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Abstract

The basin of attraction of an asymptotically stable fixed point of the discrete dynamical system given by
the iteration x, 41 = g(x,) can be determined through sublevel sets of a Lyapunov function. In Giesl [On
the determination of the basin of attraction of discrete dynamical systems. J. Difference Equ. Appl. 13(6)
(2007) 523-546] a Lyapunov function is constructed by approximating the solution of a difference equation
using radial basis functions. However, the resulting Lyapunov function is non-local, i.e. it has no negative
discrete orbital derivative in a neighborhood of the fixed point. In this paper we modify the construction
method by using the Taylor polynomial and thus obtain a Lyapunov function with negative discrete orbital
derivative both locally and globally.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper we study the basin of attraction of a fixed point of the general discrete dynamical
system given by the iteration x,4+1 = g(x,), where g € C°(RY, R?), 6>1and d € N. While
existence and exponential asymptotic stability of a fixed point X can be checked straightforward,
the determination of its basin of attraction A(X) consisting of all initial points such that their
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iterates converge to X, is a difficult problem, since it involves global information as opposed to
local information for the stability. A common way to analyze the basin of attraction is the method
of a Lyapunov function.

A Lyapunov function L € C°(R?, R) is a function with negative discrete orbital derivative
L'(x) < 0 for all x € B\{x}, where B is an open neighborhood of the fixed point. The discrete
orbital derivative is defined by L'(x) := L(g(x)) — L(x). Then connected and bounded sublevel
sets Og,i.e. L(x) < R forall x € Og and L(x) = R for all x € 0Og, are subsets of the basin of
attraction of x supposed that L'(x) < 0 holds for all x € O_R\{f}.

The existence of Lyapunov functions has been established by converse theorems which, how-
ever, offer no construction method for Lyapunov functions. One of these converse theorems proves
the existence of the Lyapunov function V € C?(A(x), R) satisfying V'(x) = —|lx — f||2, cf.
[11,4, Theorem 2.8]. In [4], this function V was approximated as the solution of a linear difference
equation using radial basis functions. For the approximation v one chooses the coefficients of a
certain ansatz function such that the difference equation is satisfied for all points of a grid Xy,
ie. v'(xj) = —|lx; — %12 for all x i € Xn. The approximation then satisfies the error estimate
[V/(x) — v/ (x)| <&, ie. v (x)< — |lx — X||? + &2, where ¢ depends on the density of the grid.
This ensures v'(x) < 0if x ¢ B:(x), i.e. we obtain a non-local Lyapunov function. The local
part was solved in [4] by using a local Lyapunov function, which can be obtained by a Lyapunov
function of the linearized equation x, 1| = Dg(X)x,, where Dg denotes the Jacobian matrix of
first derivatives.

Other methods for the construction of Lyapunov functions for discrete and continuous dynam-
ical systems consider special Lyapunov functions like quadratic, polynomial, piecewise linear,
piecewise quadratic or polyhedral. Julidn [13] approximated the differential equation by a piece-
wise linear right-hand side and constructed a piecewise linear Lyapunov function using linear
programming (linear optimization). Hafstein [9], improved this ansatz and constructed a piece-
wise linear Lyapunov function for the original nonlinear system also using linear programming.
The resulting Lyapunov functions are not smooth since they are piecewise linear or quadratic, on
the other hand they require less smoothness than our approach and can also be used for control
problems. For these methods a triangulation of the space is necessary which gets more complicated
for higher dimensions. Johansen [12] used a family of smooth basis functions and determines the
parameters by convex optimization.

A different method deals with the Zubov equation and computes a solution of this partial dif-
ferential equation. In a similar approach to Zubov’s method, Vannelli and Vidyasagar [17] use a
rational function as Lyapunov function candidate and present an algorithm to obtain a maximal
Lyapunov function in the case that fis analytic. In Camilli et al. [2], Zubov’s method was extended
to control problems in order to determine the robust domain of attraction. The corresponding gen-
eralized Zubov equation is a Hamilton—Jacobi—Bellmann equation. This equation has a viscosity
solution which can be approximated using standard techniques after regularization at the equi-
librium, e.g. one can use piecewise affine approximating functions and adaptive grid techniques,
cf. Griine [7]. The error estimate here is given in terms of |V (x) — v(x)|, where V denotes the
regularized Lyapunov function and v its approximation, and not in terms of the orbital derivative
as in our approach. In [8] an ISDS Lyapunov function for control problems is approximated via
set orientated methods.

We use radial basis functions to solve the difference equation V'(x) = —|lx — X||*>. The
main advantage of this method is that it is meshless, i.e. no triangulation of the space R is
needed. Other methods first generate a triangulation of the space, use functions on each part of
the triangulation, e.g. affine functions as in some examples discussed above, and then patch them
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together obtaining a global function. The resulting function is not very smooth and the method
is not very effective in higher space dimensions. Moreover, the interpolation problem stated by
radial basis functions is always uniquely solvable and we can choose scattered grid points. Radial
basis functions give smooth approximations, but at the same time require smooth functions that are
approximated.

In this paper, we seek to construct a Lyapunov function v which has negative discrete orbital
derivative also near X and thus is local and global. To achieve this goal, we calculate a Taylor
polynomial-like function n(x) of V, such that the function W(x) := X((;‘)) for x € AX)\{x}
and W(X) := 1 is a smooth function. Then we approximate the function W (x) satisfying the
linear difference equation ' (x) W (x) +n(x)W'(x) = —|lx — x| by an approximation w, which
satisfies this equation for all points of a grid and, additionally, w(x) = 1. The radial basis
function chosen for this mixed approximation will be of the class of Wendland’s compactly
supported radial basis functions. Local and global error estimates of the approximation ensure
that v(x) = n(x)w(x) has negative discrete orbital derivative in particular near X, i.e. v is a local
and global Lyapunov function. Hence, connected sublevel sets of v are subsets of the basin of
attraction of X. We prove in this paper that each open, bounded and connected subset of the basin
of attraction can be covered by a sublevel set of v, when choosing the grid points properly. The
method can be extended to more complicated attractors such as periodic orbits X1, ..., X, using
the local information given by Dg(x1), ..., Dg(x,).

For continuous dynamical systems given by an autonomous ordinary differential equation
X = f(x) asimilar method of constructing Lyapunov functions was established in [3]; improved
error estimates were obtained in [6]. The construction of a global and local Lyapunov function
similar to this paper was presented in [S5].

The paper is organized as follows: in Section 2 we recall the properties of the Lyapunov function
V and prove properties of its Taylor polynomial-like function n(x) and the function W (x) = K((;‘)) .
Section 3 deals with the approximation w of W using radial basis functions. In Section 4 we derive
local and global error estimates for w, which are used in Section 5 to prove the main results: setting
v(x) = n(x)w(x), the function v is a local and global Lyapunov function, i.e. v'(x) < 0 holds
for all x € B\{x}, cf. Theorem 5.1, and each open, bounded and connected subset of the basin
of attraction can be covered by a sublevel set of v, cf. Theorem 5.2. In Section 6 we give two
examples: a comparison with the method in [4] (two-dimensional example) and a model for the
demand for education, cf. [15] (three-dimensional example).

