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Abstract

One-loop QED corrections to the differential width of rafile muon decay are considered. Results can be used to analyze
high statistics data of modern and future experiments.
0 2004 Elsevier B.VOpen access under CC BY license.
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1. Introduction is investigated in the modern experiments. In par-
ticular, the set of data from the PIBETAzB) ex-
Since the discovery of muon in 1937, the studies periment[1] at the Paul-Scherrer Institute contains a
of its properties were always very important for the considerable amount of these decays. Accurate mea-
progress of the elementary particle physics. Nowa- surements of the process provide interesting informa-
days, such precision observations like the muon life tion about the structure of weak interactions.
time and the muon anomalous magnetic moment are  In this Letter we construct an advanced theoretical
important for the checks of the Standard Model and prediction for the differential distribution of process
searches fonew physics. Besides many others, the (1). Our calculations of radiative corrections (RC) al-

process of radiative muon decay, low to reduce the theoretical uncertainty. That makes
) it possible to perform precision comparisons with the
pt—=et +ve+9,+y, (1) experimental data and potentially look faw physics

or rule out certain extensions of the Standard Model.
E-mail address: arbuzov@thsunl.jinr.r¢A.B. Arbuzov). In the |Imlt of Sm?‘” _energy IO,SS (carrled away
1 A part of this work was performed in University of Alberta, by the neu_mnos) ! radiative correc_tlo_ns to the process
Edmonton, Canada. were considered in Ref2]. In this limit the standard
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decay produces a background to the searches for the

neutrinoless decay — ey.
In this Letter we will consider the general kinemat-
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In what follows we will concentrate on the case of
unpolarized muon decay, since it is the one measured
in the PIBETA experiment. In the unpolarized case

ics assuming that the energies of the final state electrononly three variables are relevant and the tree-level dis-
and photon are above of a certain threshold and the tribution can be represented as

angle between their momenta is not small (see Sec-

tion 3.3). The tree-level distribution and the notation
are introduced in Sectio2 Then we consider differ-
ent RC contributions. In Conclusions we present some
numerical results and estate the theoretical uncer-
tainty in description of the radiative muon decay.

2. Thetree-level distribution

Within the Fermi model of four-fermion interac-
tion, the differential width of radiative muon decay
was first considered in Refd3,4]. Accurate for-
mulae including the terms suppressed by the factor
(me/mﬂ)z were recently presented in Rgb]. We
checked that their results ic@ide with the relevant
contribution, which have appeared in calculations of

exact one-loop radiative corrections to the muon decay

spectrun6]. At the Born level the differential distri-
bution of the electrons and photons of the proqé3s
has the form

d6lﬂui4»eivﬁy
dx dy 22, d222,,
o = A
= Fomﬂ[m, y.d) FBP.p.G(x,y,d)

TBP.pyH(x, y,d)],

G2m>
o= 1;2712’ d=1=pc.
2
m
B = 1_E_;’ (2)

whereG  is the Fermi coupling constant;, andm,,

are the electron and muanasses, respectively, is

the muon polarization vectox; andy are the electron
and photon energy fractions in the muon rest refer-
ence frameyx = 2E,/m, andy = 2E, /m,; by p.
and p, we denote the unit vectors in the directions of
motion of the electronﬂphotoﬁf De/|pel @and

Py = Dy/|Pyl; ¢ = codp.p,). FunctionsF (x, y, d),
G(x,y,d),andH (x, y,d) can be found in Appendix
of Ref. [5].

d31~Born

unpol.

dx dydc

Model independent parameterization of four-fermion
interaction (see Particle Data Gro({if]) leads to the
appearance of two additional contributions. One of
them is proportional to the differencd — 4p/3),
which describes the deviation of the Michel parameter
p from its value in the Standard Model. And the other
one contains paramet@; which is a positive semi-
definite quantity (see Refig])

=rogiﬂF<x,y,d>. 3)
Ty

n= (|8XL’2 + ’gXRIZ)
1
+ g(’giR + 23[R|2 +lgh + 281TeL|2)

+2(’82R|2+’81€L|Z)7 4)
SV.T

wheregy, 7 x are the right-lef(RL) and left-right
(LR) coupling constants, which parameterize non-
standard scalafsS), vector(V) and tensor7T) four-
fermion interactions. In principle, one can look also
for other exotic interactions, e.g., for the ones medi-
ated by antisymmetric tensor fiel{®]. Extraction of

n from the experimental data potentially can put strict
limits on physics beyond the Standard Model.

