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Abstract

We study a dual mixed formulation of the elasticity system in a polygonal domain of the plane with mixed boundary conditions
and its numerical approximation. The (essential) Neumann boundary conditions (or traction boundary condition) are imposed using
a discontinuous Lagrange multiplier corresponding to the trace of the displacement field. Moreover, a strain tensor is introduced
as a new unknown and its symmetry is relaxed, also by the use of a Lagrange multiplier (the rotation). The singular behaviour
of the solution requires us to use refined meshes to restore optimal rates of convergence. Uniform error estimates in the Lamé
coefficient A are obtained for large A. The hybridization of the problem is performed and numerical tests are presented confirming
our theoretical results.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

The analysis of classical finite element methods with Lagrange multipliers, originally developed in [6] has been
considered for diverse problems, like the Laplace problem, the biharmonic equation or the Stokes system. On the
other hand, the dual mixed finite element method (see [10,27,28]) has the advantage of introducing new unknowns
like strain tensors, quantities of physical interest, which are then computed directly with a good accuracy, avoiding
the use of numerical postprocessing. Many papers are devoted to the elasticity system; here let us quote [2-5,10,14,
16,15,18,29,31]. For the elasticity system, this method has, furthermore, the advantage of avoiding any locking effect
for large Lamé coefficients A.

Recently Babuska and Gatica [7] have introduced a dual mixed finite element method for the Laplace equation
with a Lagrange multiplier in order to impose nonhomogeneous Neumann boundary conditions.

Accordingly, the goal of our paper is to extend the analysis carried out for the Laplace equation in [7] to the
elasticity system, but with discontinuous approximated Lagrange multipliers, in order to be able to hybridize the
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problem. We furthermore want to take into account the singular behaviour of the solution near the singular points of
the domain by using refined meshes. Therefore, contrary to [7], we do not use quasi-uniform meshes but instead use
locally refined meshes. As a consequence we need to modify the norm of the approximation space in order to obtain
a uniform discrete inf-sup condition. In [23,24] the authors used a weighted mesh-dependent norm, we here prefer
to use a standard L2-norm (see below for the details). In comparison with the norm used in [7] and in [23,24], our
norm is more simple from a practical point of view and allows us to consider P;-discontinuous approximations for
the Lagrange multiplier.

Here as in [14,16] and contrary to [2], we split up the stress tensor into the strain tensor and the pressure, allowing
us to avoid cancellation errors which could appear for nearly incompressible materials (i.e., i quite smaller than A),
when trying to compute the strain tensor from the stress tensor. Moreover the hybridization of the method allows us to
use reduction to solve a linear system involving only the Lagrange multiplier (u along the edges of the triangulation)
and the pressure. Its resolution is then relatively cheap (see below).

The paper is organized as follows. In Section 2, we introduce the considered boundary value problem and give
its new dual-mixed formulation. We then show the equivalence between this formulation and the standard one.
We finally prove that the dual-mixed formulation has a unique solution by establishing an inf-sup condition and a
coerciveness result uniform with respect to A. In Section 3, we introduce the discrete dual-mixed formulation and
show again a uniform discrete inf-sup condition and a coerciveness result uniform with respect to A. Section 4 gives
some regularity results of the solution of our elasticity system in terms of weighted Sobolev spaces. In Section 5,
based on some interpolation error estimates in these weighted Sobolev spaces, we prove some optimal error estimates.
Finally Section 6 is devoted to the hybridization of the problem and to numerical tests confirming our theoretical
results.

2. The dual mixed variational formulation

Let {2 be a simply connected domain of R? with polygonal boundary I" such that the interior angle at each corner
lies in (0, 27). Let I'p and I'y be disjoint open subsets of 1" such that |I'p| # O and |I'y| # 0and I' = I'p U I'y.
In the static theory of linear isotropic elasticity, the equation satisfied by the displacement field u is

—divog(u) = f in 2, (1)
where f represents the body force density, e(u) = %(Vu + (Vu)T) is the strain tensor,
os(u) =2ue(u) + Are(u)d,

is the stress tensor, § is the identity tensor, and finally w, A are the Lamé coefficients with u € [u1, n2] and A > 0.
This balance equation is completed by boundary conditions to get the system:

—divog(u) = f in {2,
u=20 on I'p, 2
o,wn=g  only,

where g corresponds to the surface force density and » is the unit outward normal vector to I.
In the sequel, we will use the following notations. For T = (7;;) € (H (div; 2))%; we denote by

. dtyp | dt2 0121 | 0722
d = P — + 0 o + - ’
VT ( 0x1 dxy  0x] 0x2 )
as(t) = 1 — 112

For v = (vi, v2) € (H'(2))?, we recall that

dvy  0vg
curlv = — — —.
3)61 3)62
As usual, we denote by L?(.) the Lebesgue space and by H*(.), s > 0, the standard Sobolev space. The usual norm
and seminorm of H*(D) are denoted by || - ||s,p and | - |, p. For brevity the L?(D)-norm will be denoted by |l - llp
and in the case D = {2, we will drop the index (2. The inner product in (L%(£2))? will be written (-, -) and the duality
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pairing between (H~2(I"))2 and (H 2 (I'))? will be denoted by (-, ). If & = (o 1), T = (1)) € (L2(£2))>*2, then
we denote by

o.T7T= E OijTij,
i,j

(0,7,')=/ o : tdx.
ko)

We now introduce the Hilbert space

Ho.r, () = (v € H' (), = 0}.
1
We further recall that the Hilbert space H -3 (I'y) is the dual space of Hg,(I'y) defined as follows:

1
Hao(I'n) = {viy, ;v € Hy p, (12)).

The duality pairing will be denoted by (-, -) 1 .

In the sequel, the symbol | - | will denote either the Euclidean norm in R?, or the length of a line segment, or finally
the area of a domain of R?. Finally the notation ¢ < b means here and below that there exists a positive constant C
independent of a and b, of the mesh-size of the triangulation (see below) and of the Lamé parameter A (but it may
depend on w1, uo and {2), such that @ < C b. The notation a ~ b means thata < b and b < a hold simultaneously.

Before going on, let us recall the following Green’s formula (see [16])

Lemma 2.1. Let v € (H(div; 2))? and v € (H'(12))?, then
1
(e(v), t) = {(tn,v)p — (divt, v) — E(QS(T)’ curl v),
where tn = (T11n1 + T12n2, 2101 + T22N2).
The variational formulation of (2) is well known (see Section I.1.2 of [11]), and is summarized in the next lemma.

Lemma 2.2. Let f € (L?(2))? and g € (H_%(FN))z; then there exists a unique solution u € (H()I,FD(“Q))Z of
/ Queu) : e(v) + Atre(u)tre(v))dx = / fvdx + (g.v)py,. Vv € (Hy p, (1)) (3)
N N ’

For the mixed formulation of problem (3), we introduce the additional unknowns
o =2ue(u), p=—divu, w= Ecurl u, & =—upy,.

This last unknown is a Lagrange multiplier, which is introduced in order to impose the boundary condition on I'y (see
below).
Let us further define the spaces

5 ={(r,q) € (L2(2)P? x L*(2) : div(r — ¢8) € (L*(2))*},
0 = (L*(2))* x L*(9),

1
M = Q x (Hy(I'n))?.

For shortness we often write the pairs (o, p), (r,9) € X by o = (o, p), T = (1,q), and similarly the pairs
(u,w), (v,0) € Qbyu = (u,w),v = (v,0). Clearly the space X' is a Hilbert space equipped with the norm
Izlls =Nzl + llgll + ldiv(z — gd)|l.