2. The Lyapunov function V and its Taylor polynomial
Throughout the paper we consider the discrete dynamical system given by the iteration

Xn+1 = g(xn)a

where g € C°(RY,R?%), 6>1 and n € N. The flow of the dynamical system is denoted by
Sux0 := xn, n € No. Denote By(y) = {x € R?| ||x — y|| < &} fore > 0and y € R?.

Let us recall some basic definitions from dynamical systems: A point ¥ € R is called a fixed
point if g(x) = x. A fixed point X is called

e stable if for all ¢ > 0 there is a 6 > 0 such that S,x € B.(x) holds for all n € N and for all
x € Bs(X).
e attractive if there is a &' > 0 such that lim, ., ||S,x — X|| = 0 holds for all x € By (X).
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o exponentially attractive if there is a & > 0 and a g > 0 such that lim, s ||S,x —
x|l exp(un) = 0 holds for all x € By (X).
e (exponentially) asymptotically stable, if it is both stable and (exponentially) attractive.

If all eigenvalues 4 of the Jacobian matrix of the first derivatives Dg(x) satisfy || < 1, then X
is exponentially asymptotically stable.

Aset O C RY is called positively invariant if S,x € O holds for all n € N and all x € O.

We assume throughout the paper thatx € R? is a fixed point and that all eigenvalues 4 of Dg(X)
satisfy [4] < 1.

In the following theorem a sufficient condition for the determination of a subset of the basin of
attraction is given through the Lyapunov function L, cf. [10,11,4, Theorem 2.2].

Theorem 2.1. Let X be an asymptotically stable fixed point of the discrete dynamical system
Xnt1 = g(xp), letx € O C R? be an open, bounded and connected set. Let L € CO(Rd, R) be a
Sfunction and R* € R such that

1. L(x) < R* holds for all x € O and L(x) = R* holds for all x € 00.
2. L'(x) < 0 holds for all x € O\{x}, where L'(x) := L(g(x)) — L(x) denotes the discrete
orbital derivative.

Then O is positively invariant and O C A(X) holds.

The following theorem ensures the existence and smoothness of a special Lyapunov function,
cf. [11, Theorem 49.3] for the existence and [4, Theorem 2.8] with p(x) = —||x — )_c||2 for the
smoothness. The theorem holds true for other right-hand sides p(x), but for the Taylor polynomial,
cf. Definition 2.3, and its calculation, cf. Remark 2.5, we need a quadratic form. Hence, instead
of —|lx — x||* we could choose —(x — ¥)T C(x — ¥) with any positive definite matrix C, but for
simplicity we restrict ourselves to C = [.

Theorem 2.2 (Existence of V). Let X be a fixed point of x,,+1 = g(x,), where g € C° (R4, RY),

> 1. Let |A] < 1 hold for all eigenvalues of Dg(X).
Then there exists a function V € C?(A(X), R) with V (x) = 0 such that

Vi(x) = —llx = %|I?
holds for all x € A(X). The set Kg := {x € A(X)|V (x) <R} is compact in [Rdfor all R>0.

In the following Definition 2.3 we define the function I which turns out to be the Taylor
polynomial of V of order P, cf. Lemma 2.4.

Definition 2.3 (Definition of ). Let 6 > P >2. Let [ be the function

hx) = Y culx —D)* 2.1
2< el <P
such that Y (x) = h(g(x)) — h(x) = —[x —X|I* + o(Jlx — X||). (2.2)

Lemma 2.4. There is one and only one function by of the form (2.1) which satisfies (2.2). The
function ly is the Taylor polynomial of V, cf. Theorem 2.2, of order P.
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The proof of the lemma can be found in Appendix B. Let us explain how to calculate the
function b.

Remark 2.5. Eq. (2.2) can be solved by plugging the ansatz (2.1) into (2.2) and replacing g by

its Taylor polynomial of order P — 1. Then (2.2) becomes
o

ﬁ _
Y ol psome-n+ Y Q0 |~
p!
2< ol <P 2<IBI<P-1
= —[lx = XI* + o(llx — % 7). (2.3)

The difference of g to its Taylor polynomial is of order o(||x — X||*~!) and thus the difference of
the whole left-hand side of (2.3) to Y (x) is of order o(]lx — X||©).

We add a high order polynomial M |x — X||* to b in order to obtain a function 1 for which
n(x) > 0 holds for all x # x.

Definition 2.6 (Definition of n). Leto > P >2 and letl) be as in Definition 2.3. Let H := LgJ +1
and M >0 and define
n(x) =bx) + Mx — |7
= Y calx=%"+ Mlx —x|*". (2.4)
2< o< P
Choose the constant M so large that ni(x) > 0 holds for all x # X. Note that n € C“(Rd, R).
This is possible since for x — X the leading term is hp(x) = (x — )T B(x — X) which is a

positive definite quadratic form, and for x — oo the leading term is M||x — x|12H; for details cf.
[3, Definition 2.56].

Vx)
nx) *

In Proposition 2.7 we summarize some properties of 1(x) and W (x) :=

Proposition 2.7. Let 6> P >2 and let n be as in Definition 2.6. Then

1. n(x) > 0 holds for all x # X.

2. For each compact set K, there is a constant C > 0 such that n(x) < C||x — X||* holds for all
x €K.

3. Wx) = Y& ¢ cP-2(A®), R), where W(X) = 1, and 8*W (%) = 0 for all 1 <|o| < P — 2.

1n(x)

Proof. The proposition can be proved as in the continuous case, cf. [3, Proposition 2.58]. [

Example 2.8. Consider the difference equation
1 2 2
{xn+1 : len + Xy 5 Yn» 2.5)
Ynt+l = —35¥n T X,

with fixed pointx = (0, 0). This is Example 1 of [4] and will serve as an example in Section 6.1. We
calculate the polynomial [)(x, y) and start with the terms b, (x, y) of second order. By the proof of

Lemma?2.4,bh(x, y) = (x, y)B ( ); ), where B is the solution of Dg(0, O)TBDg(O, 0)—B =-1.

4
In our case B = ( 3

(e

0 4

), ie h(x,y) = %xz + %yz, cf. [4].
3
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For the terms of order three, h3(x, y) = ax® 4+ bx?y + cxy? + dy>, we consider (2.2) with
P=3
—x = 3> +o(ll (e, MIP)
= (haog)(x,y) + (h3 0 g)(x,y) — halx, y) — b3(x, y)

2 2 3
=‘3—1<%x+x2—y2) +%(—%y+x2) +a<%x+x2—y2>
2 2
+b(%x+x2—y2> (—%y—i—xz)—l—c(%x—kxz—yz) (—%y—i—xz)

3
+d (—%y +x2) — %xz — %yz —ax® —bx*y — cxy? —dy?
+

(
+5* (~gd = d) +ollx, IP),

. 32, 32 . 3 _ _32.3_ 322 32 2
ie.a=357,b=—3,c=—37 andd = 0. Thus, h3(x, y) = 57x 55Xy — 57Xy°.

