([0, T]).) Hence z*(t) is an optimal solution of MP.
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3. NEecessarY OprTIMALITY CRITERIA

For the rest of the paper we assume that

Al. ¢(2(t)) is concave in z(t).

A2, f(2(t)) is convex in 2(z).

A3, g(s, t, 2(s)) is concave in 3(s) and hence S is convex.

Ad. H (1) = fila(t)) — c{t) — |, :, g5, t,2(5)ds is in L0, T] for
i =1,...,m; 3(t)e D"

A5, X =R XxXL*[0,T] x -~ x L=[0, T], where L=[0, T] repeats m
times and R is the set of all reals.

We first prove the following important

THEOREM 7. If the system of inequalities
(Z) —l(z) <0 and H(z(t)) <O
has no solution z(t) € D" for a fixed 2(t) S, then there exisis

(o, F(t)eX, (7, 7(t) =0 Vte[0, T]

such that
7o(l(7) — I(z)) + f "HGW) A d =0 Va(t)e D,

where

H(x(1)) = (H(2(2),--., Hn((2)))'-

Proof. Consider W= {(r, ¥(t)) € X: 7 >1(Z) — (), y(t) = H(2(t))} for each
2(t)e D™ Let W = (), (yepn W. and V = {(0, 0)} where 0 is the m-dimensional
zero vector. Note that ' N W is empty by the hypothesis of the theorem. The
set V' is trivially convex. We show that W is also convex. Let (ry, y,(t)) € W,
(r2,¥:(t)) € W. Then there exist 2(t)e D" z(t)e D* such that Az(t) +
(I =N zft)e D" for 0 <A < 1 and

[71 > (&) — U(zy), y1(t) = H(zl(t))]

and
ra > U(3) — Uay), 32(t) = H(z(2))
implies

{ Ary = MU(E) — Uz), Wi(t) = AH(24(t)) }

and
(L =27, > (1 = 2 (IZ) — Uzp), (1 — A) 32(2) = (1 - X) H(zo(1))
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implies
My A (1= N1y > U(E) — N(zy) — (1 — A) I(=5)
and .
Mn(t) -+ (1 — A) 3ot) = AH(24(2)) + (1 — A) H(z(2))
Now

1+ (L= > U2) — [Allz) + (1 — 2) 2]

1) = [ Do) + (1 = N N de

> I(&) — jo T d0m(t) + (1 — ) Zy(t)) dt  (since b is concave)
= I(z) — A2y + (1 — A) 2).
Also
MWrl®) + (1 — ) 34(®) = M) + (1 — N f((t) — o0
— [ Dt 1 200) + (1= N gle, & (D]
> f0m(t) + (1 — X) m(t) — et

— [ Dt 1,550+ (1 = N g1, O]
(since f is convex)

Z f(a(t) + (1 — ) 2(t)) — (1)
— g6 1, Am(s) 1 — ) y(s)) ds
(since g is concave in 2(2)).

Therefore (Ary; + (1 —A) 7y, () - (1 — ) yy(2)) e W, 1e., W is convex.
Because of the way r and y(¢) are chosen, W has at least one interior point.
Hence by [11, Theorem 1, p. 219] there exists a continuous linear functional
which separates W and V. This means there exists 7, € R, x%(¢) in L=[0, T] X
-+ X L=[0, T] such that

0<rr+ [ YORO& Vo ye)eW, )
where x%(¢) = (%,%(t),..., ,2(t))’. Taking »'(t) = (1, 0,...,0) in (7) we have

T
0 < 7yr + fo x,0(t) dt. (8)
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Now r can be chosen as large as we wish. Therefore, for a fixed value
T -~ T ' .

of [y x,%(t)dt, 7" + [ %,°(t) dt can be made negative if we choose large r and

assume 7, is negative. But this will violate (8). Hence

7o = 0. ©)

Next, since it is possible to have y(¢) = H(2(t)), (7) implies 0 < Fyr -
ﬂ)— H'(2(t)) 2%(t) dt which in turn implies

0 < 7p((E) — I(2)) + &7 + fo " HY(s(2)) 202) dt (10)

where 7 = I(8) — I(2) 4 €. (The choice of ¢ > 0 depends upon 3. But for any
given 2, € can be made arbitrarily small since » can be brought arbitrarily close

to I(Z) — {(z).) From (10) it follows that
0 < Rllm) — 1) + [ " H(s(0) #0) (1)
(From (10) we have —ery << 7o({(3) — I(2)) + ﬁ H'(2(8)) x°(t) dr.) If

(o %f°(l(§) — (=) + fﬂT H'(3(2)) 3°(2) di] == — <0,

we can choose e so small that 7, < 8. Hence

lle) = 1)+ [ HE0) #00) dtf = —b < —er,

inf
2(fyeDr

and this contradicts (10). Hence

inf
2(t)eD?