With these notations, the mixed variational formulation of problem (3) is: Find (o, (4, §)) € X' x M such that

{A(Q, D+ B u,§)=0 Vzel, 4)

B(o, (v,a)) = F(v,a) Y(,a) e M,
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where the bilinear forms A : ' x ¥ — R, B : ¥’ x M — R and the linear form F : M — R are defined by

1 1
A ) = ) o ) )
(e, 1) Zu(a T) + A(p q)
B(z, (v, @) = (div(zr — ¢d),v) + (as(z),0) + {(t — gd)n, )y,
Fv,a) = —/ Sfudx + (g, a)ry.
2
Let us first show the equivalence between the standard and mixed formulations:

Proposition 2.3. u € (Hol,FD(Q))2 is solution of (3) if and only if ((o, p), (4, w), €)) € X x M is solution of (4),
where 0 = 2ue(u), p = —Adivu, w = %curl u,& = —ury.

Proof. (i) 3) = (4). Letu € (HO1 FD(Q))Z be the unique solution of (3). From the above considerations, we set

1
o =2ue(u), p = —Adivu, w = Ecurl u, &= —ury.

Let us point out that p and  belong to L?({2) because u € (H'(£2))>.

The proof of the first identity of (4) is similar to the corresponding one of part (i) of the proof of Theorem 3.2
of [16].
Let us now prove the second identity of (4): By (3) we may write

/ Que(u) : e(v) + Are(u)tre(v))dx = / fvdx, VYve (D(.Q))z.
2 2

Since 2pue(u) + Atre(u)d is symmetric, and (D(£2))% is dense in (L2(£2))2, we can conclude that
(—div(c — p8), v) = (f.v), Vv e (L*(2))%. (5)
In this identity, restricting ourselves to function v € (HO1 FD(Q))Z and appealing to the Green’s formula (from

Lemma 2.1), we obtain

(e(v), 0 — p8) — ((6 — p&)n, v)ry + %(as(a — pd).curl v) = (f.v), Vv € (Hy p ()%
Again by the definition of o, p and by the property as(c — pd) = 0, this identity is equivalent to

2u(e(m), e()) + A(tre(u), tre(v)) — ((o — pdn, v)r, = (f,v), VYve (HOI’FD(Q))Z.
And by (3), we arrive at

(f,v) + (8. v)ry — ((0 = pd)n, v)ry = (f,v)
which yields

1/2

(0 — pdn,a)ry, = (g, a)r, Yo € (Hy (') (6)

As as(o) = 0, using the identities (5) and (6), we may write
(div(o — péd),v) + (as(0),0) + ((o — pd)n,a)py = —(f,v) + (g, a)ry, V(v @) € M,

which is equivalent to the second identity of (4) by the definition of B.

(i1) (4) = (3). Let (g, (u, £)) € X x M be a solution of (4).

By the same arguments as those used in the proof of Theorem 3.2 of [16], it follows that o = 2ue(u), w = %curl u,
and u € (H'(12))%.

Now in the first identity of (4), letus take g = O and 7 € (C“(D))zxz. ‘We obtain:

2L(cr, ) + (divt, u) + (as(r), w) + (tn, &)y =0, VT € (C®(2))>*2
w
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Knowing that v = %curl u and that o = 2pe(u), applying Green’s formula in the above identity we obtain
(tn,u)r + (tn. &), =0, VT € (C¥(@2)>2,

or equivalently
(tn, B)r =0,

where B € (H'/2(I"))? is defined by

g = u+& onlly,
T u onIp.

Taking respectively 7 in the forms

G o) G o)

with (¢, ¥ € COO(D)) (as in the proof of Theorem 3.2 of [16]), we deduce that 8 -n =0on I',and 8-t = 0Oon I
and therefore 8 = 0 on I'. This shows that § = —u |, andu =0 on I'p.
In the second identity of (4), taking v = 0 and recalling that as(o) = 0, we get

(I'm))*. (7)

It remains to prove (3): For that purpose, in the second identity of (4), taking v € (H(} Iy (292,606 =0ando =0,
we get

(div2ue(u) 4+ Atre(u)d), v) = —(f, v).
Applying the Green’s formula, we have:

ueu) + rre()s, e(v)) — ((o — pd)n, v)ry = (f, v).
Thus, using identity (7), we obtain (3). W

1/2
(o — pon,a)ry = (g, @)y, Vo€ (Hy

The previous proposition guarantees in particular the well-posedness of problem (4). But for further purposes, we
need to check that the so-called inf-sup condition holds, as well as a uniform coerciveness result with respect to the
Lamé coefficient A.

We start with the inf-sup condition.

Lemma 2.4. The bilinear form B satisfies the inf-sup condition, which means that

B(z, (v, o))

2, )y, Y, a) e M. ®)
rexzz0 Tl

Proof. Fix an arbitrary element (v = (v, 0), «) € M.
In the whole proof, we fix A* > 0 and u* > 0 independently of A, u and of (v, «).
(1) Let w € H'(2)? be the unique solution of the problem

divQu*e(w) + A*divw ) =v  in £2,
w=0 on I'p,
Qure(w) +A*divw d)n =0 on I'y.

By Korn’s inequality, w satisfies (the constant below depends on A*, u* and on {2)
lwh,e < vl 9)

Setting i = 2u*e(w)+A*divws and gl = (7!, 0), we see that 11 belongs to )’ and is symmetric (i.e. as(th) = 0).
Consequently

B(z', (v, @) = (divt', v) + (as(z"),0) + (t'n, @)y

= (divt', v) + (t'n, @)y .
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And by the above problem solved by w, we get

B(t', (v, @) = |v]|*.

By the definition of 7!, we further have ||z!|| 5 = ||T!| + [[divt!| and consequently (9) yields

Iz s < lvll.
() Letus fix & € (H~3(I'y))? such that

2
(@, a)ry = lleell” ,
(H@ (I'n))?
< el 1 .
(Hoo(FN))z

(K41

1
(H™Z(I'n))?

As before let us consider te w € (H'(£2))? solution of

divu*e(w) + A divw §) =0 in £2,
w=20 onI'p,
Qu*e(w) +A*divwd)n = & on I'y.

239

(10)

an

12)

13)

Setting T2 = 2u*e(w) + A* divw 8, we see that 72 is symmetric, i.e., as(t?) = 0, divt?> = 0 and t?n = & on I'y.

Hence 2 = (2, 0) fulfils
B(Z?, (u, @) = (dive®, v) + (as(x?), 0) + (*n, @)y = (B, @)y,
and by the above property of &:

B2, (v, @) = |lal® :
(HE (I'y))?

Again Korn’s inequality implies that

2 _ 2 <
T = ||T 1 )
12 =12 S el

and again by the above property of &:

2
Iz712 S llell :

(Hgp (I'n))?
(3) Since D(£2) is dense in L2({2), there exists a sequence 6; € D({2) such that
O —> 0 in L*(12), as k —> oo.

Now, for each k € N, consider wy € (Hé Iy ()2, the unique solution of the problem:

1
divQu*s(wy) + A* divwy §) = Ecurl 6y in 12,

wr =0 onl'p,
Qu*e(wy) + A" divwg $)n =0 on I'y.

