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Abstract

We consider the Banach Lie-Poisson space iR @ UL and its complexification C @ L], where the
first one of them contains the restricted Grassmannian Gryes as a symplectic leaf. Using the Magri method
we define an involutive family of Hamiltonians on these Banach Lie-Poisson spaces. The hierarchy of
Hamilton equations given by these Hamiltonians is investigated. The operator equations of Ricatti-type are
included in this hierarchy. For a few particular cases we give the explicit solutions.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction

The foundation of Banach Poisson differential geometry was developed in [11]. This theory, in
particular, gives us a possibility to formulate geometrically and analytically rigorous language for
the theory of infinite dimensional Hamiltonian systems. A special place in this theory is occupied
by the Banach Lie—Poisson spaces. Recall that by definition b is a Banach Lie—Poisson space if
its dual b* is a Banach Lie algebra such that ad} b C b C b** for x € b*, where ad} : b** — b**
is dual to the adjoint representation ady := [x, -] : b* — b*.
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Many infinite dimensional physical systems can be considered as systems on some Banach
Lie—Poisson space b in the Hamilton way

d
Zp:—ad}k)h(p)p, (1.1)

where p € b and h € C*°(b), e.g. see [13].

The first aim of this paper is to investigate Banach Lie—Poisson spaces related to the restricted
Grassmannian Gryeg, see [2,12]. The restricted Grassmannian Gryes has its own long story as
one of the most important infinite dimensional Kihler manifolds in mathematical physics. It
is a set of Hilbert subspaces W C ‘H of a polarized Hilbert space H = Hy @ H_ such that
the projectors P, : W — H, and P_ : W — H_ are Fredholm and Hilbert—-Schmidt operators
respectively. The geometry of Gres and its symmetry group play an important role in the quantum
field theory [14,22,23,25,26], the loop group theory [15,21], and the integration of the KdV and
KP hierarchies [8,17,20].

The second aim is to define and investigate a hierarchy of the Hamilton equations on the
Banach Lie—Poisson space iR @ UL\ and on its complexification C @ L. This hierarchy is
obtained from the involutive system of Hamiltonians constructed on iR @ UL\ and C @ L] by
the Magri method [7].

The pair of coupled operator Ricatti equations, see (3.41), belongs to this hierarchy. As we
show in Example 4.3 the finite dimensional version of the hierarchy provides the non-trivial
example of an integrable Hamiltonian system.

In our considerations we use the functional analytical methods as well as Banach differential
geometric methods. All the results we have obtained are also valid in finite dimension case.

Since the hierarchy consists of Hamilton equations, the flows preserve symplectic leaves of
iIROUL! and C@ L} . 1In particular, they preserve Gryes, which is one of the symplectic leaves

Tes Tes”
of IR&® Z/{Lges, see [2]. We show in Example 4.1 that after restriction to Gryes the flows linearize
in natural complex coordinates.

The central place of the paper is occupied by Section 3, where (using the Magri method) we
construct the infinite hierarchy under consideration. We also discuss its various realizations, see
(3.20), (3.19), (3.38), (3.52) and (3.54).

In Section 2 we prepare the material necessary for the application of Magri method, i.e. we
find explicit formulas for coadjoint representation of central extension éeres,O of GLes 0, the
Poisson bracket and Casimirs of the Banach Lie~Poisson spaces C @ L. and iR @ ULL.
Finally Section 4 gives formulas for solutions in some particular cases.

We also include in the paper two appendices, where we present the Magri method and the

theory of extensions of Banach Lie—Poisson spaces.
2. Banach Lie—Poisson spaces related to restricted Grassmannian

We investigate the extensions of Banach Lie groups, Banach Lie algebras and Banach Lie—
Poisson spaces related to the restricted Grassmannian Gryes. One of the aims of this section is to
obtain explicit formulas for adjoint and coadjoint actions of constructed Banach Lie groups and
Banach Lie algebras. To this end we apply the methods described in Appendix A.

Before that let us recall the definitions of objects we are going to use and fix the notation. For
more information see [15,21,26].
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2.1. Preliminary definitions and notation

Let us consider a complex separable Hilbert space with a fixed decomposition into two or-
thogonal Hilbert subspaces

H=H,dH_. 2.1)

Let P, and P_ denote the orthogonal projectors onto H and H_ respectively. We assume
that in general both Hilbert subspaces are infinite dimensional. However we also admit the case
when one (or both) of them is finite dimensional. In this case many analytical problems are
considerably simplified.

In what follows we omit the symbols H and H4 in the notation for various operator algebras
and groups and put the subscript & if we mean that the operators act in H4. In this way, for
example instead of L>(H) or L?>(H,) we write L or Lﬁ_.

In order to simplify our notation we use the block decomposition

Ay 0 0 A,
P+AP+=( 8+ 0), P+AP_=<0 6)

0 0 0 0
P_AP+_<A_+ 0), P_AP__<O A__) (2.2)

and we identify the operators Ay, : Hy — Hy, A__: H_ — H_, A_4+ : H+ — H_ and
Ay_:H_ — H4 with PLAP,, P_AP_, P_AP,, PL AP_ respectively when there is no risk
of confusion.

By L? we denote the Schatten classes of operators acting in ‘H equipped with the norm || - | ,.
The L? spaces are ideals in associative algebra L™ of bounded operators in . In particular L'
denotes the ideal of trace-class operators and L? is the ideal of Hilbert-Schmidt operators. By
L% ¢ L™ one denotes the ideal of compact operators, which is || - ||oo-norm closure LP =10 of
any L7 ideal, see [4,18].

Let GL™ be the Banach Lie group of invertible bounded operators in H. By UL*® C GL*®
we denote the real Banach Lie group of the unitary operators and its Lie algebra is denoted by
UL™. By GLI+ we denote the group of invertible operators on 4 which have a determinant
(i.e. they differ from identity by a trace-class operator) and by SLL—its subgroup which consists
of operators with the determinant equal to 1. See [5,16] for the definition and properties of the
determinant for this case.

The unitary restricted group UL, is defined as

ULyes := {u € UL | [u, Py] € L?}. (2.3)
It possesses the Banach Lie group structure given by the embedding
ULres 3 u+> (u,u_y) € UL™ x L% _. (2.4)

This structure is not compatible with Banach Lie group structure of UL®°. The Banach Lie alge-
bra of UL is

ULges .= {x € L™ | xT = —x, [x, P11 e L?} 2.5)



T. Goliriski, A. Odzijewicz / Journal of Functional Analysis 258 (2010) 3266—-3294 3269

with the norm

X llres == x4+ lloo + IX——lloo + llx—4ll2 4+ [lx4—ll2, (2.6)

where x 7 is the operator adjoint to x. Note that the topology of U L is strictly stronger than the
operator topology on L*°.

