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1. Introduction

In this paper we study the existence of convex solutions to the Monge-Ampére equation

det(Dzu) =¥ (x,u,Du) inR", (M

where ¥(x,z, p) is a positive function in C2(R" x R x R"), Du = (uy, ..., u,) denotes the gradient of u and D?u = {uij}
denotes the hessian of u (u; = ng:l ujj = axalz—g“xj)

The Monge-Ampeére equation on bounded domains has been studied by many authors (see for instance [1-5,8,9,11]) but
very little is known when the domain is unbounded (see for instance [2,6,7]). When ¥ depends only on x, the problem
was solved by K.S. Chou and XJ. Wang [6]. Here we generalize the latter work and prove an existence result of entire
convex solutions provided there exist a subsolution of the form u = a|x|? and a superharmonic bounded positive function ¢
satisfying: ¥ > (2a + %)“. Since no entire bounded positive superharmonic function exists for n < 2 (see [12]), we assume
that n > 3 in all this note. For n > 4, ¢(x) = HP:W is an example of superharmonic bounded positive function given in [10].
So let

‘/’% — e% AH‘E arctg(u2+\p|2)’

then we can easily verify that the assumptions above on v are all satisfied with a = 1.
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2. Main result

Using the C2 estimates of the solution up to the boundary (see [1,7]) we prove the following theorem.

Theorem 2.1. Suppose that the function u = a|x|? is a subsolution of (1), that is

det D?u > ¥ (x, u, Du) (2)
with a a positive large constant, and assume that ¥ is a C2 function satisfying:
Ap\" D¥|+ |D?w
W><za+7¢> . w0, $<oo, 3)

where ¢ is a superharmonic bounded positive function. Then Eq. (1) admits at least one convex solution u satisfying:

alx?<u<ax?+¢, ueC**K); VKeR", VO<a <1. (4)

To prove Theorem 2.1 we shall proceed as follows. Suppose there exists a subsolution u = a|x|?. For k > 1, denote by
B (0, k) the ball in R" of center the origin and radius k. We know that (see [1,4]), for any k > 0, the Dirichlet problem:
det(D*u*) = w (x, u¥, Du*) in B, (0, k), 5)

uk = u on 0B (0, k)

has a unique solution u* € C2%(B,(0,k)), VO < « < 1. Using the barrier constructions (see [1,7]) for estimating the second
tangential and mixed derivatives at the boundary, we prove that bounds of the second derivatives of u¥ are independent of
k in all compact set of R". Finally, standard Calabi’s interior estimates for the third derivatives (see [4]) yield local uniform
bounds of D3uk. Using a diagonal sequence argument, we get a subsequence {u"f}@l, that converges locally in C%% norm
to a strictly convex solution of our original problem.

In Section 3 we shall give some technical lemmas. In Section 4, we give the proof of Theorem 2.1.

3. Some technical lemmas
To prove uniform bound of the second derivative of u we shall return to work of L.A. Caffarelli, L. Niremberg and J. Spruck
in [4], Bo Guan in [1], F. Finster and O.C. Schniirer in [7] and adapt to the situation of the theorem above that we prove in

the next paragraph. By ¢ we denote a constant independent of k which may change its value from line to line throughout
the text.

Lemma 3.1. Let k > 1. For any x € 3By (0, k), set vi(x) the inner unit normal to 3B, (0, k) at x and write any y € R" as

y=x=y®+y. Gu.y)eRxn®,
then 3B, (0, k) N By (x, %) is given explicitly by an equation of the type

Yo =¥, (6)
where pj, € C°° (B, (0, %) N v (x)1) and satisfies
2 ¢ 3 ¢
A =0, Dp=0, [D°o@[<7.  [Dpelgyp, 01 S iz (7)

with c a positive constant independent of k.

Proof. Let x € dB;(0, k). Without loss of generality we may suppose that x = (0,...,0, —k) and then v (x) = —‘%

(0,...,0,1), and v (x)T =R""1. We write any y € R" as

=e; =

y—X=Ynren+y'

p(yY)=1=1-1y'% y €Bp1(0,1),

Py =kp(y?>,

Set

and
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where B,_1(0, 1) is the unit open ball of R"~1. For k > 1, we have By (x, %) N dB,(0, k) is given by
/ ’ 1 n—1 1
Ynk=pk(y), Y €Bn 0,5 NR"™ =By 0,5 .
We have

Sij
por(0) =0, D pk(0) =0, D? p(0) = {?f}

and since

. . y’ .
D'pr(y') = P D’p<?>, Vi1,

it follows that
ID2p@)| <. |[D3p <<
Pk S Pk 0,1,Bn,1(0,%) SN2

with ¢ is uniform in k. This completes the proof of Lemma 3.2. O

We shall use, in addition, the following lemmas. Let u¥ be a solution of the Dirichlet problem (5).