In a similar way we calculate the terms of order 4 and 5 and obtain for P =5

_ 42,402 32322 32
blx, y)=3x"+3y"+ 5757 — 55x7y — 57xy

10624 4 | 4096 3 1408 .2.2 2563 | 64 4
TR X TR Y T 35 XY T 5yt 35)
3657728 .5 , 1416704 4 65536.3.2  1581056.2.3 , 34304 .4 , 25605
372045 X T 530145 X Y~ 9630 X ¥~ 330145 X ¥ T 9765 Y T 5049 -
(2.6)
A function 1t such that 1(x, y) > 0 holds for all (x, y) # (0, 0) is given by
n(x, y) =hlx, y) +26> + yH)°. 2.7)

3. Approximation of W using radial basis functions

In this section we describe the approximation of the function Wby w using radial basis functions.
For an overview on radial basis function, cf. [19,1].

Since the 1970s radial basis functions have been used to interpolate scattered data. Given
points Xy = {x1,...,xn} C R? and values f1, ..., fn the goal is to find a smooth function
f:R?Y — R interpolating the data, i.e. f(x;) = fjforall j =1,..., N. Using the following
ansatz for the interpolating function f(x) = lecv=l ¥ (x — xi), where Y is a fixed radial basis
function, the interpolating conditions become the system of linear equations Af = o, where
o= (f1,..., fy)and A = (ajx) jr=1,...n Withajr = ¥(x; — xi). The choice of the radial basis
function W(x) = ¥(]|x|)) is such that the matrix A is positive definite for a general choice of the
grid points. In this article we use Wendland’s compactly supported radial basis functions.

Radial basis functions can also be used to interpolate the values of general linear operators,
e.g. linear differential operators; in the above example of the interpolation of function values the
linear operator was the identity. Hence, they can be used to solve partial differential equations,
also with boundary conditions, cf. [6]. In this article, however, we will use the linear operator Dy,

defined in (3.1) at the points x1, ..., xy and the identity at Xy.
Recall that the Lyapunov function V (x) = n(x) W (x) satisfies V'(x) = —||x —X||2. Hence, the
function W satisfies the equation n(g(x))W(g(x)) —n(x)W(x) = —||x — )_c||2, or in other words
Dy W (x) = —|lx — || 3.1

for all x € A(X), where Dy W (x) := n(g(x))W(g(x)) — n(x)W(x) is a linear operator.
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For the approximating function w: R? — R we choose a radial basis function W (x) := Y(lx)

andagrid Xy = {x1,...,x5} C [R{d, and we make the following ansatz:
N
w(x) = BoW(x —=X) + Y Bi(Sy, 0 D) W(x — y), 32)
k=1

where f3;, € R and 0 denotes Dirac’s o-distribution, i.e. 6+ f (x) = f(x*). The ansatz is a mixed
approximation including the linear operator D,, for the grid points xp, ..., xy and the linear
operator D = id for the grid point X.
The coefficients f§;, are determined by the claim that
wx)=Wkx) =1 (3.3)
and  (dx; o Dn)*w(x) = (0x; o Dy)* W (x) (34)
holds forall j =1,..., N,ie. DyW(x;) = Dyw(x;). Plugging the ansatz (3.2) into (3.3) and
(3.4) one obtains with (3.1)
N

1=B¥(0) + > B3y 0 D)’ PE —y) and
k=1

—llx; = X[I* = (Jx; 0 D) W (x)
= (5x_,- o D) w(x)

N
= (8y; 0 D" (x = %)y + Y _(Jx; 0 Dp)* (S, 0 D)W (x — y) By

k=1
forall j = 1,..., N, since Dy, is a linear operator. This is equivalent to the following system of
linear equations with interpolation matrix A = (a;i) j k=o,..,~v and vector & = («;) j=o,..., N, cf.
also Proposition 3.5:

Af=u,
where  ajix = (0x; o Dn)*(0x, 0o Dp)’¥(x —y) forj, k>1, (3.5)
aor = ago = (0, o DW)’Y(x —y) fork>1, (3.6)
ago =¥ (0) 3.7

and oj =—|lx; — )_c||2 for j>1,
g =1.

A clearly is a symmetric matrix. For existence and uniqueness of the solution f, the interpolation
matrix A must have full rank. We will even obtain a positive definite matrix A for grids which
include no fixed or periodic point, cf. Proposition 3.4.

The radial basis functions ¥ used in this paper will be from the class of Wendland functions
which were introduced by Wendland [18]. They have compact support and are polynomials on
their support.

Definition 3.1 (Wendland functions [18]). Letl € N, k € Np. We define by recursion lpm(r) =

(1— r)lJr and lp,’kﬂ(r) = frl tlﬁl’k(t)dt forr e [RE(}L. Here we set x4 = x forx>0and x4 =0
forx < 0.
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For the rest of the paper we define ¥ by a Wendland function y; ; with k> 1.

Assumptions. We define the radial basis function ¥ by
Y(x) := ‘//z,k(C”x”),

where ; ; is a Wendland function, k € N,/ := L%J +k+1andc > 0. Denote y/(r) := y; ;(cr).
Note that the support of W is given by supp ¥ = {x € R?| ||x|| < %}.

In Proposition 3.2 we summarize important properties of 1, ;(r) and ‘¥'(x). For a proof,
cf. [18,3].

Proposition 3.2. Let k € N and | := L”—IJ +k + 1. Let y(r) := Y, i (cr) with ¢ > 0 and
W(x) := Y(|lx|)). Moreover, define r,(r) := d’w( )forr > 0 and Y, (r) := "’l//' forr >0
and set Y/,(0) = 0. Set
]—"*:H_<d%l+k)([Rd) and (3.8)
F= H +k(Rd) 3.9)
where H denotes the Sobolev space. Then

1. ¥ e C*(RY, R) and ¥ has compact support.
2. For Y(r) = Y, (cr) we have the following asymptotics for the functions , and ,,
respectively:
° %l//(r) = O(r) forr — 0.
e Y (r)=0() forr — 0andlim,_o Y (r) =: Y;(0) exists.
o Ly(r)=0Q) forr — 0.

o U y(r) =0 (})forr - 0.
3. For the Fourier transform ‘i’(w) = fRd ‘P(x)e_ixTw dx we have

—((d+1)/2+k) —((d+1)/2+k)

Ci (1+ llo)?) <P <G (1+ 0l?) (3.10)

with positive constants Cy, C».