The complexifications of ULgs and UL are UL;%S = GL,es and Z/{L(rceS
where

= L5 respectively,
GLres={g € GL™ | [g. P+] € L?} 2.7)
and

Lyes = {x € L™ | [x, P{] € L?}. (2.8)

By definition the restricted Grassmannian Gr;. consists of Hilbert subspaces W C ‘H such
that:

i) the projection Py restricted to W is a Fredholm operator;
ii) the projection P_ restricted to W is a Hilbert—Schmidt operator;

see e.g. [15,26].

The restricted Grassmannian is a Hilbert manifold modelled on the Hilbert space L% . The
groups ULyes and GLyes act on it transitively. In this way the tangent space to the restricted
Grassmannian in the point . can be described as follows

T, Gryes = ULres /(UL x UL™). (2.9)

Both UL.es and GLyes are disconnected and their connected components are ULy and
GLyes k, where g € ULyes k and g € GLyeg i iff the Fredholm index ind g+ of the upper left block
g++ of the operator g is equal to k, see [3,15]. The maximal connected subgroups ULyes,o and
GLyes,0 will be of special interest. In a similar fashion, connected components of the restricted
Grassmannian Gryeg are the sets Gryes ¢ consisting of elements of Gryes such that the index of the
orthogonal projection P, restricted to that element is equal to k. Let us note that ULy o acts
transitively on Gryeg 0.

2.2. Extensions of GLyes,0
The central object in the following construction is the group £ defined as
E:={(g,4) € GLY X GLyeso | Ay —q e L'} (2.10)

with pairwise multiplication. The topology and Banach manifold structure on £ is given by the
embedding

(@, A) > (Apy — g, A) € LY X GLys, (2.11)

see [15,26].
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Let us consider the Banach Lie group extensions presented in the following commutative
diagram:

(1) (1) (1)
(1e C* > GLyeso Glres0 —= {1}
det § id
(1) Gl e Gl —— {1} @12)
{1)¢ SLL S 1) — 2 1)
\/1} \/1}

The map ¢ is defined by ¢1(q) := (g, 1) and the map m; is a projection onto the second
component of the Cartesian product GL?FO X GLyes,0. Thus Ll(SLlr) is a normal subgroup of £
and the group GLy o is defined as the quotient group

GLyes 0 = E/u (SLL). (2.13)

The maps ¢ and 7 in upper row of diagram (2.12) are given as quotients of ¢; and m respectively.
The map 6 is the quotient map £ — £/¢; (SL_I‘_) = 5Lres,0~ In this way all rows and columns in
diagram (2.12) are exact sequences of Banach Lie groups.

Using the approach described in Appendix A we define a local section (A.2) of the bundle
GLY — & — GLyes o by

o (A) = (Agp, A) (2.14)
for A € GLes,0 such that A is invertible. The Banach Lie group £ can be locally identified with
GLl+ X @, GLyres,0 through the isomorphism ¥ : GLLr X ¢, GLres,0 — £ given in the properly
chosen neighborhood of identity by

W(n, A) = (nA44, A). 2.15)

The maps @ : GLyes,0 — Aut GLLL and £2 : GLyes,0 X GLyes 0 = GLLr defined in the general case
by (A.7) and (A.8) in this case can be expressed locally as follows:
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®(A)(n) = ApnAjl, (2.16)
2(A1, A2) = Ay Ay (A1 A) L] 2.17)

forn e GLEF, A, A1, A» € GLyeso suchthat Ay, Aj4, A4 and (A A2) 44 are invertible.
__The map ®(A) descends to the trivial automorphism of C*. Thus the Banach Lie group
GLyes 0 can be identified with C* Xiq.6 GLures,o for

Q2 :=deto 2 (2.18)
and it is a central extension of GLyg 0.
2.3. Extensions of Lyes

The Banach Lie algebra counterpart of diagram (2.12) is the following:

0} 0} (0}
0} c C® Lues Lies (0}
Tr Try id
(0)¢ LLe— e L) @ Lies — > Lies o @19

O gL e Il g0 — 2 {0)

0) 0)
where
SLY ={peLl |Trp=0} (2.20)

is the Banach Lie algebra of the group SLL. The Banach Lie algebra (L}F @ Lies) /(L 1+ @ {0})
of the quotient group GVLres,O is naturally identified by DY (1, 1) with C @ Les. The map Tr is
given by taking trace of the first component of (p, X) € Lﬂr @ Lyes. The direct sums in diagram
(2.19) are understood as direct sums of Banach spaces.

Similarly as in the group case, all rows and columns in diagram (2.19) are exact sequences of
Banach Lie algebras.
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By using formula (A.14) with functions (2.16) and (2.17) we obtain a local formula for the
adjoint action

Adgu.ay(p, X) = (A4 (p+ Xy )(Ay ) ' = (AXATY)  AXA™Y) 221

for (n, A) in some open set in GL]+ X2 GLes,o and (p, X) € Lﬂr @ Lyes. From (A.16) and
(A.17) we get that

(p(X) = [X++a ']7 (222)
a)(X, Y) = —X+7Y,+ + Y+7X,+. (223)
Bracket (A.15) for ¢ and w given by (2.22) and (2.23) assumes the form
[0, 0. (6. V)] = ([ 0]+ [Xs 0] = [¥i 4. ]

— X Y+ Y X 4 [X,Y]) (2.24)

where (p, X), (', Y) € LL @ Lyes. This Banach Lie algebra was presented in [12] (up to the sign
conventions) as an example of extensions of Banach Lie algebras.
The structure of Banach Lie algebra on C @ L is given by the function

¢(X)=0 (2.25)
and the cocycle
OX,Y)=—sX,Y)=—Tr(X4_Y_y — Y, _X_1), (2.26)

where s(X, Y) is called the Schwinger term, see [19,26]. Thus the adjoint representation of the
Lie group C* X406 GLres,0 ON C @ Ly is given by

Ady,ay(h, X) = (A +Tr(Py — A7'PLA), AXAT) (2.27)

for (y, A) € C* X,y 3 GLyes,0, (A, X) € C® Lyes. Moreover, the Lie bracket for (A, X), (M, Y) €
C @ L is the following

[ X)), (V. Y)]=(-s(X,Y),[X,Y]). (2.28)

Let us note that formula (A.14) allows one to express Ad only locally. However the right-hand
side of formula (2.27) defines some global representation of C* x id, & GLres,0, which coincides
with Ad on an open neighborhood of (1, 1). However every open neighborhood of the unit ele-
ment in Banach Lie group generates a connected component, and C* X,y 5 GLres,0 is connected.
Thus the formula (2.27) is valid for all (y, A) € C* Xiq.6 Gleres,0-
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1

2.4. Extensions of complex Banach Lie—Poisson space L

In order to find a Banach space predual to the Banach Lie algebra L., we define the Banach
space

Ligg:= {1 € Lies |44 € Ly, p—— € LL} (2.29)
with the norm

el == Mg e 4 Hpe—= I 4 =g ll2 4 e —ll2- (2.30)

Moreover we define the restricted trace Tryes : L1, — C by

Trrespe :=Tr(p4+ + p—-), (2.31)
for o € LL,. The domain of Trys is larger than L! since L! C Lyes. However for trace-class
operators the restricted trace Trs coincides with the standard trace Tr. The properties of the
restricted trace are similar to the properties of the standard trace but one needs to replace L*°
with Lies.

