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Abstract

We consider Sturm-Liouville operators on the line segment [0, 1] with general regular singular poten-
tials and separated boundary conditions. We establish existence and a formula for the associated zeta-
determinant in terms of the Wronski-determinant of a fundamental system of solutions adapted to the
boundary conditions. This generalizes the earlier work of the first author, treating general regular singu-
lar potentials but only the Dirichlet boundary conditions at the singular end, and the recent results by
Kirsten—-Loya—Park for general separated boundary conditions but only special regular singular potentials.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction and formulation of the result

In this paper we will investigate the zeta-determinant of Sturm-Liouville operators of the form

> vi-1/4 1

H=-— S+ V@), Rev>0x€0.1),

the regularity assumptions on V will be minimal.

Such operators are sometimes also called Bessel operators. H is the prototype of a differential
expression with one regular singularity and hence it appears naturally in the classical theory of
ordinary differential equations with regular singularities [12]. The physical relevance of H stems
from the fact that it arises when separation of variables is used for the radial Schrddinger operator
in Euclidean space.

Quite recently there has been a lot of interest in the inverse spectral theory of H, see e.g.
[24,23,8] and the references therein.

Our motivation for looking at the zeta-determinant of H comes from geometry: Spectral
geometry on manifolds with singularities has been initiated by Cheeger in his seminal pa-
pers [10,11]. Manifolds with conical singularities are an important case study for this general
programme. Separation of variables for the Laplacian on a cone leads to an infinite sum of
Bessel type operators like H above. Recently, there has been a revived interest in extending
the celebrated Cheeger—Miiller Theorem [9,29] on the equality of the analytic torsion and the
Reidemeister torsion to manifolds with conic singularities [13,14,17,34,35].

The separation of variables mentioned above leads naturally to the problem of determining the
zeta-determinant of a single regular singular Sturm—Liouville operator on the line segment [0, 1]
with separated boundary conditions. We only make minimal regularity assumptions on the po-
tential. Nevertheless, we establish existence and a formula for the associated zeta-determinant in
terms of the Wronskian of a fundamental system of solutions adapted to the boundary conditions,
see Theorem 1.5 below.



410 M. Lesch, B. Vertman / Journal of Functional Analysis 261 (2011) 408—450

We emphasize that for the calculation of the analytic torsion or the zeta-determinant on a cone
additional considerations are necessary. This is because on a cone one has to deal with an infinite
direct sum of operators like H.

The fundamental results of Briining and Seeley in [4,5] guarantee the existence of zeta-
determinants for regular singular Sturm-Liouville operators with Dirichlet boundary conditions
at the singularity. However, Briining and Seeley in [4,5] require the potential to be of the form
a(x)/x?* with a(x) smooth up to 0. For such operators Theorem 1.5 was proved in [26] by the
first author, generalizing earlier results by Burghelea, Friedlander and Kappeler [2] to the regular
singular setting.

The method of [26] is limited to the Friedrichs extension at the singularity. In a recent se-
ries of papers Kirsten, Loya, and Park [22,21,20] were able to calculate the zeta-determinant
for an explicit example of a regular singular Sturm—Liouville operator with general self-adjoint
boundary conditions; cf. also the subsequent discussion by the second author in [34] and in the
appendix to [21]. Their method, however, is based on an intricate analysis of Bessel functions
and is therefore limited to their explicit potential.

The main result of this paper combines and generalizes these two results, however only for
scalar valued potentials. Since we deal with a rather general class of potentials it is natural that
our method is closer to that of [26]. Special functions are used in this paper only implicitly as
we are using the formula from [26] for the zeta-determinant of the Friedrichs extension of the
regular singular model operator /,, = _j_jz + (V2 —1/4)/x2.

The paper is organized as follows. In the remainder of this section we will introduce some
notation, explain the basic concepts of regularized integrals and zeta-determinants, and we will
formulate our main result. In Section 2 we derive the asymptotic behavior of a fundamental
system for H, slightly generalizing a result due to Bocher [3].

In Section 3 we study the maximal domain of H and its closed extensions with separated
boundary conditions. Let H (6, 61) be such an extension, 6y, 6 stand for the boundary condi-
tions at 0, 1 respectively. We give criteria under which it is possible to factorize H (6, 81) into
a product DD, of closed extensions of first order regular singular differential operators. We
prove a comparison result for the Wronskians of normalized fundamental solutions for D D>
and Dy D;.

In Section 4 we discuss the asymptotic expansion of the resolvent trace. We start with the
Friedrichs extension. The resolvent of the Friedrichs extension L, of the regular singular model
operator [, is explicitly known and rather well behaved with respect to perturbations of the form
X~'V. From [4] we only use the result that the resolvent of the model operator L, has a com-
plete asymptotic expansion. The expansion of the resolvent of L, + X!V then follows by a
perturbation analysis. Boundary conditions other than the Friedrichs extension at 0 are more
subtle since the resolvent does not absorb high enough negative powers of x. For the resolvent of
general boundary conditions we therefore use the factorization results of Section 3. In addition
one needs to treat compactly supported L?-perturbations of factorizable operators. For this we
employ a standard method of pasting together local resolvents, cf. [27, Appendix].

In Section 5 we derive a variational formula for the dependence of the zeta-determinant under
variation of the potential. The method is well known [2,26]. However, due to the low regularity
assumptions on the potential and due to the singularity of the operator the analysis becomes
a little delicate. In particular we have to analyze the dependence of a normalized fundamental
system (and its asymptotic behavior near 0) on the parameter. At the end of Section 5 we compile
the established results to a proof of the main Theorem 1.5.
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1.1. Function and distribution spaces

Following the requests of several of the referees we are going to specify in detail the notation
for function and distribution spaces used throughout the paper.

Let I C R be an interval, which may be of any of the possible forms (a, b), [a, D), (a, b] or
[a, b] for real numbers a < b. Let I° = I \ {a, b} denote the interior of /.

Foramap f : I — E into some vector space E the support of f, denoted by supp f, is defined
as the closure in 7 of {x € I | f(x) #£0},

supp f = {xel|f(x)7£0}1, (1.1)
supp f is always closed in / but not necessarily compact, since I might be non-compact itself.

For spaces of continuous, respectively differentiable complex-valued functions we use the
standard notation C (1), Ck(I), C*°(I),cf.e.g. [18, Secs. 1.1, 1.2]. The space Clg(l), 0<k<oo,
denotes the subspace of those f € C¥(I) with compact support.

The space C{°(I°) carries a natural locally convex topology and its dual space 2'(I°) is
called the space of distributions on 7°.

For T € 9'(I°) one can define supp T [18, Sec. 2.2]. For an arbitrary subset A C R one
now writes & (A) ={T € Z2'(R) | suppT C A}, cf. [18, Sec. 2.3]. For the half open interval
I=(a,bl,e.g., T € & ((a, b)) if there is a § > 0 such that supp T C (a + 8, b].

For distributions it also makes sense to talk about restrictions. If J C I are intervals and
TeZ'(I°,weputT|;:=T [ C(J°).

Let F be a map which assigns to each interval / C R a subspace F(I) C 2'(I1°). Furthermore,
assume that F is compatible with restrictions in the following sense: if J C I are intervals and
f € F(I), then f|; € F(J). Then Fio.(I) denotes the space of T € 2'(1°) such that T|g €
F(K) for each compact interval K C I. Furthermore, Feomp (1) := Fioc(I) N &' (I).

Example 1.1. For an interval I C R we denote by L”(I), 1 < p < oo, the Banach space of
p-summable (equivalence classes modulo equality almost everywhere) functions with respect to
Lebesque measure; for f € L? (1) the norm is given by

1/p
1 flle = (/|f<x>|"dx) ,
1

LP(I) is naturally embedded into 2’ (1°) by identifying f € L”(I) with the distribution
C80(1°)9¢|—>/f~¢; (1.2)
I

needless to say that (1.2) is independent of the choice of a function representative of the class f.
The support of f € L?(I) is now defined as the closure in I of the support of the corresponding
distribution in 2’ (1°). For continuous functions C (/) C L?(I) (each L”-class has at most one
continuous representative) the latter definition of support coincides with (1.1), assuming that /
is closed.
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The assignment / — L? (1) is an example for the map F discussed above. Hence, Lé’omp(l )
and Lﬁ)c(l ) are defined. Note that although L” (1) = L?(I), we only have

Léomp(I) C Léomp(D), L{ (1) C Li (D).

Sobolev spaces will only be used in the Hilbert space setting p = 2. We write H*(I) for the
Soboley space Wk2(I) of those fe L%(I) c 92'(1°), for which all weak distributional deriva-
tives 8/ f, 1 < j <k, taken a priori in 2'(I°), are actually in L2(D).

1.1.1. The Schatten ideals

For a Hilbert space H we denote by B(H) the space of bounded and by K(H) the space of
compact operators on H. For 1 < p < oo let B?(H) C K(H) be the von Neumann—Schatten
ideal of p-summable operators, cf. e.g. [30, Sec. 3.4]. For T € B? (H) the p-norm is given by

1T, = (Tr(T T)F/Z)I/P < Z )\P/2>l/p.

respec T*T

Tr denotes the trace [30, Sec. 3.4]. We will only need p = 1 and p = 2. Operators in BY(H)
are called trace class operators and elements of B%(7) are called Hibert—Schmidt operators. To
avoid possible confusion with the L?-norm of functions, we write || - || for the trace norm || - ||
and || - ||gs for the Hilbert—Schmidt norm || - ||>.

1.1.2. Regularized integrals

Let us briefly recall the partie finie regularization, cf. [25, Sec. 2.1], [26] and [28], of integrals
on Ry :=[0,00). Let f: (0, 00) - C be alocally integrable function. Assume furthermore, that
for x > x1 we have a representation

N
FO =" 7% +g(x), (1.3)
j=1
with real numbers « j, numbered in descending order with oy = —1, and g € L'[x1, 00). Then
f aoj+1 00
f(x)dx— 1R T+ fy logR + f(x)dx+o(1) as R — oo, (1.4)

X1
o(1) is the usual Landau notation for a function of R whose limit as R — o0 is zero; here we

have explicitly o(1) = | ;o g. The regularized integral f;o f(x)dx is therefore defined as the

constant term in the asymptotic expansion of | xlf f(x)dx as R — oo.
If for 0 < x < x¢ we have a representation

M
@)=Y P+ hx), (1.5)

j=1
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Fig. 1. The contour of integration I".

with real numbers 81 < <---<By=—1,and h € L'[0, xo], then
0

/f(x)dx— —ZﬁfHaﬂf“ fylogs + ][f(x)dx—i—o(l) as8§—0, (1.6)
J

and the regularized integral 75())60 f(x)dx is defined as the constant term in the asymptotic expan-
sion of [ f(x)dx as § — 0.

