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Virasoro algebra

1. Introduction

Consider the group U (n) of n x n unitary matrices, with the normalized Haar measure as a probability measure. The Weyl
integral formula gives the induced density distribution on the eigenvalues of the matrices on the unit circle in the complex
plane, and is given by

1 " dz .
EIAH(Z)IZI{]_[ o oze=e% and M@= [ @-a).

2 . 9
—q 2Tz, 1<k<l<n

Thus, for n, 6 €] — &, [, with n < 6, the probability that a randomly chosen matrix from U (n) has no eigenvalues within
an arc of circle (, ) = {z € S'|n < arg(z) < 6} is given by

1 27 +n 2w+ ) -
Tn(n,9)=wf / 1_[ e — e¥|°dgy, ..., dg,.
- Jo %

1<k<lI<n

Obviously, this probability depends only on the length & — ». All of this is well known and we refer the reader to [1] for
details. We shall denote by

RO = — 19 0.0) 11
=3 q0 08W(=0.0) (1.1)

the logarithmic derivative of the probability that an arc of circle of length 20 contains no eigenvalues of a randomly chosen
unitary matrix.
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The starting motivation for our work was to understand a differential equation satisfied by the function R(6)

R(0)? + 2sin 6 cos OR(O)R'(H) + sin® OR (9)?

_! lsinzeR”( i + sin® cos OR” () + (cos® 6 + n”sin® O) R'(9) |, (1.2)
“2\4 R'(0) '

obtained in [2], from the point of view of the Adler-Shiota-van Moerbeke [3] approach, in terms of Virasoro constraints.
Introducing the 2-Toda time-dependent tau functions

1 5 I Z(%z}"‘sjzk) dz;
wltsin0) = /w’mn]nm @[T | ). (13)

with z; = e'%, deforming the probabilities 7, (17, 8) = 7,(0, 0; 1, 6), we discover that they satisfy a set of Virasoro con-
straints indexed by all integers, decoupling into a boundary-part and a time-part

1 ® o d
- (e"‘9£ + el’maf) Tt si0,0) = LV t(t, 5;0.0), keZi=-1,
1 n

with the time-dependent operators L(") providing a centerless representation of the full Virasoro algebra, see Section 2

(Theorem 2.2) for a precise statement and the proof of the result.

In their study of Painlevé equations satisfied (as functions of x) by integrals of Gessel's type Ey ;) e* a(M+M) “\where the
expectation Ey ) refers to integration with respect to the Haar measure over the whole of U(n), Adler and van Moerbeke [4]
found the sl, subalgebra corresponding to k = —1, 0, 1, without boundary terms. The appearance of boundary terms and
of a full centerless Virasoro algebra is to the best of our knowledge new. From this result, it is easy to obtain Eq. (1.2), using
the algorithmic method of [3]. Finally, similarly to a result by the first author and Semengue [5] on the Jacobi polynomial
ensemble, we show that R(0) is the restriction to the unit circle of a function r(z) defined in the complex plane, so that
o(z) = —i(z — Dr(z) — n?z/4 satisfies a special case of the Okamoto-Jimbo-Miwa form of the Painlevé VI equation. This
will be explained in Section 3 of the paper.

2. A centerless representation of the Virasoro algebra
The proof of the Virasoro constraints satisfied by the integral (1.3) is a non-trivial adaptation of the self-similarity
argument exploited in the case of the Gaussian ensembles, based on the invariance of the integrals with respect to

translations, see [6] and references therein. Here, we replace translations by appropriate rotations. More precisely, setting

n Z(tJZ’ +57) dz,

dl(t, s, 2) = |Ax(2))? 2.1
w(t,5,2) = |40 (@)] ]'[ iz 2.1
with z, = e'% and |A,(2)|* = n1§a<ﬂsn |z — zﬁlz, we have the fundamental next proposition.
Proposition 2.1. The following variational formulas hold
d k-
Za, (za > zaeg(zé’zak)) = (L;’” — L(_",i) dl,, (2.2)
de e=0
d ie (K +2%) _ (i o
—dI, (z4 > z,e"% =i(L," + L) dl, (2.3)
de £=0
forall k > 0, with
- k—1 2 o)
[ _ +3 it Jsj —nksy, k> 1, (24)
K ; 8tjatkj atk JZ: jatj+k j=k+1 ]851 k Z ]a k—j ‘
() _
@ _ k—1 2 [ee)
L t nkt,, k> 1. 2.6
%= z e Dbt 3 et ke 29