Lemma 3.2 (Estimation of u¥). Set ii(x) = a|x|? + ¢. As k — oo, the function u*

Moreover,

converges locally uniformly to a convex function u.

u<uf<iu inBy(0,k), Vk>1.
Proof. Applying the arithmetic-geometric mean to the convex function u¥ we deduce that
k 1 —
AUt >n¥n > Au,
and then using the maximum principle we obtain
u<uk<u inBu(0,k).
Hence for k1 < k3,
ukt <uk on 9B, (0, k1),
and again from the maximum principle,

ukt <uk2 in BL(0, k).
We conclude that the sequence {uk},@l is monotone. Its pointwise limit is convex and thus continuous. So it converges
locally uniformly according to Dini’s theorem. 0O

From now on we omit the index k and assume that u is a solution of (5).

Lemma 3.3 (Estimation of Du¥ in B,(0, k)). Let u € C2(B, (0, k)) be a locally convex solution to the Dirichlet problem (5). Then

|Du|0,73n(0,k) < ck, (8)
with c is uniform in k, and in all compact subset K of R", we have |Du|o k is uniformly bounded in k for k sufficiently large.
Moreover, for k? — X < |x|> <k?, letv = 7 and T be a unit vector orthogonal to X then
|uv () —up | <c, (9)
lur )| <c. (10)
Proof. Since u is locally strictly convex, |Du| takes its maximum on the boundary. It suffices then to estimate |Du| at the

boundary. Tangential derivatives vanish there in view of Dirichlet boundary conditions. It suffices then to estimate u, the
exterior normal derivative of u on 9By(0, k). Letting x € 3B, (0, k) we have

UU(X)Z llrgl w
t—0—
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As u(x) = u(x), we have

U+ V) —U() _ U+ ) —uE

Vt < O, X
t t
Then
uy(x) <uy(x) onaBp(0,k). (11)
To estimate u, (x) from below we simply make use of the convexity of u. The exterior unit normal to dB,(0, k) at x being
V= I%I Using the convexity of u as well as the fact that u lies below u and u(x =kv) =u(x =kv), u(y = —kv) =u(y = —kv)
we obtain

—Up(Y) < U (Y) =up(y) S U (X) S Up(X),
we deduce that
|uy ()| < 2ak.
Now, for 6 > 0, denote
Ug={x/ux) <0}, Up={x/u(x) <0}, Us={x/ukx <06}

These domains are all open, bounded and Uy, Uy are convex subsets of R". Moreover, according to the C° estimates in
Lemma 3.2, there exists a sufficiently large k forthwith they satisfy

Uy C Uy CUp C By(0,k).
Let K be a compact subset of R". We can find 6 > 0 and k > 1 such that K c Uy and Uy C B, (0, k). As
Uy C Up € Uz,

and u is convex, it is not difficult to deduce, using C° estimates in Lemma 3.2, that

u—=~6
max |Du| < max|Du| < max ——— <.
2x |Dul < max|Dul < Uz d(dUg, dUz)

Now, let k% — }l <X%2<k?and v= ‘—ﬁ‘ Using the convexity of u we have
(u@ —alx|?) — (u((1x| — 1)v) —a| (x| - l)v|2) <uy(x) —2alx| +a
=uy(x) —uy(x) +a

1
<uykv) — Za(k — 5) +a=2a.

The CO estimates of Lemma 3.2 imply that |u(y) —a|y|?| < |@lo in Bn(0,k) and then

|up () — uy ()| < 2a + [@lo.