Proposition 2.1. The Banach space L]
Banach space Lies. Moreover for p € L

is an ideal (in the sense of commutative algebras) in the

L Ve Les we have

res’
Trres (V) = Trres(Vit). (2.32)

Proof. The conclusion that L/ is an ideal follows from the fact that L' and L? are ideals in

L and a product of two operators from L? is trace-class. To prove formula (2.32) we expand
its left-hand side

Trres(uv) =Tr(Ug+v4qp + vy +Hgvp +p_—v__). (2.33)

By assumptions of the proposition, we conclude that each term in the right-hand side is a trace-
class operator. Since for A € L and B € L' or for A, B € L? one has

Tr(AB) =Tr(BA), (2.34)
we conclude that

Trres (V) = Trres(ViL). u (2.35)

1
res?

As a corollary to this proposition we get that for g € GLyes and u € L !

belongs to L. and

res

the operator ug™

Trres(g18 ") = Trres (10). (2.36)
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1
res’

Using the pairing between € L., A € L given by

(u, A) :=Trres(LA) = Tr(u+4+A44) + Tr(n4-A—1)
+Tr(u—+Ay—) + Tr(u——A__), (2.37)

1

res)” = Ly, i.e. the Banach space Lr]eS is predual of Lyes. This duality can

we conclude that (L
be found in [2,12].

1
res

Proposition 2.2. Space L., with norm || - ||« is Banach x-algebra.

Proof. The only point yet to be shown is the inequality

ol < el ll ol (2.38)

for j1, p € L. In order to prove it we observe that
lplls = o)t | + o) s, + o)+ [, + | o),

= gt o+ + o= p—4 11 + g o= + o —p—— 2
Fllp—tpit +e——p—tl2 + llt——p—— + ey 11 (2.39)

Next, applying the following inequalities

ol < ol (2.40)
lomlt < lollcollelit < llolltlilly (2.41)
for p, u € L' and the inequalities
lowllt < lell2limllz, (2.42)
lomllz < lpllcollellz < loli2llpell2 (2.43)

for p, u € L2, we obtain

ol < st osrlin + =12l o—+ll2 + s Il o =112 + g~ ll2lo—1l2
+ -2+l + -l o=+l + -1l o—= N1t + Hee—s 121l o4~ l2
< llllloll (2.44)

The latter inequality in (2.44) follows directly from (2.30). O

1

res With natural

The Banach space predual to extended Banach Lie algebra LLr @D Lies 1S Lg ®L
component-wise pairing

(A, ), (p, X)) = Tr(Ap) + Trres (X). (2.45)
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It follows from the fact that the Banach space dual to the ideal of compact operators Lg_ is L _ﬁ_,
see [24]. Analogously, the predual of C @ Ly is C @ L. with the pairing given by

res

(o), (0, X)) = Y&+ Trres (1 X)), (2.46)

forp e Lk, X € Lyes, ¥, 2 €C.

The map Tr* : C — LS° dual to Tr: L}F — C is given by Tr*(A) = A1. Since the ideal of
compact operators Lg_ is the Banach space predual to L _li_ and Tr* does not take values in Lg_,
we conclude that Tr* cannot be restricted to predual spaces. Therefore only horizontal exact

sequences in diagram (2.19) have their predual counterparts

* *
T 4

{O} ¢ Lrles ¢ C @ Lrles C {0} (2'47)

T
{0}C A pe—— Y A LY {0} (2.48)

res

where the map 73 is an injection into the second argument and the map (] is the projection onto
the first component of the respective direct sums.

It follows from (A.25) and from (2.16), (2.17) that the coadjoint representation of the Banach
Lie group GLEr X, GLyres,0 on the predual Banach space LS)r &) Lr]eS is given by

Adl, (o) = ((Ar) ' tnA g (Ap) I lonA — AT T A+ AT RA)  (249)

for (n, A) € GL_I|r X .2 Glyes,0 and (7, ) € Lg ® Lrles. Similarly, the coadjoint representation
of C* Xiq.¢ GLres,0 ON Ce L! is the following

res
Adf (o) =(v. A" uA+y(Py — A7 PLA)) (2.50)

where ()\., A) (S CX Xid Q GLres,O and (yv M) eC @ Lrles'
Let us also note that these coadjoint representations preserve the Banach subspaces

LY®LL c (Ll ®Ley)*and Cod LL C C® L} respectively
Adj, (LY ® L) C LY & Ly, 2.51)
AdzkA,A) (C ® Lges) cCe LrleS' (2.52)

The coadjoint representation of the Banach Lie algebra L L @ Lyes on its predual LS)r ®LL,is
the following

ad?, ) (T, 1) = ([=p, 1] = (X, 7], —[X, 1] = [0, 7] — TX 4o + X_y7)  (2.53)

where (0, X) € L} @ Lyes, (r, ) e LY @ L.
The coadjoint representation of the Banach Lie algebra C @ Lyes on C @ L/ is given by

adfy x) (v, ) = (0, =[X, u] — y (X4— — X—1)) (2.54)

where (A, X) € C® Lyes, (y, n) e Cd L}

res:
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We observe that the conditions (A.26) are satisfied for both extensions, thus the Banach
spaces Lg_ @ Lrles and C @ L1, are Banach Lie-Poisson spaces. The Poisson bracket for F, G €

res

C®(C @ LL,) is obtained from the general formula (A.27) and is given by

{F,G}(y, ) =(w, [D2F (y, ), D2G(y, W)]) — ys(D2F (v, w), D2G (v, ),  (2.55)

where D; denotes the partial Fréchet derivative with respect to the second variable.

1

2.5. Extensions of real Banach Lie—Poisson space UL,

In previous subsections we considered the extensions of the complex linear restricted group
GLyes,0, its Banach Lie algebra L., and the complex Banach Lie-Poisson space Lrles, which is

Banach predual of L..s. As we mentioned above they are complexifications of ULy ¢, U Lres and
ULres)s TULY = {p € Lo | n* = —p} (2.56)

respectively. The pairing between elements of U L5 and Z/[Lrles as in the complex case is given
by (2.37).