j=1 Sjtk j=k+1 I(j
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Proof. We shall only give the proof of (2.2), the proof of (2.3) is similar. Upon setting

n Z(t,z’ +sjza
E=]]e ,
a=1

the following four relations hold, for k > 0,

8 n
— 4+ 8o |E= k1 E
<3tk - k,o) (;Za>
a n
(8— + né 0) E= (Z zg") E, (2.7)
Sk a=1

1 92 ne | p
- E —— — Z0ko0 = E
2 i+j=k atiatj 2 1<a<f<n
ij>0 i+j=k
ij>0

1 § : az n § —i = § : —k
2 3s;9s; 58’6'0 E= %a 2p + “a . 28
i+j=k [t 1<a<f<n
i,j>0 iﬂ:g
ij>

We split the computation into four contributions, corresponding to various factors in (2.1).
Contribution 1: For k > 0, we have

k K —k —k
2oy (e (2o +2p) @ — 25 — (2"~ 25)
de

=A@ )

e=0 1<a<pB=<n Lo —Zp
k=1
= M@F ) (2 +2p) (Zzl 7+ Y 7 k)
1<a<p=<n i=0
L . . n
= 1a@PET 2 Y @tz )+ (=1 @+ | E
g
i,j>0
Using the four relations (2.7) and (2.8), we obtain
0 iy |2 1 02 1 92 n—ko n—ka
e Y G T I B e D e e o L)
& £=0 2 b 8[’,‘81’]' 2 P aS,'aSj 2 0ty 2 0sg
ij>0 ij>0

which is also trivially satisfied for k = 0.
Contribution 2: For k > 0, using the relations (2.7), we have

a n
d (z es(zﬁfz;"))
de 1 *
a=1

n

n
=E! Z ((k+ Dz + (k— Dz *) E 1_[ dz,
a=1 a=1

e=0

n

|:(k+ )*-i-(k— 1)—]Endza (2.10)

Contribution 3: For k > 0, using the relations (2.7), we have

S e@K -z / ek —25%) 7
a n Z tj 2y 8% "% +5}- zyefa " 8} . . / [e’e} —_ ;
=1 — itz (zX — 275 = _ ,—k
— He’ = Z itz (z, Z Jsizy!(z, —2,°) | E
a=1 |_j=1 j=1

de ol

=

e=0

SIS REE IS L I SIS 91 SIS 9 AR 9 el

j=k a=1 j=k a=1
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j=k+1 j=1 j=k+1 j—k

(2.11)

Contribution 4: For k > 0, using the relations (2.7), we have

[ Zz +Zz"‘:| nma

= E~! a+a Eﬁ ! (2.12)
B ot Ose] 1% 2mizg ‘

Adding up (2.9)-(2.12) gives (2.2). This concludes the proof of Proposition 2.1. O

i~ 1

. Kk
de . 2miz,et@—za ),

We are now able to state our main result.
Theorem 2.2. (i) The tau functions' t,(t, s; n, 8), n > 1, defined in (1.3), satisfy
Br(1, 0)Ta(t, 531, 0) = L 1,(t, 531, 0), k€ Z, (2.13)

with L, k € 7, defined as in (2.4)-(2.6), and

1( ., 0 0 0
Br(n,0) = - (¥ = + ek —); j=—1. (2.14)
i 00 on
(ii) The operators L(") k € Z, satisfy the commutation relations of the centerless Virasoro algebra, that is
[L,(j”, L(”>] =Kk-DL", klez (2.15)
Proof. (i) Denoting z, = ei%, the change of variable z, > z,e®@ % “ in the integral (1.3) gives the following

transformation on the angle ¢, +— ¢, + 2¢ sin(kg, ), inducing a change in the limits of integration given by the inverse map

