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Abstract

We prove an isoperimetric inequality for the uniform measure on a uniformly convex body and for
a class of uniformly log-concave measures (that we introduce). These inequalities imply (up to univer-
sal constants) the log-Sobolev inequalities proved by Bobkov, Ledoux [S.G. Bobkov, M. Ledoux, From
Brunn—Minkowski to Brascamp-Lieb and to logarithmic Sobolev inequalities, Geom. Funct. Anal. 10 (5)
(2000) 1028-1052] and the isoperimetric inequalities due to Bakry, Ledoux [D. Bakry, M. Ledoux, Lévy—
Gromov’s isoperimetric inequality for an infinite-dimensional diffusion generator, Invent. Math. 123 (2)
(1996) 259-281] and Bobkov, Zegarlifiski [S.G. Bobkov, B. Zegarliiski, Entropy bounds and isoperimetry,
Mem. Amer. Math. Soc. 176 (829) (2005), x+69]. We also recover a concentration inequality for uniformly
convex bodies, similar to that proved by Gromov, Milman [M. Gromov, V.D. Milman, Generalization of
the spherical isoperimetric inequality to uniformly convex Banach spaces, Compos. Math. 62 (3) (1987)
263-282].
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1. Introduction

Let V.= (R", || - ||) be a normed space, and let « be a probability measure on V with density
f=exp(—g), g:R" - RU {400} If g is convex, the function f and the measure p are called
log-concave. Log-concave functions and measures boast many important properties (cf. Borell
[16], Bobkov [11], etc.)

In this note, we study more restricted classes of measures. Let

1) :RJ,_ — R+ U {+OO},

and consider the following condition:

g(x)';g(y) —g(x;y)>8(||x—y||). (1.1)

Example 1.1. The log-concavity condition corresponds to § = 0.

By analogy with uniformly convex bodies (cf. Section 1.2.2), we define the modulus of con-

vexity d, . of g with respect to the norm || - || as
cJe)+g(y)  [(x+y
Sg.[1-11 () :=1nf{ > —\ 5 ) Ix =yl >rand g(x). g(y) < ooy

If 8,50 () > 0 for all r > 0, we say that f and p are uniformly log-concave, and that g is
uniformly convex. Obviously, this notion does not depend on the choice of the norm || - ||.

It is easy to check that 8, . (t)/t is always a non-decreasing function of #; therefore in the
sequel we consider measures p satisfying (1.1) with respect to a function § such that

8(t) >0, t >0, (12)
t+ 8(¢t)/t isnon-decreasing. '
Example 1.2. Let || - | = | - | be the Euclidean norm, and let §(r) = #>/8. Then (1.1) holds iff

w has log-concave density with respect to the standard Gaussian measure; in other words, if
w satisfies the Bakry—Emery curvature—dimension condition CD(1, +o00) (cf. Bakry and Emery
[3]; recall that the usual log-concavity of w is equivalent to CD(0, +00)).

Remark 1.3. The condition (1.1) is translation invariant. Therefore one may extend it to measures
on an affine space A" on which V acts by translations; note that both sides of (1.1) are still
defined. This point of view will be convenient in Section 2.

1.0. Assumptions and notation

Unless mentioned otherwise, the sets in this note are Borel subsets of R”, and the measures
are Borel measures on R”.
The Lipschitz norm of a map T : Vi — V, between two normed spaces V; = (X;, || - |Ii),
i =1, 2,1s defined as
1T (x) — T2

ITlLip= sup ——————. (1.3)
x,yeX|,x#y lx =yl
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T is called Lipschitz if || T ||Lip < co. If

IT(x) —=TOl2

< 400
x,yeK, x#£y llx _y”l

for any compact subset K C X, T is called locally Lipschitz.

A Borel map 7T : V] — V; is said to push a measure p on V; forward to a measure A on V;
(notation: T, = X) if ,u(T_l(B)) = A(B) for every B C X».

If 1 is a probability measure on V = (X, || - ||), the Minkowski boundary measure associated
with ¢ (and | - ||) is defined by

iy (4) = liminf a1 (A"*”'“; A ek, (1.4)
where
Al = {x eX ’ dyeA, |x—y| < 8}
is the e-extension of A in the metric induced by || - ||. In addition, we denote:

p(A) =min((A), 1 — n(A))
for all A C X. Lastly, we denote the Lebesgue measure on R” by mes,,.
1.1. Isoperimetric inequalities

The first topic of this note is an isoperimetric inequality for . In the setting of Example 1.2
(and actually in a much more abstract one), Bakry and Ledoux proved [4] the following isoperi-
metric inequality.

Theorem (Bakry—Ledoux). If the measure  satisfies (1.1) with || - || = | - | and 8(t) = t*/8, then
forany A C R"

uih(4) = p(@7 (1(A)). (1.5)

Here as usual ¢ (t) = «/%_71 exp(—t2/2) and @ (1) = fioo d(s)ds.

This theorem is a generalisation of the isoperimetric inequality for the Gaussian measure,
proved by Sudakov, Tsirelson, and Borell [17,36]. In [12], Bobkov gave a proof of the Bakry—
Ledoux inequality using the localisation technique; the latter was introduced by Gromov and
Milman [26] and developed by Kannan, Lovasz and Simonovits [28,32] (see also Gromov [25,
Section 3 % .27]). We extend Bobkov’s approach to the general case (1.1) and prove:

Theorem 1.1. Suppose u satisfies (1.1) and (1.2). Then

Mﬁf” (A) > Cg,tf(?())/(log /EIA/)> forall ACR", (1.6)
"
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where

e—1

Cs= +o0 ’
2e max(28(f0 exp(—248(t))dt), 1)

140

:3*‘(IW’ and  11(A)=min(u(A), 1 — u(A)).

Corollary 1.2. Let §(t) = at? for p > 2 and o > 0 in the setting of the previous theorem. Then

— 1
iy (A) > ca /P p(A)log TP — (1.7)
w(A)

where ¢ > 0 is a universal constant (independent of p).

Remark 1.4. Note that p cannot be less than 2; this follows from a second-order Taylor expan-
sion of g in (1.1).

Remark 1.5. For p =2, Corollary 1.2 recovers the Bakry—Ledoux theorem up to a universal
constant: indeed,

p(@7 (1)) <C'tylogl/t, 0<t<1)2.

Remark 1.6. In [11], Bobkov proved that the following inequality holds for any log-concave
measure y and any r > O:

. 1
Wi (A) > - (A log ——= 4 (1 — u(A)) log +logp{llxl <r}p. (1.8)
r

1
n(A) 1 —pu(A)
In particular, (1.8) implies a non-trivial isoperimetric inequality for measures satisfying (1.1),
(1.2). However, this inequality would become weaker in higher dimension, whereas our results
are dimension-free.

1.2. Application: uniformly convex bodies

As before, let V = (R", || - ||) be a normed space. The volume measure A = Ay on the unit
ball of V is defined by

_ _meSulgxi<n (1.9)
mes, ({[lx[l < 1})
it arises naturally in geometric applications.
We would like to prove an isoperimetric inequality for A, with respect to the norm || - ||. It is
easy to see that A never satisfies the condition (1.1) with § > 0. Therefore we follow the approach
introduced by Bobkov and Ledoux [14] and define an auxiliary measure u that satisfies (1.1).
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1.2.1. p-Uniformly convex bodies
Choose p > 2, and let u be the measure with density

exp(—Ilx|I”)
T (1 +n/pymes, ({llx]| <1}’

(1.10)

with respect to the Lebesgue measure.