Now assume that f satisfies (1.3) and (1.5). Since f is locally integrable, it is clear that (1.4)
holds for any x; > 0 and (1.6) holds for any x¢ > 0. One then puts for any ¢ > 0

][f(x)dx = ][f(x)dx+ ][f(x)dx, (1.7)
0 0 c

and in fact the right-hand side is independent of ¢ > 0.
1.2. The zeta-determinant
Let H be a closed not necessarily self-adjoint operator acting on some Hilbert space with

spec(—H) NR finite, 0 ¢ spec H. We assume that the resolvent of H is trace class, and that for
z€R, z > zp > max(spec(—H) NRy)

a b
Tr(H+z7) '=—+—-+R 1.8
( 2) N (@) (1.8)
with
lim zR(z) =0, (L.9)
—>
o0

/|R(z)|dz<oo. (1.10)

<0
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Let I" be the contour as sketched in Fig. 1, where the bullets indicate the eigenvalues of
—H. Fix a branch of the logarithm in the simply connected domain C \ {—I"}. Note that the
previous definition (1.7) of the regularized integral can easily be adapted to functions defined on
the contour I, since there are 0 < xg < x; < oo such that [0, xg] and [x1, c0) are contained in
(the image of) I". Consider for fixed s € C the function

fi(x) :=x" Tr(H +x)~".

In view of (1.8) and (1.10) it satisfies (1.3) if Res > 0. Furthermore, since H is assumed to be
invertible, the function x > Tr(H 4 x)~! is smooth up to x = 0 and its Taylor expansion at
x = 0 shows that f; satisfies (1.5) for all s € C.

Exploiting the definition of f r it is now not hard to see, cf. [28, (2.30)], that for 1 < Res <2
the zeta-function is given by

i)=Y A= SIS ][x_s Tr(H +x)" ' dx. (1.11)
respec H\{0} d T

Furthermore using the asymptotic expansions as x — 0o and x — 0 of x ™ Tr(H + x)~! one
deduces that the right-hand side of (1.11) extends meromorphically to the half plane Res > 0,
[28, Proposition 2.1.2]. The identity (1.11) persists except for the poles of the function s
=2y (s). Thanks to (1.10) the function ¢p is differentiable from the right at s = 0 and one

sins

puts

logdet; H := —{},(O):—][ Tr(H + x) " 'dx. (1.12)

r
det; H is called the zeta-regularized determinant of H. For non-invertible H one puts
det; H = 0. With this setting the function z > det; (H + z) is an entire holomorphic function

with zeroes exactly at the eigenvalues of —H. The multiplicity of a zero z equals the algebraic
multiplicity of the eigenvalue z.

1.3. A regular singular operator
We now introduce the class of operators we are going to study in this paper. Put

> v —1/4

h=-"5 S Rev>0, (1.13)

acting as an operator in the Hilbert space L>[0, 1], a priori with domain C5°(0, 1). We will study
perturbations of /,, of the form

H=1,+X"v, (1.14)

with suitable conditions on the operator V to be specified below. X denotes the function
X (x) = x. We view V respectively X'V as a multiplication operator on functions on the unit
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interval. In order not to overburden the notation we will in general not distinguish between a
function f and the operator of multiplication by f.

Definition 1.2. 1. For an interval / C R we denote by AC¥(I), k > 1, the space of f € C(I) C
2'(I°) such that 3/ f € C(I),0< j <k —1,and 3" f € L} (I). AC'(I) = AC(I) is the well-
known space of absolutely continuous functions. Note that for this definition it matters whether
a boundary point p € 91 belongs to I or not.

2. Denote by ¥}, the space of those V € L? (0, 1) such that

loc
V'log(é) eL'0,1], ifv#£0, (1.15)
V~10g2<§) eL'[0,1], ifv=0. (1.16)

A natural norm on ¥, is given by

L ifu 0, (1.17)
L

IV, =

ol
(i)

¥, is a Fréchet space with seminorms || - ||, and || Vjj1/n,1=1/n1ll; 2, 2 =2,3,....
3. Finally, let o/ be the space of those f € AC?(0, 1) such that f’, X" € log(5)~'L'[0, 11.

, ifv=0, (1.18)
Ll

IV, =

Some of the results will hold under the weaker hypothesis V € log(5)7, D ;. Unless said
otherwise, function spaces consist of complex valued functions.

In Section 2 we will prove the following refinement of the theorem of Bocher [3] (Theorem 2.1
and Proposition 2.6):

Theorem 1.3. Let V € Yy, H=1,+X"'V,Rev >0, andletvi =v+1/2, va = —v+1/2 be
the characteristic exponents of the regular singular point 0 of the differential equation Hg = 0.
Then there is a fundamental system g1, g2 of solutions to the equation Hg = 0 such that

g1(x) =x"g1(x), (1.19)
1 »m> .

_ X g2(x), ifv#0, 12

) {ﬁlog(x>§z<x), ifv=0, (120

where g; € o

The spectra and fundamental system of solutions to Bessel type Sturm-Liouville differential
expressions on finite intervals have also been studied (mainly in connection with the inverse
spectral problem) in a number of recent publications [1,8,15,23,24,32].
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1.4. Separated boundary conditions

Denote by Hy the differential expression H restricted to Cgo 0,1) c L0, 1]. Let Hé be

the formal adjoint of Hy. This is the differential expression —;—;2 + '72;21 Ay %V(x) acting on

Cg°(0, 1). Hy is symmetric if both v € R and V is real valued.

As usual we denote by Hpi, = Hy the closure of Hy and by Hyax = (Hé)* = (HI;in)*. For
convenience we introduce the left minimal and right maximal domain 91 (H) as the domain
of the closure of H | Cé’o (0, 1]. The left maximal and right minimal domain Yr(H) is defined
accordingly with C§°(0, 1] replaced by { f € Z(Hmax) | supp f C [0, 1) compact}. Note that by
the definition of support in (1.1), compactness of supp f C [0, 1) means that supp f has a positive
distance from the point x = 1.

Although there is no simple Weyl alternative in the non-self-adjoint context, we say that x =0
(resp. x = 1) is in the limit point case for H if 1 (H) = Z(Hmax) (resp. Zr(H) = P (Hmax))-
Otherwise, we say that it is in the limit circle case.

We will see in Section 3 that there are continuous linear functionals c;, j = 1,2, on Z(Hmax)
such that for f € Z(Hmax),

f=caNHar+ca(Hea+f. fePuH), (1.21)

where g1, g are defined in (1.19) and (1.20).
A boundary condition at the left end point is therefore of the form

Bogf:=sin6-ci(f)+cosb-ca(f)=0, 0<6<m. (1.22)

6 = 0 gives the Dirichlet boundary condition (Friedrichs extension near 0).

It should be noted here that O is in the limit point case for H if and only if Rev > 1. In this
case g ¢ L?[0,1], ¢» = 0, and hence 2, (H) = Y (Hmax)|- Thus if Rev > 1 we consider only
the case # = 0. Boundary conditions such as (1.22) at the singular end point have been studied in
depth by Rellich [31] and extended by Bulla and Gesztesy [7].

From the well-known fact that a linear second order ODE with L!-coefficients has AC2-
solutions it follows in view of our assumptions on V that Z(Hp,x) C AC 2(O, 1] and hence 1
is always in the limit circle case for H. At the right end-point we therefore impose boundary
conditions of the form

Biof = sin - f'(1)+cosh- f(1)=0, 0<0<m. (1.23)

For each admissible pair (6, 0;) € [0, 7)? (0 < 6y < w if Rev < 1,0y =0 if Rev > 1) we obtain
a closed realization H (6, 61) of the operator with separated boundary conditions By g,, B1,¢; -
All eigenvalues of H (6y, 1) are therefore simple.

Under the technical assumption that V is of determinant class, see Definition 4.4, which is
satisfied for all real valued potentials V € ¥;, we can prove (Theorem 4.3 and Theorem 4.10).

Theorem 1.4. Let v > 0, V € ¥, and assume that 6y = 0 or that V is of determinant class
and v > 0. Then the resolvent of H (0, 01) is trace class. Moreover, there is a zg > 0 such that
H (6p, 61) + z is invertible for z > zo and there is an asymptotic expansion
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_ b
Tr(H (60, 61) + 2) l=i—i-——i-R(z), 722720, ZER, (1.24)
JZoz
with
lim zR(z) =0, (1.25)
Z—> 00
o0
/|R(z)|dz<oo. (1.26)

20

In view of this theorem we may define det; (H (6, 61)) according to (1.12).
1.5. The main result

To explain our result we need to introduce the notion of a normalized solution at one of the
end points. First, we define an invariant of the boundary operator Bj g:

v, if6 =0,
Mo i= M(Bo,9)1={_v F0 <6< (1.27)
respectively
. ]2, if6 =0,
“1'_’“‘(31’9)'_{—1/2, if0<0 <. (1.28)

To explain the +1/2 we note that the right end point may artificially be viewed as a regular
singular point with v =1/2. Hence 1 ; depend in fact on 6 and the characteristic exponent of the
regular singular point.

A solution of the homogeneous differential equation Hg = 0 is called normalized at 0 with
respect to the boundary operator By g if By gg =0 and if g(x) ~ xHo+/2 a5 x — 0; here we use
the notation

f(x)~h(x), asx—xy :& lim fx) =1.
x—=x0 h(x)

(1.29)

Similarly, g is called normalized at 1 with respect to the boundary operator By g if Bj gg =0
and if g(x) ~ (1 —x)*1+1/2 as x — 1. It is straightforward to check that there is always a unique
normalized solution.

Theorem 1.5. Let Bjp;, j = 0,1 be admissible boundary operators for H. Under the same
assumptions as in Theorem 1.4 the zeta-regularized determinant of H (0o, 61) is given by

T
det; (H (6o, 61)) = S T+ DI G £ D W, ¢). (1.30)

Here, @,y are solutions to the homogeneous differential equation Hg = 0 such that ¢ is normal-
ized for By g, (at 0) and  is normalized for B g, (at 1). Furthermore, W (¥, ¢) = ¢’ — ¢'¢
denotes the Wronskian of ¥, ¢.
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Theorem 1.5 has a relatively straightforward extension to the case where the potential has
regular singularities at both end points. The proof does not require any essentially new idea; the
details, however, are a bit tedious and are therefore left to the reader, cf. Remark 5.6.

The case v =0 and 6y > 0, which is not covered by Theorem 1.5, requires specific analysis of
unusual singular phenomena in the trace expansion of H, as observed first by Falomir, Muschi-
etti, Pisani, and Seeley [16]; see also the nice elaboration by Kirsten, Loya and Park in [20]. The
discussion of the zeta-determinant in this case therefore requires another publication.

To outline the proof of Theorem 1.5 we first observe that if Dy, D, are closed operators in a
Hilbert space then spec D1 D, U {0} = spec D> D1 U {0} and, even more, non-zero eigenvalues of
D1 D; and D D1 have the same multiplicity. Hence if both D1 D; and D> D satisfy the general
assumptions of Section 1.2 then for z € C,

det; (D1D2 +2) = 2? det; (D2 Dy + 2), d :=dimker DDy — dimker D, D;. (1.31)

We will show in Proposition 3.5 that H (6p, 61) can always be written in the form

H(60,601) =D1Dy+ W (1.32)

with a compactly supported L>-potential W and D1, D, suitable closed extensions of the opera-
tors
/ /
a=L Y - (1.33)
dx o dx o
with a certain function w which is singular at 0; its properties will be described in detail in the
text. The crucial point is that for the interesting case 6y > 0 one can choose D1, D, in such a
way that D, D also is an operator to which Theorem 1.4 applies and such that the boundary
condition at 0 is the Friedrichs extension. The Friedrichs extension at 0 is much better behaved
and can be treated for our class of operators basically as in [26]. The proof is completed then
by employing a variation result for the behavior of the zeta-determinant under variation of the
potential W (Theorem 5.4).