By a construction similar to those for GLyes 0, we obtain the central extension of UlLyes,o
by U(1)

(= U() = UL ULres.0 . @
Namely we define the real Banach Lie group
UE:={(A,q) €E| A€ ULueso, q€ULT}, (2.58)
which complexification U ECis €. The group ﬁrmo in (2.57) is defined as
ULies,0:=UE/(u1(SULL)), (2.59)

where SUL_IF = SL# N UL and t1(q) := (¢, 1).
Restricting the Schwinger term (2.26) to U/ L,es We obtain the central extension

{0}€ iRC iR @ ULres ULres {0} (2.60)

of the real Banach Lie algebra I/ L. The exact sequence of Banach Lie—Poisson spaces predual
to (2.60) is

{0}¢ iRC iR@UL! ULL

Tes

{0} . (2.61)

The complexification of (2.61) gives (2.47). All expressions obtained above, including the ones
for the Poisson bracket (2.55) and coadjoint representation (2.50), (2.54) are valid for the real
case if one assumes that y = —y and u* = —pu.
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3. Hierarchy of Hamilton equations on Banach Lie—Poisson spaces C @ L] and
iR@®UL]

res

In this section we use the Magri method (see [7]), to introduce the hierarchy of the Hamilto-

nian systems on the Banach Lie-Poisson spaces C @ L) and iR @ UL, which were investi-

gated in Section 2. Short description of Magri method is presented in Appendix B.
To this end we define for any k € N the function

Iy, ) i= Trres (0 — ¥ PO — (=) (1w — v 1)) 3.1)

on C® Lrles. Note that the expression under Trpes is a polynomial in variable p without a free

term, thus from Proposition 2.1 it follows that the function I* is well defined.
We observe that I¥ is invariant with respect to the coadjoint representation (2.50)

IN(AE, 4 (v ) =15(y, A" A + y (Py — A7 PLA))
=Tre(A™ (t—y Py +yAPL A —y AP AT A
— AT =) (- y Py +yAPLAT =y APLATT)A)
=Trres (L — Yy PO — (=) —yPY) =" ). (3.2)
Thus the functions ¥, k € N, are Casimirs
{1*,.}=0 (3.3)

for Poisson bracket (2.55). Note that the coordinate function y is a Casimir too.
Observing that Poisson brackets for F, G € C*®(C & L) given by

{F,Gh(y,w) = (u.[D2F(y, ), D2G(y, w))) (3.4)

and by

{F,Gha(y. ) :=—ys(D2F (v, ), D2G(y, ) (3.5)

are compatible, we introduce a Poisson pencil

{F,Gle(y, ) ={F,Gh(y,pn) +elF,Gh(y,pn

= (u, [D2F (v, ), D2G (v, w)]) — ey s(D2F (v, w), D2G (v, b)) (3.6)
on C& Lrles. Compatibility of {-,-}; and {-,-}» follows from the fact that the Poisson tensor for
{-,-}2 is constant with respect to the variable © and {-,-}; depends only on the derivations with
respect to the variable .

Due to the latter equality in (3.6) the Casimirs for {-,-}. are:

15y, ) = Tres (0 — ey PO — (—ep)* (= ey Py)) (3.7)
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where k € N. According to Magri method, we expand these Casimirs with respect to the param-
eter —ey

k—1

Iy, ) =Y (—ey)" Traes Wy T (1) + (=) Trees (W (1) — 1), (3.3)
n=0

where the operators W,]f (u) are polynomials in operator arguments p and P4 defined by the
equality

k

(/L+AP+)k=ZA"W,]f(M), reR. (3.9)
n=0

In this way from (B.7) it follows that we obtain a family

RE( ) = Y " TrresWET ), 0<n<k—1, (3.10a)
hE(y, 1) = Y Tres (WET = 10) (3.10b)

of Hamiltonians in involution

{hf.nl,}, =0 3.11)

n’''m

with respect to the brackets {-, -}, for ¢ € R. In the particular case ¢ = 1 they are in involution
with respect to the bracket {-,-} given by (2.55).

Let us now investigate the infinite system of the Hamilton equations on the Banach Lie—
Poisson space C @ L]

res

0 *
@(% I’L) = ad(D]hlnc(}/,llv),Dzhln‘(}/,ﬂ)) (Va /'L) (312)

defined by the hierarchy of Hamiltonians hﬁ, keN,n=0,1,..., k. Using the explicit form of
coadjoint action (2.54) one sees that observe that Eq. (3.12) take the form

0
=0, 3.13
8t,’§y (3.13a)

a
=l Dok (v, ] + v (P Doy (v, 1) P = P-Doly (v, W) Py). (3.13b)
n

In (3.13) the real parameter t,],‘ parametrizes the Hamiltonian flow generated by hﬁ In order to
compute DzhlfZ (y, 1) we apply the partial derivative operator D; to both sides of equality (3.8).
Since

DalIf (v, )= (k+ 1)(u — ey Pp)* — (—ep)'1 (3.14)
we get that

Dakk (v, ) = (k+ Dy" Wk (w) (3.152)
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forO0<n<k—1,and

Dohii(y, ) = y*((k + DW{ () — 1), (3.15b)

Substituting (3.15) into (3.13) we obtain

d n k
Sk ==k + Dy [u—y P W, (] (3.16)

forO<n<k.
From (3.9) we the following recurrence rules

Wit () = Wy o + Wi () Py,
Wit () = wWy () + P Wy () (3.17)
which yield the commutation relation
[, Wy )] + [P, Wy ()] =0, (3.18)

where 0 < n < k and we put W* | := 0. Using (3.18) we can express the Hamilton equations
(3.16) in the following two ways

9 k+ 1)y" k k 1
at,';“__( + Dy [, Wy () +y Wy (W], (3.19)
0 = k+ 1Dy" K k 2
a—t}fu—< + DY [Py W, () + W, (0], (3.20)

where 0 < n < k. Rewriting (3.20) in the block form (2.2) we obtain

0 a
— =0, —u_—=0 3.21
ar];”“** 3%’,‘“ (3.21)

and

0
St = G+ Dy Py(y Wi Go + Wi, () P-,

8” (3.22)
St ==+ DY P_(y WiG) + W, Gu) Py

n

Let us observe that Eq. (3.19) is a Hamilton equation for the Poisson bracket {-,-}; and the

Hamiltonian hﬁ + hﬁ +1» While Eq. (3.20) is a Hamilton equation for the Poisson bracket {-,-}>

and the Hamiltonian hﬁ + hﬁ_ |- From (3.21) we conclude that diagonal blocks w44 and p——
are invariants for all Hamiltonian flows under consideration.