Proposition (Bobkov—Ledoux). There exists amap S:V — V such that Syj = A and ||S||Lip <
C(T(14+n/p))~Y" where C > 0 is a universal constant.

It is clear that Lipschitz maps preserve isoperimetric inequalities, so we may first establish
one for . The condition (1.1) for w, with §(¢) = at?, reads as

p

p p
”x" +||)’|| _ >a||x_y||[7 forallx’yERn. (111)

2

X+Yy
2

This is one of the definitions of a p-uniformly convex norm (cf. Pisier [35]).

Example 1.7. The £, norm | - [|4, 1 < g < 00, satisfies (1.11) with

{2, q<2, a—{%’ q <2,
q, q=2, 279, g >=2.

In fact, the same estimates holds for the space L. The case g > 2 is due to Clarkson [18] (see
also Hanner [27]), while the case g < 2 follows from an unpublished argument of Ball and Pisier
(see Ball, Carlen and Lieb [7]).

Therefore, if || - || is p-uniformly convex with coefficient « (that is, if (1.11) holds), we can
apply Corollary 1.2 and deduce (1.7). Combining with the Bobkov—Ledoux proposition above,
we obtain the following.

Theorem 1.3. Suppose the space V is p-uniformly convex with constant o (that is, satisfies
(1.11)); let A be the uniform measure on the unit ball of || - || (as in (1.9)). Then for any A C R":

— 1
A (A) = Cal/Prl /P (A)log' =P ﬁ’ (1.12)

where C > 0 is a universal constant.

This theorem continues the study of isoperimetric properties of p-uniformly convex bodies by
Bobkov and Zegarliniski [15, Chapter 14]. In particular, when A(A) is not exponentially small in
the dimension, the inequality in Theorem 1.3 improves the bound in [15, Theorem 14.6]. Under
the same restriction, (1.12) improves (1.8) with » = 1 (which is however best possible in the class
of all convex bodies).
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Remark 1.8. Here, as well as in Theorem 1.6 below, one may use an isoperimetric inequality
due to Barthe [8] (which extends (1.8)) and get a better bound for exponentially small sets. We
do not pursue this point.

1.2.2. General uniformly convex bodies
We also generalise the above results to arbitrary uniformly convex spaces. Recall that the
modulus of convexity §y : [0, 2] — [0, 1] of a normed space V = (X, | - ||) is defined as

Sy () = inf{l - H %

sl Iyl <1, flx =yl 26}.

The space is called uniformly convex if dy (¢) > 0 for all ¢ > 0. From the works of Figiel [20],
Figiel, Pisier [21] and Pisier [35], it is known that if

Sy(e) >a'e? forall e €]0,2], (1.13)

then (1.11) holds with @ = min(c, o’/2?), and that if (1.11) holds then (1.13) holds with o’ =
o/ p (here ¢ > 0 is a universal constant). A space is therefore p-uniformly convex if either (1.11)
or (1.13) hold, it is however important to specify which definition one uses if the dependence on
p is of interest.

In Section 4 we derive the following proposition from the results of Figiel, Pisier [21].

Proposition 1.4. For all x, y € X such that ||x||*> + || y||* < 2, one has:

2 lx — yll

P + 1P
2

x+y
2

where ¢ > 0 is a universal constant.

Returning to the case X = R”, choose u to be the probability measure with density

fx) = iexp(_ﬁ||4x||2)1 el < = (1.14)
Z c 4 ’

with respect to the Lebesgue measure, where Z > 0 is a scaling factor. Proposition 1.4 clearly
implies that p is uniformly log-concave, so we can apply Theorem 1.1 and deduce an isoperi-
metric inequality for u. To transfer this inequality to the measure Ly, we need to extend the
Bobkov-Ledoux proposition of the previous subsection. Our next observation, which may be of
independent interest, does precisely that.

Definition. A map T :R" — R”" is called radial if it maps every ray to itself in a monotone way;
that is, if for every x #0

TRyx)CRyx and
T|r,x : Ryx — Ry x preserves the order on R x.
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Letdu = f dmes, be an even log-concave probability measure (with log-concave density f).
Denote

+0oo
Kfz{xeR"; n/f(rx)r"_ldr>1}. (1.15)
0

It is not hard to see (cf. Proposition 3.1) that there exists a canonical radial map T pushing
forward u to the restriction A of the Lebesgue measure to K .

K. Ball showed [6] that K is a symmetric convex body; in other words, the unit ball of a
norm || - ||k ,. In Section 3 we prove the following result (in a slightly more general form).

Theorem 1.5. Let diu = f dmes,, be an even log-concave probability measure (with log-concave
density f); let A denote the restriction of the Lebesgue measure on K ¢, and let T = Ty denote
the canonical radial map such that Ty = 1. Thenasamap T :V — V where V = R", || - &),
we have | T ||Lip < Cf(0)/", where C > 0 is a universal constant.

Remark 1.9. The Bobkov-Ledoux proposition above is a particular case of the last theorem (up
to another universal constant). We provide the details at the end of Section 3.2.

In Section 4 we apply Theorems 1.1 and 1.5 to deduce the following.

Theorem 1.6. Let V = (R", || - ||) be a uniformly convex space, and let § = §y denote its modulus
of convexity. Let .. = Ay denote the uniform measure on the unit-ball of V (as in (1.9)) and let
A CR"™ Then

A(A)log 7(]_7)

A (A) = Cps—F—7—,
Il §71(5log =)

where

e—1

 2emax(nd( Jo exp(=2n8(1))di), 1)’

(1.16)

Cn,B

and ¢’ > 0 is a universal constant.

Note that when §(z) = at? (p > 2), Theorem 1.6 recovers Theorem 1.3 up to a universal
constant.

1.3. Connection to functional inequalities and concentration

In this subsection we study some corollaries of the isoperimetric inequalities of the form (1.6)
and (1.7).
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1.3.1. Concentration

It is well known that an isoperimetric inequality can be equivalently rewritten in global form.
It will be convenient to use this in the following formulation (see Bobkov and Zegarlinski [15,
p. 46] for an equivalent form).

Proposition 1.7. Let i be a probability measure on R”" satisfying

— 1
iy (A) = M(A)V<10g -~ ) (1.17)
"

for every Borel set A C R" and some continuous function y :[log2, +00) — Ry. Then for any
Borel set B CR" and any ¢ >0

1= w(Be ) <exp(=hi! 5 (@), (1.18)
where
rod
ha(x) = / £ (1.19)
()
logl/a

fory <log2, y(y) should be interpreted as y (log #p(_y)).
Conversely, if u satisfies (1.18) for any Borel set B C R", then (1.17) holds.