Its variational formulation is
1
/0(2M*8(wk) (V) + Aftr e(wi)tre(v))dx = —§/Qekcur1 vdx, Vv e (Hy p (2)%.
Consequently by Korn’s inequality we have

lwlt, 0 S 16

Then we set

1
1} = 2ue(wy) + Adivugs + 59" X

(14)

5)

(16)
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where y is the antisymmetric matrix defined by:
0 -1
=)
With respect to the above problem, we remark that
dink3 =0 in {2,
as(r,?) =6 in {2,
n=0 onTIy.
Moreover, from (16), we clearly have
It =1 S 16 =@l k.l eN.
This means that the sequence (r,f’)k is a Cauchy sequence in H (div, £2)2. Denote by 7 its limit. By the above
properties of rk3, 3 satisfies
dive> =0 in £,
as(t?) =6 in £,
2n=0 on I'y,

3
I < el

Setting 13 = (1'3, 0), we then have

B(z3, (v, @) = (dive®, v) + (as(z?),0) + (3 n, @), = (6,0) = 16, (17)
as well as
12z = I < 16l (18)

(4) The three above points suggest that we set
=1+’ +1.
Indeed the bilinearity of B and the identities (10), (14) and (17) lead to
B(z, (v, @) = || (v, @)},
while the estimates (11), (15) and (18) show that

Izlls S @ e)llm.

Therefore, we may conclude that (8) holds. M

Lemma 2.5. The bilinear form A is uniformly coercive in A on the kernel V of B in X' defined by
V={1eX:B@E (w)=0Y@aecMl.

Proof. T = (7, g) belongs to V if and only if
(div(z — gé),v) + (as(r),0) + ((r —gé)n,a) =0, V(v,a) € M.
This identity implies that
div(r — gd) =0, as(t) =0, (19)
and
(t—¢qé)n=0 only.
By Lemma 3.3 of [9], it follows that
I (z = g®I < llx =g,
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where we recall that T2 = 7 — %tr (7)é denotes the deviatoric of 7. But in our case, we may write
D 1 D
(t—¢qé6)”" =1 —¢q6 — z(tr(t) —2q)=1".
Consequently the above estimate becomes
D
lre —2ql S N0 < Nzl
By the triangle inequality we get
1
lgll < EIIQSII < llt = qsl + Izl
and by the above estimate there exists a positive constant C depending only on |{2| such that
ligll < Clizll. (20)

Since u € [u1, 2], we may write

1 2 1 2
A(z,7) ﬂllrll + xllqll

1 1
> —|t)? = —|z)?
2p 212

1 1
> It + el
“2 41z
By using the estimate (20), we conclude that

1
4C%uy

I 2 2 2
Az, 7)) > 1 lzll”+ llgll® = C(u2) Tl + llg ). (21

Therefore the coerciveness of A in V holds uniformly in A. W

Theorem 2.6. There exists a unique solution (o, (u, £)) € X x M of the mixed variational formulation (4) such that

).

1
(H™2(I'y)?

1\2
(@, (W, ENllzxm < (1 + X) ArFn=+nel

Proof. By the two previous lemmas, the inf-sup condition and the coerciviness are satisfied, so a straightforward
application of Corollary 1.4.1 of [19] yields the results. W

3. The discrete problem

Let (77)50 be a regular family of triangulations of {2 made of triangles K of diameter /. As usual, the letter A
will also denote & = max{hg, K € 7} (the meaning of / is indicated by the context). We further suppose that the
points of Tp N Ty are vertices of 7, forall h > 0.

For K € 7y, let us denote by bk the standard bubble function defined by bg (x) = Aj1(x)Az(x)A3(x) where
Ai, i = 1,2, 3, are the barycentric coordinates on K associated with the vertices of K. The set of the edges of K will
be denoted by k.

Let us now set

Sn={(th qn) € ¥ : qux € P1(K) and 1 x € (P1(K))**? @ (R curl bg)?, VK € T},
L3 = {v, € (L*(?))* : vk € (Po(K))*, VK € Ty},
Qi = {6h € L*(2) : Opx € P1(K),VK € T).
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Here, by 1k € (IE”l(K))2><2 @ (Rcurl bK)2 we mean that there exist polynomials piy, p12, pa1, p22 of degree < 1
and two real numbers a; and a; such that

dbg
putai— pr—ai—
0x 0x1
Thik = db ab
P21+ aza— D22 — azaT
Let {I1, ..., I} be the partition of Iy induced by the triangulation 7y, i.e., each I; = K N I’y for some triangle

K of T and I'y = U’}’zl I;. Due to our previous hypotheses on the triangulation 7}, each I; is contained in one side
of the polygonal line /.
Let us finally introduce the approximated space of each component of the Lagrange multiplier

Ly p, = fon € LX(IN) samyr, € Pr(1)), j=1,....m}.
The approximation space of M is then defined by
My = Lj x Qn x (Lj p)>.

Contrary to [7], we use discontinuous approximated Lagrange multipliers; hence the space M}, is equipped with
the L2-norm, namely

I ps @)z = llvnll + 1001l + el 1y

with v, = (vp, O).

Another reason is that we want to use non quasi-uniform meshes, for which the applicability of the uniform inf-sup
condition with the term |los || (7172, )2 instead of [l seems to be difficult to prove.

Accordingly the discrete problem associated with the (continuous) mixed problem (4) is: Find o, = (o3, pr) € 2y,
and (u;, = (up, wp), &) € My, such that

{A(gh,m + Bz, (. 6)) =0 Vr, € T, )

To get appropriate error estimates, we need to show that the uniform discrete inf-sup condition holds, as well as
uniform coerciveness on the discrete kernel of B. For these purposes, we will use the B D M| interpolation operator
I, defined as follows (see [10,28,1]): for any § € (0, 1),

I : (HX ()P N (H(div; 2)* > Hy : 1 — Ii(7),

where I (t) € Hj, is uniquely determined by the conditions

/ In(T)n - pids =f tn - pids,Vp1 € (R1(3K))?, VK € Tp,
K K
where
Ri1(0K) = (¢ € L*(0K) : Y € P1(E),VE € &}
and
Hy = {t; € (H(div; 2))* : Tk € BDM1(K)* = (P1(K))¥?, VK € Ty}

If P, denotes the orthogonal projection from (L%(£2))? to L%, then we recall that the following diagram
commutes [10]:

HYQ)P2 N (Hdivi 2)? 25 120)?
I J { Py
div 2

Hj, — Ly,
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Consequently
divl,(v) = Py(divt), VYt e (H*(02)>? N (H(div; 2))>.
In addition, the following approximation property holds (see Theorems 3.2 and 3.3 of [1])
Iz = (@ S KTl s oyee + hildivell, Vo e (HP(2)>2 0 (H(div: 2))%, (23)

To prove the uniform discrete inf-sup condition, we start with three preliminary lemmas. As in the continuous case,
in the proof of these three lemmas, we fix A* > 0 and u* > 0 independently of A and w.

Lemma 3.1. Let vy, € L%. Then there exists r}} € Hj, such that divr}} = vy in 12, ‘L'}}I’l =0on Iy and
1a l araive 2y S lonll- (24)

Proof. Let w € (H'(12))? be the unique solution of the problem

divQu*e(w) + A*divw §) = v, in £2,
w=0 onlp,
Qure(w) + A*divw d)n =0 only.