The symplectic leaves for C @ L) and iR @ UL, with Poisson bracket {-,-}, are the affine
spaces obtained by shifting the vector spaces Li_ ®L> L or L%r_ respectively by diagonal blocks

U4+ and p__. This fact explain why we have obtained additional integrals of motion (3.21).
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Egs. (3.16) and (3.19) are in the Lax form. In the first case it is an equation on ; — y P, while
it is on y in the other.

Let us calculate several operators W,f (). We can do this by iterating the recurrence (3.17).
The result is:

wk =P, (3.23)
Wi | =uPy+ P+ (k=2)PiuPy, k=2, (3.24)
Wy = uP P+ Pyt + Pop® + (k= 3)(Prp Py + PP+ uPy i Py)

+ W&u&uh, k>4, (3.25)

Wk=pPod P2 Py (3.26)

Wk = k. (3.27)

It is obvious that the Hamiltonians hﬁ are functionally interdependent and it implies the inter-
dependence of t,’f-ﬂows given by (3.22). The above formulas suggest the introduction of the
homogeneous polynomials

1
Hl(u) = Z PouPl ... wPy (3.28)
i0,i1,...ij=0
ig+-+ij=n
of the degree / € N in the operator variable u € L,
linearly independent and they satisfy the recurrences

where n <[ + 1. These polynomials are

Hy 1 (1) = Py pHy (1) + wHy 4 (1) (3.29a)
forn <I,l eNand
HE G0 = PypHiy () (3.29b)
for [ € N.

Proposition 3.1. Polynomials W,f are linear combinations of the homogeneous polynomials H,i

1+1
WE () =Y max{0, pl,(k)} H} (1) (3.30)
n=1
forl <k and
Wi () = Hy (), (3.31)

where p,l1 € R,,—1[x] are polynomials of degree n — 1 that are defined by the recurrences:
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k—1

Paiy (=" max{0, pl i)}, (3.32)
i=l+1

P k) = phk—1) (3.33)

with initial condition pll k)=1.

Proof. We prove formula (3.30) by induction with respect to /. From recurrence (3.32) we infer
that p% (k) = k — 2 and thus from (3.23) and (3.24) we see that formula (3.30) is satisfied for
[=0and /= 1. From (3.17) we conclude that

k—1
W) = nWiS ) + Pep Y WS w). (3.34)
i=1

We apply (3.34) to W,ffl assuming that (3.30) is satisfied for / — 1 and obtain

l
Wy () =y max{0, p,~" (k= D}H, ™' ()

n=l1
k—I1—1
+Pp Y Zmax [0, i k=i = DIH ) + PeucHT G0 (3.35)

i=1 n=1

Changing the order of summation and using recurrences (3.32) and (3.33) we get

-1

W) = p Y max{0, pi 2} (k= D}H, | (1)
n=0

1
+ Prp Y max{0, pi (k= DYH () + Py pHE (). (3.36)

n=1

By rearranging terms in the sums and applying (3.29) we end up with (3.30). Direct check
shows that relations (3.32) and (3.33) are compatible. The fact that deg pﬁl =n — 1 follows
from (3.32). O

From Proposition 3.1 we conclude:
Corollary 3.2.

i) The dimension of the complex vector space spanned by {W,f_l},fil 41 s equal to l + 1 and
{Hl}l+1 is a basis of this space;

1) Using (3.30) one can express H,ﬁ, 0 < n <141 as afinite linear combination of Wk » where
k>1+1.



3282 T. Golinski, A. Odzijewicz / Journal of Functional Analysis 258 (2010) 3266-3294

Proof. i) From (3.30) it follows that all elements of the set {W,ff 1}130:1 4 are linear combinations

of {H,i}i;ll. Let us also note that the polynomials PL assume positive values p,ﬂ (k) > 0 for k
large enough and that the set { pé}f;ll
the proof.

i) This statement is a consequence of i). O

spans an (/ + 1)-dimensional vector space. This concludes

Introducing new variables r,ll € R through the linear combination

+1
th_ =k — Dy max{0, pl, o)}z, (3.37)

n=1
we rewrite the hierarchy (3.16) in the equivalent form

d
wﬂz[ﬂ_)’PJnH,l,(M)] (3.38)

where/ e Nandn=1,...,]+ 1.
Let us write out explicitly several equations from hierarchy (3.38). For Hé‘ and H{‘ in block
notation (2.2) we obtain

ad
M- = _V(“k)-i-—’
it
) (3.39)
—_— = k
at(,)cﬂf+ V(“ )—+
and
a _ . o
W,LH__ = —(MkH)Jr, -V Zf:ol (MZ)++(Mk l)+7’
81 (3.40)

M+ = (Mk+l)_+ +vy Z;"{:I (Mi)_+ (Mk_i)++

respectively. For k = 1 and k = 2 we get from (3.39) linear equations and for k = 3 we obtain
from (3.39) a pair of coupled operator Ricatti-type equations

9
SoFh- = V() g+ gy — A iy + g (n—)?),
0

9
8103

(3.41)
teg =Y (e () e g+ e g+ (e )? ).

Let us recall that blocks @4 and p—_ are constant with respect to all flows. Moreover if we
assume that 4+ =0 or u__ =0 then Egs. (3.38) become linear.
After certain modifications we can also consider the hierarchy of Egs. (3.38) on the real Ba-

nach Lie-Poisson iR @ UL/, To this end we have to modify the Hamiltonians /¥ is such a way
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that they will take real values when restricted to iR @ ULL. In consequence we obtain the
following equations

o
Sh=i" =y Py, Hy(w)] (3.42)
n

where u e UL, y €iR.

Now we express the Hamiltonian hierarchy (3.16) in a more compact and elegant form. To
this end let us define the “generating” Hamiltonian for the Hamiltonians (3.10)

00 k+1

hea (o) =Y ==Kk > " Why(y, ), (3.43)
n=0

k=1

k+1

where «, A € R. In order to show that the series of functions (3.43) is convergent on some non-
empty open subset of C @ L. . we observe that

res

k+1

D MR ) = Trees((w 4+ Y AP — ()  (w+ yaPy)). (3.44)
n=0

Equality (3.44) follows from (3.10) and (3.9). Next, let us prove the following lemma.
Lemma 3.3. One has

|+ BPOM = B (w+ PO, < (Il + 18D =185 (el +181),  (3.45)

1
res*

where B e Cand n € L

Proof. We expand the left-hand side and apply the triangle inequality and Proposition 2.2. More-
over we note that ||v Py ||s < [|[v]l« for v e LL . In this way we get

k+1
k+1
|Ge+ 8P — B (u+ P, < Z( l.