4. Let ) € F* C S'(RY), where S’ (R?) denotes the dual of the Schwartz space S(RY) of rapidly
decreasing functions. Then we define the norm ||/1||%_-* = (Q2n)~ fRd |;1(a))|2‘~i’(a)) dw, which
is equivalent to the usual Sobolev norm in F* = H~(@+D/240) (rdy . Moreover, ||/1||2}.* =
PO (x — y).

5. If A€ F* then . xV¥ € F.

In the following lemma we show that several operators are in F* and, moreover, the approxi-
mating function w is an element of the function space F.

Lemma 3.3. Letthe linear operator Dy be given by Dyw(x) 1= n(g(x))w(g(x))—n(x)w(x) and
let the linear operator D of the discrete orbital derivative be given by Dw(x) := w(g(x)) —w(x).
Denote by &' (RY) the distributions with compact support.
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For all x € R? we have 8,38, o D, d, o Dy € F*N E(RY). Moreover, for each grid Xy
and any P, By, ..., Bn € R the ansatz function w of (3.2) satisfies w(x) = fg¥P(x — ) +

lecvzl Pi(6x, 0o D)"Y (x —y) € F.

Proof. To prove that a linear operator 4 belongs to F* we show that f R? |i(a)) |2‘i’(cu) do < 00,
cf. 4 of Proposition 3.2. Note that ¥(w) < C3 (1 + [|l]2) " “F/** by 3.10),

Since J, has compact support, SX (w) = 5xeixT“’ — i’ o, Thus,

< N —((d+1)/2+k)
f 16, ()2 ¥ () dwgczf (1 + ||w||2) dw < oo.
R4 R4

Since d, o D has compact support, (dy o D)C (w) = (0x 0 D)e”‘T“’ = cigW'o _ yixlo Thus,

—((d+1)/2+k)
) w < 0.

f |62 0 D) (@) ¥(0) do<4C / (14 llol?
R R

Since 0, o Dy, has compact support, (5, o Dn)C (w) = (0y © D,1)ei"7(“ = n(g(x))eig(x)r“’ —
n(x)eixra’. Thus,
/R 10 0 D) () P¥ (@) do

5\~ (@+1)/2+k)
) dw

<acmax(u(gn). e [ (1+ o
Rd

< Q.

Let A = fyox + Z?’:l ﬁj(éxj o Dy). Since 4 € S’(R") has the compact support supp(4) =
U§V=1 {xj} U UL {g(x))} U (X} = K, we have (1 % ¥)(x) = PW(x —y) = w(x). We
conclude 2 € F* N &' (R?) in a similar way as above. This implies w = A% ¥ € F by 5 of
Proposition 3.2. O

Now we show that the collocation matrix A is positive definite.

Proposition 3.4. Let W (x) be as in the Assumptions and let Xy = {x1,x2,...,xn} be a set
of pairwise distinct points, which are no fixed or periodic points. Then the matrix A defined in
(3.5)—(3.7) is positive definite.
Proof. For 2 = f,0x + Z;-V:l Bj(x; o Dy) € F* N E'(RY), cf. Lemma 3.3, we have with
4 of Proposition 3.2 BrAR = Z 7« —y) = 1M% = @0~ [pa |H0) ¥ (0) do. Since
¥(w) > 0 holds for all ® € RY, the matrix A is positive semidefinite.

Now we show that 7 Af = 0 implies f = 0. We assume that fT A = (2m)~¢ fRd |/V1(a))|2

‘i’(w) dw = 0. Then the analytic function satisfies ;l(a)) =0forall w € RY. By Fourier transfor-
mation in S’'(R?) we have S’(R?) 3 1 =0, i.e.

N
Ah) = Boh(X) + Y B; [n(g(x))h(g(x))) — n(xh(xj)] =0 3.11)

j=1

for all test functions i € S(R?).
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We show that 8, = 0. The points x;, j =1, ..., N are distinct from the fixed point X. Denote
I:={je({l,..., N}g(x;) # x}. There is a neighborhood Bs(x) such that x; ¢ Bs(x) holds
forall j = 1,..., N and g(x;) ¢ Bs(x) holds for all i € I. Define the function h(x) = 1 for
x € Bsjp(¥) and h(x) = 0 for x ¢ Bs(x), and extend it smoothly such that h € S (R4). Then
(3.11) yields 0 = A(h) = f, since for i ¢ I we have n(g(x;))h(g(x;)) = n(x)h(x) = 0.

Now we show f; = 0 fori = 1,..., N. We use the notation g for go go--- o g. Fix an

| S—

k times
ie{l,...,N}DenoteJ :={j e{l,..., N\\{i}|Fk e N : g°kxj =x;and VIl € {l,...,k—1}:
g°lxj € Xn}. Note that g(xx) € {x;|j € J U {i}} for all k € J by definition of J and g(x;) ¢
{x;]j € JU{i}}, since x; is no fixed point and no periodic point. Moreover, by definition of J we
have

glxx) ¢ {xjlj e JUli}}forallk € {1,..., N]\(J U {i}). (3.12)
Define the function 2 € S(R?) in the following way:
I/n(x;) for j € J U {i},
h(xj) = , .
0 forj e{l,..., N\(J U{i}),
h(g(x;))=0 forje{l,...,N}\J,
h(x)=0.

Note that n(x) # 0 for x # X. Extend the function smoothly and prolongate it by zero such that
h € S(RY). Note that this is possible by (3.12).
Then (3.11) yields

0=Ah) =0+ B;[1—11+B10— 1]+ > Blo—01=—p;.
jeJ ke{l,...,N\(JU{i})

This argumentation holds for alli = 1, ..., N and thus § = 0. Hence, A is positive definite. [

In the following proposition we calculate the matrix elements of the collocation matrix A, cf.
(3.5)-3.7).

Proposition 3.5. Let Xy = {x1, ..., xn} be a set of pairwise distinct points, which are no fixed
or periodic points. Let WV (x) := Y(||x||) be defined by a Wendland function as in the Assumptions.
The matrix elements a . of the collocation matrix A are then given by

ajr =n(g(x))M(gNYllg(x;) — g(x)ll) — n(g e (llg(x;) — xill)

—n(x (g )P llx; — g ) + e Gy (llx; — xill), (3.13)
ako = aox = (g (lIx — gCx) ) — nx)Y (Ix — xklD), (3.14)
aoo = ¥(0) (3.15)

for j,k=1,...,N.
The vector o is given by

—2 .
oj=—lx; =xII7 forj=1,

o =1.
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Let the vector f = (By, By» ..., By)T be the unique solution of the system of linear equations
Af = o.
Then the approximant w € C**(R¢, R) is given by

N
w(x) = Boy(llx — %I + D i [N (llx — gl — nxoy(llx — xel)] .-

k=1
Proof. By (3.5) we have for j, k> 1
ajk = (6x; © Dn)* (65, © D)*¥(llx — ¥
= (0y; 0 D)* (g (llx — gxi) ) — )P (llx — xk )]
=n(g(x)Nn(g i)y (llg(x;) — g ) — n(gx;)mGx)P(llg(x;) — xil)
—n(x (g (llxj — g(x) ) + nlx pmCe)y(llx; — xilD).