3. Radiative corrections

New precision experiments call for an adequate
level of accuracy in theoretal predictions within the
Standard Model. Effects of higher orders of the per-
turbation theory become important. Here we will con-
sider the first order QED radiative corrections. As
usually, we separate them into three parts: (i) emis-
sion of an additional soft photon; (ii) effect due to
one-loop virtuadphotonic correction; (iii) emission of
an additional hard photon. Note that all the relevant
pure week corrections (like loop insertions into the
W-propagator) are included into tligr coupling con-
stant[10,11], which is measured directly from the
muon lifetime. Effects of strong interactions in the
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Fig. 1. Types of Feynman diagrams for radiative muon decay with one-loop RC.

process under consideration are negligible for the mo-

ment. They start to appear only at the ord2(?)
through hadronic vacuum polarization.

3.1. Soft photon contribution

We assume, that emission of an additional soft
photon of energy below certain threshold is not distin-

Feynman diagrams are givenhig. 1. There are two
diagrams of class (a) with photon emission from an
external leg (electron or muon line). In the same way
the two box-type diagrams of class (b) describe real
photon emission from virtual electron and muon prop-
agators. Diagrams of classes (c) and (d) give correc-
tions to photon radiation from a single leg. To get the
corresponding correction to the muon decay spectrum

guished by the experiment from the tree-level process we have to multiply the complete set of amplitudes

(). The energy of the soft photomy, is limited by
the parameten:

m
w2<A7", Akl

®)

The corresponding correction can be factorized out
in front of the tree-level differential distribution:

dE;Fusntl)af(t)l. . SOﬁdgruEr"l%rgl.
drdydc dxdydec’
soft_ @ |15
8 _271{2L (L —242Inx)
m2
X <1—2InA - In—e>
A2
m2
—2In?x +4lnx — 2;(2)} +0(—;>,
my
7.[2

wherea is a fictitious photon masg; is the so-called
large logarithm,L = In(m3/m2) ~ 10.66. Quantity
8S°M coincides with the corresponding factor, arising
in the correction to the non-radiative muon decay (see,
e.g., Ref[6]).

3.2. One-loop virtual correction

Here we will consider the effect of one-loop pho-

of classes (a)-(d) by two tree-level amplitudes, de-
scribing single photon emission. In our calculations
we followed the procedure which has been applied in
Ref.[12].

The standard technique for one-loop integration
was used. The list of relevant integrals can be found
in the Appendix of our prepriftL3]. To eliminate the
ultraviolet divergences we applied renormalization of
the masses and wave functions of the electron and
muon. Note that this is enough in the case of muon de-
cay (see Refd14,15)), contrary to the general case of
the Fermi four-fermion interaction. An analytical re-
sult for the virtual correction was obtained. We do not
give the full formula here, since it is rather long.

3.3. Emission of an additional collinear hard photon

Events with registration of two hard photons are
supposed to be rejected by the experimental event se-
lection. But if the additional photon is emitted at a
small angle with respect to the momentum of the out-
going electron (positron), the former is not recognized
by a calorimetric detector as an independent particle
(this can happen if there is no any considerable mag-
netic field in the detector volume). So, for the so-called
collinear photon emission, one observes an effective
electron with the energy and momentum composed by

tonic corrections. Some representatives of the relevantthe sum of the corrg®nding quatities d the pho-
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ton and thebare electron. Let us assume that this kind 4. Resultsand conclusions
of calorimetric registration happens in the experiment,
if the angle between the electron and photon momenta  Summing up the contributions of soft, virtual, and
does not exceed a certain valigewhich plays the role hard collinear photonic corrections we receive the fi-
of a small parameter. We demand/m, < 0o < 1. nal answer for the first order radiative correction to the
Typical experimental valuef®r this parameter, a few  process(1). Here is our result for the corrected dis-
degrees, satisfy our conditions. On the other hand, the tribution, which substitutes functiof (x, y, d) from
angle between the observed photon and the electrongg.(3)
should satisfy the conditiofi = ;3/6\;3), > 6p.