2. The fundamental system of a regular singular equation — Bocher’s Theorem
Consider the following regular singular model operator

d> v —1/4
+7/7

Ly :Z—W 2 v eC, 2.1

acting on Cg°(0, 1) C L?[0, 1]. v is a complex number for which without loss of generality we
may assume Rev > 0.
We are interested in perturbations of the form

H:=1+Xx'v, (2.2)

with V € LllOC (0, 1) and X denoting the function X (x) = x. In this section we are concerned with
the description of the asymptotic behavior as x — 0 of a fundamental system of solutions to the

equation Hf =0.
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If V is analytic, then the classical theory of ordinary differential equations with regular sin-
gularities, cf. e.g. [12, Chap. 5], applies and the characteristic exponents of the regular singular
point at x = 0 are given by

vi=v+1/2, vy=—-v+1/2.

Furthermore, there is a fundamental system of solutions to H f = 0 of the form

—Lx¥2 f(x), if v 0,

¥) 23
Jxlog(x) fr(x), ifv=0, @3

@ =x"fikx), )= {

where fj, Jj = 1,2, are analytic functions with fj(O) = 1. The normalization of solutions is
chosen so that

Wi, )= fifs—fifr=1 (2.4)

It is less known that already M. Bocher [3] investigated regular singular points of ordinary
differential equations with non-analytic coefficients. For Bessel operators with L? potentials a
thorough analysis of the fundamental system of solutions was made e.g. by Carlson [8]. Bocher’s
result reads as follows.

Theorem 2.1 (M. Bocher). Let

e & +U2_1/4+ Ly

o dx? x2 X

where v € C, Rev > 0, and V € log(5) 7. Then the differential equation Hg = 0 has a funda-
mental system of solutions g1, g2, such that

g1(x) =x"g1(x), (2.5)
_1. ny ;
_ 3% 282(x), ifv#0, 26
820 {ﬁIOg(x>§z(x>, ifv=0, 20
where g € C[0,1], g;(0)=1for j=1,2.
Furthermore,

gi(x) = vix" "y (), 2.7)

, —;—ix”z’lhz(x), ifv#£0, -

£ = = log(0ha(x),  ifv=0, (2:8)

where hj € C[0,1], h;(0) =1 for j =1,2.
Finally, with these normalizations

W(gi.g2)=gigh—&1g2=1.
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Remark 2.2. In the case v = 0 the theorem as stated is slightly more general than [3], where
14 log2 € L0, 1] is assumed. Moreover, note that the conditions on the potential V in the theo-
rem are satisfied whenever V € LP[0, 1], p > 1, or more generally V € ¥;,.

We briefly sketch a proof of Theorem 2.1 in modern language. Being self-contained is not
the only reason for presenting the proof in some detail: the method of proof will allow a more
precise analysis of the regularity properties of g; (see Proposition 2.5 and Proposition 2.6 below)
which will be needed later on. Furthermore, the method will be needed for deriving the variation
formula for the zeta-determinant under variation of the potential (Section 5).

Proof. The regular singular operator /,, has the following fundamental system of solutions to
Lf=0:

x"z, if v=£0,
flogx ifv=0.

For the Wronskian we have W(f1, f2) = f1 f, — f{ f> = 1. For a solution to Hg =0 we make
the ansatz

i) =x", fax) = {

g1(x) = fix) +x"px) =x" (1 + ¢ (x)).

Plugging this ansatz into the ordinary differential equation Hg = 0 yields for ¢ (x) =
x"¢(x),

2
)+ / V(x )———V(X)[fl(x)JrlP(X)] (2.9)

thus

; 1
p(x) = —x"" fi(x) f fz(y);V(y)y”‘[l +¢(y)]dy
0

i 1
L () / OISV [1+60)]dy
0

=1 (K, VD (x) + (K, Vo) (x), (2.10)
where K, is the Volterra operator with the kernel
1
kv(x,y)zz_(l—x*“y“), y<x, ifv#£0, (2.11)
v
ko(x,y) = —log(y) +log(x), y<x, ifv=0. (2.12)

We view K,V as an operator on the Banach space C[0, 1]. Indeed, for any ¢ € C[0, 1] one easily
checks
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1 X
|KUV¢>(x>|<m/|V<y>||¢<y)|dy, if v £0, 2.13)
0
|KoVg(x)| <2/|log(y)|}V(y)|}¢(y>|dy, ifv=0. (2.14)
0

From (2.13) and (2.14) one infers by induction

1 ; !
|(KUV>"¢(x)|<qusnoo,[o,x](ﬂvmldy) ., ifv#0, (2.15)
. 0
271 X n
|(Kov>"¢<x)|<;||¢||oo,[o,x](/|V(y)logy|dy> , ifv=0. (2.16)
0

Hence for any v € C, Rev > 0, the Volterra operator K,V is a bounded operator on C[0, 1] with
spectral radius zero. Consequently Eq. (2.10) has a unique solution in C[0, 1] given by

p=U—-K,V)"'K,V1. (2.17)
Moreover, by (2.15) and (2.16) one has

Ci [y IVl dy, if v #0,

~ (2.18)
Ca [y IV(y)logyldy, ifv=0,

lp(0)] <

for some constants Cy, C;, not depending on V. This proves that

1) =x"(1+¢(x) =x"31(x),

is indeed a non-trivial solution to Hg = 0 with g1 € C[0, 1] and g7(0) = 1. To see (2.7), note
that by (2.10) ¢ is absolutely continuous in (0, 1) with its derivative given by

X

¢’(x)=x*2“*1/y2“V(y)(1+¢(y))dy, for all Rev > 0. (2.19)
0

This implies

X

C
I8/ < ;/|V<y>|dy

0

and thus (2.7) and the claims about g| are proved.
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The second solution g can now be constructed as usual by putting near x =0,

82(x) = C(x)g1(x), (2.20)
where
? IR R A -
C(x) = —/gf2(y)dy = { S (2.21)
log(x)C(x), ifv=0,

X

C is continuous over [0, xo) and xg € (0, 1] is chosen so that g7 (y) # 0 for 0 < y < xg. Such an
X0 exists, since g1(0) =1 and g1 € C[0, 1]. It is then straightforward to check that g, extends to
a solution to /g = 0 on (0, 1] which has the claimed properties. O

Now we come to the aforementioned improvement of the regularity properties of g;(x) as
x — 0.

Lemma 2.3. Let f € AC%(0, 1) with ', Xf" € L'[0, 1]. Then (Xf')(0) = 0. This holds in par-
ticular for f € < (cf. Definition 1.2).

Proof. By assumption the function F(x) := xf/(x) — fox h(s)ds, h := (Xf’), is locally abso-
lutely continuous and F’ = 0, hence F = (Xf’)(0) =: ¢ is constant. Thus

X

~r”(x>=5+1fh<s>ds. (2.22)
X X

0

By assumption we have f’, h € L'[0, 1]. Thus

1
ﬂD—ﬂm=ffﬁMs

X 1
= —clogx — logx/h(s) ds — /h(s)logsds
0 X
= —clogx +o(logx), asx— 0, (2.23)

since for 0 < § < 1 we have |fx1 h(s)logsds| < Cs + |log x| f(f |h]. Because the left-hand side
of (2.23) is bounded it follows that ¢ = 0.
The last claim follows, since f € .o implies f’, (Xf') € L'[0,1]. O

Lemma 2.4. Let o € C and p € 10g(5) Req- Put

xm L[y p(y)dy,  if Re(w) >0,

fx) =
—xel [1yp(y)dy, if Re(@) <0.

(2.24)
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Then we have

feL'0,11NnAC(, 1), Xf' e L'0,1], (X/)(0)=0.
If p € Vrea then f, Xf' €log(3)"'L'[0, 1], that is [, f € .
Proof. Integration by parts shows easily that f e L'[0, 1] (resp. f € log(é)_lLl[O, 11if p €

PRew)- Moreover, clearly f and hence also X f are both locally absolutely continuous in the
interval (0, 1]. Furthermore, we have

Xf'=(Xf) = f=—(@+Df+pelL'o,1]

-1
<resp. € log(§> L'0, 1] if pe ”//Rea)

(X£)(0) =0 follows from Lemma 2.3 applied to fo f. O

Proposition 2.5. In the setup and notation of Theorem 2.1 we have for j = 1,2,

g €AC0,1],  XZ;€AC0. 1], (XZ;)©0)=0.

Proof. We have for the first fundamental solution

1) =x"g1 =x"(1+¢(x)),

where by ¢ is given by (2.10). The claim about g1 now follows from Lemma 2.4 and the explicit
form of the derivative (2.19). To prove the claim for g5, recall that for some xg € (0, 1], such that
g1(y) #0for 0 < y < xp, the second fundamental solution is given by

X0
(x) =—g1(x) / g1(») 2dy.

If v #£0, then

v—1/2

g2(x) = —2vx g2(x)

X0
=203 (x)x% / y 2 ) dy
X

=:21(x) f (x). (2.25)

In view of the statement being proved for g before and since the claimed properties are preserved
under multiplication, it suffices to prove the claim for f. Integration by parts gives
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X0

f) ==x¥ (250 [0 + a2 / Yy o dy
X0
=c(xo)x® + 51 (x) 2 1% [ y o) dy, (2.26)

X

where p = (872 € L'[0, xo].
The first two summands are a priori in AC[O0, xo]. The last one is AC[0, xo] by Lemma 2.4.
Furthermore, from the definition we infer

Xf'=2vf —2vg;% € AC(0, xo].

(Xf7)(0) = 0 then follows from Lemma 2.3.

Clearly, g» and X}, are locally absolutely continuous in the whole interval (0, 1] and hence
the claim is proved for g5 and v # 0.

Finally, for v =0 we have

X0
~ 1 —1~ -2
S d
82(x) ﬁlogxgl(x)/y g1(y) "dy
X

1
log x

X0
§1(x)/y_1§1(y)‘2dy
=:g1(x) f(x).

Again, it suffices to prove the claim for f. We compute with p := (§1_2)/ € L'[0, xo] as before
X0
1 —1x N2
fo)y == [y &1y "dy
ogx
X

X9
1 ~ —2X0 1
- —l—log(y)gl(y) "+ —— [ logmp(y) dy
ogx log x
X

_ ¢(xo)
" logx

X0
- -~ 1
+81(0) 2+ o / log(»)p(y)dy.
ogx
X

From this one checks that f € AC[0, xo] and hence g> € AC[O0, 1]. Furthermore

X0

/log(y)p(y)dy,

X

c(x0)

= _logzx B log?(x)
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and differentiating this again shows (Xf’)’ € L'[0, 1]. The remaining claims now follow as in
thecase v#0. O

Finally we prove the following refinement of the properties of g;, j = 1,2, which will be
crucial for the rest of the paper.