The formulas for j = 0, k = 0 and w(x) follow by similar calculations, cf. also (3.2). O

The following proposition is the minimality property of the approximation w; it can be proved
in a similar way as e.g. [3, Proposition 3.34].

Proposition 3.6. Let WY(x) be defined as in the Assumptions. Let Xy = {x1, x2, ..., xN} be a set
of pairwise distinct points, which are no fixed or periodic points. Let W € F and let w € F, cf.
Lemma 3.3, be the approximation of W with respect to the grid X n in the sense of Proposition 3.5.
Then

W —wlr<[W]F.
4. Error estimates

In this section we prove three error estimates. More precisely, we estimate |W’(x) — w’(x)]
(Proposition 4.1) and |W(x) — w(x)| (Proposition 4.2) in a neighborhood of X. Moreover, we
estimate |DyW(x) — Dyw(x)| for all points in the area where the grid points Xy are set, cf.
Theorem 4.4.

Proposition 4.1. Let Y (x) be defined as in the Assumptions. Let g € C'(R?, R?) and let W € F.
For all ¢ > 0 there is a 6 > 0 such that

|[W/(x) —w'(x)| <& for x € Bs(X) 4.1)
holds for all approximations w of W with respect to any grid X y in the sense of Proposition 3.5.
Proof. There is a constant ¢ such that ||Dg(x) — I||<cp holds for all x € B(x). There is a

constant c3 such that [y (Jlg(x) —x||)| <cz holds for all x € B; (), since | and g are continuous
functions; for the definition of i; cf. Proposition 3.2. Set

&
S := min (1, —> . 4.2)
clllWllrFv2ce
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Denote the linear operator of the discrete orbital derivative by Dw(x) = w(g(x)) — w(x).
Let x* € Bs(X), and set 4 = 0y« o D € F* and u = oy o D € F*, cf. Lemma 3.3. We have
w(W — w) =0, since W (x) =0 = w'(¥) due to g(X) = X.

Hence,

[2Z(W) = 2(w)| = [(A — (W —w)| <[4 — pllF - W —wlF
S A=z - IWllF (4.3)
by Proposition 3.6. Then we have with a similar calculation as in [4]—note that g(¥) = X:
1= e = A= " (2 — " ¥P(x = y)
= (0x* 0 D — 05 0 D)*(0yx 0 D — 05 0 D)*W(x — y)
=2y(0) — 24 (|l g(x™) — x™|)).
Note that by Taylor’s Theorem there is a ¢ = 0x™ 4+ (1 — 0)X where 0 € [0, 1] such that

Y(lg(r®) — x* ) = y(0) + ¥ (18(8) — ENg(d) — OT (Dg(&) — D(x* —%).
Again by Taylor’s Theorem there is a &’ = 0'¢ + (1 — 0')X where 0’ € [0, 1] such that
g(&) —E=gX@) +Dg(&)(E—-x) ¢
=(Dg(&) — D(E—-7X).
Altogether, we obtain

1= 3 < 210, (18(D) = EDI - 1g(D) — €l - IDg(®) = 11 - x* — 7|
2¢ - |IDg(&) — I - 1Dg(&) — TlIx* — %I
2c3¢y0?

&2

2
Wil

<
<

by (4.2) since ||x* — x| <J. Hence, we have |4 — u|#+ < W and the proposition follows
by 4.3). O

Proposition 4.2. Let W (x) be defined as in the Assumptions. Let g € CO(R?, RY) and let W € F.
Forall ¢ > 0 there is a 6 > 0 such that

[W(x) —wx)| <e¢ forx € Bs(X) “4.4)

holds for all approximations w of W with respect to any grid X y in the sense of Proposition 3.5.

Proof. Let m := max,¢o,1] |dd—rx//(r)} which exists by Proposition 3.2. Define

&2
0:=min (1, ———]. .5)
2m||W %

Letx™ € Bs(x),andset A = 9y« € F*and u = ox € F*, cf. Lemma 3.3. We have (W —w) =
0, since W(x) = 1 = w(x) by construction of w, cf. (3.3). Hence,
[AW) = Aw)| = (L — (W —w)| <[4 = pllz - |W —wllF
<A = pllz - IWIF (4.6)
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by Proposition 3.6. Denoting r := ||x* — X|| <0 and using Taylor’s Theorem there is a 7 € [0, r]
such that

12— ull3 = G— w*(h— )’ ¥Px —y)
= (6)(* - 5f)x(5x* - 5Y)ylll(x - Y)
= 2y(0) — 2y (r)

d
< 2mé
< 82
W%

holds by (4.5). Hence, we have by (4.6) |A(W) — A(w)| <&, which shows the proposition. [
For Theorem 4.4 we define the fill distance of a grid.

Definition 4.3 (Fill distance). Let K C R? be acompact set. Furthermore, let X y:={x1, ..., xx}
C K be a grid (set of pairwise distinct points). The positive real number

h:=hg x, = max min [x — y||
yeK xeXn

is called the fill distance of X in K. In particular, for all y € K there is a grid point x; € Xy
such that ||y — x¢|| <h.

Theorem 4.4. Let WY (x) be defined as in the Assumptions. Let g € C “(Rd, IR‘J), o>1 and let
WeF.

Let K be a compact set. For all H > 0 there is a constant C*=C*(K) such that: Let Xy =
{x1,...,xn} C K be a grid with pairwise distinct points which are no fixed or periodic points
and with fill distance 0<h < H in K, and let w € C*(R?, R) be the approximation of W in the
sense of Proposition 3.5.

Then

| Dy W (x) — Dyw(x)| <C*h  holds for all x € K. 4.7

Proof. Let x* € K and choose a grid point x € Xy such that r := ||x* — x||<h. Set A =
Ox+ 0 Dy € F* and u = 0z o Dy € F*, cf. Lemma 3.3. We have (W — w) = 0 by definition of
w, cf. (3.4). Hence,

W) = 2)| = 0. = (W = w) <l = gl W = w5
S NA = pllz - IWllF (4.8)
by Proposition 3.6. We obtain with a similar calculation as in Proposition 3.5
14— pllZee = G — " — )’ ¥(x — y)
= (8y+ 0 Dyy — 0z 0 D) (0x+ 0 Dy — 057 0 Dy)YP(x — y)
= YO ME? +n@*? +1(g (D) +n(g()’]
=2¢(flx* = P ME) — 2% (llg(x™) — g(®)IDn(g(x*)n(g (X))
+2¢(llg (%) — x* (g (Nm(x™) — 2¢ (g (¥) — X[Hn(g(F))m(¥)
24 (lg(x™) — F M@ n(g(x™) — 2¢(llg(x*) — x*[Dn(x")m(g(x)).
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Due to the continuity of g, Dg, n, Vi and Hess 1, there are constants such that ||g(x)| <co,
IDg(x)]| <c1, n(x) < eo, [V(x)]| <c3 and |[Hess (x)|| < cq hold for all x € conv(K U g(K)).