According to the general factorization procedure,
we can represent the result for the contribution of
collinear photon radiation as the product of two fac-

F (x, y.d)

=F(x,y,d) <1+ iA(x, Vs d))
2

tors: a
+ —BF(.X, y’ d)’
2
3 r~H-coll 3B
d Funpcé’lv B d Fun?)rcr)]I.R “ Ax,y,d)
- coll 62 3. 62
drdyde  drdyde =2INn%(nx—INA)—2InA—=In2
1 4 2 4
o dz 1 xyd 2
Reoll=— | — (24 _
coll = >~ / s + 2<| > 2|nx) . 9)
A/x
2 We presented explicitly only the factorized part of
x1[1+ (1—1)2] (L +2Inx —1+1In ZO the correction. The remaining non-factorizable part,
Br(x,y,d), is rather long. We use it in &OR-
+2|n(1—z)>+22}. TRAN code for numerical estimates. Expressions
for the radiatively corrected functionG®°™ (x, y, d)
(7) and H®°™(x, y,d) have exactly the same form as

Eq. (9) with the trivial substitutionsF — G(H) and
Br(x,y.d) = Bgu)(x,y,d). The most important
factorized part of the correctiom (x, y.d), is uni-

The tree-level radiative muon decay (with photon
emission at large angles with respect to the electron
momentum) serves as a short-wave sub-process. Emis ;
sion of a collinear photon byhe outgoing electron versa_l for all the three functions. . .
serves as a long-wave sub-processes. The formula for It is worth to note that all the leading logarithm

the collinear radiation factor agrees with the one in terms were factorlzeq in each OT the contrlputlons,
Ref. [16]. but they cancel out in the sum in accord with the

Kinoshita—Lee—Nauenberg theorefh7,18] More-
over, all the dependence on the parameteendoy is
contained inA(x, y, d).

In Fig. 2 we plotted the Born-level differential

Integration over the energy fraction of the collinear
photon,z, gives

Reoll = > 1(L L 2lnx—1+1n 9_5 branching ratio of the radtive muon decay for a fixed
2n 4 value ofc,
3
x(2Inx —=—2InA ) —4¢(2 1 d3rBom
( 2 ) ‘@ R(x,y,c) = ———0% (10)
11 Iy dxdyde
+ Z]~ ) The relative contribution of radiative corrections is

illustrated byFig. 3,
Note that the lower limibf the collinear hard photon Corr
energy fraction is adjusted to the upper limit of soft sRC _ Fx,y.d) — Fx, y,d)
photon emission. F(x,y,d)

x 100%  (11)
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Fig. 2. Differential branching ratigersus electron energy fractionfor three differentc-values with fixedc = 0.5, A = 0.01, 6 = 3°.
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Fig. 3. Relative contribution of radiative corrections vertheselectron energy fraction; parameters are the samerag.i2
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The dependence anvalue ofsR€ is rather weak. For
given values ot andx the maximal value of is de-
fined by the kinematics:

12)

For the given set of parameters, the factorized part of
the correction dominates and gives aboyb 4f the
total effect.

To illustrate also the case of 100% polarized muon
decay we present iRig. 4 a plot for the relative con-
tribution of radiative corrections for a set of fixed
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Fig. 4. Relative contribution of radiative corrections for the case of polarized muon decay versus the electron energy fraction.

variables. Namelyp, j, = 30°, P, j, = 60°; ¢, 6o
and A are the same as ifig. 2 Quantity §X5 is
defined in analogy to Eqg11) by adding the rele-
vant contributions of; and H functions according to
Eq.(2).

Thus we presented the calculation of one-loop QED
corrections to the differential distribution of unpolar-
ized muon decay. OUFORTRAN code is available
upon request from the authors. The results can be
applied also for the decays — uv,v.y andt —
evevry. The theoretical uncertainty of the spectrum
description is defined by higher order QED radiative
corrections (EW and QCD effects are negligible com-
pared to the QED ones). As a rough upper estimate
we can consider the relative contribution of the omit-
ted higher order terms to be abadf)2 <3 x 1073,
which is small compared to the present experimental
precision. If ordered, one can easily get the most im-
portant higher order terms with logarithms afand
6o by means of the soft and collinear approximations.
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