In order to derive (10), we consider u along the line segment x + At parametrized by A € [—Xg, Agl, Ao = VK2 — |x|2. The
boundary values of u are u(#XAg) = u(£Ag). Thus using that u lies above u and is convex, we obtain the estimate

u'(—ho) < u'(=2o) SU'(A=0) <u'(Ro) <U'(R0),
and thus

|ur ()| = [u' (= 0)] < max{|u'(—2o) |, |4/ (10) ]}
As hg= k2 — |x2 < 1 we obtain

|u'(£20)| = [2(x £ 207).T| =240 < 1

and the proof of Lemma 3.3 is complete. O

Let x be a point on 9By (0, k), set v (x) the inner unit normal to 9B, (0, k) at x and write any y € R" as

y—x=y,+Y, v, y)eRx ™.
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Using Lemma 3.1, choosing (ti,...,Ts—1) an orthonormal basis in v (x)X and writing y’ = Zg_:]] YaTa, We get that
9B, (0,k) N Bp(x, %) is given explicitly by an equation of the type

1 .
w=m)=5 D Bupyays+cubicofy'+0(y"), (12)
1<, B<n—-1

where 0(]y'[*) < k% with ¢ uniform in k.

Lemma 3.4 (Tangential strict convexity of u¥). Let u € C2(B,,(0, k)) be a locally convex solution to (5). Then for k sufficiently large we
have

n—1
< Y uap(NEatp <c, (13)
o,f=1
for any unit vector £ = (£1, ..., &,_1) € R*™ 1. Where cq and c are positive constants uniform in k.

Proof. Since u=u on dB,(0,k) we have for 1 <o, <n—1:

Ugp (X) = Ugp(X) + (Uy — Up) (X) Pap (X). (14)
Using Lemma 3.1, (9) in Lemma 3.3 and |D%u| = |2a{6;j}| < ¢, we obtain |ugg(x)| < ¢ with ¢ a positive constant uniform
in k.
Next we shall establish:

Y uapWEap = co,

a,B<n

for any unit vector & = (&1,...,&1-1) € R"1. Since
U = Wap) + (U —whv(X)papx) =0,
and according to (9) as well as
)
DPu=2al8y),  Pap(0 =",

we obtain for k sufficiently large

C
D Uapadp>20— 1 >20—1,

a,B<n

for any unit vector & = (£1, ..., £,_1) € R""1. The proof of Lemma 3.4 is then complete. O

Lemma 3.5 (Estimates of the mixed second derivatives of u¥ on 3B,(0,k)). If u € C2(Bx(0, k)) is the locally strictly convex solution
of (5), then for x € B, (0, k),

[upw @] <c, 1<a<n—1,
where the constant c is uniform in k.
Proof. Rewrite Eq. (1) in the form
logdet(D?u) =log ¥ (y, u, Du) = f(y, u, Du),
and let £ denote the linear operator defined by
Lo =uwij — fp(y,u, Du)w; for w € C2(B,(0,k)),

where {ull} is the inverse matrix of {uij} and fp,(y,z,p) = g—I{i(y, z, p). For a fixed o < n, consider the differential operator

T=0y+ Y Bap(ypdy — yuip).

B<n
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On 3B,(0,k) N By(x.0), o <k —,/k? — %, we have

(U —u)q + <Z Baﬁ.Vﬁ)(u —u

B<n

ITw-uw)|< + |y ) Bapu—up|.

B<n

To estimate the first term of the last inequality we use
(u—we + (Z Bzxﬂ}’ﬁ)(u — W)y = U —Wa + pa (Y)W —wy + 01y 1P) U —wy,
B<n

where, by (7), 0(ly'1*) < Iy,
Since (U — U)y + P (¥') (U —u)y, =0 on 3B, (0,k) N By(x,0), and according to (9), (10) it follows

(U —wao + (Z Baﬁy,s>(u Wy

B<n

c
< - /2'
\klyl

By Lemma 3.3, the second term verifies

Yv ) Bap(u— E)ﬁ‘ = ‘p(y’) > Bap(u— E)ﬁ‘ <cly'P.
B<n B<n

Consequently, we have
IT(u—w)|<cly® ondBn(0,k) N By(x,0).