Proposition 2.6. Let V € YRe . Then, in the notation of Theorem 2.1 we have for j = 1,2,

g, log<§>, ng.’log(é) eL'[0,1],
ie. §J~ ed.

Proof. We prove the result only for v # 0 and leave the case v = 0 to the reader. The result for
v = 0 will not be used in the rest of the paper.

Recall that g1 (x) = x"1g1(x) = x"' (1 + ¢ (x)), where ¢ € AC[O0, 1] (Proposition 2.5) is given
by (2.10) and observe that by (2.19) we have

¢/ (0) = x 2! / V() dy, 227)
0

withr:=V - (1 +¢), rlog(i) e L[0, 1] since V € ¥Rey. The claims about g1 now follow from
(2.27) and Lemma 2.4.

Recall from (2.25) g2(x) = g1(x) f(x) with f given by (2.26). Differentiating the latter we
find

X0

F(x) = xo)x? ! 4 202! /yfzv(gl_z)/(y) dy. (2.28)

X

The first summand is still in L'[0, xo] after multiplying by log(3). For the second summand
note that (§f2)’log(§) = —2§T3§’1 log(5) € L'[0, xo] by the inclusion gy log(3) € Lo, 11,
proved above. Hence we can apply Lemma 2.4 to the second summand to conclude f’log(5) €
L'[0, xo]. Differentiating (2.28) we infer similarly X f” log(5) € L'[0, xo]. Then one easily
checks the claimed properties for the product g> = g1 f. Since g5log(5) and Xg75 log(5) are
locally integrable in the interval (0, 1] we reach the conclusion. O

3. The maximal domain of regular singular operators

We continue in the notation of the preceding section and consider the regular singular Sturm—
Liouville operator H with the fundamental system (g;, g2) of solutions to the differential equa-
tion Hg = 0 (cf. Theorem 2.1). We will freely use the notation introduced in Section 1.4.

We have the following characterization of the maximal domain of H, compare [6] and [10]
and the basic discussion of the second author in [34, Proposition 2.10]. Note that it holds under a
slightly weaker assumption on the potential (V € log(5)¥;) than the one imposed in the rest of
the paper.
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Theorem 3.1. Let 1, be the operator (2.1) and let H =1, + X'V with V € log(5)7y, Rev >0,
and let g1, g1 be the fundamental system to Hg = 0 of Theorem 2.1. Let f be a solution of the
ordinary differential equation

Hf =—f"+qf =g L*[0,1],

v2—1/4 1
g(x) = ———+ V). 3.1)
X X
Then f € AC?(0, 1] and
f) =c1(Hg1x) +ea(Hga) + Fx), (3.2)

for some constants cj(f), j = 1,2, depending only of f,
f) = 0(x*log(x)), F@) =0(x"*log(x)), x—0+. (3.3)

Remark 3.2. We emphasize that the solution g; is completely determined by Eq. (2.5) and there-
fore canonical. However this is not so for g. Surely, any function g, 4+ Ag; also satisfies (2.6).
We mention this because as a consequence the functional ¢, (!) is canonically given while ¢
depends on the choice of g;.

Proof. We first note that it is well known that solutions to linear differential equations with

LllOC coefficients are locally absolutely continuous. Therefore a solution f to (3.1) is absolutely

continuous in the interval (0, 1] and from f” = g — ¢ one then infers that f’ is also absolutely
continuous in (0, 1].
For xg € {0, 1},

f(x)=gl(x)/gz(y)g(y)dy—gz(x)/g1(y)g(y)dy 34
X0 0

is a solution to (3.1); note W(g1, g2) = 1. Depending on v we will choose x¢ such that (3.3) is
satisfied. We first note that by applying the Cauchy—Schwarz inequality

x x 12
Igz(x)/gl(y)g(y)dyl < Igz(x)l(/lgl(y)lzdy) llgll 2
0 0

3/2 -
:{O(x ): itv20, o0+, 3.5)

0(x3?log(x)), ifv=0,
Furthermore, if Rev > 1, we put xg = 1 and find

1

/gz(y)g(y) dy

X

1 1/2
g CxRCV+1/2(/y—2RCU+l dy) ||g||L2

X

|g1(x)]

_J o3 1og(x)|V/?), if Rev=1,

= 0+. 3.6
{O(x3/2), if Rev > 1, r= 0+ (3.6)
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Finally, if 0 <Rev < 1, we put xop = 0 and estimate

X

/gz(y)g(y)dy

0

X

12
2
< CxRev+1/2</|g2(y)| dy) llgllz2

0

|g1(x)|

- { 02, Tv0 o, (3.7)

O0(x3?log(x)), ifv=0,

This proves the estimates for f (x). Differentiating (3.4) we find
X X
) =g () / 2 (g dy — gy (x) / g1(»g(y)dy,
X0 0
and (2;] ), (2.8) together with (3.5), (3.6) and (3.7) immediately give the claimed estimate for f’ .

Thus f is a solution to (3.1) satisfying (3.3). Eq. (3.2) is now clear. O

Remark 3.3. The above proof shows that for v # 0, Re v # 1, the estimate (3.3) can actually be
replaced by

fx)=o0(x*?), @y =0(x"%), x—o0+, (3.8)
and for Rev =1 by
Fo) =0 logx)'?),  F=0x"logw)]"?), x—0+. (3.9

Corollary 3.4. Under the assumptions of Theorem 3.1 there are continuous linear functionals
cj, j=1,2 0n D(Hnax) such that for f € Z(Hmax),

f=ci(fHgr +ca(fga+ 1, (3.10)

with fN € 1 (H) (cf. Section 1.4). Let 05. be the corresponding functionals for Hé. Then we have
for f € Y (Hmax), g€ .@(Hrtnax),

(Hmax f. 8) = (f. Hyax8) = = F/(Dg () + fF(Dg' (D) +c2(Hef(g) — c1(fHch(g). (.11
Finally, O is in the limit point case for H if and only if Rev > 1. In this case co = 0.

Proof. (3.11) follows easily from (3.2), (3.3) and the Lagrange formula. The formulas (3.11) and
(3.3) show that f € 91 (H); the latter was defined in Section 1.4. Now, it follows from (3.2) that
the quotient space Z(Hmax)/Z1(H) is spanned by g1 + Z1.(H), g2 + Z1(H) if g» € L?[0, 1]
and by g1 + Z1(H) if g1 ¢ L?[0, 1]. This implies the continuity of the functionals ¢y, ¢z on
2 (Hmax)- Finally, ¢ = 0 if and only if g, ¢ L?[0, 1]. The latter is equivalent to Rev > 1 and the
claim is proved. O
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As already outlined in Section 1.4 we obtain a closed extension of Hy with separated boundary
conditions by choosing boundary operators Bj g,

Bo,g, f :=sinbp - c1(f) 4 cosby - c2(f),
By, f :=5in6 -f/(l) +cosfy - f(1), (60,01) € [0,7‘[)2. (3.12)

By,g, depends on the choice of a fundamental system, cf. Remark 3.2. To treat the limit point
and limit circle cases at 0 in a unified way we call a pair of boundary operators admissible if
01 € [0, ) and either (g =0 and Rev > 1) or (6p € [0, 7) and 0 < Rev < 1).

Given an admissible pair Bjg;, j =0, 1, of boundary operators we denote by H (6, 61) the
closed extension of Hy with domain

H(00.61) :={f € Z(Hmax) | Bj.g; f =0, j =0,1}. (3.13)

If ve R and V is real valued then Hy is symmetric and H (6, 61) is self-adjoint. If Rev > 1
then all self-adjoint extensions are obtained in this way. If Rev < 1 there also exist self-adjoint
extensions with non-separated boundary conditions. These extensions will not be studied in this

paper.

3.1. Factorizable operators

Next we investigate when H can be factorized as dyd, with d; = :I:% + % For simplicity
we confine ourselves to the case v # 0. Clearly, with some modifications one has similar results
for v=0.

We have seen in Proposition 2.6 thatif V € ¥R, and w is a solution to the differential equation
Hw =0 then o (x) = x**t1/25(x) with @ € o and pu = +v.

Conversely, let u € C and @ € &7 with w(x) #0, 0 < x < 1, be given. Put

d o d u+1/2 o
d=—+—=— -,
! dx + w dx + X w
d o
dy =——+ —. (3.14)
dx o
Then
¢ o &P =14 p+120 @
Hy =didr=————+—=——= 2 -+ =, 3.15
12 142 dx? o dx? + x2 + X o + @ (3.15)
d2 o 2 o
Hy =dydi=——+2[— ) — —
21 2d] dx2+ <w> >
d2 12_14 128 ~/\ 2 ~y
S Ve G U T (A N (3.16)
dx? x2 x @ @

thus we have Hp =1/, + X" Wi, Hy = L1+ X1V, and using @ € &/ one directly checks
Via, Va1 € ¥, (see Definition 1.2).
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Hence for a given V € YR¢, the operator H =1, + X ~1y can be factorized in the form H =
didy with dy, dy as above if and only if there is a solution to the homogeneous equation Hw =0
with w(x) # 0 for 0 < x < 1. Indeed, if w solves Hw = 0 and is nowhere vanishing in (0, 1],
one directly verifies from the first line of (3.15) that Hy» = d1d> coincides with H. Conversely,
given a factorization of H = did, with dj, d> as in (3.14) it is immediate that dow = 0 and thus
How=0.

By Proposition 2.6, w is then of the form w(x) = xEHI25(x) with w € 7.

The problem is that such a nowhere vanishing solution does not necessarily exist. However,
we will be able to reduce the calculation of the zeta-determinant to the calculation for factorizable
operators. In fact, the main essence of Proposition 3.5 below is that although H itself may not
be factorizable, it becomes factorizable after adding a suitable Lgomp (0, 1) potential. For such
perturbations a variational formula for the zeta-determinant will be established subsequently.

Next we investigate the separated boundary conditions for d;. For d; we can choose four
possibly different closed extensions with separated boundary conditions: For p, g € {a, r} denote
by d; 4 the closed extension of d; with boundary condition p at the left end point and boundary
condition ¢ at the right end point. Here, r stands for the relative boundary condition and a for the
absolute boundary condition. More concretely, d; ,» = d; min is the closure of d; on C(‘)><> 0, 1),
djaq =djmax = (d;',min)* is the maximal extension. The domains of the mixed extensions can
be characterized by

Pdjar) ={f € Pdjma) | £(1) =0},
Ddjra) = {f € Ddjmax) | () = O(Vx[log(x)]'/?) as x — 0+}. (3.17)

For each choice of a closed extension D; of d; with boundary condition of the form
aa,rr,ar,ra we choose D; to be the closed extension with dual boundary condition, i.e.
rr,aa,ra,ar, for dy. If w is real then this means that D, = Dﬁ. We summarize case by case
the corresponding boundary conditions for Hya, Hpi:

Note that w is a solution to the homogeneous differential equation Hj>g = 0. In the notation
of Section 1.4 we assume that

w =cosVy- g1 —sindy - g2, (3.18)

with 0 < 99 < 7, thus By gy, = 0. Moreover, we assume that By g, =0 for a 0 < ¢ < .
We have to exclude ¢ = 0 because in that case w(1) = 0 and hence there would be a regular
singularity also at the right end point. But see Remark 5.6.