Yo > Qo — 26 sin(kgy) + 0(e?), (2.16)

for ¢ small enough. Making the change of variable in the integral (1.3), with the corresponding change in the limits of inte-
gration, leaves it invariant. Thus, by differentiating the result with respect to ¢ and evaluating it at ¢ = 0, using the chain
rule together with (2.2) and (2.16), we obtain

d d
0= (—2 sin(k0) — — 2sin(ki) - + L — Li",i) Ta(t, 5 1, 0). (2.17)
n

Similarly, the change of variable z, > z,ei@+%") corresponds to the transformation g, > @, +2¢ cos(kg, ), with inverse
Yo F> @o — 2¢ c0s(kgy) + 0(?),
which, using (2.3), leads to

_(_2 3 2 d o :
0=|—~cos(kf)— — —cos(kn) — + L, + L, | ta(t,s; n,0). (2.18)
i a0 i an

Adding and subtracting (2.17) and (2.18) gives the constraints (2.13), with B(#n, 0) defined as in (2.14).
(ii) Consider the complex Lie algebra A given by the direct sum of two commuting copies of the Heisenberg algebra with
bases {f14, j|j € Z} and {hy, bj|j € Z} and defining commutation relations

[hav aj] = Os [ajs ak] :jsl.fk haa
[y, bj] =0, [b;, bl = jbj,—k hyp, (2.19)
[Aq, Ayl =0, [a;, b ] =0, [Aq, b1 =0, [y, a;] = 0,

1 See the beginning of Section 3, for a justification of the terminology.
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with j, k € Z. Let B be the space of formal power series in the variables tq, t;, ... and sy, S, . . ., and consider the following
representation of A in B:
0 0
a=—, a_j =jg, bj=—, b_; =js;,
j oy j = Jij j os; j =JSj
ap = by = u, hg =hy =1, (2.20)

forj > 0,and u € C. Define the operators

m _ m _
Ak Z a_]aj+k . Bk Z b_]b]+[{ .

JEZ ]eZ

where k € Z, a;, b; are as in (2.20) with u = n, and where the colons indicate normal ordering, defined by

g ifj <k,
S = {akaj ifj > k,

and a similar definition for : b;by :, obtained by changing the a’s in b’s in the former. Using these notations, we can rewrite
(2.4)-(2.6) as follows
) w15
n (n n)
Lk = Ak — B—k + 5 jzzl(aj — b,j)(ak,j — jfk), k>1

) __ A (n)
Lo —Ao _Bo ’

1 k—1
L(,nz, = A(jz, — B}({n) — 5 Z(G_j — bj)(aj_k — bk_j), k > 1.
j=1
As shown in [7] (see Lecture 2) the operators A(") k € Z, provide a representation of the Virasoro algebra in B with central
charge c = 1, thatis

(n) (n) k3 —k
[A7, A ] = (k— I)Ak+, + Sk,_:T, (2.21)
for k, | € Z. Similarly, the operators B,((") satisfy the commutation relations
M pm o) k* —
(B, B 1= (k— DBy + &k THE (2.22)
for k, | € Z. Furthermore we have fork,l € Z
[ae, A" ] = kaisr.  [bi, B"] = kb,
[a. B"1=0,  [be.A"]=0. (2.23)

Let us now establish the commutation relations (2.15). We give the proof for k, | > 0, the other cases being similar. As
[A",B] = 0,1,j € Z, we have using (2.19), (2.21), (2.22) and (2.23)

1 -1 ) 1 -1 ‘
(L L™ = k=D (AL =B ) = 5 D i@ = b0 (@ = b = 5 D (U= (@ = b} @iy — by-ic)
j=1 =1

k—1

+= Zj(aw—bﬂ D (@ — bii) + = Z(k D@ = b (@i — bjr1).