i=1

) IllZ B — 18K el (3.46)

By adding and subtracting the term |B|**t! and collecting terms we obtain the right-hand
side. O

From this lemma and Proposition 2.2 we conclude:

Proposition 3.4. One has

log(1 —kAy)

1
hie s (s ) = Trres (—; log(1 —w (e + yAPy)) + (n+yAPy) iy

) (3.47)
and
{hiea, e v} =0 (3.48)

Sor k|« + [Av]) < 1 and |'|(|tlls + |A'v]) < 1, where the Poisson bracket in (3.48) is
given by (2.55).
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Now we find the explicit form of the Hamilton equation

G = a0 0 (3.49)

generated by Hamiltonian (3.43). Using (2.54) we obtain

0

a%kyzo, (3.50a)
a:)\ w=—[w, Dok s (v, W]+ v (Ps Dahie (v, ) P — P_Dahyc s (v, W) Py).  (3.50b)

Since
Dahes (o) = (1 —k(u+ 2y )~ + W (3.51)

we get
8&Jx=-%4pﬁ(1—xy4} (3.52)

where
x:=k(u+AryPy), (3.53)

and & := k(1 + 1)y . Replacing x in (3.52) by y := (1 — x)~! we get the hierarchy of equations

y=aly,yPiyl, A, keC (3.54)
at,(,,\

equivalent to the hierarchy (3.16).

In this paper we don’t intend to address the problem of finding general solutions for the
considered Hamiltonian systems but in the next section we will present several examples of
solutions.

Let us also observe that if .y is finite dimensional, then the operator u — y P has a discrete
spectrum. Formula (2.50) shows that orbits of coadjoint action of group GLyes o coincide with
orbits of standard coadjoint action of GLyes,0 C GL* shifted by y Py . Thus one can use the spec-
trum spec(u — y Py) to distinguish partially symplectic leaves of the Banach Lie—Poisson space
iR&® Z/lLrles, i.e. if spec(u1 — y P+) # spec(uz — y P4) then they belong to different symplectic
leaves. If the dimension of 7 is infinite then the shift & — y P of the operator € L) by the
operator y Py is not an element of Lrles, but of L. However from Weyl’s criterion (see [16]) we
deduce that the set spec(it — y P+) \ {0, —y} is discrete. Therefore if H is infinite dimensional,
one can use also elements of spec(u — y P4) for the partial indexation of the symplectic leaves.

The problem of description of these leaves is complicated, see [2] for more information.
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4. Examples of solutions

In this section we present several examples of explicit solutions to Egs. (3.38) in some partic-
ular cases.

Example 4.1 (Restricted Grassmannian). The connected component Grres o of the restricted
Grassmannian Gryes can be identified with the coadjoint orbit O, of the group IFJVLreS’O in the
Banach Lie—Poisson space iR & Z/{Lrles generated from point (y, 0), see [2]. Namely from (2.50)
we see that

A o0 = (v, 7(P+ — g~ P1g)) 4.1)

for (A, g) € U(1) Xy 5 ULres,0 and y € iR. This suggests to define the map ¢y, : Gryes,0 — O, in
the following way

(W)= (r, v (P+ — Pw)). (4.2)

Since ULes o acts transitively on Gryes 0, we see that ¢, maps Gryes o bijectively on O,,.

Let us introduce homogeneous coordinates on some open subset in Gryes. To this end we fix a
basis {|n)}, n € Z in 'H, such that |n) for n < 0 spans H_ and for n > 0 spans H. Let us fix a
basis wy, wy, ... in a subspace W € Grs and put the coefficients of wy in the basis {|n)},cz in
the matrix form

(5) = (@10, e 43)

where o, B are blocks obtained for n > 0 and n < 0 respectively. Let us consider a subspace
W e Gryes such that there exists an orthonormal basis {wy }xen such that « is invertible. Then we
define

z:=pBa" L. (4.4)

Definition of z is independent of the choice of the basis {wg}xeN-
The matrix of the projector Py is

o
(<H|PWk))n’kez = <,3> (et BY). 4.5)
Thus ¢, (W) takes the following form

Q+zt1—1 @4zt 1zt )

4.6
M+zt)" 1 z(@ 4zt (46)

Ly(W) = <

where we consider z as an operator z : H4 — H_.

Hamilton equations (3.13) can be written in terms of z. Due to (3.21) we note that z+z is
constant. Thus any polynomial of ¢, (W) has only constant and linear terms in z and Eqs. (3.13)
are linear in homogeneous coordinates on O,,.
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Example 4.2 (Vector case). Let us consider a particular case of the equations given above. We

assume that dim 4 = 1. We introduce the block notation for elements p € L/

a vt
“=<w A), 4.7)

where a € C, A € L®(H_), v,w € L>(C, H_) = ¢*>. We consider Egs. (3.38) as non-linear
equations for two vectors v, w coupled by interaction depending on constants @ and A. Non-
linear behavior is due to the terms of the type (v | Alw).

First of all let us remark that in general all functions hf are linear combinations of func-

tions Trpes X = h](‘)_l(y, w) and Trpes (X! P+Mk2 Py + P+/Lk” P.). However due to the fact
that dim’H = 1 we have

1A R W
y' ki+1 Tkt 1

Tryes (W PL 2 Py 4 P Py) = 4.8)

Thus all integrals of motion hf‘ are functionally dependent on h’g and h’l‘ Therefore one has only
two independent families of Hamilton equations, i.e. (3.39) and (3.40).
In order to solve these families we note that

(1) _y = Mi(y, ow, 4.9)
(1), =v"Mi(y, ), (4.10)
where
hk*l , hk72 , h2 ,
My 1) ::< L ew Mmoo B “)Ak—3+aAk—2+Ak—l> @i
vk y(k—1) 3y

is a time independent operator.
Thus Egs. (3.39) take the form

a
- 5 ot
P —y M (7, 1),
aO (4.12)
W=y Mi(y, Ww.
a1,
In this way we have reduced system (3.39) to a linear system. Thus its solution is
o
(g 15, ) = exp(—y > Mi(y. 10,0, .))Tg) v(0,0,...), (4.13)
k=2
o
w(eg, 55,...) = exp(y > Mi(y. 10,0, .. .))ré‘)w(o, 0,...) (4.14)
k=2

where v(0,0,...),w(0,0,...) € 2 Ac L*°(H_), a € C are initial conditions.
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In the case of Egs. (3.40) we get

k=14 = +
3 h (v, = 7
UZ—(E L’”Mk_j(y,yﬂ_)—{—Mk_H(V, H+))U:

ark A
o (4.15)
d AN
W=<217.Mj(%ﬂ)+Mk+l(%ﬂ) w.