By the elliptic regularity of the Lamé system (see for instance [22]), there exists dp € (0, 1) such that w €
(H3(2))2, for all § € (0, 8¢) and satisfies

lwll sy < lonll- (25)

We now fix 8 € (0, 80), 8 # % and set ! = 2u*e(w) + A* divw 8. As dive! = v, € (L*(2))?, we deduce that
!l e (H%(2))%*% N (H (div; 2))2. Therefore, we may set 1:}} = I, !, which then belongs to Hj,.
By the above commuting diagram we further have

div(t;}) = Py (dinl) = Py(vp) = vy = dive .
By the triangular inequality we have
120 ) v 22 < @D = Tl raw 2p2 + 17 i 22 (26)
Since div(I;(t!) — t') = 0, we can write
1a (T = T gy = (@) = T S B2l go e + Rlldive ),
owing to (23). This estimate in (26) yields
1R T araaiv: 22 S BN sy + 1T v 22 @7
But, owing to (25), we have
e s e S Mwll ey S lloall. (28)
On the other hand, due to Korn’s inequality, we have
||'151 ”(H(div;Q))Z < ||w||H1(Q)2 + lloall < llvall- (29)
Therefore using (27)-(29), we get (24).
Besides, by the definition of 1

/Ih(tl)n~p1ds:/ tln - pids, Vpi € (PiI(E))? VE € &k.
E E

Taking E C 'y and recalling that 'n = 0 in Iy, we deduce that

r,}n = Ih(rl)n =0 only. N
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Lemma 3.2. Let oy, € (L% FN)Z. Then there exists r}% € Hj, such that divr}% =0in {2, r}%n =y on 'y and
2
12l carcaive 2y < Netall g - (30)

Proof. Consider w € (H!(£2))? the unique solution of

divQu*e(w) + A*divw §) =0 in £,
w=0 onIp,
Qure(w) +A*divwd)n =, on I'y.

As usual, we set 72 = 2u*e(w) + A* divw 8. Since o), € (Li FN)2 C (L?*(I'y))?, by the elliptic regularity of the
Lamé system [22], there exists §g € (0, 1) such that that w € (H'3(02))2, for all § € (0, 8y) and satisfies
lwll sy S llonllry -

By the definition of 72, we get

1220 sy S Hwllgiesqaye S lanllry- 31)

As divt? = 0, we conclude that

1T 0 rraie 22 = 1720 S lwll sy S lemling - (32)

We can now take r,% = I},(t%). Then from the commuting diagram we have

dive} = divl, (%) = Py(dive?) = 0. (33)
Furthermore the definitions of I, yield
r;%n =ay onlly.
Therefore using (23), (32) and (33), we have:
1t v 2y = Il < llmi = 221 + 112

ST sy + 1T S A+ 2D llanllpy.

Contrary to the continuous case, since as(rh1 —i—‘l.'}%) is not necessarily equal to zero (recall that as(th) = as(z?) =0,
but this is not automatically the case for their interpolant), the construction of r,f is not independent of r/} and r}%.

Lemma 3.3. Let ((vy, 6h), an) € My. Then there exists 1'5 € Hj, such that divrg = 0in {2, tgn = 0on Iy,

as(t}?) =0 — as(th1 + t,%) and
12 e 22 S Ionll 4+ 11601+ llaall oy - (34)

Proof. Letus set y, =6, — as(t,} + r}%), where r}: and ‘L’;% have been previously determined. Let us further set
Xp = {on € H'(2) : vpx € Pa(K) @ Rbg}.

Let us fix a nonempty open connected subset Iy of I'p such that [ is included into one edge of 2. Moreover by
an eventual change of variables, we may suppose that the outward normal vector along [ is the vector (0, —1). Fix
further another nonempty open connected subset o such that I 0o C I. Fix a smooth function 7 defined on (2 such
that 0 < n < 1 and such that » = 1 on an open neighborhood of I" \ Iy and n = 0 on an open neighborhood of I.

Let us consider 1, € X, as the IP; Lagrange interpolant of n, which then fulfils 0 <5, < landn, =1lon I\ I
(note that I'y C I'\ I and consequently n;, = 1 on I'y).

We now fix the vector

c=<0>€R2
e
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such that
| on=c-max o (35)

Indeed this condition is equivalent to

[thdx = An;lc-nds. 36)

Using the properties of 1, we have

/nhc~nds=/ nhc-nds+/ nuc - nds
r I'"\Iy I

:/ c-nds—i—/ npc - nds.
I'\Iy Iy

Moreover the property | o dive dx = 0 and the Green’s formula yield

/c-nds:O,
I

and therefore

/ c~nds=—/ c - nds.
I'\Iy Iy

These identities in (36) lead to the condition
(np — Dc - nds = / yp dx.
Ty Q

By the choice of the normal vector along [y, we get the condition
Jo yndx
Jr, (L =np)ds

Now as (35) means that y;, — ¢ - Vi, is of zero mean on {2, by Corollary 1.2.4 of [19], there exists r € (Hé (2))?
such that

e =

(37)

divr =y —c- Vny,
Il S llve —c - Vall.
By the definition of e, this estimate becomes
7l e < vl
Using the definition of yj, and the estimates (24) and (30), we finally obtain
Il S 10all + llvall + lleallry - (38)
We now look for w;, € (Xj)? such that

{(divwh, qr) = Vn,qn), Yan € On, (39)

wp =c¢ on Iy,

with the above vector c.
For that purpose, using the fact that the discretization of the Stokes problem by the pair ((X;)? N HO1 D%, 0n N

L(Z)(Q)) is stable (Section I1.2.2 of [19]) and making use of Fortin’s lemma (Lemma II.1.1 of [19]), there exists
rn € (Xp)* N H(} (2)? such that (with the vector function r above)

/Qdiv(r —rp)qndx =0, Vg, € Oy,

lrnll S vl e-
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The vector valued function wy, defined by
Wp = Tp + Npc
belongs to (X5,)? and satisfies, owing to the previous inequalities
ol S lrnlh e + el S 10N+ vl + llemll 1y -

Moreover for any g5, € Qj, one has

/ divwpgpdx = / (divry, + ¢ - Vnp)gpdx = / Vhqndx.
0} N 9]

Besides
wp=rp+npc=04+c=c onlly,

which shows that wy, satisfies (39).
Setting

1_3 _ curl wh
h = \curl wp )’
by (39), we remark that it fulfils (34) due to (40) as well as
as(rs) =divw, = v,

in=0 only. W

Theorem 3.4. There exists a B3 > 0 independent of h such that
B(t,, (v,
sup (_h (_h ap))

T €2, 7,#0 Izl s

Proof. With the notations from the three previous lemmas, we set
G =T+ T T
and 77 = (7,7, 0) € X, which satisfies
B(z}, vy an)) = llvall® + 16 1% + llow |1 7, -
Indeed by the above properties of t,}, r}%, ‘L’,? stated in the three previous lemmas, we have
divr) = vy,
as(t;) = as(t}} + r;%) + as(r,?) =0y,
n= (gt +tn=1in=a, only.

By the definition of B we obtain (41).
Finally the estimates (24), (30) and (34) lead to

1 2 3
Izhlls = Ity v 22 < 01Tl aiv 22 + 10 v )2 + 1750 e iv: 2))2
S0kl + Nvall + lloall ry -

The inf-sup condition follows from the identity (41) and the estimate (42). W
Lemma 3.5. The bilinear form A is coercive uniformly with respect to A on
Vi ={z), € T : B(xy,. (v an)) = 0,V (v, a) € My}.
In other words

ATy, Ty) 2 Il + llgnl®, Yz, = (th, qn) € Vi

(40)

(41)

(42)
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Proof. As in Theorem 2.6, taking (v;,, a;) € My, in the form ((vy, 0), 0) with arbitrary v, € Lh, we see that 7, € V),
satisfies

(div(ti — qnd), va) =0, Vv, € Lj.