Relabeling the indices in the sums, we have

k+l 1
L. L") = (k=1 (A - BS";,I) 5 2 U= k(@ = b (@1 — bji1)

1 k+1

k+1-1

—fZ(l—J)m,—bﬂ)(akH = be) 45 D (= D@ = b @iy — by

j 1+1
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1 k—1
5 2 0= (@ = bj)(@rs1 = byi)
j=1

= (k— DL,

This concludes the proof of Theorem 2.2. O

3. The unitary circular ensemble and the Painlevé VI equation

It is well known, see for instance [1], that the integral t,(t, s; n, 6) defined in (1.3) can be represented as a Toeplitz
determinant

Ta(t, s 1, 0) = det (ue—i(t, s; m, 9))0§k.15n—1 s (3.1)
with

2w +n ; OZO: (f'ij+Sj27j) dz .
wi(t,s;n,0) = / ¢ | ei=t . z=¢e% keZ.
)

2mwiz

A nice consequence of this representation is that z,(t, s; n, 0) is a tau function of a reduction of the 2-Toda lattice hierarchy,
that was called the Toeplitz hierarchy in [4]. Therefore, as with any 2-Toda tau function (see [8]), it satisfies the KP equation
inthet = (t1, tp,...) (ors = (sq, 2, .. .)) variables separately

84 32 82 82 2
— +3— -4 logt, +6| — logt =0. 3.2
(arf dt? 8t18t3> & n (81“12 ¢ ”) (32)

As announced in the introduction, in this section, using the method of [3], we establish the following result.

Theorem 3.1. The Virasoro constraints (2.13), combined with the KP equation (3.2) in the t variables (or the KP equation in the
s variables), imply that the function R(0) defined in (1.1) satisfies (1.2).

Proof. Remembering the definition of Lé”) in (2.5), the Virasoro constraint in (2.13) for k = 0, evaluated along the locus
t =s=0,gives

dlogt,(t,s;n,0) _ dlogT(t,s;n,60) (33)
36 oo an —— '
which is a reformulation of the fact that the gap probability t,(0, 0; 1, 0) only depends on the length & — .
Define the operator D = & — % and put for a fixed n

f(t,s;n,0) =logrty(t,s;n,0),
1

g(n,0) = —-Dlogt,(t,s; n,0) (3.4)
2 t=s=0

Notice that fork > 0

k

d
D¥log a (¢, 53 1, )| 0 = o log 7, (t, s; —0, 6)

t=s=0
Clearly, from the definition of R(9) in (1.1), we have
R(9) (—6,0) 1d 1 (t 0,0)
=g(-0,0) = —=—log (¢, s; —0,
& 2do &n t=s=0

Remembering the definition of L,i") in (2.4), the constraints in (2.13) for k = 1, 2, evaluated at s = (s1, S2,53,...) =

(0,0,0,...), can be written

. of of
B1(M, Oflsmo = Dt n—| , (3.5)
! 0 ]ZZ] ]atj—}—l 8tl s=0
_of 3f af\? of
Ba(m, Ofls=o = D It + = + (= +n—| . (3.6)
0 jZZl ]atj+2 o atf s=0 aty o 0t |-
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Using (3.3) and the definition of g(n, 8) (3.4), the constraint (3.5) evaluated along the locus t = s = 0 gives

a 1 . )
o = —("—e")g(,0). (3.7)
Oty |_s_o in
Consequently, along the locus n = —6, we have
a 2
—f = ——ssin(0)R(H).
dtq t:S:g n
-

We then proceed by induction. We call
a"f
3,085, - - 9L,

at derivative of weighted degree |j| = j; +j> + - - - + jn. Then, for k > 1, we compute the system formed by

{all t-derivatives of weighted degree k of (3.5), (38)

all t-derivatives of weighted degree k — 1 of (3.6),

evaluated at t = s = 0. For instance, for k = 1, (3.8) reduces to

of of 0%f
&mm(—— )=—f noo|
dty t=s=0 ot t=s=0 at] t=s=0
d*f of of :
Ba(1, Of li=s=0 = =3 n— +\ - -
’ 8{‘12 t=s=0 ot t=s=0 oty t=s=0
After substitution of (3.7), this system of equations can be solved for gi{ and % in terms of n, 6, g(n, 6) and
1 lt=s=0 t=s=0
Dg(n, 6), whenever n # 1. Consequently, on the locus n = —6, the partials % ‘ oo and % \—sp Can be expressed in
[ n=—6

terms of 6, R(9) and R'(0).