Corollary 1.8. Let it be a measure on R" such that for all A C R"*

—— 1
i (A) = cop(A)log =P —. (1.20)
1(A)

Then for every B C R", u(B) > 1/2, and every € > 0,

1 coe ]?
_ _ Vp_ = 4 202
1 u(Bs,|.||)<exp{ |:log ] ( )+ :| } (1.21)

In Section 5.1 we combine Proposition 1.7 and Corollary 1.8 with the results of the previous
subsections, to deduce a concentration inequality for uniformly convex bodies. Then we compare
this inequality with the Gromov—Milman theorem [26].

For completeness, we prove Proposition 1.7 in Section 5.2.

1.3.2. Functional inequalities

An isoperimetric inequality can be written in a functional form; this was brought forth by
Maz’ya, Federer and Fleming [19,33] in the early 1960s and later adapted by Bobkov and Houdré
[13] to the context of probability measures.

Proposition (Bobkov—Houdré). Let (1 be a probability measure on a normed space (R", | - ||),
andlet I : 10, 1/2] — R4 be an increasing continuous function such that I (0) = 0. The following
are equivalent:
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1. For any Borel set A CR",

w4 = 1(n(A)).
2. For any locally Lipschitz function F :R" — [0, 1] such that

p{F=1}>1te(0,1/2) and u{F=0}>1/2,

we have
/ IVFll«dp > 1),
where
|VF| s =limsup w
y—=x ly —x

1243

(1.22)

(1.23)

(1.24)

Let us focus on the case I(r) = cot log'/? 1/, where 1/q = 1 — 1/p. We have the following:

Proposition 1.9. Suppose a probability measure p on (R", || - ||) satisfies

— I
Wi (A) > eoe(A) log! =
m

forall A CR". Then:

1. For any locally Lipschitz function F :R" — [0, 1] satisfying (1.23), we have:

/ IVF|lsdu > cotlog'/91/t.

2. For any locally Lipschitz function F :R" — [0, 1] satisfying (1.23), we have:

f IVFILdp > cclilog /1,

where ¢ > 0 is a universal constant.
3. For any locally Lipschitz function F :R" — R,

[ 1vFian = e [ Foioe .

[ Fadu

where ¢’ > 0 is a universal constant.

(1.25)

(1.26)

(1.27)

(1.28)

Of course, part 1 follows from the previous proposition (and in fact, (1.26) is equivalent to
(1.17)). Then, part 1 implies part 2 via standard arguments that we reproduce for completeness
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in Section 5. Finally, part 2 is equivalent to part 3 (up to universal constants); this is a reformu-
lation of the arguments developed by Bobkov and Zegarlifiski [15, Chapter 5] in the language of
capacities put forth by Barthe and Roberto [9].

The inequality (1.28), called a g-log-Sobolev inequality, was studied by Bobkov and Ledoux
[14] and Bobkov and Zegarlinski [15]. In particular, part 3 of the last proposition extends The-
orem 16.3 in [15]. Combining it with Theorems 1.1 and 1.3, we recover the g-log-Sobolev
inequalities proved by Bobkov and Ledoux in [14], up to universal constants.

2. An isoperimetric inequality
2.1. Reduction to one dimension

This subsection is based on an argument that was introduced by Gromov and Milman [26] to
reduce the spherical isoperimetric inequality to a certain one-dimensional fact; see also Gromov
[25, Section 3%.27] and Alesker [1]. The corresponding argument in the affine case was devel-
oped by Kannan, Lovédsz and Simonovits [28,32], who also coined the term ‘localisation lemma’;
a different approach was put forth by Fradelizi and Guédon [23,24].

We formulate the localisation lemma in terms of p-needles, as put forth by S. Bobkov; this
corresponds to convex descendants in [25]. It will be natural to work in an n-dimensional affine
space A" (cf. Remark 1.3).

Let V= (R", | - ||) be a normed space acting by translations on an affine space A”. Let u be
a probability measure on A” such that ©(H) = 0 for every affine hyperplane H C A".

Definition. A (probability) measure ¢ supported on an affine line L C A" (and not on any point)
is called a p-needle if

o= lim wulc,/n(Ck)
k—+00
is the weak limit of the scaled restrictions of u to convex sets
C1DCyDC3D---, u(Cy) >0.

If the measure © admits a lower semicontinuous density f with respect to the Lebesgue
measure, the definition can be made more explicit (see [24,32]). We will only use the following
property (see e.g. [32, Lemma 2.5]).

Description of p-needles. If v is a p-needle supported on L, then u is absolutely continuous
with respect to the Lebesgue measure on L, and its density is equal to f|1 ¢ for some log-concave
function ¢ on L.

Localisation principle: global form. Let x« be a probability measure on A" such that u(H) =0
for every affine hyperplane H C R";leta, b € (0, 1), ¢ > 0. If every p-needle o supported on an
affine line L, satisfies

O'(A;) >b forevery A’ C L, suchthat o (A") =a, 2.1

then also
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w(Ag) = b forevery A C A" such that u(A) =a. (2.2)

This is essentially the first step in [32]. It will be more convenient to obtain an infinitesimal
form of this localisation principle. Given an isoperimetric inequality in the general form

wH(A) > 1(i(A)),

where [ :[0, 1/2] — R, is a continuous function, we may of course write I (a) = ay (log1/a)
for some continuous function y : Ry — R, obtaining the form in (1.17). By Proposition 1.7,
a local isoperimetric inequality of the form (1.17) is equivalent to the global inequality (1.18).
Applying this twice, we deduce the following.

Localisation principle: local form. Let 1 be a probability measure on A" such that u(H) =0
for every affine hyperplane H C A", and let [ : [0, 1/2] — R denote a continuous function. If
every u-needle o supported on an affine line L, satisfies

ot (A') > 1(o(A) forevery A' C Lo, 2.3)
then also
;Lﬁf” (A) > I(m) for every A C A". (2.4)

To complete the reduction to one dimension, let us show that “if x is uniformly log-concave,
its needles are also uniformly log-concave.” The following lemma extends [12], [25, Sec-
tion 3%.27, Example (e)].

Lemma 2.1. Let V = (R”, || - ||) be a normed space acting by translations on an affine space A",
and let § : Ry — Ry If a measure p on A" satisfies the uniform log-concavity condition (1.1)
with respect to § and || - ||, then every p-needle o supported on an affine line L C A" satisfies
(1.1) with respect to § and the restriction of || - || to the tangent space L — L.

Sketch of proof. Let f denote the density of u with respect to the Lebesgue measure on A”.
w satisfies (1.1), hence f is in particular log-concave. The super-level sets of f are convex,
hence f is equivalent to a lower semi-continuous density. Therefore the description of needles
formulated above is valid.

Now, f|r satisfies (1.1) with respect to § and || - ||L—z. Since ¢ satisfies (1.1) with respect to
8’ =0, it follows that f|; ¢ satisfies (1.1) with respectto § +8 =8 and || - |p—L. O

By the lemma, it is sufficient to prove Theorem 1.1 for n = 1. In this case, we only need the
following property of one-dimensional uniformly log-concave measures.