Ak
T, j:lk_]+l

These equation are also linear and their solution can be obtained by exponentiation.

1

Example 4.3 (4-dimensional case). In this example we solve equation (3.41) in the iR @ UL,

case assuming dim H 4 = dim H_ = 2. We will use the following notation

. (A Z
y=ix, =il ) (4.16)

where x e Rand A =AY, D= D", Z € Maty»»(C).
Substituting (4.16) into (3.41) we obtain

d d
La=o, Zp=o0 4.17)
dt dt
and
d . 2 2 +
EZ:—zX(A Z+ZD*+AZD+27"7), (4.18)
d
— 2zt =ix(z*A*+D*z* +DzYA+zVZzZ"). (4.19)

dt

Let us note that Eqgs. (4.18) do not change their form with respect to the transformation
A~ UAUT, D+~ VDV™T, Z+— VZU?T, where UUT =1 and VVT = 1. So without loss
of the generality we can assume

_ (a1 O _(d1 O _(a b
A_<O az)’ D_(O d2>’ Z_<C 4) (4.20)
where a1, az, d1, dy € R are constants and a, b, ¢, d are complex-valued functions of € R. From
(4.18) we obtain

%a =ix(a} +ardi +di +lal> + |b]* + |c|*)a +ixbcd,
%b =ix(ai +a1dr +d5 +lal* + |b* + |d|I*)b + i xacd,
%c =ix (a3 +axdi +di +lal* + |c|* +|d|*)c + i xabd,
LI ix(a3 +axdy +d3 + |b|* + |c* +|d|*)c + i xabc. (4.21)

dt
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Now we consider the generic case, i.e. a; # az and d; # d>. In order to solve this system of
equations we calculate explicitly the integrals of motion h}(u) = Trresut?, h3(1) = Trresit®,
h%(u) =y Tr(u>Py), h? (u) =y Tr(u3 Py) and hg(u) = Tryesit*. From that we conclude that

|a|2 + |b|2 = p2 = const,
|a|2 + |c|2 = q2 = const,

lel? +1d P =:r?

= const,
|b> + |d|*> =: s> = const, (4.22)
lal2aidy + |b|2aids + |c|Paad; + |d|*axds + |al?|c|* + |b|?|d|? + 2 Re(abéd)

=: A = const, 4.23)
where p? 4 r? = q2 +52. Using (4.22) and (4.21) we find

d d
—lal® =——1b|’

d| |2 d |d|? = 2x Im(abid) (4.24)
= ——]|C = — = miaoc . .
dt dt X

dt dt

Now from (4.23) and (4.24) we obtain the following equation

d
Ex =+ wx) (4.25)
on the function x := |a|?, where
w(x) = 4)c(p2 — x)(q2 — x)(r2 — q2 — x) — (%) (4.26)

and

v(x):=x(a; —ax)(d) — dp) — x(p2 — x) — (q2 —x)(r2 — q2 —I—x)

- a1d2p2 — a2d1q2 — azdz(rz — qz). 4.27)

Since w is a polynomial of the fourth degree, this equation is solved by an elliptic integral of the
first kind

. dx
N Jw)’

(4.28)

This allows us to express x(¢) as an elliptic function of time parameter 7.

By (4.22) we may calculate |b|2, |c|> and |d|? in terms of x(¢). In order to find the functions
a(t), b(t), c(t) and d(r) we substitute their polar decompositions a = |a|e!®, b = |b|e'f, ¢ =
lcle’” and d = |d|e'® into Eqgs. (4.21). In this way we obtain
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v(x
—oe_x(alz+a1d1+d1+p +4q% - —( )>,
2x
v(x)
—ﬂ X(a%+(11d2+d2+17 +r? q2+x+m>,
tardy +d? 4P 4 x - 2
— a’+a x4+ ———|,
V X\ a; Taxa 1 242 —x)
v(x)
—8— d + d? — — ). 4.29
(az-l-az h+dy + pP+r? x+2(r2_q2+x)) (4.29)

Since the right-hand sides of Eqs. (4.29) are known, we can find «(z), B(?), y(¢t) and §(¢) by
integration. In this way we have solved equations (4.18) in quadratures.

The Hamiltonian system solved in this example have applications for example in the non-
linear optics, see [6].
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Appendix A. Extensions of Banach Lie groups and related Banach Lie—Poisson spaces

Let us present an abbreviated description of extensions of Banach Lie groups, Banach Lie
algebras and Banach Lie—Poisson spaces associated with them. Some of the results given below
can be found in papers [1,9,10,12]. Our main aim is to compute the formulas for the adjoint and
coadjoint actions of the extended Banach Lie group.

A.l. Extensions of Banach Lie groups

Let us consider an exact sequence of Banach Lie groups

{en}C© NC G H {en) . (A.1)

We assume that N - G — H is a smooth principal bundle, i.e. the maps ¢ and = are smooth
and there exists a smooth local section o : U — G, where U C H is an open neighborhood of
identity. Additionally we impose on ¢ the normalization condition o (e) = eg. One can extend
o to a global section

o:H— G, (A.2)
but in general such extension will not be smooth. Let us define the map ¥ : N x H — G by

Y(n,h):=tn)oh). (A.3)
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Since G/N = H, we get that for g € G there exists a unique n € N such that g = ((n)o (7 (g)).
Thus ¥ is a locally smooth bijection with the inverse ¥ ~! : G — N x H given by

v (@)= (T (g0 (r(®) ). o (r(2)). (A4)
Using ¥ one defines the multiplication on N x H by

(n1.h1) - (n2, ho) o= W~ (W (01, AW (n2, ho)) (A.5)

and can express it as follows
(n1,h1) - (n2, hy) = (n1 @ (h1)(2) 2 (h1, ha), hihy), (A.6)

where maps @ : H — Aut(N) and §2 : H x H — N are defined by

@ (h)(n) = L_l(a(h)t(n)a(h)_l), (A7)
2(h1,h2) == o (h)o (ha)o (hiha) ™). (A8)

Let us denote by @ the map
& :HxN>3(,n)+ dM)n)eN. (A.9)

One has the following properties of @ and £2:

D (ey) =id, (A.10a)

(e, h) =8$2(h,eg) =en, (A.10b)

2(h1, h2)2(hiha, h3) = @ (h1) (82 (ha, h3))2(h1, hah3), (A.10¢)
$2(h1, h2)@ (h1h2)(n) = @ (h1) o @ (h2)(n)$2(h1, h2). (A.10d)

Forgetting about definitions (A.7), (A.8) we can consider @ and §2 as abstract maps satis-
fying conditions (A.10). We assume that the map @ is smooth on U x N and £2 is smooth
on some neighborhood of (ey,ey). Moreover we have to assume that the map H > x +—
2(h,x)2(hxh~', h)~" is smooth for all h € H on a neighborhood of ey (if H is connected
then this condition is automatically satisfied). Under these conditions there exists on N x H a
structure of Banach Lie group defined by (A.6), see [10]. One denotes this Banach Lie group by
N x¢p o H.