As div(ty, — gp6) is piecewise constant, we deduce that t;, — g, satisfies div(ty — ¢, 6) = 0. The rest of the proof
now follows the proof of the continuous case (cf. Theorem 2.6). W

This lemma and Theorem 3.4 guarantee the existence and uniqueness of a solution to problem (22).
4. Some regularity results

Let us decompose I' = F j» where each I'j is an open segment. Denote furthermore by S; the common
vertex between I'; and F]H (modulo n.) and by w; the interior opening of {2 at ;. We will dlstmgulsh three kinds
of vertices, namely the set Spp of Dirichlet-Dirichlet vertices, in the sense that S; belongs to Spp if and only if I';
and I'j are included into I'p; similarly S; belongs to the Neumann—Neumann set Sy if and only if I'; and I'; 1
are included into I'y; and finally S; belongs to the Dirichlet-Neumann set Sp if and only if either I'; is included in
I'p and I'j 4 is included into I'y, or the converse. Later on, we will denote by (7}, 8;) the polar coordinates centred
at the vertex S;.

It is well known (see [21] or [20,12,22]) that the weak solution of problem (2) presents vertex singularities.
To describe them, we need to introduce the following notations: with each vertex S;, we associate the following
characteristic equation:

) At 2 2 .2 .
sin“(awj) = m a”sin” w; if §; e Spp,
sin?(aw;) = o? sin ; if S; € Snw, (43)

(h+2w?% = ( + w*a?sin® w;
A+ w)(r+3wp)
Denote by A the set of complex roots of this equation. We denote by v(«) the multiplicity of « € A;; itis well known

that it is either 1 or 2.
The next result was shown in [21]:

sinz(aa)j) = if §; € Spy.

Theorem 4.1. Assume that the characteristic equation (43) has no root on the vertical line Rae = 1 (except o = 1

in the N N-case), that f € (L2(2))? and that g€ (H% (I'y))2. Then the weak solution u of problem (2) admits the
following decomposition

v(a)—1

Ne
u=ug+y > ciaxlnr)io; @), (44)

j=laed;:Duel0,1] k=0
where ug belonging to (H*(12))? is the regular part of u, ¢j.ak € Cisaso-called coefficient of singularity and ¢; « i
is a smooth function (explicitly known, cf. [21]). Moreover the following estimate holds

v(a)—1

Ne
lurloo +32 30 > ekl SIFI+U8 1 o (45)

j=laeA;:Duel0,1[ k=0
The above decomposition allows us to show that u belongs to appropriated weighted Sobolev spaces that we next

define.

Definition 4.2. For any scalar function ¢ € C%(12) such that ¢ (x) > 0 Vx € ﬁ\ {S1,.... 8., ), andany m, k € N,
we define

Hq'f’k((z) ={ve H" () : ¢DPv e L>(),VB e N? :m < || <m + k).
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H(Z”k(Q) is a Hilbert space with the norm

1Vl kg2 = (uvni,g + > ||¢Df’v||2)

m<|B|<m+k

1

We also define the semi-norm:
1

2
|v|m,k;¢,g=( > ||¢>Dﬁv||2> :

|Bl=m-+k

Forall j € {1,2,...,n.}, we now fix a non-negative real number o; < 1 such that

aj>1—-Re, VYaed;j:Raellll

Corollary 4.3. Let the assumptions of Theorem 4.1 be satisfied. Let us fix ¢ € C°(£2) to be as in Definition 4.2
and such that ¢ = r?j in a neighborhood of the vertex S; for every j = 1,2,...,n,. Then u € (H(;’I(Q))2 and

consequently 0 = 2ue(pn) € (Hg’l(!?))zxz, p = —Adivu € Hg’l(.Q) and w = %curl u e Hg’l((}). Moreover one
has

lulli1:9.2 S 1A+ Ng (46)

(HE ()2
Proof. It suffices to check that each singular function r;?‘ (Inr j)kfp j,a.k(0)) belongs to (H (;)’1(.(2))2, and to use the
estimate (45). W

For further purposes, we need to give a meaning to the traces of functions in H g’l ({2); namely we show the

Lemma 4.4. Let ¢ be a function like in Corollary 4.3. If w € H((;’l (£2), then for all triangles K € Ty, it holds that

wig € L'(E), VE € €&k.

Proof. By Lemma 2.5 of [13], there exists a p > 1 such that the next continuous embedding holds
Hy'(2) = W ().

A standard trace theorem yields
W|E € wi-lrr (g,

and the conclusion follows. W
5. Error estimates

In this section, we take advantage of the previous results and some interpolation error estimates to obtain
convergence results.
We first introduce a kind of Fortin operator (compare with Proposition 4.4 of [16]):

Proposition 5.1. Ler ¢ be a function like in Corollary 4.3. Then there exists an operator
my: Z0[H) Q)2 x 1Y () — Zh
T=(1,9) — Iyt = (0, qn)
such that
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Proof. Let us fix (7,9) € X' N (Hd(;’l(Q))2X2 X Hg’l(Q). We first take g, = Ph]q, where Ph1 is the L2-orthogonal

projection from L?(£2) onto Qj,. We secondly define 7, such that forall K € 7 : T}T\ x € (P1(K ))?*2 and is uniquely
determined by the condition:

/3 (G =00 = (= gDl prds =0, Vp1 € (Ri@K))2 (48)

We can observe that the term on the left-hand side of (48) is meaningful, since (t — gé)|x € (Hg’l(K))zxz, and by

Lemma 4.4, (t —gd) g € (L' (E))? for all edges E of K.
Letus set y = as(t — t;;). Since y is not necessarily of zero mean (contrary to the one in the proof of Proposition
4.4 of [16]), as in Theorem 3.4, we fix the vector

c= (O) € R?
e
such that
/Q(y —c-Vnp)dx =0, (49)
or equivalently

Joydx
[ (= ds’

Now as y — ¢ - Vny, is of zero mean in {2, by Corollary 1.2.4 of [19], there exists r € (H(} (£2))2 such that

divr =y —c- Vnp,
with the estimate

7l S vl <l =4l

using the above expression of e.
As before, using the fact that the discretization of the Stokes problem by the pair ((X »DEN HO1 ()2, 0y) is stable
and making use of Fortin’s lemma, there exists rj, € (X DN HOl (2)? such that (with the vector function r above)

/ div(r —rp)gndx =0, Vqu € Oy,
0
lrnll,e < lrlh -
The function w), defined by
wp = Th + Npc
belongs to (X3)? and satisfies, owing to the properties of r:

lonlli,e Sl +lel STy S It =7l (50)

Moreover for any g, € Qj, one has

/ divwpgndx =/ (divry, + ¢ - Vnp)grdx =/ yqpdx. (G2))
2 0 (9]

Besides, we clearly have
wp=rp+npc=04+c=c onlly. (52)
We finally set IIj,(t, g) = (T3, q1), where

" curl wp
=T .
h nt |:curl wp2
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Clearly 11, (z, q) belongs to X, and satisfies

div(ty, — gnd) = div(z; — gnd),
as(tp) = as(ty;) + divoy,

wn =71n only.
From these properties we get
B(z — Iz, (v, ap)) = (div(t — 7, — (¢ — qn)d), vu) + (as(t — ;) — divay, Op)
+{(x =15 — (g —gn)d)n, an)ry.