For general k > 1, suppose all the t-derivatives of f of weighted degree k, evaluated at t = s = 0, have been expressed
interms of 7, 8 andg(n, 6), ..., D*"1g(n, #), whenevern # 1, ..., k — 1. Then (3.8) is a system of linear equations where
the unknowns are all the t-derivatives of f of weighted degree k + 1, evaluated att = s = 0, and the coefficients can be
expressed in terms of 5, 0 and g(n, 0), ..., D1 g(n, H). This is a system of p(k) + p(k — 1) linear equations in p(k + 1)
unknowns, where p(k) is the number of partitions of the natural number k. As p(k + 1) < p(k) + p(k — 1), this system can
be solved and all the t-derivatives of f of weighted degree k 4 1, evaluated at t = s = 0 can be expressed in terms of 1, 6,
andg(n, ), ..., D g(n, 6), whenever n # k. Consequently, on the locus 7 = —0, the t-derivatives of f of weighted degree
k 4+ 1, evaluated at t = s = 0 and on the locus 5 = —6, can be expressed in terms of #, R(6), R'(6), ..., R®(8).

Since the KP equation (3.2) contains t-derivatives of f of weighted degree less or equal to 4, by performing the above
scheme up to k = 3, we can express all these derivatives, evaluated att = s = 0 and n = —#6, in terms of 8, R(f) and its
first three derivatives, whenever n > 4. This gives us a third order differential equation for R(6):

0 =4R(6)*> — 2 (n* + (1 — n*) cos 20) R'(9) + 8sin 20R(6)R () — 2sin 20R" () + sin> & (12R'(6)* — R ()) .

Multiplying the left-hand and the right-hand side of this equation with % sin 6 (2 cosOR'(0) + sin GR”(O)), we obtain

d 2 /
0= W (sin® OR ()W (9)) , (3.9)
with
W(0) = R(6)% + 2sin 6 cos OR(O)R (9) + sin® OR' (6)?
(ks 2gR O

sin
2 \4 R'(9)
Eq. (3.9) implies that W(#) = 0, which is the Eq. (1.2), obtained in [2]. This concludes the proof of Theorem 3.1. O

+ sin6 cos OR"(0) + (cos® 6 + n’ sin® H) R’(Q)) .

Remark 3.2. In the above proof, we had to assume that n > 4, where n is the size of the random unitary matrices. For
n = 1, 2, 3, the function R(9) also satisfies (1.2), as can be shown by direct computation, using the representation (3.1) of
the probability 7,,(n, 6) as a Toeplitz determinant. It would be interesting to relate the proof with the original derivation
in [2]. For the Gaussian ensembles, the relation between the two methods has been studied in [9].
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Finally, similarly to the case of the Jacobi polynomial ensemble (see [5]), we observe that R(6) in (1.1) is linked to the
Painlevé VI equation. Precisely, we show that it is the restriction to the unit circle of a solution of (a special case of) the
Painlevé VI equation, defined for z € C.

Corollary 3.3. Put R(0) = r(e~2). Then, the function

n2
0(z) =—iz—Dr(z) — ZZ

satisfies the Okamoto-Jimbo-Miwa form of the Painlevé VI equation

[z2(z = Do"P +4z(z — 1)(6")? + 406'0% + 4(1 — 22)0 (6')?

— (6 +[2(1 = 22)c4 — 3]0” + 4cqo — ¢35 = 0, (3.10)
with
c1 = n? c—3n4 c—n6 C4 = i (3.11)
1 — 5 2 — S 5 3 = _16, 4 = ]6. .