Recall that we have denoted r := || x*—x||. Taylor’s Theorem implies the existence of ry € [0, r]
such that

d
Y0 —y(llx* = XI) = —d—lﬁ(ro)r-
r

Moreover, thereisa ¢ = Ox*+(1—0)x% where 0 € [0, 1]suchthat n(x*)—n(%¥) = Vn(&)T (x*—X).
Hence,
YO)ME)? + n(x*)?] = 2y (Jlx* — FHnx*mE)
= Y(lx* — FDME®) — @ + [WYO0) — Y(lx* — FDInE")? + nE@)?]

d
d—r!//(ro)

r

< )e3r’ + 263

= 0@?) (4.9)

for r — 0 due to the properties of y, cf. 2 of Proposition 3.2.
In a similar way, Taylor’s Theorem implies the existence of &; = 0;x* 4+ (1 — 01)X where
0; € [0, 1] such that

YO0) —Yllg™) — g®ID) = = (€1 N (g (E)) — () Dg(En(x* — ).

Moreover, there are & = 0b¢; + (1 — 02)X and &3 = O3x™ + (1 — 03)x where 0>, 03 € [0, 1]
such that g(&;) — g(¥) = Dg(&,) (&) — %) and n(g(x*)) — n(g(X)) = Vn(&3)  Dg(&3) (x* — ¥).
Hence,

YO (@) + n(g(x™) — 2 (Ig(+*) — g@)IHn(g(x*)n(g(¥))
=Y (lg(x*) — g®INM(g(x*)) — n(g(@)]?
W (0) — Y(llg(x*) — g@IDIMg(*)* + n(g(¥))*]
<ciaalyllg(x™) — g®IDIr* + 2ciealy (11 1D1r?
= 0(r?) (4.10)

due to the properties of s, cf. 2 of Proposition 3.2.

For h(x) = y(llx — g(®)hn(x) we have VA(x) = i, (lx — g(@ D) x — () + y(llx —
g(@)HVn(x). Hence, Taylor’s Theorem implies the existence of a 7; = 71x* + (1 — 71)X where
71 € [0, 1] such that

WX — g®)IDnE) — Y(lx® — g(@) IDnEx")In(g(¥))
= [Y1(lz1 = g1 — g@)'
Y (lz1 — g@DHVnEDIE — x*)n(g®)). (4.11)
In a similar way we obtain
W% — g(x™)IDnE) — ¢(llx™ — g(x™)IDnx™)In(g(x™)
= Y (llz2 = g Dn(z2) (22 — g ™)'
Y (llz2 — g(@H)INVn(z2) " 1(F — x*)m(g (™)) (4.12)
with zo = 10x* + (1 — 12)X where 15 € [0, 1].
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Subtracting (4.11) from (4.12) we obtain
Yllg(®) — x*PDn(g(ENmx™) — Y(llg(X) — FHn(g())Hn(X)
Y (llg(x™) = XIHnEM(g(x™) — Y(llg(x™) — x™ Hn(x*)m(g(x™))
= n(z)ng N (22 — g™ D22 — g™
¥ (lz1 — g@ D1 — gENTIE — x¥)
+nnE(*) —nEOEENY; (121 — g®D (21 — gD (F — x%)
W (llz2 — g NVNE)" — Yz — g®INHVnE) 1E — x*)n(g(x*))
+Y(lz1 — @DV’ & — x)n(g(x*)) — n(g(E)]. (4.13)

We will discuss each term of (4.13). For the first term we consider with z3 = 73(z; — g(X)) +
(1 —t3)(z2 — g(x*)) where 13 € [0, 1]

i (llzz = gD (z2 = g () — Y1 (llz1 — gD D21 — g
<Willzz = g1 lz2 — z1) + (8(F) — g™
1 lzr — g@®ID — Yy llz2 — gD - llzr — g@)]
= Y1 (llz2 = gHIDIA + c)r + W (llzz D] - llz3 (1 + e)rllzr — g@).

This term is O (r) for r — 0 due to the properties of i, cf. 2 of Proposition 3.2.
For the second term of (4.13) we consider

In(z2)n(g(x™)) — n(zn(g())|
<n(z2) (g (x™) — n(g(@))] + n(g(¥))n(z2) — n(z1)|
<zl +cpr
= O(r) forr — 0.

For the third term of (4.13) we have with z4 = t4(z2 — g(x™)) + (1 — 14)(z1 — g(x)) where
14 € [0, 1]

(llz2 — g IDVn(z2) — Y (llz1 — g@HVnzll
<W(llzz = g™IDI - 1Vn(z2) — V)l
W (llz2 — gD — Yzt —g@ DI - IV
<Wllz2 — g™ IDlear + 1Y za)l - llzall - llz2 — 21 + 8(F) — g(xM)lle3
<W(llz2 — g™)IDlear + W za)l - llzall(1 + cr)esr
=0()

for r — 0 due to the properties of 1, cf. 2 of Proposition 3.2.
For the last term of (4.13) we have

In(g(x™) —n(g@)I<cserr = O).

Altogether, we obtain with (4.9), (4.10) and (4.13) |1 — ,u||§_-* = O(r?). Thus, (4.7) follows
by (4.8). O
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5. Main results

In order to show that the approximation v(x) = n(x)w(x) is a Lyapunov function, we show in
Theorem 5.1 that v’ (x) < 0holds for all x € K\{x}. In Theorem 5.2 we show that each connected
and bounded subset of the basin of attraction can be covered by a sublevel set of the function
v. Hence, we can determine each connected subset of the basin of attraction with a calculated
Lyapunov function using the proposed method.

Theorem 5.1. Let X be a fixed point of X, = g(x,), where g € C°(R?, RY) such that || < 1
holds for all eigenvalues / of Dg(X).
We consider the radial basis function ¥ (x) = y; ,(c||x||) with ¢ > 0, where lﬁl « denotes the

Wendland function with k € N and | := L J +k + l.Leta>P>2+ o*, where ¢* d“ +k

and P € N. Let K be a compact set such that X € K and K C A(x).

Let V be the Lyapunov function of Theorem 2.2 with V'(x) = —|x — X||? and V (X) = 0, and
nx) = Zzg\aqu ca(x —X)*+ M|x — x||2H as in Definition 2.6, and let W (x) = ((;C)) €
CP72(A®X), R) with W (x) = 1, cf. Proposition 2.7.

Then there is a constant ', such that for all approximations w € C*K (R, R) of Wwith respect
to a grid Xy C K\{X} with fill distance h <h' in the sense of Proposition 3.5

v/(x) <0 holds forall x € K\{x},

where v(x) = w(x)n(x).