But Green’s formula and the definition of 7, yield

(divt — 7 = (g —qn)d). vp) = Y [ divt — 7 — (g — qn)8) - v dx
keT, 'K

=y (-7 — (g —gnd)n vy dx =0.

On the other hand, by (51), we have
(as(t — ;) — divwy, Op) = (y — divey, 6,) = 0.

Finally we may write

((t —q8 — v +aqudn,an)ry, = | (t —q8 — 15 + gpd)nayds
I'y

> (=1 — (g —gdn-ayds =0,
KeTy:dKNIN#A0 Eegenly * F

this last identity coming from (48) and the fact that o), is in (IP; (E))?, for any E € Eg N I'y.
The above identities lead to the conclusion. M

Corollary 5.2. Under the assumptions of the previous proposition, we have

Iz — Izl S I(x —g8) — (5 — qnd)ll + lg — qnll, (53)
where T}, is defined by (48) and g, = Phlq.
Proof. By the construction of I and (50), we may write, keeping the notations from the proof of Proposition 5.1,

Iz = Ihzll < It — wll + llg — gnll
<t =zl +llonle+llg — gl
St =zl + g — gl

by the estimate (50). The conclusion follows from the triangular inequality. W

We now need to define local weighted Sobolev spaces:

Definition 5.3. Let K be an arbitrary triangle in the plane and A a vertex of K. Form = O or 1 and 8 € [0, 1[, we
will denote

HY P (K) = {y € H"(K); |x — AP Dy € L2 (K) Va e N?:|a| =m + 1},

equipped with the norm

1
1 llm1:p.x = ¥l k + ¥ 115,607
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and semi-norm

1

2

¥ ln1:p.k = ( > k- A|ﬂD“w||%<> :
loe|=m+1

By Lemma 4.4, the trace of an element of Hg’l;ﬂ(K) with B € [0, 1[ is well-defined and is in L' (3 K). Thus, given

v € [Hg’l;ﬂ(K)]z, its Brezzi—Douglas—Marini interpolant pxv € BDM(K) = (P (K)?[10, p- 125] is well defined
by the relations:

/ PV -npids =/ v-nprds, Vp;r € R1(0K).
K 9K

Using the so-called Piola transformation and Bramble—Hilbert arguments, Farhloul and Paquet have shown in
Proposition 4.12 from [16] the next result:

Lemma 5.4. Let (T},)1,-0 be a regular family of triangulations of 2. For any B € [0, 1[, and every K € Ty, it holds
that

1— 0,1;
lv— pxollx Shg Plolonpk.  Yve (HY P (K))2

Direct consequences of this lemma are the next global interpolation error estimates under appropriate refinement
conditions on the regular family of triangulations (73,)p~¢ (see Theorem 4.13 and its Corollary in [16]):

Theorem 5.5. Let (7)n>0 be a regular family of triangulations of 2. We suppose that (Tp)p-0 satisfies the two
following refinement rules:

1. If K is a triangle of Tj, admitting S; as a vertex, then

1

hg Sh™, (54)
where aj has been defined in Section 4.
2. if K is a triangle of Tj, admitting no S; (j =1, ..., n.) as a vertex, then
hg < hoinf ¢(x), (55)
xek

where ¢ is a function like in Corollary 4.3.
Then for every vector field v € (Hg’l(!?))z, it Holds that
lv—pnvll S hlvlo.1:¢. 2 (56)
where pyv denotes the BD M, interpolant of v, i.e., for all K € Tp, (opv)|x = pKV.
Similarly for every q € Hg’l ({2), it holds that
llg — Pyl < Rlglo.rg. 0, (57)

where we recall that Ph1 denotes the L*-orthogonal projection on Qj,.

Corollary 5.6. Let ()0 be a regular family of triangulations of 12 satisfying the refinement conditions (54) and
(55). Then for every T = (1, q) € (Hg,l(g))zxz % Hd())’l((z)

Iz = Izl S h(Tlo,1:9,02 + 1glo,1;6,2)- (58)

Proof. We simply notice that the definition of z;* in Proposition 5.1 means that each line of 7 — g;4 is the BDM;-
interpolant of the corresponding line of T — ¢4. By the estimate (56) we then obtain

It —qé— (v —agnd)ll Shit —gblor.p.0 Sh(tlo1:6.02 + 1910,1:¢,0)-
This estimate and (57) in (53) lead to the conclusion. W
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Remark 5.7. Regular families of meshes satisfying the refinement conditions (54) and (55) are easily built; see for
instance [26].

We end up with a local interpolation error estimate on the partition of I'y.

Lemma 5.8. Let (7;)5~0 be a regular family of triangulations of 2 satisfying the refinement conditions (54) and
(55). For v € H;’] 2N HOl FD(“Q)’ denote by Lyv its P1-Lagrange interpolant, in the sense that Ljv is the unique

continuous function in L,zl Iy such that Lpv(x) = v(x), for all nodal points x € I'y (which is meaningful). Then for
all triangle K € T;, having an edge E included into T'y, it holds that
172
lv = Livlle S A hlvl gk (59)
In particular, we clearly have

lv = Lpvliry S klvliie,o- (60)

Proof. By Corollary 2.6 of [13], for any 8 € [0, 1[, the space Hj\’l;ﬁ (K) is continuously embedded into C(K) and
compactly embedded into H'(K). The first property implies that Ljv is meaningful. Standard scaling arguments and
the two embeddings further lead to the estimate
5B
lv—Lpvlle Shg "vlipk-

For a triangle K having some S; as a vertex, we apply this estimate with 8 = «; and by the first refinement rule (54),
we arrive at the estimate (59). For a triangle K having no vertex S; as vertex, we apply the above estimate with 8 = 0
and by the second refinement rule (55), we still arrive at the estimate (59). W

Theorem 5.9. Let (7;)n~0 be a regular family of triangulations of 2 satisfying the refinement conditions (54) and
(55). Let ((o, p), (u, ), &)) be the unique solution of problem (4) and let ((op,, pr), ((un, wn), &r)) be the unique

solution of problem (22). We suppose that f € (L2(2)%, g€ (H 7 (I'y)? and that the characteristic equation (43)
(cf. Theorem 4.1) has no root on the vertical line R(a) = 1 foreach j = 1,2,...,n, (excepta = 1if S; € Syn).
Then the following error estimates hold:

1
lo —oull < (1 + X) RALFIE+ gl ) (61)

(H2(I'y))?

1\2
— — - S({1+=-) A . 62
lu —upll + llo — wnll + 11§ = &nllry S ( + A) LI+ ”g”(H%(rN»z) (62)

Proof. From (4) and (22) we have

Ao —0oy,, 1) + By, (u—u,, & —§,)) =0, VT, el (63)
B(o — gy, (v, ap)) =0, VY(v,, o) € M. (64)

We recall that, in these relations,
a = (0, p), u=(u,w), ay, = (on, pn), uy, = (up, wp).
Let us set II;o = (o}, p;). Taking 7, = IIo — o, in (63), we have
Ao — oy, o — o) + (div(ey — on — (pj — pr)8), u — up) + (as(oy — on), @ — wp)
+ (o) —on — (pj — PO, & — &)y = 0.
Introducing (P,?u, Phla), Lj£) in this last equation, where P}? is the standard L>-orthogonal projection on Li, we get
Ale — ay, hha — ay) + (div(oy — on — (pj — p)d), u — Pju)
+ (div(oj — o3 — (pj; — pn)d), Ppu — up) + (as(oj — on), © — Po)
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+ (as(o} — on), Phw — wy) + (0] — o — (P} — pr)&In, & — Ly€)y
+ ((G;f —op — (pZ — p)d®)n, Lk — &), = 0. (65)

Since div(o; — 05 — (pj; — pr)d) is a constant vector on each triangle K, and from the definition of P}?u, we deduce
that

(div(o — on — (pf — pr)8), u — Plu) = 0.
From (47) and (64), we have

(div(oy — on — (ph — pr)d), Pyu — up) + (as((o) — on), Py — wp))

+{(o, —on — (pj, — pI&n, Ln& — &)y = 0.