7((Z) — 1(z)) + fo " H () () dt] =0

which means

(@) — I()) + f( )T H'(2(t)) °(t) dt = 0.

Next we show that x%t) = (x,%2),..., %,2(t)) =0 a.e. on [0, T']. Suppose
x9(t) << 0 ae. on [0, T] for ¢ = 1,..., m. Then choose
T
() =5(t), r=—[ x2t)dt>0
Y0

and
¥(#) = (0,..., 0,7y + 1,0,..., 0)
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and (7) becomes

T
0 <7y + f y(2) X(2) dt
(4]

T
= 7y - f (7o + 1) x9(t) dt
0

=Fgy —For —r = —r <0
which is nonsense.
Therefore x9(¢) > 0 a.e. on [0, T'] for i = 1,..., m. For ¢ = 1,..., m, let

A, = {te[0, T]: x5(t) = 0}
B; = {t€[0, T]: x5(t) < 0}.
Note that u(B,) = 0. Define

_on [ 28 if ted,;
7i(t) = [—xi"(l) if te Bi]

Therefore, 7(t) = (,(t),..., 7u(t))’ =0, t [0, T]. From (11) we have

fori = 1,..., m.

0 < AlE) — 1) + | " Ha(t)) #°(1) dt
m T
= #ol() — ) + 3, [ Hlate) w00) e
= 7l(8) — I(z)) + gl [ Li H(2(t)) () dt - jﬁiHi(z(t)) (1) dt]

= 7l(z) — U=) + i [J, Huaten wey e + || He(e) (200 ]

(This is possible because Lebesgue measure of B, is zero and so [5 k(z)dt =0
for any bounded function k(¢).)

i) — 1) + 3, [ Has) ) de + [ Hato) 7o) ]

@) =) + 3 [[ At o a]
7@ = 1) + 3. [ Hie(0) 70)

= 7le) — ) + [ HG0) 70

and this proves the theorem.
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We now prove the Fritz-John saddle-point necessary optimality theorem
in our setup.

THEOREM 8. Let Z(t) be a solution of MP. Then there exists (v, ,7(t)) € X,
(7, 7(t)) = 0 for all t € [0, T such that

@) [oH'(=@)r@)dt =0
(i) (2(@), 7, ,7(t)) solves FJSP.

Proof. Existence of (7y,7(t))eX, (7,7(t)) =0 Vie[0,T] such that
7o(l(Z) — I(=)) + fo H'(2(t))7(t) = 0 is shown by Theorem 7. To prove (1)
we observe that 7(t) > 0 and H(Z(2)) = f(Z(t)) — () — fo o(s, t, B(s)) ds <
Hence H'(%(t))7(¢t) < 0 Vt € [0, T]. This implies that

[ HEm0 <o (12)
But from (11), taking 2(¢) = 3(2),
Jf " H/(z) 7(t) dt > 0. (13)

Hence by (12) and (13), we have (i).
To establish (ii), notice that by (11) —7(I(2)) < —#o(I(2)) + f: H'(2(t)) F(t) dt.
Therefore by (i),

@) + [ HEO) 0 d < e + [ HG) a4

Again, since H(z t)) = f(5(t)) — c(t) — fo &(s, t, 2(s)) ds < O, for r(t) >0, 7(2)
in L=[0, T] X - X L=[0, T], we have H'(Z(¢))r(t) < 0. This implies that
fo H'(z(t))r(t) < 0. Therefore

—7l(E) + fo TH @) () dt < —7(5) + fo TH@EO) A (15)

Combining (14) and (15) we have (ii).
In order to establish Kuhn-Tucker saddle-point necessary optimality theorem,
we introduce Karlin's constraint qualification for our problem.

KARLIN’S CONSTRAINT QUALIFICATION. We say H(2(t)) satisfy Karlin’s
constraint qualification on [0, #] X [0, 7] x D" if and only if there does not
exist r'(t) = (r(t),..., 7,,(t)) = 0, r(¢t) =% 0 such that fo H'(2(2))r(t) dt >0 for
all 2(¢) in D™
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THEOREM 9. If H(2(t)) satisfies Karlin's constraint qualification on
[0, 2] X [0, T] X D™ and Z(t) is a solution of MP, then Z(t) and some #(t) in
L2[0, T} x - X L=[0, T], @(t) >0 for all t in [0, T] solve KTSP and
[5 () H(Z(t)) dt = 0.

Proof. 1f 7, of Theorem 8 is positive, then Theorem 9 follows from Remark x
and Theorem 8. So we only need to show that #, > 0. Suppose 7, = 0, then
7(t) = 0 for all ¢ in [0, T] and from the second inequality of FJSP

0= " (3 7(0) dt
< "H(0) 7@y dt  forall a(t) e D

This violates Karlin’s constraint qualification. Hence, 7, > 0 and the theorem is
proven.
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