Lemma 2.2. Let V. = (R", || - ||), and assume that g: V — R U {+o00} satisfies (1.1). Assume in
addition that a is a minimum point of g. Then

g(x) — g(a) = 25(|lx —al), (2.5)

forall x e R™.
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Proof. If g(x) = +o00, the claim is trivial. Otherwise, apply (1.1) with y =a. Then

5(Ilx —al)) < M + 2@ _g<x;a> . g(x);g(a)’

where we used the fact that ¢ is a minimum point of g in the last inequality. O

We will prove the isoperimetric inequality for one-dimensional measures p with density f =
exp(—g), where g satisfies (2.5). Any norm on R! is Euclidean, hence without loss of generality
Il -]l =1-|. Therefore Theorem 1.1 is reduced to the following proposition (note the factor 2 that
we drop between (2.5) and (2.6) to simplify the notation).

Proposition 2.3. Let o denote a probability measure on R with density f. Assume that f =
exp(—g), where g : R — R U {400} is a convex function with minimum at O and such that

g(x) —g(0) > 5(IxI) (2.6)

forall x e R, and § : Ry — Ry U {400} satisfies (1.2). Then

ot (A) = Cso(A)y <log L ) 2.7
o (A)
forany A C R, where
e—1 t
C = ’ = -
*7 2 max(8(fy > exp(—8 (1)) dt), 1) y @) 0

2.2. Proof of the one-dimensional inequality

Before proceeding to the proof of Proposition 2.3, we collect several easy observations, using
the same notation as in the proposition.

Lemma 2.4. The function y is non-decreasing. The function xy (log %) is strictly increasing on
[0, 1/e].

Proof. The first part follows since §(x)/x is non-decreasing by our assumption (1.2). For the

second part, write
1 xlog i
xy(log —) = 7)61 )
x 8~1(log )

so the claim follows since § (and hence 8~!) is non-decreasing, whereas x log % is increasing on
[0,1/e]. O

Now denote:

M(g:/exp(—é(x)) dx.
0
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Lemma 2.5.
exp(—g(0)) > 2Ms) .

Proof. Using [ f(x)dx =1 and (2.6) we have:

l:/exp(—g(x)) dx <exp(—g(O))/exp(—8(|x|)dx. O
R

R

Lemma 2.6. If g is a convex function on R with minimum at 0, then for all x > 0,

8]

X
/eXp(—g(y)) dy < prgp exp(—g(x)).

X

Proof. By convexity, it follows that for all y > x,

y—x)+gkx).

gx) —g(0)
g(y) = -

Using this to bound fxoo exp(—g(y)) dy from above, the claim follows. O

Given a finite measure © on R, we denote by m(u) its median, i.e. (any) number m for which
p((—oo,m]) =2 n(R)/2 and p(lm, 00)) = n(R)/2.

Lemma 2.7. For any finite log-concave measure dp = f dx on R,

F(m@) = %Tﬁé‘ Fx). 2.8)

Proof. Without loss of generality, assume m = m(u) > 0, f(0) = max f and f(m) < f(0).
Then f is non-increasing on R . Replace p with u|g, . Then the left-hand side of (2.8) may
only decrease, whereas the right-hand side retains its value.

Now replace f by a log-affine function f; on Ry such that f;(0) = f(0) and f1(m) = f(m).
In other words f1(x) = exp(—ax + b)|r, , and our assumptions imply that a > 0. Setting d 1 =
fidx, 1 is a finite measure. Then f; < f on [0,m] and f] > f on [m, +00); hence m(u1) >

m(w) and f(m(p)) = fimw)) = f1m(uy)).
Finally,

1
fi(m(u1)) = 5 Mmax JS1(x);
xelx4

this concludes the proof. O

Proof of Proposition 2.3. By a general result of Bobkov [10, Proposition 2.1] on extremal
isoperimetric sets of log-concave densities, it is enough to verify (2.7) on sets A of the form
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(—o00,a] and [b, 00). Given a point x € R, denote A =[x, 00) if x > 0 and A = (—o0, x] if
x < 0. We will show that the set A satisfies

ot (A) > @c%y(log L)
o(A)

and this will conclude the proof. Assume without loss of generality that x > 0, since our hy-
potheses are symmetric about the origin.

First, recall that by another result of Bobkov [11, Proposition 4.1], a log-concave probabil-
ity measure p with density f on R always satisfies the following Cheeger-type isoperimetric
inequality:

1t (A) =2 f (m)min(p(A), 1 — p(4)),
where m is the median of . Together with Lemma 2.7, this implies

ot (A) > exp(—g(0))o (). 2.9)

Loosely speaking, this Cheeger-type inequality will take care of the case when g@f) is large. The
case when o (A) is small will be handled by Lemma 2.6, which, together with the assumption
(2.6) and the fact that § is increasing, imply that for any x > 0,

]

G(A)zfeXp(—g(y))dy<

X

8 1(g(x) — g(0))
s —g)  SPs®):

Recalling the definition of y and denoting o,

= exp(—g(0)), this means

o) < ot(A) oA

= = . 2.10
780 —80) "y (l0g 2 (210

This inequality is almost what we need, and the rest of the proof will be dedicated to replacing
ot with o inside the y function.
More formally, we distinguish between five cases.

1. a/(\/A) > cs, where ¢s < 1/e depends solely on § and will be determined later. In this case, by
(2.9) and Lemma 2.5,

ot (A4) > exp(—g(0))o (A) > ~—o (A)
~ ~ 2Mg '

The function y is non-decreasing by Lemma 2.4, therefore

my(mgg).
o(A)

o) >
2Msy (log --)
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2. 1—0(A)= a/(\A/) < cs and g(x) — g(0) < log % Using (2.6):
o(A) < / exp(—g(»)) dy < exp(—g(0)) / exp(—3()) dy.
0 0

and since g(x) — g(0) < log % we conclude that
1 M
1—c5 <o (A) < —exp(—g (X)) Ms = — o (A).
cs cs

By Lemma 2.4, xy(log ) is monotone increasing on [0, 1/e]. Since cr(A) <cs < 1/e, we
conclude that

1-— 1 — —
ot (A) > (1= coyesydlog ”) (1~ co) (log /\1/>

o (A)y
M;sy (log - 5) May(IOg Ca) o (A)

3. 0(A) = O/'_(\A/) < cs and g(x) — g(0) < log % As in part 2,

0 X
l-0(A) = / eXp(—g(y))dy+/eXp(—g(y))dy
— 0 0

1
< exp(—g(O))M(; + exp(—g(O))x < 5 exp(—g(x))(M5 + x).