By these two identities, (65) becomes

Al — 0. o — a}) + (as(o)f — o). © — Pjw) + (o) — o — (pj; — pr)&)n. & — LyE)r, =0,
which yields

Ao — oy, o — o) = (as(on — 03), © — Pyo) + ((on — o) — (pn — pj)OIn, & — Lu&)ry,. (66)

Since
Alg —ay, Ilha —a,) = Ala —aj, — (Uho —ay), Iha —a,) + A(llho — 0y, o — o)
= Ale — Ilyo, Ilho — a;) + Alllyo — gy, IIho — 0),

by the identity (66) we obtain

AUlyo — oy, o — ay) = AUlya — o, o — o) + (as(on — 0}), @ — Pw)

+((on — oy — (pn — pj)8)n, & — Lp€)

1 * * 1 * * * 1
= ﬂ(gh — 0,0, — op) + X(Ph — D, Py — pn) + (as(oy —Gh)»w— Pha))
+((on — o — (pn — pp)&n, & — Lu)ry. (67)

Owing to (47) and (64), we see that II;o — o, belongs to Vj, and by Lemma 3.5, we get
1 he — ayI* S AUTio — 0. hho — a)). (68)
We will now estimate the four terms of the right-hand side of (67). From the Cauchy—Schwarz’s inequality, we have
(o) — 0,05 —on)l < lloy —olllloy —onll < e — oyl | HIna — all,

(s — p. pi — Pl < llpy — Pl lpy — pull < o — oyl 1 Tho — o,
l(as(on — 07), w — Plw)| < lloy — o lllw — Ploll < | o — oplllw — Plwl.

Using the interpolation error estimates (57) and (58), we obtain

(o) — 0,07 —on)| S hlo — oyl (uli1.6.0 + 1Plo1.s.0), (69)
I(py — ps Py — P S Bl o — oyl (uli 1,0 + 1Plo.1:¢,02), (70)
l(as(on — 0), 0 — Pre)| S kil — oyl uli 1.6.0- (71)

Similarly, we estimate

{(on — oif — (prn — PO E — L&) py|< Y > lon —off — (pn — pidOnll£llE — Lué e

KeTy pcpknly
KNIy #0

Now using a standard inverse inequality and the estimate (59), we get

{(on — o5 — (pn = PO E—Lidry | Sh Y Y llow— o5 = (pr — pp8likluliig k-

KE_Th EEE}(QFN
IKNTy 0
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By the discrete Cauchy—Schwarz’s inequality, we obtain

l((on — oy — (pr — PO, & — L&) ry| S hluli 1, 0llon — o — (pn — pp)8ll
S hluli g, 0l — oyl

Then the identity (67) and the estimates (69)—(72) in the estimate (68) lead to

1
[ Tho —opll S (1 + X) h(uli1.4,2 +1Plo,1;¢,02)-

Therefore, (61) follows from this estimate, (58) and the triangle inequality.
To prove (62), first observe that the uniform discrete inf-sup condition (see Theorem 3.4) yields

B(z,,, (Pu, Plw), Li&) — (. &)
IPou — upll + |1 Pl — wpll + |1 L€ — Enllr, S sup b ko kb ALy
7, €5 \{0} lzxll =

Now owing to the Eq. (63) and the properties of P,?, we have

B(z,, (PYu, Plw), Ly€) — (w,,, &) = A(a, — o, 1) + (as(th), Plo — )
+<(Th _C]ha)n’th _$>FN1 Vzh S Eh

Applying the Cauchy—Schwarz inequality and the estimate (57) and (61) (rather its proof), we may write
1 2
|Ale), —a, Tl S (1 + X) h(luli ;6,2 +1Plo,1:0, D1 T4l 25

1
[(as(th), Py — o)l S hluli 19,017,

Moreover by the arguments used to obtain (72), we have
[((th — qndIn, L& — &) py| < hluli1ip, 017, 5.
The estimates (75)—(77) and the identity (74) lead to
1\2
|B(z,, (PYu, Plw), Lng) — (up,, &) < (1 + X) h(uli, 19,02 +1Plo1;e,2) 1z, 5.

This estimate and (73) show that

1 2
IPPu — upll + |1 Plw — wnll + |1 L& — Enllry S (1 - X) h(luli 156,02 + Plo.1g.0)-
Moreover by standard scaling arguments, it holds that
lu — Plull < hluly .

Therefore, (62) follows from the estimates (57), (60), (79), (78) and the triangle inequality. W

Remark 5.10. It follows from the second equation of (22) that div(oy, — ppd) = — Py, f, and therefore

div(o — pé) —div(op — prd) = —(f — Pnf).

(72)

(73)

(74)

(75)

(76)

(77)

(78)

(79

Hence if we suppose that f belongs to H'! (£2)2, then the error between div(oc — p8) and div(c, — pj8) is of order h,

i.e.,

ldiv(o — p8) — div(on — prd)| < h.



L. Boulaajine et al. / Journal of Computational and Applied Mathematics 221 (2008) 234-260 255

6. Numerical experiments

For the implementation of the mixed problem (22), a so-called “hybrid formulation™ [10,17,25] should be used. In
this hybrid form, the continuity of the normal trace (o, — ppd)n across the inter-element edges of the triangulation
is relaxed by using a Lagrange multiplier A;. The Lagrange multiplier Aj is an approximation of the trace of the
displacement field on the edges of the triangulation. This technique enables us to eliminate the approximations of o,
u, and w at the element level, and leads to a linear system that involves only the Lagrange multiplier A;, and pj, as
degrees of freedom. ~

We first introduce the enlarged space Y, (with respect to Xj) by suppressing the requirement for its elements to
have continuous normal components at the interfaces of the triangulation 7j,

T = {mn € (L2202 i € (P1(K)P? @ (R curl bg)?, VK € T}
x {gn € L*(2) : qux € P1(K), YK € T},
and the space of Lagrangian multipliers:
Ap = {1n € Ueeg, (L*(€))* : pnje € [P1(e)]>, Ve € &, and pyje = 0, Ve C I'p},

where &, is the set of all edges of the triangulation 7j,. ~
The hybrid formulation of the discrete problem (22) is the following one: Find (64, pp, An) € X x Aj and
(up, wp) € L% x Qp, such that

1 1 - . ~
— @) + —(Progn) + Y | div(th — gpd) - iy dx
Z[L A K
KeT,
+(as (th), @) — Y / i (th — qad)ng ds =0, V(th. qn) € i,
KeT, 0K (80)
Z / div(y — pd) - vp dx + (as (Gn), 6n) + (f, vn) =0,  V(up, ) € L3 x O,
KeT, 'K
Z wn - (0 — pré)ng ds = / wh - gds, Y € Ay
Kz, Jok IKNTy
It is easily proved that 6, = oy, pp = pn, Up = up, Apry = —&p and oy = wy, where (o, pr), (up, wp), &,)) is

the solution of the non-hybridized mixed formulation (22). Taking advantage of the fact that 3, is a product space,
we can decouple the first equation of the system (80) and obtain