Proof. Let B be an open set with K C B C B C A(X). Choose y E C(‘)’O([Rd, [0, 1]) to be a
function satisfying y(x) = 1 for x € K and y(x) = 0 for Rd\é. Thus, y € C(‘)’O(Rd) c F.
Set Wy = W - y; then Wy € C(‘)D_Z(Rd, R) and Wyo(x) = W(x) holds for all x € K. Since
P—2>0" = < 4k, we have Wy € Cf *(RY, R) ¢ HP2(RY) ¢ HYU+D/2H(RY) = F
note that Wy has compact support.

Sete = %. We choose ¢ > 0 so small that Bs(x) C K and

n(g(0) < Cllx — 1%, (5.1)
(x) < —3lx — ¥, (5.2)

[Wo(x) — Wo(X)| < &, (5.3)
IW5) = Wil < = (5.4)
[Wo(x) —w(x)| < g, (5.5)

Wh) = w0l < = (5.6)

hold for all x € Bs(X). This is possible due to Proposition 2.7 applied to g(Bs(x)) for (5.1); for
(5.2) note that P > 2 and b (x) = —|lx — X||* + o(Jlx — X||¥) implies W' (x) = —||x — x|12 +
o(Jlx —=x||P). Egs. (5.3) and (5.4) can be established by the continuity of W and Wé atx,and (5.5)
and (5.6) by Propositions 4.1 and 4.2. Define 4’ := min(l, (32/C*), where C* is as in Theorem
4.4 for Wo, H = 1 and K.

We show now v'(x) < O for v(x) = n(x)w(x) and x € K\{x}, and distinguish between the
two cases x € Bs(¥)\{x} and x € K\ Bg(X).
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Case 1: Let x € Bs(x)\{x}. Then, as Wy(x) >0,

V'(x) = n(g(x)w(gx)) — nx)w(x)
= [w(gx)) —wx)n(g(x)) + [n(g(x)) — n(x)]Jw(x)
= n(g(x)w'(x) + ' (x)w(x)

< Clx =3I (Wl + &) = 2 llx — FPWo(x) — 0
h 0 c/ 2
by (5.1), (5.6), (5.2) and (5.5)

—2 1
< lx =Xl 28—5(1—28)
by (5.3) and (5.4)—note that Wé (*) =0and Wy(x) =1

=112
= —¢llx =X

since ¢ = %. This shows v'(x) < 0 for x € Bs(X)\{x}.

Case 2: Due to Theorem 4.4 and h <&’ we have |V/(x) — v/ (x)| = | DaWo(x) — Dyw(x)| < 5°
for all x € K. Then

VKV () + % =—|x =3>+ <0

for all x € K\Bs(x). This shows v'(x) < 0 and proves the theorem. [

A Lyapunov function gives information about the basin of attraction: if X is an asymptotically
stable fixed point and O is an open, bounded and connected neighborhood of X such that v'(x) < 0
holds for all O\{x}, v(x) < R* holds for all x € O and v(x) = R* holds for all x € 00, then
0 is a subset of the basin of attraction A(X), cf. Theorem 2.1. Thus, the question arises whether
we can cover each connected subset of the basin of attraction with a sublevel set of the calculated
Lyapunov function v. The affirmative answer is given in Theorem 5.2.

Theorem 5.2. Let X be a fixed point of X, 11 = g(x,), where g € C°(R?, RY) such that | 1| < 1
holds for all eigenvalues 4 of Dg(x).

We consider the radial basis function ¥ (x) = ; ;(cl|x|) with ¢ > 0, where \J; ;. denotes the
Wendland function with k € N and | := L%J +k+1.Letc=P>2 4+ o*, where o* := % +k
and P € N. Let Oq be an open, bounded and connected set withx € Oy C 0 C AX).

Let V be the Lyapunov function of Theorem 2.2 with V'(x) = —|x — X||?> and V(X) = 0, and
n(x) = 22<|a|<P cu(x —X)* 4+ M| x — 7||2H as in Definition 2.6, and let W (x) = K((;)) €
CP_Z(A(Y), R) with W(xX) = 1, cf. Proposition 2.7.

Then there is an open, bounded and connected set B C AX) and an h* > 0, such that for
all approximations w € C*(R?, R) of W with respect to a grid Xy C B\{X} with fill distance
h < h* in the sense of Proposition 3.5 there is an open, bounded and connected set O with
Oo C O such that for v(x) = w(x)n(x) we have

e v(x) < R* holds for all x € Oandv(x) = R* holds for all x € 00 for an R* € RT,
e v'(x) < 0 holds for all x € O\{x}.

Proof. Set R := max, <Oy V (x) > 0and define the sets K| and K as the closure of the connected
components which include X of the following sets:

(x € A®|V(x)<R} for Ky,
{x € A®)|V(x)<R +4} for K»,
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respectively. Denote by B the connected component which includes X of {x € A(X)|V(x) <
R ~|—5}.Ihen obviously Op C K1 C K» C B C B C A(X) and B is open; recall that the sets K1,
K> and B are compact, cf. Theorem 2.2. All these sets are positively invariant.

Let B be an open set with BC BC B C A(X),e.g. B = {x e A(X)|V(x) < R + 6}. Choose
y € C0 (Rd [0, 1]) to be a function satisfying y(x) = 1 forx € B and 7 (x) = 0 for [Rd\B Thus,
e Cy¥ (RY) C F.Set Wo = W - ; then Wy € C0 ([R{d, R) and Wy(x) = W (x) holds for all
x € B.Since P —2>0*, Wy € HUTD/ZHk(pdy = F

For ¢ = % choose 0 < 0 <1 with Proposition 4.2 for Wy such that both % C Og holds and
we have for all x € Bs(X)

[Wo(x) — w(x)| <§, 5.7)

where C was defined in 2 of Proposition 2.7 for By (x).
Choose 1 >rg > 0 so small that

=[x € A®|V(x) < 1o} C By(x) holds.

We define a function 7: A(xX) — Np denoting the minimal number 7 (x) € Ny such that
Styx € U. The function fulfills 7(x) = 0 if and only if x € U. Moreover, by definition
T’(x) <0 holds. Since B C A(¥X) is a compact set, there is a 0y > 0 such that S@OE C U. Thus,
0< T (x) <8 holds for all x € B.

Leth’ > 0 be the constant from Theorem 5.1 for the set B and define 4* := min(h’, (20oC*)~1)
where C* was defined in Theorem 4.4 for the set B and H = h’. Thus,

v/(x) <0 holds forall x € E\{f}, (5.8)
1 _
and |V'(x) —v'(x)] < T holds for all x € B (5.9
0

by Theorem 5.1 and Theorem 4.4.
Now let x € U C Bgs(x). Hence, V(x) € [0, rg). For v(x) = n(x)w(x) we have for all
x € Bs(X)

[V (x) — ()| = n@)[Wo(x) — wx)]< max_n(x) [Wo(x) — wx)| <5

X€Bs(X)
——
<C-0?
by (5.7) since ¢ = 5 L and 6 < 1. Thus, v(x) <V (x) + <ro+; Land v(x)>V(x) — % - %, ie.
1 1
v(x) € _E’r0+§ forall x € U. (5.10)

Now define O as the connected component including X of
{x € Blv(x) < R+2=: R*}.