Using (2.6) and the inequality g(x) — g(0) < log Cl—ﬁ,

X <8 (g() = g(0) <57 (log i).
Cs

Hence

Ms + 8 (log L)
l—cs<1—0(A) K ——— 3 657(A).
(&)

Now choose
cs :=min(1/e, exp(—8(Ms))), (2.11)

which yields

(1—cy)es (1 =cp)esy(log )

ot(A) > =
25— (log é) ZIOg%
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By the monotonicity of xy (log %) as in part 2, we conclude that

(I —c5) ——
T(A) >
o (A) 2 o0

C&

— oAy (log ,_1\/ )
o(A)

—— + . . .
4. 0(A) <cs, g(x) —g0) > log and y(g‘&)—(_‘?(o)) > 1/e. Since y is non-decreasing,

1 1
ot(A) > (g(x) g(0) > —csy <10g —>~
ecs Cs

Using the monotonicity of xy (log %) as in part 2, we conclude that

e 1
(A) > —o(A)y(log N)

o(4)

5. 0(A) <. g(x) — (0) >log L and W(Ag«») < 1/e. Recall that by (2.10):

o(A) < & < l
Ty(g) —g0) e’

implying in particular that a/(\_/A) =0 (A). We will show

T(A) y(g(x) — g(0))
+(A) > Dy— 2 (1 ) 2.12
e PTPTe B 1, L V'Y 212
which by the monotonicity of xy (log )lc) on [0, 1/e] will imply
o) > Dagz‘\/)l/<10g L) 2.13)
o (A)

Denote V, = g(x) — g(0). Then (2.12) is equivalent to showing

g _r(Vx)
y (Va(l 4+ =S50
< 1/Ds.
y(Vy)
Recall that y is non-decreasing and note that Yo 5,11()‘) is non-increasing. Requiring that
Ds < 1, it is therefore enough to show
log V(_Vx)
1+ 7‘”‘5 $O < 1/D;.
X

Denoting B;s := 1/Ds — 1, the latter is equivalent to

¥ (Vx) <exp(BsVy)exp(—g(0)),
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which from the definition of y is equivalent to
8(Vx exp(—Bs V) exp(g(0))) < V.

The maximum of the function z > zexp(—Bsz) is equal to 1/(eBs), hence it is enough to
require that

8<CXP(8(O))> <.
eBs

We have assumed that V, = g(x) — g(0) > log %; therefore by the definition (2.11) of ¢; the
following condition will suffice:

exp(g(0) _

Ms. 2.14
¢B; s (2.14)

By Lemma 2.5, (2.14) holds for Bs = 2/e (independent of § in fact!). To conclude, (2.13) is
satisfied with Ds = ﬁ

Summing up all the five requirements for the constant Cs in the conclusion of the proposition,
we see that we can choose:

cagmin( 1 (I—c5) (l—cg) 1 e >

2Msy (log 2)" Msy(log L))" 2log = " ecs” e+2

From the definition (2.11) of c¢5, we see that log % = max(§(Ms), 1) and that y(log %) <
max(§(Ms), 1)/ Ms. It is then not hard to check that we can choose:

e—1
Csim—
T Demax(8(Ms), 1)

as claimed. O
2.3. A simpler proof with further assumptions

Note that the uniform convexity (1.1) of g was not used in the statement and proof of
Proposition 2.3. We remark here that by using this property, we obtain a simpler proof of a one-
dimensional isoperimetric inequality, which may be used to complete the proof of Theorem 1.1

in place of Proposition 2.3. The key observation is the following.

Lemma 2.8. Suppose g: (R, |- |) = RU {+o00} satisfies (1.1), i.e.:

g(x) +8(y) _g(x +y

5 5 )28(|x—y|)20, x,yeR. (2.15)

Then for any xo € R,

g(x) = g(xo) + g (x0) (x — x0) + 28(Jx — xol), (2.16)
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where g'(xo) is any value between gl/ (x0) and g|.(xo), the left and right derivatives at xo, respec-
tively.

Proof. Immediate by applying Lemma 2.2 to the function g — g’(xp)(x — xg), which attains its
minimum at xg. O

Proposition 2.9. Let o be a probability measure on R such that
do(x) = exp(—g(x)) dx,

where g satisfies (2.15). Then

a*(A)>a/(f)w_1< L) ACR, 2.17)
20 (A)
where
+00
V() =1 (1), ¢(t)=/exp(tx—28(x))dx. (2.18)
0

Proof. As before, by a general result of Bobkov [10, Proposition 2.1] on extremal isoperimetric

sets of log-concave densities, it is enough to verify (2.17) on sets A of the form (—o0, x¢] and

[x0, 00). By symmetry, we may restrict ourselves to sets [xg, +00), o ([xg, 00)) =a < 1/2.
Denote a™ = exp(—g(xg)). By (2.16),

a= / exp(—g(x)) dx <a*¢(—g (x0)). (2.19)
X0
and similarly
1/2<1—a <a*¢(g'(x0)). (2.20)

Now consider two cases.

Case 1: g'(xp) > 0. By (2.18), ¢(—g’(x0)) < 1/¢'(x0); hence g’(xo) < a™/a using (2.19) and
ate(at/a) > at¢(g (xo)) > 1/2 using (2.20). Therefore

1//(a+/a) = (a+/a)¢>(a+/a) >1/2a,
which implies (2.17).
Case 2: g'(xg) < 0. By (2.20), at¢(0) > at¢(g'(x0)) > 1/2, hence

1
_— 2.21
260) 22D

at

WV
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Next, since ¢ is monotone, ¢(m) > ¢(0), hence w(m) > %, and we conclude by (2.21)
that

a+>; ay~ <1> O
/2¢(0)/ 2a

Remark 2.1. It is easy to verify that the function ¢ defined in (2.18) is log-convex, i.e. log ¢ is
convex.

Remark 2.2. Note that when §(¢) = ct? (p > 2), the inequalities obtained in Propositions 2.3
and 2.9 are equivalent, up to universal constants.

3. Lipschitz maps

This section is dedicated to the proof of an extended form of Theorem 1.5.
Proposition 3.1. Let @ be a finite absolutely continuous measure on R". There exists a p-a.e.
unique radial map T that pushes p forward to the restriction of the Lebesgue measure to some
star-shaped set K C R".

Ifdu = f dmes,, we may choose K = Ky and T =Ty, where

Kfz{xeR”;v(x)gl},

+00 _1
v(x) = (n / frxr! dx) , (3.1)
0

and Ty is given by Tr(0) =0 and

1= (L0

"X
Js™ f T dr) e o

v(x)

Proof. Let T:R" — R”" be a radial map pushing p forward to the Lebesgue measure restricted
to a star-shaped body K. Define

w(x) =inf{t > 0; +~'x e K}.
Then the restriction of 7 to a ray Ry x, w(x) = 1, has the form:
rx—>u(x,r)x, r>0.
Passing to polar coordinates and using the Fubini theorem, we see that T, i is equal to the restric-

tion of mes, to K iff, for almost every ray Ry x, w(x) = 1, the map u(x, -) pushes f(rx)r"~'dr
forward to 1[0,1]}"”_1 dr; that is, if

/¢(r)r”—1dr=/¢ (uCx,r)) frx)r"dr (3.3)
0
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for any test function ¢ € Co(Ry). Setting ¢ = 10,77 in (3.3) and letting 7 — oo, we see that

%:/f(rx)r'“1 dr. (3.4)
0

Hence v(x) = 1 for (almost) every x such that w(x) = 1. Both v and w are homogeneous func-
tions, hence v(x) = w(x) for pu-a.e. x € R".
Now use ¢ = 1o ,(x,5)] in (3.3). Since u(x, -) is monotone, we deduce:

_ f(;f(rx)r’“1 dr

n__ n—1
u(x, s) —nO/f(rx)r dr = Joo faxyrm=tdr’

at every point of continuity s of u(x, -). Therefore

s n—1 1/n
fo faror dr> o b,

N G

T(sx)= (

which is equivalent to (3.2). O
Remark 3.1. Note that in particular, mes, (K r) = mes, (K) = u(R").