We get that the inverse of (n, h) in N x¢ o H is given by

=R R T o) (), h ) (A.11)

and the inner automorphism [, p)(m, g) := (n, h) - (m, g) - (n, h)~! can be expressed in terms
of @ and 2 as

Iy (m, &) = (n® (h)(m)$2(h, 8)$2 (hgh™ ", h)_l®(hgh_l)(n_l), hgh™').  (A.12)

Now, let us pass to the extensions of related Banach Lie algebras.
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A.2. Extensions of Banach Lie algebras

We will denote the Banach Lie algebras of G, H, N by g, ), n respectively. Taking derivatives
of the maps in (A.1) we obtain the exact sequence of Banach Lie algebras

Di(e Dr(e
(0)¢ L 0 . (A.13)

The derivative D¥ ~!(eg) : g — n@®h of ¥ ! at the point e allows us to identify the Banach
space g withn @ b.

The adjoint representation of N x¢ o H on g =n @ h can be locally computed from (A.12)
and it is the following

Adguny (€, 1) = (Ady (D2® (h, en) () + D282(h, en) () — D12 (e, h)(Ady 1))
+ (DLy(n"") o D1 @ (e, n™") 0 Ady) (), Ady, ) (A.14)
for (n,h) e N xp .o U, (n,¢) e n @ b, where & is defined by (A.9), and D; denotes partial
derivative with respect to the ith argument. We denote by L, the left group action L,m = nm,

n,m € N, on itself.
Differentiating (A.14) we obtain the formula for the Lie bracket

[&m, 0, ©)] = (&, V] + e () = 9E) (&) + @, §), [0, §]), (A.15)

for (¢,n), (v, &) en® b, where ¢ : h — Aut(n) is the linear continuous mapand w: h x h —n
is the continuous bilinear skew symmetric map defined by @ and §2 as follows:

e () := D1 D2® ey, en)(, ¢), (A.16)
w(,&):=D1D282(ey,eq)(n,§) — D1D2§2(en, en) (€, n). (A.17)

In these formulas D1 D is the second mixed partial derivative.
The maps ¢ and w satisfy the following infinitesimal version of conditions (A.10):

o([n.n'].0") +o([n'.n"].n") + (0", n].7)
— o) (w(n'.n")) = o) (", n)) = ¢(n")(@(n. n)) =0, (A.18)

and

ady oy +o([n.1]) = [e. 0(n')] =0 (A.19)

forall n,n’,n" €.

If we forget about the underlying Banach Lie groups and consider their Banach Lie algebras
only, then the maps ¢ and w satisfying conditions (A.18)—(A.19) with additional smoothness
conditions, define the structure of Banach Lie algebra on n @ b, see [1,12].
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A.3. Extensions of Banach Lie—Poisson spaces

According to [11] the Banach Lie-Poisson space is a Banach space b such that its dual b* is
Banach Lie algebra with the property

ad* b CbcCb™ (A.20)

for all x € b*. This property allows us to define the Poisson bracket on b
{/. g}(b) =([Df (b), Dg(b)], b), (A2l)

where Df (b), Dg(b) € b* are Fréchet derivatives at point b € b. The bracket makes the Banach
space b a Banach Poisson space in the sense of [11].

Let us assume that Banach Lie algebras n, h) and g possess predual Banach spaces n, b, and
g« satisfying condition (A.20). We also assume that maps (Dt(ey))*, (D (eg))*(hy) dual to
Di(ey) and Dm(ec) preserve predual spaces, i.e.

(Dilen) (@) Cniy  (Dr(e6))" (0s) C g (A22)
In that situation one obtains the exact sequence of predual Banach spaces

(D (eg))* (Du(eg))*
{0)¢ B gy T, {0}, (A.23)

see Lemma 3.7 in [12].

We can identify g, with n, @ b, by the map dual to the derivative DW¥L(eg) at the point eg.
This identification allows us to compute coadjoint actions of N x¢ o H and n @ h on n, @ b
as follows:

A}, (1) = ((D2®(h, en))* Adj T, ((D2R2(h, en)) " Ad; — Ady (D12 (en, b)) Ad
+ Ay (D1®(en.n ")) T + Adj 1), (A24)
where (n,h) e N x¢ o U, (r, ) €n, @ by and
ad?, (1, 1) = (ad} T + (p() "1, —(0( ()T + (@(1.)) T +adi 1) (A25)

fOr (;a ’7) € nea bs (Ts /'l/) € n* 69 b*
The coadjoint representation (A.25) satisfies condition (A.20) if and only if

(em) ) Ty (@) ) Chey (0, ) () C b (A.26)

So, under these conditions the Banach space n @ I is a Banach Lie—Poisson space. Using defini-
tion (A.21) and Lie bracket (A.15) we obtain the Poisson bracket on n, & h,:

{f g}z, ) = (D1 f. D18l + @(D2 f)(D1g) — ¢(D28)(D1 f) + & (D2 f, Da2g), T)
+([D2f, D2gl, 1) (A.27)

for f,g € C®(n, @ bhs).
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Further investigation of extensions of Lie groups and Lie algebras is beyond the scope of this
paper, so for more information we refer to [1,9,10,12].

Appendix B. Magri method

We briefly recall the Magri method of constructing integrals of motion in involution. For more
details see e.g. [7].
Let us consider a pencil of compatible Poisson brackets

{'7'}8 = {'7'}1+8{'7'}2 (Bl)

where ¢ € R. Compatibility of Poisson brackets means that {-,-}. is also a Poisson bracket for
any parameter . Let Isk be a family of Casimirs for Poisson bracket {-,-}, indexed by k e N, i.e.

{1f,-}, =o0. (B.2)

Assuming that /, gk depends analytically on the parameter € one expands the equality (B.2) and
computes the coefficients in front of ¢”. Thus one obtains that {4X, -}; =0 and

k k
{hl,-}lz{hl+1,-}2, 1=0,1,... (B.3)
where hf‘ are defined by
x
1=0

Due to relation (B.3), the sequence {hf }ienujoy 1 called a Magri chain.
By using (B.3) twice one gets that

{hf’ hll’cl,}l = {h;(fl’ hﬁlﬂ}l' (B.5)
Next, by iterating this procedure one concludes that
il by = {hG b}y =00 (B.6)
Thus functions h;‘ are in involution
12

W6 K} = (hE R =k k), =0 (B.7)

for all Poisson brackets under consideration.
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