For future reference we now list the

3.2. Separated boundary conditions for the factorized operator D1 Dy
Case I: D1 =dir, D2y =drga. f € Z2(D1D7) if and only if f € Z(damax) and dao f €
2(d1.min)- Thus one checks that D1 Dy = Hi2(90, 1) and D2 Dy = H»1(0, 0) is the Friedrichs

extension of Hjj.
Case II: D1 =dj rq, D2 =d> 4r. Then

D1 Dy = Hi2(%,0), DaDy = Hy1 (0, 7 — ¥4).
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Case Ill: Dy =d\ qr, D2 =d2 4. Then
D1 D3 = Hi2(0,91), D2Dy = Hai ( — 99, 0).
Case IV: D1 =di 4a, D2 =d> . Then
DDy = Hi2(0,0), D2 Dy = Hy (7w — Yo, m — ).
We summarize the previous considerations in the following

Proposition 3.5. Let V € Y, be given and let H =1, + X'V be the corresponding regular
singular Sturm—Liouville operator. Suppose that we are given admissible separated boundary
conditions B] 0;» J =0,1, for H. Then for 0 <9 < there exists a function »(x) = M 125
such that @ € .sz% (see Definition 1.2), &(x) # 0 for 0 < x < 1 and Byg,w =0, By 0 =0.
Moreover, Hw = 0 in a neighborhood of 0 and in a neighborhood of 1.

If 61 =0 we choose any 0 < ¥ <m and if 0 < 01 < we let ¥ = 0.

Putting D1 =dj yq, D2 =d2qr if0 <6y <m, 61 =0; D1 =d1rr, Da=d2,44 if0 <6y <,
01> 0; D1 =d1,qa, Da=da,r if 00 =01 =0 and Dy =di,ar, D2 =d24 if 00 =0, 01 >0 we
have

H(60,61) =D1 D+ W (3.19)
with W € L2

comp (0, 1).
If V is real then w can be chosen to be real.

Proof. We can certainly find an € > 0 and solutions w;, j =0, 1, to the differential equation
Hg =0 on the intervals (0, ¢) respectively (1 — &, 1] such that wg(x) #O0 for 0 < x < ¢, w1 (x) #
Ofor 1 —¢e <x<1and Bygywo =0, By y,w1 =0.If V is real we may choose w; to be positive.
In any case we may choose a nowhere vanishing extension w to the whole interval with the
claimed regularity properties.

By construction Dj D> has the same boundary conditions as H (6p, 61) and there are neigh-
borhoods of 0, 1 respectively on which the potential of Dj D; coincides with that of H, whence
3.19). O

3.3. Comparison of Wronskians

For a factorizable operator H = D1 D; and given admissible boundary conditions we are now
able to compare the Wronskians of normalized fundamental solutions of D;D; and D, Dj.

Proposition 3.6. Let Rev > 0 and let w (x) = x V125 (x) with@ € o, &(x) £ 0 for 0 < x < 1.
Putdy, dy asin (3.14) with i = —v. Assume that By g, = 0, By, @ = 0 with admissible bound-
ary conditions Bj,gj, 0 < ¥ < m for Hip =didy. Choose Dy, Dy as in Proposition 3.5 with
6o =09 and 61 =0 or6; = 191 Let (pz, v, be normaltzed solutions for (D, D1 +z)g = 0.

Case I: 0 < ¥y =0y < 7. Then ¢, := 5= 2U di, ‘Pz = —d1; are normalized solutions for
(D1 D3 + z)g = 0. Furthermore, we have

Wi, ) = %W(wz,wz). (3.20)

2-2
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Dy D is invertible and the kernel of DiDy is one-dimensional, hence spec D1D; =
spec Do D1 U {0}.

Case II: 6; = 0. Then @. := (2 —2v) " d;¢, {/71 = —z~'d\y. are normalized solutions for
(D1D3 + z)g = 0. Furthermore, we have

~ - 1
W, @) = mW(WZvﬁoz)- (3.21)

D> Dy, DDy are both invertible and spec D> D1 = spec D1 D».

Proof. In view of (3.15), (3.16) the characteristic exponents of djd, are £v + 1/2 and
the characteristic exponents of dpd; are =(—v + 1) + 1/2. dy@, satisfies (did> + z)d1¢; =
di(drdy + 7)¢, = 0. Furthermore, since ¢, is normalized at 0 for D, D; + z we have in the

notation of (1.29) ¢, (x) ~ x3/27V as x — 0 and using (3.14) we obtain

dig.(x)~ (3/2—v+1/2—)x!?7V =2 = 20)x7VH1/2, (3.22)

hence ﬁdupz is normalized at O for D1 D, + z as claimed. This applies to both Cases I and II.

Now consider d; 1, which also solves (didy + z)d1y; = 0.

Case I: 0 < ¢y =61 <. Then D, D| = H>1(0, 0) and hence ¥, being normalized at 1 means
Y. (1) =0, ¢.(1) = —1. Then diy, (1) = ¥.(1) + (%wz)(l) = —1 and hence —d v, is normal-
ized at 1.

We now find for the Wronskian

~ -1
Wz, ;) = ﬁw(dl Yz, dig;)
— 2ZV

—1
=———(di¥:(dig.) — (di1y.) d1;)

2—2v
= s (i) — o))
= 5= (@ ¥)p: —Vedie:)
- 2_Z—2])W(¢fz, @2). (3.23)

Case II: 01 =0. Then Dy D1 = H>1(0, m — 1) with 0 < w — ¥y < 7. Thus ¥, being normal-
ized at 1 means ¥;(1) =1 and By z_y,¥; = 0. Then v, € Z(D1 =d r4) thus 0 =d1y,(1).
Hence (d1v;) (1) = —(dad1¥;)(1) = 2z, (1) = z. Thus —z7 14 Y, is normalized at 1 for Hys.
Now the same calculation as in (3.23) yields (3.21) and the proposition is proved. O

4. The asymptotic expansion of the resolvent trace

2
Standing assumptions. Let/, := —% + 2 ;21/ 4

section we assume v to be real and non-negative.

be the regular singular model operator. In this
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4.1. The Dirichlet condition at 0

Let By g =sin6 - f'(1) 4+ cos6 - f(1) be a boundary operator for the right end point and let
L, =L,(0,0) be the closed extension of /,, with domain

P(Ly) ={f € DUymax) | c2(f) =0, Bigf =0} 4.1

The following perturbation result will be crucial for establishing the resolvent trace expansion
Theorem 1.4 (cf. [26, Lemma 3.1]).

Proposition 4.1. Let v > 0. Then L, is self-adjoint and bounded below.
Let W be a measurable function on [0, 1] such that

w?eL'0,1], ifv>0,

w? log<§> eL'[0,1], ifv=0. 42)

Then for z(z) > max spec(—L,) there is a constant C(zq) such that for z € R, z > zo, we have for
the Hilbert—Schmidt norms

W (L + 27 g+ 4 27 W

X

E+ FIW@Plogrnldx + L [ Liw ) Pdx), ifv=0,

X

=: R(2). (4.3)

Ay W Pde+ L 10 L w2 dx), ifv>0,
<Cap | GTh i

If (4.2) is replaced by W? € ¥, i.e.

Wzlog(é) eL'[0,1], ifv>0,

_ (4.4)
w? 10g2<§> eL'0,1], ifv=0,
then
Zli)rgo R(z) =0, 4.5)
1
/ E|R(z)| dz < oo. (4.6)

20

Proof. The boundary conditions for L, are separated and admissible. Therefore, L, is self-
adjoint. We will see below that the resolvent is Hilbert—Schmidt. Thus L, has a pure point spec-
trum. An eigenfunction satisfying L, f = A% f, » € RUIR, is therefore a multiple of /xJ,,(Ax),
where J, denotes the Bessel function of order v [36]. From the known asymptotic behavior of
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the Bessel functions with imaginary argument one deduces that L, has at most finitely many
negative eigenvalues and hence is bounded below.

The kernel k, (x, y; z) of the resolvent (L, + z2)~! is given in terms of the modified Bessel
functions /,, K,

ky(x, y;:2) = /xy1, (x2) (Ko (y2) — B2 1, (y2)), x <y, 4.7)
where f(z) is determined by the requirement By gk(x, -; z) = 0 (cf. [4]). One finds

8s) (cos® + % sin6) K, (z) + 2K}, (z) sin®
Z =
(cos6 + % sin0)1,(z) + 21} (z) sin®

. (cosf + (% +v)sinfd)K,(z) — zK,+1(z) sin6

—— —, (4.8)
(cost + (5 +v)sin0)1,(z) + zly+1(2) sin6
where in the last equation we used the recursion relations [36, 3.71]
(@) =z2h41()+vh(2),  zK,(2) =—zKyp1 + VK, (2). (4.9)

Recall the following asymptotic relations for the modified Bessel functions [36, 7.23]

I,(z) =

1 z -2
me (1 + O(Z )),

Ky (2) = \/ge‘z(l +0(z7?), z—> o0, (4.10)

and [36, Sec. 3.7]

1

L)~ Y KU(Z)N{

2-Ir(wyz7v, ifv#£0,
I+

] as z — 0; “4.11)
—logz, ifv=0,

for the notation ~ see (1.29). From the asymptotics as z — oo one infers
B =0(e%), z— . (4.12)

To prove the estimate (4.3) we fix zo > max spec(—L, ) and find for z > zo,

—-1/2

2w (L +22) 7 s = 120 2372w

= Tr(x_1/2W(Lv + ZZ)_I Wx—l/Z)
1
:fx_l|W(x)’2ku(X,x§Z)dx

0
1 1

=/|W(x>|21u(xz>1<v<xz)dx —ﬂ(z)/|W(X)|2|Iv(xz)|2dX- (4.13)
0

0
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In the following C denotes a generic constant depending only on zo and v. We split the integrals
into an integration from O to 1/z and from 1/z to 1. In the first regime (4.11) yields

ek _lc if v £0, a4
L) Ky )] < Cllog(xz)|, ifv=0 (4.14)
and |1,(xz)| < C. Thus,
I . 2 C [y 1w )2 dx, if v #£0,
x W) [Tk (x, x5 2) dx < /2 5 L (4.15)
J C [y IW@)I*|log(x2)|dx, ifv=0.