The following proposition was proved by K. Ball [6] for even log-concave functions and
extended by Klartag [29, Theorem 2.2] to general log-concave functions.

Proposition (Ball). If f is a log-concave function on R", then K ¢ is a convex body.

Note that we do not assume at this stage that f is even. Therefore K s may not necessarily be
symmetric about the origin, so formally we can not identify it with the unit-ball of some norm
I - Ik ;- Nevertheless, we denote:

Ixlg, = <n/f(rx)r”1dr> . (3.6)
0

By the above proposition, this is a convex function on R”, which is in addition homogeneous.
By definition (3.1), we have:

Ky={xeR" |lxllx, <1}.
In addition, we denote
Ky=K;n—K;
which is now a convex body symmetric about the origin, and we associate with it the correspond-

ing norm | - [ &>
We can now state the following result, which extends Theorem 1.5.
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Theorem 3.2. Let f denote a log-concave function on R with barycenter at the origin such that
0 < [ f(x)dx < co. Let ju denote the measure with density f, and let ). denote the restriction of
the Lebesgue measure to K y. Denote by T = Ty the canonical radial map (given by (3.2)) such
that Tep = A, and let u: (R", || - & ) — [0, 1] be defined by

T(x)=

M ||
Sor x #0 and u(0) =0. Then |Ju||Lip < Cf(O)l/", where C > 0 is a universal constant.
When f is in addition even, f(} = Ky and || - ||, is indeed a norm. Theorem 1.5 is then
deduced from Theorem 3.2 using the following lemma, which was essentially proved by Bobkov

and Ledoux [14].

Lemma 3.3. Let V = (X, || - ||) denote a normed space, and let T : V — V be the map defined
by T(0) =0 and

X
T(x)=u(x)—r:
for x #0, where u: X — R has a finite Lipschitz constant and satisfies u(0) = 0. Then

(T NILip < 3llellLip-

Proof. Let x, y € X. By continuity, we may assume that x, y 7 0. Then

|Tx)— Ty = u(x)— (y)—H
Xl iyl
g - 7 - -
H”( )n [ ulx )||y|| H H « )||y|| 40 Iyl H
= |u(x) —u ()}HW—M—HHH (x) —u(y)|
< lulluipllx ”(Hﬂ_nx_nH ‘m—”y—””) lullLipllx — yll
=||u||up||x||||y||‘m — |+ 2llulliplx — I < 3lluliipllx —yll. O

For the proof of Theorem 3.2, we need to compile several known results about log-concave
functions.

3.1. Additional preliminaries
Another convex body associated to a log-concave function f on R" was put forth by

B. Klartag and V. Milman [30]. Assume that f(0) > 0, we define the (convex) body K?« as
the set

K} ={xeR" f(x)> f(O)exp(=n)}. 3.7
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We will use a relation between K r and K ?p that was proved (under slightly different assumptions)
by Klartag and Milman [30, Lemmata 2.1, 2.2].

Proposition 3.4 (Klartag—Milman). Let f be a log-concave density on R", and assume that
f(©0) > 0. Then

1
K;CC, (sup f(x)) " KO,
. .
where C, > 1 and C,, — 1 as n — 0o. Moreover, if f attains its maximum at 0, then
1
f©)" K C DKy,

where D, > 2 and D,, — 2 as n — oo.

The next lemma is a one dimensional computation for log-concave functions. For even func-
tions, this fact goes back to Ball [5], and Milman and Pajor [34]. For arbitrary log-concave
functions, this was extended by Klartag [29, Lemma 2.6] as follows.

Lemma 3.5. Let f:R; — R denote a non-constant log-concave function, and let n > 1. As-
sume that f(0) =1 and that

sup f(x) < exp(n). (3-8)

Then

n+l

PN Jo° fryrtdr . n! _
et ) = (f* rryrm=tdn"s (- 1DH5

< Gy,

where C1,Cy > 0 are universal constants. In fact, the assumption (3.8) is not needed for the
right-hand side of the inequality.

The last proposition we need is due to M. Fradelizi [22, Theorem 4].

Proposition 3.6 (Fradelizi). Let f denote a log-concave density on R" such that 0 < [ f(x)dx <
400, and let xy denote its barycenter. Then

g(x0) = exp(—n) sup g(x).

xeR”

3.2. Proof of Theorem 3.2

By (3.2), T(x) = u(x)HxﬂC—Kf for x # 0, where u is given by

. folr”*lf(rx)dr 5
“w=(Erind) 69

for x # 0 and u(0) = 0. We thus verify that u is continuous at 0.
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Step 1: Reduction to smooth f.

Define, for ¢ > 0, f; := f *e7"G(x/¢), where G is the standard Gaussian density on R and
* denotes convolution. Clearly f; is a smooth function with barycenter at 0. By the Prékopa—
Leindler theorem, f; is log-concave, as the convolution of two log-concave functions.

Let . denote the measure with density f;, A, the Lebesgue measure on K., and let T;
denote the map radially pushing forward the measure . onto .. Let u, be defined by

X
Te(x) =ug(x) ———,
llxllky,

with u.(0) = 0. Given x, y € R”", it is clear from (3.9) and (3.6) that u.(x) — u(x), u.(y) —>
u(), lx = ylix, = llx = yllx, and [lx = yll g — llx = ylIg; as & tends to 0. If we assume that

luellLip < Cfe(0)/", we have

e (0) = ue (] < CL O |x =yl -
Passing to the limit as ¢ — 0, it follows that
u@) —u)| < CrO"Ix = ylig;,
and we conclude that |lullLip < Cf (0)!/". 1t is therefore enough to restrict our discussion to
smooth functions.
Step 2: Proof for smooth functions with f(0) = 1.
Assume that f(0) = 1.

Note that since f and thus u are assumed to be smooth,

lulluip = sup [|Vae) |7
xeR" ’

where || - ||§<7 = suphea(~, h) is the dual norm to || - ||§7.
Fixing x € R", x # 0, we will show that ||Vu(x)||%7 < C for some universal constant C > 0.

Write f = exp(—g), and denote for short,

1 00

A=/r"_1f(rx)dr and B=/r”_1f(rx)dr.

0 1

Note that

u=(A/(A+B)",
1
VA= —/r"f(rx)Vg(rx) dr, and
0
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e e]

VB =— / r" f(rx)Vg@rx)dr.

1

By Proposition 3.6, since f(0) =1 and 0 is the barycenter of f, then sup, f(x) < exp(n). This
clearly implies that A < exp(n)/n, and that g(x) > —n. Denote also

1 o0
A*:/.r"f(rx)HVg(rx)“%dr and B*:/r”f(rx)HVg(rx)ll*f?dV-

0 1

Then by (3.9)

[Vu) | =

-1 IVA(A+B) — AVA+ VBl
B) (A + B)?

S| =
/N
S

+ > + >

" A*B + AB*
B A(A+ B)

1/ A \7A*+B*
n\A+B A+ B
e A*+ B*

n+l *

n(A+B)

VA
S| =

A/~
b

+

N

S|—= S|~

(3.10)

N

N
+

Note that by the convexity of g, for all x, y e R"
g(y) > g() +(Ve ).y —x).