1

2pu Jk

+/ as (tx)wg dx =0, Vg € [P1(T)]P? @ [R curl br]?%,
K

O'KZTde+|K|diV‘L'K-uK—/ Aok - Tghg ds
K

1
X/ pkqk dx — |K|Vqg -ug +/ (Ayk -nKg)gk ds =0, Vgg € Pi(K),
K IK
/ as (og )0k dx =0, Vb e Pl(K),
K
IKidiv i vk — |KIVpx vk = [ foc dx, Vox € Po(k)%
K

[ xs = prgsrm + g = prsngg) mads = [ o s
a a

Via € [Pi(@)ifa € & \ I'p,

where ox = oy K, Pk = Phik> rok|e = Anje foralle € & N oK.
On each element, we consider the corresponding linear and bilinear forms:
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e Ax(og, Tx) == ﬁj}( og : Tk dx,
e Bx(pk,vk) = |K|Vpk - vk,

(] C]((O'](, UK) = |K|diVO’[( - VK,

e Hg(ok.0k) = [ as (ox)0kdx,
Pk (pk.qk) =} [ Pkaxdx,
Fg(vk) = [ fx - vkdx.

The corresponding linear and bilinear forms on the collection of internal edges and edges contained in I'y are of
the form

o Ex.a(0k, ita) = [,(0knK) - ftads,
® Gk.a(pPk, Ha) = fa PKNK *+ Hads,
o T,(ie) = [, 8 1heds.
With these notations, the system (80) takes the following local form:
AKO_K + (CK)TMK _ (EK,a)T)La _ (EK,b)T)\’b _ (EK,C)T)\'C + (HK)T(,()K — O,
PK[)K _ (BK)TMK + (GK,a)T)\a + (GK,b)T)\'b + (GK,C)T)\'C — 0’

HXoK =0,
Ellzl,eI?,l(] +KEII((2,€O,K2 7{Gl(l,epkl _ GKz,epKQ — Te7
C%¢" —B*p" =—-F",

where AKX, BX, X, EKe GKe HK and PK denote local stiffness matrices corresponding to the
previously defined bilinear forms explicitly computed using appropriate basis functions, see the appendix of [8].
ok, pK , uX, »X and A¢ denote vectors of the components of ox, pg, Ug, wg and A, written in these basis
functions. Still denoting by o, p, u, o and A the vectors of the degrees of freedom of the unknowns o, p, u, w and
A, the global algebraic system generated by this last system has the following form:

AU+CTu—ETA+HTw=O,
Pp—BTu—l—GT)L:O,

Ho =0, 81)
Eo—-Gp=T,
Co — Bp=—F.

In the system (81), we start by eliminating o, then u and finally w. These eliminations are made element by element.
After this procedure, we obtain the following system:

T, _
{AA+B p="Fy, (82)

Br—Cp =F;,

where the matrices A, B and C depend on the previous ones, A being invertible.
The system of algebraic equations (82) is then solved by the use of the following extension of the Augmented
Lagrangian algorithm (see [30]):

{Axm +B'pu =F,

Bi, — (C+ 6I)pm =F — €Pm—1,

where € > 0 is a fixed parameter and I is simply the identity matrix. The convergence of this scheme is O ("), for
m = 1,2, .... The positive parameter € does not have to be chosen too small, so that the condition number of the

system is not too large and a few iterations can reduce the error due to penalization. The implementation issue is as
follows:

1. Start with any p¢ and fix a tolerance Tol > 0.
2. pm—1 being given we calculate A,, by

(A+B'(C+eD) 'B)Ay =F1 + BT (C+ D)™ (F2 — epp1),
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Iy

Fig. 1. The L-shaped domain.

3. Calculate p;, by
pm = (C+ €D~ (€pn-1 + Brn — F2),
4. if | pm — pm—11l/llpm|| < Tol, stop. Else, pju—1 < pm, and we come back to step 2.

We now present some numerical results on a test problem in the L-shaped domain 2 =] — 1, 1[2 \ ([0, 1[x]—1,0])
as shown in Fig. 1, where I'p is the part of the boundary included into the x-axis or the y-axis. Using polar coordinates
(r,9), 0 <0 < w = 37”, centered at the reentrant corner (see Fig. 1), we take as exact solution, the singular
function [20]

I <¢1,a<9)) ’

$2,2(0)
where
@1.0(0) = C1(p + 1){cos(a —2)8 — cos(aB)} + Ca2{(p + 7) sin(ax — 2)6 + (p — 37) sin(ab)},
$2.0(0) = C1{—(p + 7)sin( —2)0 + Bp — ) sin(aB)} + C2(p + 7){cos(ox — 2)0 — cos(ab)}.
The parameters are
Ci = (p+1)sin(e —2)w — 3t — p) sin(aw),

Cr = (p + 1){cos(xw) — cos(a — 2)w},

A A
p=t a2 =Gt
m

where « is the smallest strictly positive solution of the transcendental equation (43)(i) for v = 37” The right-hand
side f and the surface force density g are fixed accordingly.

With the aim of corroborating the robustness of our mixed method, we fix the Lamé coefficient © = 1000 and take
increasing values of the Lamé coefficient A as shown below:

A o

1.LE 4008 | 0.544485935531526
1.E+4 010 | 0.544483758810418
1.LE4+ 012 | 0.544483737042583
1.E+ 014 | 0.544483736824905

We use two kinds of meshes. The first one (uniform) is obtained by dividing the intervals [0, 1] and [—1, 0] into
n subintervals of length %, and then each square is divided into triangles (see Fig. 2 where we have chosen n = 10).
The second kind of mesh (refined) is obtained from the first one by refinement near (0, 0) according to Raugel’s
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Fig. 2. The uniform mesh for n = 10.
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0.6
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-1 s . . .
-1 -08 -06 -04 -02 0 02 04 06 08 1

Fig. 3. The refined mesh for n = 10 and 8 = 1.8.
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Fig. 4. Error for uniform meshes.

procedure [26]. Namely, (2 is divided into six big triangles; on the three which do not contain (0, 0), a uniform mesh
is used; each big triangle containing (0, 0) is divided according to the ratios (’;)’3, 1 <i < n, where 8 > ﬁ
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100 10! 102

1/h

Fig. 5. Error for refined meshes.

along the sides which end at (0, 0), and finally each of these strips is divided uniformly (see Fig. 3 where we have
chosen n = 10 and B = 1.8). We then represent the variations of the errors || pr, — pllo.2, llon —ollo. @, lur — ullo. o,
lop — wllo, 2 and (| — &l 1, with respect to the mesh size A for the four values of A, in Figs. 4 and 5. A double
logarithmic scale was used such that the slope of the curves yields the order of convergence O (h) for refined meshes

(see Fig. 5) according to our theoretical results, and O(h%) for uniform meshes (see Fig. 4) due to the singular
behaviuor of the solution. In these figures, since the curves are nearly confounded, we can deduce a strong stability
with respect to the variations of the Lamé coefficient A as expected. We further note a slightly better convergence of
the error on the Lagrange multiplier (probably due to the use of the L2-norm instead of the H*-norm, with s < 1/2).
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