Following [4], we shall prove that

eT@-w| <c(1+Y u") inBu©.K) N Balx, ).
Let (&1,...,&n—1, & = V) be an orthonormal basis in R", then we have, using Einstein summation convention
L(Tu) =u"(Tu)ij — fp,(Tu);

= T[logdet(D?u)] — fp, [uou' + Z Bap(Bpitly + Yplyi — Siplig — YVUﬁi):|

B<n

= T[f(ya u’ DU)] - I:fpiucli + ZBaﬁ(J’ﬂfp,-uui - }’vfp,-uﬂi)]

B<n
+ 8iv fp; Z Bapup —uy fp, Z Bugdgi
B<n B<n
= fo + ZBaﬁ(Yﬁfv — W fp)+ frug + ZBaﬂ(yﬁfzuv — Yvfzupg)
B<n B<n
+ fpn ) Baplip —Uv ) Baifp,.
B=<n 1<i<n
As
S n—1
wl<ck  Bap="2. Iy —xl=yi+ ) ¥i<s
a=1

and using (9), (10) we obtain

|£(Tu)| <c.
In another hand, we have

|LT(u —uw)| <|LTul+ |LTu| <c+|LTul.
Since Tu = uy = 2ayqy,

LTu = —2afy,.

601
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Thus

ILTul <c.
So,

|LT (@ —w]|<c inBu(0,k) N By(x,0).
We shall employ a barrier function of the form
v=(u—u)+td—Nd?
where d is the distance function to dB,(0,k), and t, N are positive constants to be determined. We have d(y) =k — |y] is

C*° smooth in B, (0, k) N By(x,0).
The key ingredient is the following:

Lemma 3.6. For N sufficiently large and t sufficiently small,
a . X
Lv < —5(1 + Zu“) in Bn(0,k) N Bp(x, 0),
v=0 ond(By(0,k) NBu(x,0)). (15)
Proof. We have
n
ul(uij — uij) = tr({8ij}) — 2au's;j =n — 2a Z u't,

i=1
Using (9), (10) it follows that

L(u—u) =u(uj —uij) — fp,(xu, Du)(uj —up) <c—2ay_u',

where c is uniform in k.
Moreover it is easy to see that

c@]<e(1+ ) ul),
for some ¢ > 0 uniform in k. Thus
Lv<cte+ (tc—2a) Yy u' —N(L£d®) inBa(0,k) N By(x,0).
Since
Ld? =2dLd + 2uVd;d,
it follows, in B, (0, k) N By(x,0)
Lv<cte+ (tc—2a) Yy u' —2N(dLd + uVdid)). (16)

Furthermore, since {u'/} is positive definite,

n
uldidj = "u'd? +2) uldid;

i=1 i<j
=u"d2+2) ududs+ Y uldid;
B<n 1<i<n—-1
>u™ds +2) udady.
p<n

Since d, (x) =1, dg(x) =0 for all B <n, we can find, for any § > 0 a sufficiently small o < § such that 14 Lz >dy(y) >
and |dg(y)| < % Vy € B, (0,k) N By(x,0). Then

> u”ﬂdndﬂ‘ < % > ou

B<n

4
/2
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and

o ym -
u'did; > u””dﬁ +2 Z u”ﬁdndﬂ > 5 cs Zu” in B,(0,k) N Bp(x,0),

p<n

with c is uniform in k.

Now, letting A1 < --- < A be the eigenvalues of {u/} we have Y uil = Zki_1, u™ > -1, and, by arithmetic-geometric

mean,

na 1
> — (N7
na 1 1
> : Nn =c1N
201913 a0)

Now, we fix t > 0 sufficiently small so that the constant tc in (16) satisfies: tc < %

obtain

a a . ; )
£v<c+§—EZu“—Nu""+2N(c8+dc)Zu“+2Ndc—a2u“
a 1 ii ii
<c+§—c1Nn+2N(c8+dc)Zu +2Ndc—a2u

3a ii ii
g—?—aZu +4N8c2u + 2Néc,

if we require § to satisfy 4Ncs < g, we get

Lv< —g(1 + Zu”) in By (0. k) N By(x.0).

It remains to examine the value of v on 9(B,(0,k) N By(x,0)).
On 9B, (0, k) N B,(x,0) we have v = 0. If we require, in addition, No < t, we get

v>td—Nd*> > (t—No)d>0 onBy(0,k)NdBu(x,0).
Now we fix o sufficiently small and the proof of Lemma 3.6 is complete. O
We can now complete the proof of Lemma 3.5. Using Lemma 3.6, we have
L(AV+BlyP£T@—u)=ALV)+2BY u" —2fp,y;i+ L(Tu—u))
S—A+c-2fpyit (—5A+2B> > ul
Consequently,

L(Av+B|y> £ T(u—u)) <0 inBn(0,k) N By(x,0),

: : 4
for A sufficiently large (depending on c, B, TO])'
Since v >0 on d(B,(0,k) N By(x,0)) and