Recall the definition (3.7), stating that y € K? iff g(y) < n + g(0) =n, and also recall that
g(x) = —n. This implies that for y € K9,

(V) y) <(Vgx), x)+g(y) — g(x) < (Vg(x), x) + 2n.

By Proposition 3.4 I/(\f CKyC DKY, where D = C (sup, f(x)'/" < Ce for some universal
C > 1; hence

[ Vg(x)”% < D((Vg(x), x)+2n).
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We will use this rough estimate to bound A* and B* from above. More generally, for 0 < a <

b < oo,
b

frnf(rx)((Vg(rx), rx)+2n)dr

a
b

b
1 *
B/r"f(rx)|‘Vg(rx)H7(7dr <
b
(—/r"f(trx)dr) +2n/r"f(rx)dr
t=1

d

dt
a
bt b
:a% (—t_("+l)/r”f(rx)dr> +2n/r”f(rx)dr
t=1
at a

b
=@Bn+1) / P Frx)dr +a™ flax) — b F(bx).
“ (3.11)

Of course the last term is interpreted as 0 when b = oo. With this bound in mind, let

1 00

A’:/r”f(rx)dr and B’:/r”f(rx)dr.
0 1

Applying (3.11), we see that
A*/D < (Bn+ 1A — f(x);

(A*+ B*)/D < (3n+1)(A' + B)).

Hence by (3.10),
Bn+1)D (A A"+ B’
[Vuto | <« EDP(A AT
- (A+B)""

Obviously A" < A since r < 1 in the integrand of A’. By Lemma 3.5 (that is applicable since

£(0) =1) we have:
00 00 n+l
A’+B’:/r”f(xr)drgc(/r”—lf(xr)dr) =C(A+B)"",
0 0

where C > 0 is some universal constant. It follows that

lullLip = sup [ Vu(o[ <4D(1 +eC).
xeR”
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Step 3: Proof for general smooth functions.

We have shown the assertion of the theorem for smooth functions f with f(0) = 1. In the
general case, obviously f(0) > 0, since the barycenter of the log-concave f is at the origin. Let
us push forward f(x)dx by the map S(x) = f(O)l/"x to obtain f/(x)dx, where

Fx)y= O (£ mx).

Clearly K ;s is a homothetic copy of K ¢, and since

mesn(Kf/)=/f’(x)dx=/f(x)dx=mesn(Kf),

we see that K i = K¢. Let T denote the radial map pushing forward f’(x)dx to the restriction
of the Lebesgue measure on K r, denoted A. Let u’: (R", || - |k ;) — [0, 1] be defined by

X

T'(x)=u'(x) ,
<,

and u’(0) = 0. Since f'(0) =1 and f’ is smooth, Step 2 implies that [u’||Li, < C. Obviously
T =T’ oS (e.g. by uniqueness of the radial map pushing forward f(x)dx onto 1), and hence
u =u' o S. This implies

lullLip = llu'ILip £ )" < CF O™,
and concludes the proof. O

Remark 3.2. Of course the proof uses the fact that the barycenter of f is at the origin in a very
indirect way. In fact, it is clear from the proof that we may use any log-concave function f for
which

f(©)=D7" sup f(x),

xeR”
for some D > 1, yielding |lu||Lip < C(D) f(0)//", where C (D) is a constant depending on D.
As an immediate corollary of Theorem 1.5, we obtain the Bobkov—Ledoux proposition from

the introduction, although the direct route taken by Bobkov and Ledoux in [14] is simpler in this
case and recovers a better universal constant in the bound.

Proof of the Bobkov-Ledoux proposition. It is easy to see that the Lipschitz constant of S as
a map acting on (R”, || - ||) is invariant to scaling of the Lebesgue measure, so we may assume
that mes,, (K) = 1. By Theorem 1.5,

ISllip < CFOY" =CT+n/p)~"". O

We will see in the next section how Theorem 1.5 may be used to transfer isoperimetric in-
equalities from log-concave measures to uniform measures on convex bodies.
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4. General uniformly convex bodies

In this section we give a proof of Proposition 1.4 and provide the details that lead to Theo-
rem 1.6.

Let § = 8y denote the modulus of convexity of a normed space V = (X, || - ||). It is known that
8 is not necessarily a convex function; we denote by § the maximal convex function majorated
by §. We summarise several known facts about § and s (see Lindenstrauss and Tsafriri [31,
Proposition 1.e.6, Lemmata 1.e.7, 1.e.8]).

Lemma 4.1.

1. 8(t)/tis izon-decreasing on [0, 2].
2. 8(t/2) <8(t) <68(t) forallt €10,2]. y 5
3. There exists a constant C > 1 such that (S(I)/t2 < CS(S)/Sz,f()I" all0<r<s <2

The following crucial fact is due to Figiel and Pisier [21] (see also [31, Lemma 1.e.10]).
Proposition 4.2 (Figiel-Pisier). Let x, y € X such that | x||* + || y||* = 2. Then
b + yI? < 4 — 48(llx = y11/2).
Proposition 1.4 is an easy corollary of these lemmata.

Proof of Proposition 1.4. Let x, y € X such that |x||*> + [y]|*> < 2, and denote s> := (||x||* +
I¥112)/2 < 1.If s =0 then ||x|| = ||y]| = 0 and the claim is trivial. Otherwise, denote x’ = x /s
and y’ = y/s, so that ||x’||> 4 ||y’]|> = 2. Hence by Proposition 4.2:

’ 712 /A
Xty <1_8<||x yn)’
2 2
or equivalently:
Ay [P o oIl
<s7—s576 4>

2 2s

Now, s < 1; hence by Lemma 4.1 we have for any ¢ € [0, 2s]:
s28(1/s) = 528(1/s) = (1) > c8(1/2),

where ¢ > 0 is a universal constant. Applying this for

lx =yl lxll+ Nyl
- 2y < <,

we conclude that

xX+y
2

2 2 2 —
< [ el I Y | ’ 4.1)
2 4

as required. O
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Remark 4.1. Using ||x|| = |ly|| =1 in (4.1), we see that §y(e) > %8(8/4) for any function §
satisfying (4.1), so Proposition 1.4 is in fact a characterization (up to universal constants) of the
modulus of convexity Jy .

Now we can fill the details in the proof of Theorem 1.6. Assume that V = (R",| - ||) is a
uniformly convex space, and let § = §y denote its modulus of convexity as before. Scale the

Lebesgue measure on R” so that mes,{|lx|| < 1} = 1, since the statement of Theorem 1.6 is
invariant to this scaling. Now denote by u the probability measure with density

1
fo=- exp(—n/cll4x|*)1(llx]| < 1/4)

with respect to the Lebesgue measure, where ¢ > 0 is the constant from Proposition 1.4. Here
Z > 0 is a scaling factor so that ; be indeed a probability measure. Integrating on level sets of

I - I, it is clear that
1 5 1
Z= [ exp| ——nl4x||” J1| [Ix]| < - ) dx
c 4
R

1/4
16
=n / exp(——ns2>s”_l ds,
c
0

and in particular Z'/" > ¢’ > 0.
Write f = exp(—g), with g:R" — R U {+o00}. Proposition 1.4 then implies that g is uni-
formly convex, and satisfies

n +
ST (22 5 s 1 -0,

where §; coincides with § on [0, 1/4] and §;(t) = +o0 for t > 1/4. Since §(¢)/t is non-
decreasing by Lemma 4.1, so is 81 () /¢, and assumption (1.2) is fulfilled. We can therefore apply
Theorem 1.1, and deduce an isoperimetric inequality for i on V:

—— 1
11y (A) > Cosit (A <1og 7X)> forall A C R,
%

where C, s is given by (1.16) and

(= —
= S an)

We would now like to transfer this isoperimetric inequality to Ay, the uniform probability

measure on Ky = {||x|| < 1}, via a radial Lipschitz map. Clearly, Ky is a homothetic copy
of Ky, and since

mes,,(Kf)z/f(x)dxzI:mes,,(KV),
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it follows that K y = Ky . Note also that

f(o)l/l’l — Z*l/n < (C/)il.