For 1/z < x < 1 we apply (4.10) and find |1, (x2) K, (x2)| < £, |1, (x2)[* < E€**%. Thus

1 1
/|W(x)‘2|lv(xz)K‘,(xz)|dxgCl/%|W(x)|2dx, (4.16)
Z
1/z 1/z

and in view of (4.12)

; 1
‘IB(Z)|/‘W(x)|2|1v(xz)]2dxgCe—ZZ/’W(x)FxLezdex
z

1/z 1/z
1/2 1
1 1 2 1 2
<Cle = [ =|[Ww| dx+= [ [Wx)| dx
Z X Z
1/z 1/2
1
<C-, z2=20. 4.17)
Z

The estimate (4.3) now follows from (4.13), (4.15), (4.16), (4.17).
Under the assumptions (4.4) we apply Lemma 2.4 to %R()]—C) since fz ?%|R(z)|dz =

fol/zo 1IR(L)|dx and conclude (4.5), (4.6). O

We return to the discussion of the operator H =1, + X ~ly. recall that X denotes the function
X (x) = x. We have seen in the previous Proposition that L, is a bounded below self-adjoint
operator. In fact L, is the Friedrichs extension of /,, restricted to the domain

2(l,) ={f €C§(0,11| Bi o f =0}. (4.18)

We now want to construct the Friedrichs extension of H on 2(l,) and compare its resolvent to
that of L, ; cf. [19, VI, 2.3]. The problem is that the domains of L, and of the Friedrichs extension
of H on 2(l,) are not necessarily equal. This is because the domain of L, contains functions
f(x) with f(x) ~x"t1/2 as x — 0. For such a function, X "'V f is not necessarily in L>[0, 1].
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Proposition 4.2. Let H =1, + X'V with V € ¥, (cf. Definition 1.2). Moreover, let Z(1,) be
given by (4.18), 0 < 6 < m, and let q(f, g) :== (I, f, g) be the form of the operator l,,. Then the
form

v(f, ) =(X""Vf.g) a0 frg€ W) (4.19)
is q-bounded with arbitrarily small q-bound b.
Proof. We compute for any g € Z(l,) and z > zo,
_ 2
(g, 9)| = ||x~ 2 IvI2g]
<PV L+ 2) T P (L + s 8).
Now Proposition 4.1 implies, that for any b < 1 there exists z € R sufficiently large, such that
lu(g. 9)| <b{(Ly +2%)g.8)=b2*lgll7. +bq(g.g). O

The quadratic form ¢ is bounded below and closable with closure Q. By the second represen-
tation theorem [19, IV, 2.6 Theorem 2.23], we have

2(0) = 2((Lv+23)'?). (4.20)

As a consequence of Proposition 4.2 we find in view of [19, VI, 1.6, Theorem 1.33] that
(g + v) is a sectorial form with

2GF0)=2Q)=2((Lv+33)'"). @.21)

By the first representation theorem ([19, VI, 2.1, Theorem 2.1]) it determines uniquely a
closed m-sectorial extension H(0,60) of H =1, + X ~1y ., with domain given by

2(H©0,0)={f € 2((Lv+23)") | (b + X'V +23) f € L7[0, 11},
={f € Z(Hmax) | c2(f) =0, Biof =0}. (4.22)

Note that the functional ¢, (as well as ¢1) depends on the potential and the ¢ in (4.22) is the one
associated to H.

Theorem 4.3. The operator H (0, 0) is m-sectorial, in particular spec H (0, 0) is a subset of a

sector {& € C | |arg(§ — n)| < a}, for some fixed angle o« € (0, w/2) and n € R. Its resolvent is
trace class and

Ri@=[(HO.0)+2) " —(Ly+2)7"

z€ R4, z>max(—n,0) 4.23)

tr’

satisfies
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lim zR;(z) =0, zeRy, (4.24)
77— 0
o0
/|R1(z)|dx < 0. (4.25)
20
Furthermore,
_ b
Te(H(0.6) +2) " =Tr(Ly +2)7' + Ra(@) = ~= + = + Rs(2). (4.26)
JZoz
where
1 1 T+, ifor=0,
a=—, b=—=(v+pu (B =1 2 2 of (128)). (4.27
> S (v + 11 (Bup) {_%@_%), F0<0 <x (@ 028). @2D

The remainders Ry(z), R3(z) satisfy (4.24) and (4.25) and therefore the zeta-determinant of
H (0, 0) is well defined by the formula (see (1.12) and Fig. 1)

logdet, H(0,0) = — ][Tr((H(O, 0) + Z)_l) dz. (4.28)
r

Proof. The operator H (0, ) is m-sectorial, as it arises from the sectorial form (g + v), see [19,
V1.2, Theorem 2.1]. Since by Proposition 4.1 we have

lim ||x "2 VIVA(L, 4+ 2) 72| i = 0
—> 00
we may invoke the Neumann series to obtain

(HO,6)+2) " — (L, +2)"

=Y DL+ Lo+ T VL, + )] L+ 2R (4.29)
n>1

There is a little subtlety here since Z(H (0, 0)) does not necessarily equal Z(L,). However, by
Proposition 4.2 the forms of H(0,8) and L, have the same domain. This is used decisively by
writing (L, + 72712 at the beginning and at the end of (4.29).
We estimate the trace norm of the individual summands by
—1/22 _ _ _
Iy + 272" @y + 2727 VL, + 272
<o+ e VIR L+ 207 [y - [ Lo+ 272072V g
<Cz'R@",

where R(z) = |lx Y2\ VIV2(Ly + )72 |lgs - I(Ly + 2)~ /2~ Y2|V |12 gs. The claim about
R1(z) now follows from Proposition 4.1.
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The first line of (4.26) follows since |R2(z)| < R1(z). As for the second line of (4.26) we note
that Tr(L, + z)~! has a complete asymptotic expansion as z — 0o [4], in particular

a

Tr(L, -1
r(Ly, +z2) NG

b
+E+0&4ﬂbyl

with a, b as in (4.27).
For the claim about the zeta-determinant see Section 1.2. O

4.2. General boundary conditions

We now extend Theorem 4.3 to general boundary conditions at 0. Recall that O is in the limit
point case if and only if v > 1. So the following discussion is of relevance only in the case
v < 1. The case v = 0 bears more difficulties (see [16,20]) and therefore we assume from now on
0 < v(< 1). The difficulty then is that for 0 < 6y < 7 the resolvent of [, (6, 1) does not absorb
negative x powers as the operator /,,(0, 81) does. Therefore, we do not have (4.3) at our disposal
and hence the resolvent of H (6p, 81) cannot be constructed as a perturbation of the resolvent of
1,(60, 61). Instead we will employ the results about factorizable operators in Section 3.1. However
we have to impose a slight restriction on the class of potentials:

Definition 4.4. Let V € 7, and let H = [, + X 'V be the corresponding regular singular Sturm—
Liouville operator. V is called of determinant class if for any pair of admissible boundary
conditions B(,;,gj the operator H (g, 61) satisfies for z > zp, z € Ry,

|(H 6,00 +2)"" | = 0(1217"), (4.30)
| (H 0,60 +2) 7", = 0(1z17"/?), 431)
and for any ¢ € C3°(0, 1],
lo(H©0,60) +2) " || 1o = O(I217'7). (4.32)
Here, || - || ;2_, g1 denotes the norm of a map from L?[0, 1] into the first Sobolev space H'[0, 1].

We denote the set of determinant class potentials by “//vdet.
We note some consequences and give some criteria for V being of determinant class.

Lemmad4.5. Let V € ”//vdet and let W € L2, (0, 1] with supp W C [8, 1], 8§ > 0. Then

comp

|W(H®0,60)+2)"" | < CslIWll 212173, 2> 2. (4.33)

For W € L®°[0, 1] we have

|W(H@60,60 +2) " | < ClWllsolzl ™!, 2220 (4.34)
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Proof. Choose a cut-off function ¢ € C(‘)’O (0, 1] with ¢(x) = 1 for x > §. Then (4.30), (4.32) and
the complex interpolation method [33, Sec. 4.2] yield for 0 < s < 1

lo(H©0,61) +2) || 1o, e < Cslal ™" +72. (4.35)

By Sobolev embedding we have H*[0, 1] C C[O0, 1] for s > 1/2 and thus for these s multiplica-
tion by W is continuous H* — L? with norm bounded by Cs||W|| ;2. Combining this with (4.35)
gives

-1 _
|W(H@0,60) +2)" |2, ;2 < Cosll Wl 21zl 72, (4.36)
(4.33) follows by putting s =2/3, (4.34) is obvious from (4.30). O

Lemma 4.6. Let V € ¥, %L If W = Wy + Wa, Wy € L0, 1], Wa € L2, (0, 1] then V + XW €
a//det 1
e
Consequently, if Vi € 3¢, V, € ¥;, and Vi (x) = Va(x) for almost all x in a neighborhood of
0 then V, € ”I/Udet. Furthermore, there is a constant depending only on H (g, 61) and the support
of Wa such that for z 2 zo,

|(H @0 .00+ W +2)"" = (H@.0) +2) ||, < C(IWilloo + IWall2) 12770, (4.37)

Proof. It follows from Lemma 4.5 that for z large enough we can employ the Neumann series
-1 -1
(H(60,00) +W +2) — (H(60,61) +72)

=3 (~)"(H@0.60) +2) " (W(H .60 +2) )" (4.38)

n=1

and (4.30), (4.31), (4.32) follow for H (6y, 61) + W; also (4.37) immediately follows.
The second claim follows from the first with W = X~ L(V, — V) € Lgomp(O, 1. O

Proposition 4.7. Let V € ¥, be real valued in a neighborhood of 0. Then V € ”Vvdet.

Together with Lemma 4.6 this shows that at least potentials of the form V 4 A, where V € ¥;,
is real valued and A € C, are of determinant class.

Proof. In view of Lemma 4.6 and Proposition 3.5 we may change V outside a neighborhood
of 0 such that V becomes real valued everywhere and such that H (6, 61) = D* D, where D is
a closed extension of d = —dd—x + o' /w. For the properties of @ see Proposition 3.5. Note that
since V is real valued we may choose w to be real valued, too and hence, in the notation of
Proposition 3.5, Dy = D3.

Since D* D is self-adjoint, elliptic and non-negative (4.30), (4.32) follow immediately from
the spectral theorem. If 6p = O then (4.31) follows from Theorem 4.3. If 6y # 0 then by Propo-
sition 3.5 the operator D D* has Dirichlet boundary condition at 0. Hence by Theorem 4.3 the

1 Note that then H + W =1, + X~ L(V + XW).
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e\ Pe

Fig. 2. The cut-off functions ¢ and .

estimate (4.31) holds for D D*. Since for a non-negative operator the estimate (4.31) depends
only on the spectrum and since spec D D* U {0} = spec D*D U {0} we reach the conclusion. 0O

Next we prove two comparison results for the asymptotics of the resolvent in the trace norm.
These will then lead to an asymptotic expansion of the trace of the resolvent for H (6, 61) for
arbitrary admissible boundary conditions and all determinant class potentials. The technique
used in the first comparison result is well known for elliptic operators with smooth coefficients
on manifolds (cf. e.g. [27, Appendix B]). We have to be slightly more careful here due to the low
regularity assumptions on the potential.

Proposition 4.8. Let V; € 7%, j = 1,2 with V2 — Vi € L3,,,(0, 1], that is there is a § > 0 such

comj
that Vi(x) = Va(x) for 0<x <. Let Hj =1, + X! V; be the corresponding regular singular
Sturm—Liouville operators and let By, By, respectively By, be admissible boundary conditions
for Hj. Then there is a zg > 0 such for any 8" < 8 and 7z > zg the difference (Hi (0o, 01) + 7))~ —
(H»(6y, 51) + )7L restricted to L2[0, 8'] is of trace class and

| (160, 61) +2) " = (Ha(60,6) +Z)71)|L2[0’5,] L=0(217%), 2>z, z€R,.