[T —w|<cly® ond(Bn(0,k)NBy(x,0)),
we can choose A >> B > 1 so that

AV+BIx? £ T(u—u) >0 ond(Ba(0,k) N Bn(x,0)).
It follows from the maximum principle that

|T(u—u)| <Av+Bly|* inBy(0,k)NBy(x,0),

and according to (9)

and fix N so that c1N% > c+ 2a. We

0y T (u —w)(X)| < 3y(Av + Bly[*)(x) = Adyv(x) = A(u — w), (%) + tAd, (x) < Ac,
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with ¢ is uniform in k. But

T (U —u)(X) =uUpg(X) — Upg (X).

So,

}uav(x)’ <c.

This completes the proof of Lemma 3.5. O

Lemma 3.7 (Estimation ofu’év on 9B, (0,k)). Let x € 3B, (0,k) and v = —ﬁ. We have
Uy, (x) <c.

Proof. We choose an orthonormal basis such that the submatrix {uqg} is diagonal. We expand the determinant,

¥ (x,u, Du) =det(D*u(®) =up® [] tae®@— Y 2,® [] taa®

1<agn—-1 1I<y<n-1 a#y<n
1
2
= [] tee®(umwx- > w2, :
Uy (X)
1<agn—1 1<y <n-1

Now we substitute in the estimates of Lemmas 3.4 and 3.5 to obtain

2
(lI/(x,u,Du)—i— Z uyv(X)><c.

[Ti<ocn—1Yoa 1<y <n—1 uyy (%)

0<uy(® <

4. Proof of Theorem 2.1

For each k > 1, we consider the Dirichlet problem (5). Using the fact that u is a locally strictly convex subsolution of (5),
the C*° smoothness of boundary data in (5) allows us to deduce the existence of a unique solution to (5) satisfying

ug € C2*(Bn(0,k)) Yo €10,1[

(see [1]). Furthermore, using Lemmas 3.2, 3.3, 3.4, 3.5 and 3.7 we deduce that:
2
Vk}l, |D Uk{o’mgc, (17)

with ¢ a positive constant independent of k.
Using Calabi’s interior estimates for the third derivatives (see [4]) we deduce that

< ;,
d(x,dB(0,k))

where ¢ is a positive constant depending only on the constant c given by (17).

|D3uy| k>1, in B(0,k),

Step 1. In B, (0, 1) we have

c
< ,
d(9Bn(0, 1), 9Bn(0, 2))
where ¢ is a positive constant independent of k.

Then, according to the C° and C! estimates of u in Lemmas 3.2 and 3.3 and using Lemma 6.36 in [8] we deduce that
there exist a subsequent (u, k)k>1 Of (U)k>1 and vi € €% (B,(0,1)) such that:

|D3uy| vk > 2,

,{BTOO [unik) = Vily o 5,01 = 0-
Step 2. As previously, from the sequence (uy, k))k>1 We can extract a subsequent (u,)k>1 such that u,,q converges to
vy in C%%(By (0, 2)).

By uniqueness of the limit we have
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So we construct iteratively a sequence (i, )k>1 for all s > 1 such that

Upoky = Vs in C2*(Bn(0,5)),

and

Vs>1, vs=vy, V1<k<s, inBy(0,k).

We consider the sequence (uy,k))k>1 obtained from (i x))sk>1 by the diagonal process. (uy,x))k>1 is a subsequent of
(Unsk))k>1 for all s > 1. Therefore,

Uyuk) = Vs whenk — oo, in C*%(B,(0,5)), ¥s > 1. (18)

Thus uy, k) converges locally to u in €22 norm, with u = vs in B,(0,s) for s > 1. Since ¥, det are continuous then when
passing to the limit we obtain u satisfies

det(D?u) = ¥ (x,u, Du) inR", (19)

that is u is a solution in R" of (1). Moreover, from the fact that Dzu,,k(k) is positive on B, (0, s), Yk > s, when passing to the
limit we deduce that D?u = D2v is nonnegative in B,(0, s), Vs > 1. Using (19) and ¥ > 0 we conclude that D2u is positive
in R". Thus u is strictly convex in R". In another hand, since Vs > 1, Vk >s, u > Up,(ky = U on Bp(0,s), we deduce

u>u>u inR" (20)

That completes the proof of Theorem 2.1.
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