Proof. From (1.2), by a straightforward computation, putting R(6) = r(e~%?), we obtain that r(z) satisfies
[z2(z — DI"P? 4+ 42%(z — Dr'r” — 4iz(z — D)3 — 4i(2* — Dr()? + [42% — n*(z — D2()? — 4ir’r’ = 0. (3.12)
Substituting in (3.12)

@) :io(z)+xz
z—1

for some constant x, and annihilating the coefficient of o2, one finds that x = n?/4. With this choice of x, the new function
o () satisfies the Painlevé VI equation (3.10) if we pick ¢, ¢z, c3 and ¢4 as in (3.11), which establishes Corollary 3.3. 0O

4. Discussion of the results and some further directions

Our starting motivation was to understand a differential equation (1.2) discovered in [2], satisfied by the logarithmic
derivative of the gap probability that an arc of circle of length 26 contains no eigenvalues of a randomly chosen unitary
n x n matrix, from the point of view of the algebraic approach initiated in [3]. The main surprise is that the 2-dimensional
Toda tau functions (1.3) deforming these gap probabilities, satisfy a centerless full Virasoro algebra of constraints. The result
stands in contrast with the corresponding integrals for the Gaussian or the orthogonal polynomial ensembles, which roughly
satisfy only “half of” a Virasoro type algebra of constraints, see [3,5,6,9].

As mentioned at the beginning of Section 3, the integrals (1.3) can be expressed as Toeplitz determinants, see (3.1). As
such, they are very special instances of tau functions for the so-called Toeplitz lattices [4], that is

To(t, s) = det (ur—i(t, $))o<k.l<n—1» (4.1)
where
% (tjzj+s}-z_j) dz
Mi(t, s) = / Zrei=! w@)—, kez, (4.2)
51 2mwiz

and w(z) is some (complex-valued) weight function defined on the unit circle S', such that the trigonometric moments

X dz
e =m(0,0) = [ Zw@)s—, ke,
51 2mwiz
satisfy det (r—1)o<k1<n_1 # 0, Vn > 1.In the special case (3.1) that we consider in this paper, w(z) = x(.0)c(2) is the
characteristic function of the complement of the arc of circle (1, 8) = {z € S'|n < arg(z) < 6}.
As it immediately follows from (4.2), at the level of the trigonometric moments, the Toeplitz hierarchy is given by the
simple equations
ik 9k :

Tie = — = eris Toifly = — = i, Vj> 1.

Mk o, M Mk as; Mk—j ] =
Obviously [T;, Tj]] = 0,Vi,j € Z, if we define Toux = p. Following an idea introduced in [5] in the context of the
1-dimensional Toda lattices, we define the following vector fields on the trigonometric moments

Vit = (k + )i+, Vi € Z. (4.3)
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These vector fields trivially satisfy the commutation relations

[Vi, Vil = ( — DViyj (4.4)

Vi, Tj] =Ty, Vi,j€Z, (4.5)
from which it follows that

[[‘/17 T]]’ T]] :][Tl+ja T]] - 05 v’?] € Z. (4'6)

Egs. (4.4)-(4.6) mean that the vector fields Vj,j € Z, form a Virasoro algebra of master symmetries, in the sense of
Fuchssteiner [10], for the Toeplitz hierarchy.
The tau functions (4.1) admit the following expansion

T"(t’ 5) = Z p 1:0'-“*':11—‘1 Sl‘nfl—(ﬂ—l),.“,io (t)sjnfl—(n—l),.“,jo (5)7
0<ig<-<in_q Jos-dn—1
0<jo<--<ip—1
where
o ier = det (1, 50, 0)oy (@)
Jo++-dn—1 -

are the so-called Pliicker coordinates, and S;,
Si] seenlk (t) = det (Sir+s—r(t))15r735k s
with S, (t) the so-called elementary Schur polynomials defined by the generating function

o0
exp Zth" :ZSn(ﬁ,tz,...)x”.