1263

Applying Theorem 1.5, it follows that the Lipschitz constant of the radial map pushing forward
w onto Ay is bounded by a universal constant. Because of the truncation in the definition of §1,

this only implies the statement of Theorem 1.6 for sets A such that
(A) = exp(—25(1/4)n).
Now suppose
#(A) < exp(=25(1/4)n).

Then

i1 1
) —log—| 2> 1/4,
2n AL(A)

and hence by Bobkov’s inequality (1.8) with r = 1

7(A)log =
1 ——o 1 —
Ay (A) 2 SA(A) log =— > c/cn,aﬁ
A(A) 2 10g ==

with, say, ¢’ = e/(4(e — 1)).
This concludes the proof of Theorem 1.6.

5. Concentration and functional inequalities

5.1. Concentration of measure on uniformly convex bodies

In this subsection, we discuss the connection between our results and the following Gromov—

Milman inequality [26], that we cite in the form of Arias-de-Reyna, Ball, and Villa [2].

Theorem (Gromov—Milman). Let V = (R", | - ||) be a normed space, let § = 8§y be its modulus

of convexity, and let A be the uniform measure on the unit ball of V. Then

1
1 — A(Bg,|) < —=exp(—2nd(e)) forall BCR".

A(B)

In particular, if §(g) > o'eP, then

L=4Be) S 73

exp(—2a’ne?)  forall BCR".

(5.1)

(5.2)
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Let us compare this to our results. First assume §(¢) > o’¢”; then (1.11) holds with @ = o’ /2P
(as mentioned in Section 1.2.2). Therefore by Theorem 1.3

. I
A (A) = €' (@) /Pn PR (A) log =P — forall B C R”, (5.3)

where C’ is a universal constant. Hence by Corollary 1.8,

(5.4)

1 cla)V/Pplirg]P
—aB T p ] }

1— )“(B&H'H) < exp{ — |:10g1/p
The right-hand side in (5.4) is at most

(1- x(B))exp{—c’(a’)l/Pnl/P log' /P } <1—A(B);

——¢&
1— A(B)

hence (5.4) yields a meaningful bound for any ¢ > 0, whereas (5.2) is meaningful for

1 1 1/p
e > log .
2a'n A(B)(1 —X(B))
On the other hand, for larger ¢ the right-hand side of (5.4) behaves like
c'r
exp{ ——a'ne? } ;
pP

that is, we lose a factor p? in the exponent.
The preceding discussion can be extended to arbitrary moduli of convexity. In the general
case, Theorem 1.6 yields

(A) logﬁv)
My(A) = C s 51 (L log —) (5:5)
m 8T
hence by Proposition 1.7
1= A(Be, ) < exp{—hi, 5 (®)}, (5.6)

where

/

o1
By (x) = / 8 O0/2mdy
Cn,zSy

logl/a

By Lemma 4.1 we can assume without loss of generality that & is convex (and §~! is concave).
Then,
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x x s~ Yy/2n)dy

dy jiogl/a C,/l‘sy
ha(x) = / C Ly fx dy
n,8 logl/a C] 5y

logl/a
oo &
/ dy —l{ 1 Jiogl/a C }
c! on (¥ Ay
wetia M ot

. logx—loglogl/a6_1 1 x —logl/a
N Cps 2n logx —loglog1/a

Now, t +— § _l(t) /t is decreasing, hence

1 1
ha(x) < = s! —(x —logl/a) if x <elogl/a. 5.7
CWS 2n
On the other hand,
elogl/a 1
8~ 2n)d -1 log 1
ha(elog 1 /a) = / (y/amdy . e sl{eog /a};
C,sy eC, s 2n
logl/a ’ ’
hence for ¢ < ﬁé’]{%}, X = h;l(s) <elogl/a, and (5.7) implies
hy'(e) > 2n8(C) 5¢) +log1/a.
We conclude by (5.6) that
(5.8)

1 — A(Be, ) < (1 = A(B)) exp{—2n8(C;, 5¢)}.

Again, (5.8) is better than (5.1) for small ¢; if

e— 15_1 elogl/a
2n

&< —;
"Cn,s

the inequalities (5.1) and (5.8) are similar, whereas for larger ¢ an inequality of type (5.8) can

only be deduced from (5.5) under additional regularity assumptions on §.

5.2. Proofs

It remains to prove Propositions 1.7 and 1.9.

Proof of Proposition 1.7. Let B C R” be a Borel set such that

a=1-u(B)<1/2;

the proof easily extends to the complementary case a > 1/2.
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Denote f(¢) =1 — w(B;). Our assumptions then read:

fO) =a;  df/dt@t) <—f@®)y(—log f(1))

(where strictly speaking df/dt should be the upper left derivative). Setting g = —log f,

g(0) =logl/a; dg/dt >y og,

andif h =g~ !,
h(logl/a) =0 and dh/dt<1/(y).
Therefore
X
dy
h(x) < —— = hg4(x),
Y
logl/a
and

f@) =exp(—h~' (1)) <exp(—=h;' (1)),

as required.
The converse direction is obvious. O

Proof of Proposition 1.9. Let us show that part 1 implies part 2. Let F' be a function satisfying
(1.23). Assume for simplicity that the distribution of F' has no atoms except for 0 and 1 and that
w{F =0} =1/2, u{F =1} =t =1/2*. Choose

O=ui<upr<---<ur=1
so that

wlu; < F <uppgy =172

Then

/MVFHZdu:Z [ IVFISdu

ui <F<ujti

1 : a
e IP S LA B\

u;<F<ujyq

by Jensen’s inequality. Now, let us apply part 1 to the function

. F —u;
F; =max|{ O,min{ 1, —— ) |.
Uiyl — U
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Since u{F; = 1} = u{F > u; 411} = 1/2/*!, we obtain

/ IVFIldp > ceoluisn = ui) =

ui<F<ujyg

Therefore
1 ;
/ IVFIEdn > o feeouipn — ui)logh/ 2+
i+1
>c"c] Z(Miﬂ — ”i)qziT
) g pi+1\ P/a4/p
CCQ(Z(”1+1_M)> /[Z(+1> j|

according to Holder’s inequality. Finally,

k i+1\ P/q
=1

i+1

and thence
k
f||VF||Zdu c”/cgzk c'cltlogl/t. O
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