Proof. We choose cut-off functions ¢, ¥ € Cgo [0, §), cf. Fig. 2, such that they are identically
one over [0, §'] and

e supp(¢) C supp(¥),
o supp(¢) Nsupp(dy) = .

In particular these conditions yield ¥ ¢ = ¢. In this proof we will write for brevity Hj instead

of H{(6y,01) and H; instead of H; (0, 51).
‘We now consider

R@) =v[(H+27 " = (Ha+2)"]o.
R(z) maps into the domain of H; and on the support of ¥ the differential expressions Hj

and H, coincide; moreover ¢ Z(H;) = Y Z(H>). Thus (H; + 2)R(z) = [Hy, ¥ 1((H; +2)~ ! —
(H> +2)~1). Arguing similarly for R(z)* and taking adjoints one then finds

(Hi +)R@)(Hy+2) =[5, ¥ |((H1 + 27" = (Ha + 2)7')[07. 8],
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where [-, -] denotes the commutator of the corresponding operators and any function is viewed
as a multiplication operator. Hence

R()=Hi+2) '[-o5. v]((Hi +27 ' = (Ha+ 27 ")[05. ¢|(H2 +2) !
and thus
|R@ |, < |t + 27 ([82 ] + 7 | + | [82. v](H2 +27')
[[8%. ]2 + 7.
By (4.31) we have ||(H1 +2) [l = O(|z| /). Let f denote ¥ or ¢p. Then [32, f]is a first order

differential operator whose coefficients are compactly supported in (0, 1), hence it maps H'[0, 1]
continuously into Lcomp(O 1). Therefore by (4.32), with a cut-off function x € C(‘)’O (0, 1) with

x = 1 in a neighborhood of supp([82, b,

1182, F1CH; + 27 | <32, AU g2 [x CHj + 27 | oy g = O(12171)

for z > zo. Hence [[[32, ¢1(H; + 2)~ !l = O(Iz|~"/?) and ||[82, Y 1(H; + 2)~' = O(lz|~'/?)
and the proposition is proved. O

We note that in this proof the estimate (4.31) was used only for Hj.

Proposition 4.9. Let V; € 7/det =1, +X'V; j=1,2, and let By 5> Bo,oy B, be ad-
missible boundary condltlons Then forany § >0,

| (1 60, 61) +2) ™" = (HaBo. 61) + z)‘1)|L2[5_,1]||tr =0(217%), z>z0, z€Ry.

Proof. Fix § > 0 and put

PR (el TR NPV (439)
YT T x2 Ty ) een=aTd ‘
dZ
with g € Lcomp(O, 1], A= -2

Exactly as in Proposition 4.8 one now shows

-1 ~ -1 _
[ ((E1@o.01) +2) ™ = (H3@0. 00 +2) )| 5.yl = O12172), (4.40)
for z > zo, z € Ry. Furthermore, an elementary calculation involving the explicitly computable

resolvent kernel of A(8p, 6;) shows [lg(A@o, 61) + 2)~ e = O(z|~/?). A Neumann series
argument then gives

| ((H3@o,61) +2) " = (A0, 61) + z)‘l)\muwn = 0(|zI7/?). (4.41)

Eqs. (4.40) and (4.41) imply for z > z¢, z € Ry,

[((H1 G000 +2) ™" = (@0, 00 +2) )| 21yl = O (1217, (4.42)
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The same line of reasoning applies to H and hence (4.42) also holds with H> (9~0, 61) instead of
Hi (69, 01), whence the result. O

Theorem 4.10. Let V € 7/Ud°t, v >0, and let H=1, + X'V be the corresponding regular
singular Sturm—Liouville operator. Let 0 < 0; < (6o =0if v > 1).

Then the resolvent of H(6y,01) is trace class. Moreover, there is a zo = 0 such that
H (09, 01) + z is invertible for 7 > zo and

—1 a b
Tr(H (6o, 61) +2) =—F+ St R@. 2>z

vz

where a = 5,

w1 ifey=0,=0,
1 —ly4 L if6o=0, 0<6) <m,
b=——(w(Bog)+ w(B = 27 4 4.43
2(/L( 0.60) + 1L(B1,6,)) %V_JT» 770 <6y < 7. 0; 0. (4.43)
%v—i—%, if0 <6y, 61 <m,
(cf. (1.28)) is independent of V, and the remainder R3(z) satisfies
lim zR3(z) =0, zeR4, (4.44)
7—> 00
o0
/|R3(z)ydx <00, zo>maxspec(—H (6, 0))) NR. (4.45)
20
In particular the zeta-determinant of H (0, 01) is well defined by the formula (1.12),
logdet; L = — ][Tr(H(O, 0) + Z)_l dz. (4.46)

r

Proof. By Proposition 3.5 we may choose a factorizable operator H;(6y, 01) = D1 D> such that
there is a § > O such that the coefficients of H; and H coincide on the interval [0, §]. Here,
D1, D, are appropriate closed extensions of the operators dp, d in (3.14) with u = —v. Then by
Propositions 4.8, 4.9 we find

| ((H (60, 61) —i—z)f1 — DD+ )|, =0(z17%). z>z20. z€Ry, (447
and hence
Tr(H (60, 01) +2) " =Tr(D1 Dy +2)~" + 0(1z| ). (4.48)
We now have to discuss the four possible cases listed in Section 3.2, see also (3.15), (3.16):

Case I: D1 =di r, D2 = d3 4q. Then D1 D; has a one-dimensional null space and D, D is
invertible. Applying Theorem 4.3 to D, D we obtain
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where R3(z) has the claimed properties (4.44) and (4.45) and a = 1/2, b= —1/2(1 — v +
1/2 — 2) =1/2(v 4+ 1/2). Note that in formulas involving D, D1, according to (3.16), the v
has to be replaced by 1 — v.

Case II: Dy =di 4, D2 = dy 4. Then D1Dy and DD are both invertible and hence
Tr(Dy Dy +z)~! =Tr(D>D; +z)~', and we can proceed as in Case I.

In the remaining Cases Il (D1 =d1 47, D2 =d2,,4) and IV (D1 =d} 44, D2 = d> rr) One can
apply Theorem 4.3 directly to D1 D,. O

b
Te(D1Dy+2) ' =Te(DyDy +2) ' 27 = —+ S TR, (4.49)

5. Variation of the regular singular potential

In this section we discuss the behavior of the fundamental system of solutions under a certain
variation of the potential and derive a variational formula for the zeta-determinant.
Standing assumptions. Let v >0, V € “Vvdet and let W, € L*[0, 1] + Lgomp (0, 1] be a family
of functions depending on a real or complex parameter 7. To avoid unnecessary technicalities we
assume that W, is of the form W, = W , + W, , where W , € L*°[0, 1], W>, € Lgomp(O, 1]
satisfy

(i) n+ Wy, is differentiable as a map into the Banach space L*°[0, 1],
(ii) there is a fixed § > 0 such that supp W, C [8, 1] and n > W2 ,|(s,1) is differentiable as a
map into the Banach space L2[8, 1].

For notational convenience we assume Wy =0 and put V;, :=V + XW,, and

d2
Hy=L+X""V, =1, + X "(V+XW,) = Hy+ W, = 3 +anr (5.1)

no = 0 serves as a base point for a perturbative construction of a fundamental system.
5.1. Fundamental solutions and their asymptotics

According to Theorem 2.1 let gy, be the unique solution of the ODE H,g; , = 0 with
81,7(x) ~x", as x — 0+. Note that the second solution g ;, in Theorem 2.1 is not uniquely de-
termined by the requirement g3 ,(x) = — zl—ux"Z , cf. Remark 3.2. Since the solutions now depend
on the parameter 7, the choice of g , becomes important. Before we specify g> ; we discuss the
dependence of g1, on 1. To do so recall the operator K, from (2.11) in Section 2. For « > 0

consider the Banach space X“C[0, 1] with norm

Iflle = sup [x™*f(x)], (5.2)

0<x<1

and the Banach space C(}( [0, 1] consisting of those functions in f € (X*C[0, 1]) N C'(0, 1] with
f' e X*~1CJ0, 1] and norm

Iflley == 1F e+ | f oy (5.3)
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For f € X“CJ0, 1] the inequality (2.15) gives

X

1 n
[(Ku V)" f ()] <x“—||f||a</IV(y)|dy> . v#0, (5.4)

[v|"n!
0

thus K,V is a bounded operator on X*C[0, 1] with spectral radius zero. Furthermore, for f €
X“C[0, 1] (cf. (2.19)),

(K VY @) < xSl / V()| dy. (5.5)
0

hence K,V maps X“C[O0, 1] continuously into C(}l [0, 1].
Recall from (2.17) that g1, (x) = x"1 (1 + ¢, (x)) with

¢y = — K, V) 'K, V1. (5.6)

Consequently ¢, is differentiable in n and

Oy = (I — K, V) "' K, (X0, W1
+( = K, V) 'Ky (X3, W) (I — K, V) 'K, V1 (5.7)

Since 9,W), is bounded near O, the operator K,(X9d,W,) maps Coll[O, 1] continuously into
C (}[ +2[0, 1] and hence we have proved

Lemma 5.1. Under the assumptions stated at the beginning of this section, g1 y is differentiable
in n with 9,;81,,(x) = O (x"172), 8,7g/1 n(x) = 0 (""" as x > 0+. Moreover, the O-constants

are locally uniform in n and hence g1,,(x) — 81,53, (x) = O (x"112),

After these preparations we can discuss the second fundamental solution g3 ;. For n in a
neighborhood of 0 we can fix xo € (0, 1) such that g1 ,(x) # 0 for 0 < x < x¢. For these x we
note

[81,7(x) + g1.0)][g1,0(x) — 81,7 (X)]
(81,7(¥))%(g1,0(x))?

=0(x*™), x— 0+, (5.8)

g2 —grox) 2=

where the O-constant is independent of 1. Hence gl_ﬁ — gl_(z) is integrable over (0, xo] and we
put for x € (0, xg),

X0
£2,0(x) = g1,0(x) f g1.0(0) 2 dy, (5.9)
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gln()

. 5.10
ks 2,0(x) (5.10)

82.n(x) = —gln(X)/gln(y) =810y~ ]dy—i—

From (5.8), (5.9) and (5.10) we immediately get

Lemma 5.2. g1 ;, 82,y is a fundamental system of solutions for the ODE Hy,g = 0 satisfying
(2.5), (2.6). Moreover, g3 y is also differentiable in 1 and we have for v > 0,

82.9(X) = g2,0(x) + O(x"212), (5.11)
9y82,n(x) = O(XU2+2)» 3ng/2’,7(x) = O(XU2+1), (5.12)

as x — 0. For v =0 the estimates are O(x>/*Vlogx) = O(x*/*logx), O(x">2logx) =
o (x>? logx), O (x"2H! logx) = o (x3? log x), respectively.