k=1 nez
In a forthcoming publication, we shall establish the next result:

i, (t) denote the Schur polynomials

Theorem 4.1. For all k € Z, we have

Ll(cn)fn(t’ s) = Z Vi (P{o ----- in—1 ) Siy_1—=1),.sio (O)Sjy_ 1 —(1=1),....j0 ()
0<ig<-<ip_q Jos+dn—1

0sjp<-<jn—1

with L,(<">, k € Z, defined as in (2.4)-(2.6), and V (p iserin_1 ) the Lie derivative of the Pliicker coordinates (4.7) in the direction
Joreerdn—1
of the master symmetries Vy, of the Toeplitz hierarchy, as defined in (4.3).

Thus the operators L,ﬂ”), k € 7, precisely describe the master symmetries of the Toeplitz hierarchy on the tau functions

of this hierarchy. Since master symmetries are usually connected with a bi-Hamiltonian structure in the sense of Magri [11]
(see [12,13] for an overview), it suggests investigating the relation with the recursion operator for this hierarchy that was
found in [14].

Acknowledgements

The authors acknowledge the partial support of the Belgian Interuniversity Attraction Pole P06/02. The second author is
a Research Fellow at FNRS, Belgium.

References

[1] M.L. Mehta, Random Matrices, third ed., in: Pure and Applied Mathematics Series, vol. 142, Elsevier Academic Press, 2004.
[2] C.A.Tracy, H. Widom, Fredholm determinants, differential equations and matrix models, Comm. Math. Phys. 163 (1994) 33-72.
[3] M. Adler, T. Shiota, P. van Moerbeke, Random matrices, vertex operators and the Virasoro algebra, Phys. Lett. A 208 (1995) 67-78.
[4] M. Adler, P. van Moerbeke, Integrals over classical groups, random permutations, Toda and Toeplitz lattices, Comm. Pure Appl. Math. 54 (2001)
153-205.
[5] L. Haine, J.P. Semengue, The Jacobi polynomial ensemble and the Painlevé VI equation, J. Math. Phys. 40 (1999) 2117-2134.
|6] M. Adler, P. van Moerbeke, Hermitian, symmetric and symplectic random ensembles: PDEs for the distribution of the spectrum, Ann. Math. 153 (2001)
149-189.
[7] V.G. Kac, AK. Raina, Bombay Lectures on Highest Weight Representations of Infinite Dimensional Lie Algebras, in: Adv. Series in Math. Phys., vol. 2,
World Scientific, Singapore, 1987.
[8] K. Ueno, K. Takasaki, Toda lattice hierarchy, in: Group Representations and Systems of Differential Equations, in: Advanced Studies in Pure
Mathematics, vol. 4, 1984, pp. 1-95.
[9] I. Rumanov, The correspondence between Tracy-Widom and Adler-Shiota-van Moerbeke approaches in random matrix theory: the Gaussian case,
J. Math. Phys. 49 (2008) 043503.
[10] B. Fuchssteiner, Mastersymmetries, higher order time-dependent symmetries and conserved densities of nonlinear evolution equations, Progr.
Theoret. Phys. 70 (1983) 1508-1522.
[11] F. Magri, A simple model of the integrable Hamiltonian equation, ]. Math. Phys. 19 (1978) 1156-1162.
[12] F.Magri, J.P. Zubelli, Differential equations in the spectral parameter, Darboux transformations and a hierarchy of master symmetries for KdV, Comm.
Math. Phys. 141 (1991) 329-351.
[13] P.A. Damianou, Multiple Hamiltonian structure of the Bogoyavlensky-Toda lattices, Rev. Math. Phys. 16 (2004) 175-241.
[14] N.M. Ercolani, G.I. Lozano, A bi-Hamiltonian structure for the integrable, discrete non-linear Schrédinger system, Physica D 218 (2) (2006) 105-121.



	A centerless representation of the Virasoro algebra associated with the unitary circular ensemble
	Introduction
	A centerless representation of the Virasoro algebra
	The unitary circular ensemble and the Painlevé VI equation
	Discussion of the results and some further directions
	Acknowledgements
	References