Lemmas 5.1 and 5.2 imply:

Corollary 5.3. For v > 0 we have the following asymptotics for the Wronskians W (g;. . 0,8k,y) =
gj.ng/i,,7 - g},ngk,n, Jk=1,2,asx — 0+:

W (81,92 Oy81.)(x) = O (x™'1), (5.13)
W (g2, dyg1y)(x) = O (x" 2 H1) = 0 (x?), (5.14)
W (81.p: By82.)(x) = O (x" T2 1) = 0 (x?), (5.15)
W (2.9, 9ga.n)(x) = O (x>211). (5.16)

If v =0 then the estimates are O (x*logx) in all four cases.
Hence forv > 0andall j, k =1,2, we have

lim W(g;.n, 0y8k.n)(x) =0
x—0

Now we are ready to state the variational result which generalizes [26, Proposition 3.4] to
arbitrary boundary conditions and to more general potentials:
Theorem 5.4. (1) Let 0 < v < 1, V € %% and let n > Wy € L®[0, 1]+ LZ,,,,(0, 1] be dif-
ferentiable in the sense described at the beginning of this section. Furthermore, let 0 < 0; < m,
Jj=0,landlet Hy=1,+ X lv4 Wy. Fix no and let g j , be the fundamental system constructed
above, relative to the base point no (g;,y, plays the role of the g; o above).

Then we have H,(6p,01) = Hy, (00, 61) + W,) — Wy,. Moreover, if Hy, (0o, 61) is invertible
then n +— logdet; H, (6o, 01) is differentiable at ny and if ¢y, Y, denotes a fundamental system
which is normalized for the boundary conditions Bjg,, j =0, 1 we have

d d
— | logdet; Hy(6p,601) = —| logW(¥y, @p). 5.17)
dn ly, dn |y,
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(2) Let v 2 0 and let n — V, € ¥, be differentiable (recall from Definition 1.2 that ¥, is
naturally a Fréchet space). Let H,, =1, + x! Vi, 0< 0 < m. If Hy,(0,60) is invertible then
n > logdet; H,(0, 0) is differentiable at no and formula (5.17) holds accordingly.

Proof. (1) Let 0 <v < 1. By Lemma 5.1 and Lemma 5.2 we have

g1 (0) = g1y (1) = O(x2),

£2.9(x) = g2, () = O(x*?), x—0. (5.18)
Hence by Theorem 3.1 the domain of H, max as well as the functionals ¢, ¢, are independent
of n. Thus we have indeed H, (69, 61) = H;, (89, 61) + W, — W,,,. The proof of Lemma 4.5
shows that W), is H,, (89, 61)-bounded and the assumptions on the map n + W, then imply that
n + Hy;(6p, 01) is a graph continuous family of self-adjoint operators; in particular there is an

& > 0 such that H, (6, 61) is invertible for |n — no| < &. From now on we assume |n — no| < &.
From the estimate (4.37) we conclude that

logdet; H, (6o, 01) — logdet; Hy, (6o, 01)

:—/Tr((Hn(90,61)+z)_l — (Hyy (60, 01) +2) ") dz (5.19)
r

where the integrand on the right is absolutely summable as it is O (|z|~7/%), z — oo.
Furthermore, according to our assumptions on W, we have

d _ _
d—n((Hn(Qo,el)—i-Z) ' (Hyo 60,61 +2) ")
= —(H, 60, 01) +2) " (0, Wy) (Hy (60, 01) +2) . (5.20)

By (4.37) the trace norm of the right-hand side is O(|z|~7/%) where the O-constant is locally
independent of 7. By the Dominated Convergence Theorem we may thus differentiate under the
integral and find

d -1 -1
d—nlogdet;H,,(90,91):/Tr((Hn(90,61)+z) (3 Wy) (Hy (B0, 61) +2) )dz
r

d -1
=—/ aTr((aan)(Hn(Ooﬁ])-l—z) )dz
r
=Tr((8,,W,,)H,,(90,91)_1). (5.21)
Having established this identity we can now proceed as in the proof of [26, Proposition 3.4],

making essential use of Corollary 5.3.
The kernel G, (x, y) of H,(6o, 61) is given by

Gy(x,y) = Wy, o) ' on ()Y (0),  x <y, (5.22)
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Wy, on) # 0 since H,(0o, 61) is invertible by assumption. Since g; ; are differentiable in n
(Lemma 5.1 and Lemma 5.2) so are ¢,, ¥, In fact, the normalization condition implies

| —cotby- g1+ 82y if0<b<m,
171 g1, if 6 = 0.

Yy = an81.n + bygay. (5.23)

where a;, b, depend differentiably on 7. Differentiating the formula gy , = gy¢p,, with respect
to 1 gives

B0y = BnGn) @y + qndyen = @y W)@y + qndyey, (5.24)

and hence

Oy Wy, = (377(0;]/)1//71 — qn(Oyen) ¥y
= (8179071)”1/’17 - (%%)%’,’

d / /
= () Yy — Oron) ;)

d
= EW(g/fn, Oy0p). (5.25)

Thus we find
d -1
o logdet; H, (6o, 61) = Tr((3, Wy)) H, (60, 61) ")
1 d
=W(wn,¢n)—1/Ewwn,angon)mdx
0

= W o)~ (W W Oy (1) = Tim Wy, 0y0,) ().

By Corollary 5.3 we have

lim W (ry, 9y¢y)(x) = 0. (5.26)
x—>0+
On the other hand
W (0, o) (1) =0, 5.27)
since v, is normalized with v, (1) = 0 and W, (1) = —1 in case of Dirichlet boundary conditions

and with ¥, (1) = 1 in case of generalized Neumann boundary conditions.
Note that in contrast to [26], the proof of relation (5.26) requires a careful asymptotic analysis
of the fundamental solutions as summarized in Corollary 5.3.
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In view of (5.26) and (5.27) we arrive at
d
d_n 10gdet§ Hn(QOs 01) = W(Wna €0n)71 (W(%ﬁn, 3,](,0,7)(1) + W(an%, (Pn)(l))
= W W) W Wy )
= wnvﬁon dn %7%

d
= d_n log W(W?’P §01’])

and the proof of (1) is complete.

(2) For the proof of (2) we only have to note that by Proposition 4.1 we can estimate the trace
norm of (H,(0,6) + 2)~ ! (0, Vi) (H,(0,0) + 2)~! by C|z| ' R(z) where R(z) satisfies (4.6) and
the constant C is locally independent of n. Thus we conclude the variation formula (5.21). The
remaining arguments are then completely analogous to the proof of (1) O

Remark 5.5. One can also prove a variation formula for the dependence of the zeta-determinant
on the boundary conditions 6y, 8. For the variation of ; at the regular end this is standard, see
e.g. [26, Proposition 3.6]. For the variation of 8y the proof is much more delicate. Due to our
approach via factorizable operators the result is not needed and therefore omitted. However, the
factorization method does not extend to matrix valued potentials in a straightforward way. So,
if one would like to generalize the results of this paper to matrix valued potentials with regular
singularities then one would probably need to establish a formula for the variation of the zeta-
determinant under the variation of the boundary conditions at the singular end.

5.2. Proof of the main Theorem 1.5

We are now finally ready to prove the main Theorem 1.5. As in [26, Sec. 4] we first note
that (1.30) is obviously true if H (6, 1) is not invertible. Furthermore, if ¢ (-, z), ¥ (-, z) denote
the normalized solutions for H (6p, 01) + z it follows from Theorem 5.4 (surely, for V € “I/vdet
the family z — V + zX satisfies the standing assumptions of the beginning of this section) that
det; (H (6o, 61) 4+ z) and W (¥ (-, 2), ¢(:, z)) are holomorphic functions in C with the same loga-
rithmic derivative. Hence it suffices to prove the formula for H (6, 61) + z for one z € C.

Let us now first assume that 8y = 0, i.e. at the left end point we have the Dirichlet boundary
condition. Except for the low regularity assumptions on the potential this case was treated in [26].
From [26] we will only use the result that the formula (1.30) holds for ) =0 and V (x) = xz,
i.e. for the operator [, (0, 61) + z. To reduce the claim to this case we consider V,, :=nV. By
Proposition 4.1, L, :=1[,(0, 67) is self-adjoint and bounded below and from (4.3) we infer that
H,(0,01)+z:=L,+ nX_l\/ + z is invertible for 0 < n < 1 and z > z9. Hence we may apply
the variation result Theorem 5.4(2) and we are reduced to the case V = 0 and thus to [26].

Next we consider the case 0 < 6y < 1. As noted before this necessarily means v < 1, since for
v > 1 the left end point is in the limit point case. The case v = 0 is beyond the scope of this paper
and so we assume 0 < v < 1. By Proposition 3.5 we have H(6y,61) = D1 D, + W with W €
Lgomp(o, 1]and D = dl,m, D, = dz)ar if 01 =0, and D; = dl,rra D, = dz,aa if 6; > 0. Putting
W, =nW,0<n <1, weinfer from Lemma 4.5 that D1 D, +nW + z is invertible for 0 <n < 1
and z > zo, thus invoking again the variation result Theorem 5.4(1) we are reduced to prove the
formula (1.30) for the operator Dy D> + z. Note that D, D has the Dirichlet boundary condition
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at 0 and hence (1.30) holds for D D; + z by the first part of this proof. We now look at the cases
already discussed in the proof of Proposition 3.6. We use the notation from [26], in particular
@z, ¥, denote a pair of normalized solutions for (D,D; + z)g =0 and @, = ﬁaﬁ Oz, IZZ =
—d1 v, the corresponding pair of normalized solutions for (D1 D> + z)g =0.

Denote by g, ;1 the invariants defined in (1.27), (1.28) of the boundary conditions for D D;.
Denote by H’/j the corresponding invariants for Dy D1.

Case I: 0 < 68; < . The kernel of D D, is one-dimensional and D; D is invertible. We have
o =—v, u1 =—1/2, ugy=1—v, uy = 1/2. Thus, using the proven formula (1.30) for D, D;
and Proposition 3.6

det; (D1 D> + z) = zdet; (D2 D1 + 2)
— il
40T (g + 1) 4 1)
~ 21 —v)m
C2MOTHIF2 I (g 4+ 2) T (g + 2)

T
C2m0tm (o + DI (g + 1)

W, ¢2)

W2, §2)

W (2, §)- (5.28)

Case II: 9; =0. Here D D, and D, Dy are both invertible and we have puo = —v, u; = 1/2,
uy=1—v, u; =—1/2. Thus

det; (Dl D2 + Z) = det{ (DZD] + Z)
_ s
2H0TE L (uh + DI+ 1)
. 2(1 —v)w
2m0 T (o + 2) T (1)

T
2Rt (o 4+ DI (1 + 1)

Wz, ¢2)

W2, §2)

W (2, 3). (5.29)

The proof is complete.

Remark 5.6. We conclude by mentioning that Theorem 1.5 can be extended to potentials with
regular singularities at both end points (and otherwise having the same regularity properties
as the class ”f/vdet). The formula (1.30) remains the same. For the proof one first employs the
factorization method we used here to arrange that, say at the left end point, one has Dirichlet
boundary conditions. For this boundary condition a variation formula for the variation of the
singular potential was proved in [26, Proposition 3.7]. This variation formula is still valid for our
class of potentials and it allows to deform the parameter v to v = 1/2. Now one is basically in the
situation with one regular end point and one singular end point and Theorem 1.5 can be applied.
The details are left to the reader.
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