We will show that K| C O C K3 holds. Then O is bounded and O C K5 C B, i.e.v'(x) <0
holds for all x € O\{x}. Furthermore, v(x) < R* holds for all x € O and v(x) = R* holds for
all x € A0 C K». On the other hand, this shows Og C K1 C O,i.e. Og C O.
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To prove K1 C O we let x € K. Then we have in particular 0y > T (x) >0 and V(y) € [0, ro)
for all y € U. Hence, we obtain
T(x)—1
() = V(STx) — Y v (Skx)
k=0
T(x)—1
<rot+s— Y (VS - € by (5.10) and (5.9)
2 = 200 ' '
T(x)—1 1 T

!/
VTN = Y VSt + o,

=V(x)
<SV@)+rn+1<R+2=R"

since rg < 1. This shows x € O. .
For the inclusion O C K> we show that for x € 0K, we have v(x) > R*. For x € 0K, C B
we have V(x) = R+ 4. With T (x) <6y and V(y) € [0, r9) for all y € U we have

T(x)—1
v(x) = v(Srwx) — Y V()
k=0
T(x)—1
> LS (Vs + ) by (5.10) and 5.9)
T2 k=0 ' 200 . |
T(x)—1
1 Tx)
> V(Srwx) = D V(S —ro— 5 = 260
k=0
=V(x)

>Vx) —1 L1 R+4—-2=FR*

= X) — -3 T 5= - = ’
2 2

i.e. x ¢ O. This proves the theorem. [J

6. Examples

6.1. A toy example

Consider the difference equation

{xn+1 = 2ot ©.1)

Ynil = —2¥n +x2
with fixed point X = (0, 0). This is Example 1 of [4]. We have d = 2 and fix k = 1, thus ¢* = %

A function n for P = 5 has been calculated in (2.6) and (2.7).

Now we approximate W(x) = ‘;(()f)), where V/(x) = —||x]|3, by w. We use a hexagonal

grid of the form 0.2 (i + % ]JT§) with N = 118 points without the point x (i = j = 0).
Note that the grid used in Section 4.1 of [4] is of the form 0.2 (i — %, ]‘/7§> and consists of
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Fig. 1. All figures correspond to Example (6.1). The black point x = (0, 0) denotes the stable fixed point, whereas the
gray points mark two unstable fixed points. Left: the grid with N = 118 points (black diamonds) and the sign of v’ (x)
(gray). Right: the sign of v/(x) (gray) and a sublevel set O (black) of v for R = 1.05, which is a subset of the basin of

attraction A (0, 0).

Fig. 2. All figures correspond to Example (6.1). Left: graph of the function v(x) = n(x)w(x) near x = (0, 0). Right:

graph of the orbital derivative v’ (x) = n(g(x))w(g(x)) — n(x)w(x) near x = (0, 0).

N = 119 points. The radial basis function is given by ¥(x) = 3 ;(0.6]x||). For the func-
tion v(x) = w(x)n(x) we show the sign of v/(x) (gray) in Fig. 1 as well as the sublevel set
Or = {x € R*v(x) < R} (black) with R = 1.05; note that O is a subset of the basin of
attraction A (0, 0). This subset of the basin of attraction is of similar size as the one obtained in
[4, Section 4.1]. However, the discrete orbital derivative is now negative also in a neighborhood
of X in contrast to [4]. Fig. 2 shows the local structure of v(x) and v'(x) near the equilibrium

x =(0,0).
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6.2. A model for the demand for education

As a second example we consider a model proposed in [15] to model the human decision for or
against higher education and the development of wages. We summarize the model here, for more
details cf. [15,14]. For the model it is assumed that in each time period n a continuum of agents of
mass one is born that lives for two periods. They decide in the first time unit of their life, whether
they invest into education. If they do so, they can work in the high-level sector, otherwise they
have to work in the low-level sector for all their life.

If the agent i invests into education, the wages will be 1 — ¢; in the first year and w4 in the
following; note that the wages are set 1 in the low-level sector and w,, in the high-level sector at
time n. e; reflects the costs of education for agent i and the costs are equally distributed over the
continuum of agents. If the agent does not invest into education, his wages will be 1 in each year.
The result is calculated by a utility function U(1 — e;, w,41), U(1, 1), respectively. The utility
function is given by the standard Cobb—Douglas utility function

Ula,b) =a’p"™"

with0 <y < 1, and we set 0 := b

The agent i thus will invest into education, if U(l — e;, wZH) > U(1, 1), where wﬁH is
the expected wage in the following year; hence, all agents with e; < e(wy;,_ ;) will invest into
education, where

el ) =1—- (s, )™ (6.2)

We assume that there are two possibilities for the forecast of the expected wage of the following
year wy,_,: the adaptive agents have the wage forecast

w;i_H = pw, + (1 — p)wy—y

with 0 < p < 1, using a weighted average of the past two year’s wages. The fixed-point forecasters
(or steady state forecasters) use the fixed point w* of the dynamical system as their forecast; we
assume that it costs the information cost Cy > 0 to find out this fixed point.

We denote the amount of agents following the fixed-point forecast by z,, and the adaptive agents
by 1 — z,. The supply of high-skilled labor depending on the wage w4+ at time n + 1 is thus

I = (1 —zpe(pwy + (1 — p)wp—1) + zpe(w™). (6.3)

The demand for high-skilled labor depending on the wage is given by

d o\ /=
14 (w) = (—) (6.4)
w
with productivity parameter & > 0 and yu = ()_;1 The market clearing condition [ (w,41) = [*

determines w, 4 as a function of w,, w,—_; and z,, i.e. cf. (6.3), (6.4) and (6.2)

-0 #*y—0 -1/
w1 = 2[(1 =2l = (pws + (1 = w1+ 2 (1= @H )]

The amount of agents z,,, | — z,, respectively, following the different strategies will depend on
how successful the respective strategies have been in the last year; this is called the generation
overspill. Agents who choose the fixed-point strategy will regret their decision of education if
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they had earned more without education, i.e. if e(w, 1) <e <e(w*). The regret is the difference
between the possible utility U (1, 1) and the actual one U (1 — e, w,+1). Hence, considering the
accumulated regret Ry for the fixed-point forecasters we obtain

e(w*)

Rf(w*a wﬂ+1) Z/ R(e’ wl’l-‘r]) dea
e(Wny1)

where R(e,w,4+1)=U{,1) —U(l —e, wy41).
Similarly we obtain the accumulated regret for the choice of the adaptive forecasters as

e(pwp+(1—p)wy—1)
Ry(wy—1, Wy, wpg1) = / R(e, wyq1)de.

(3(w,1+1)

We define the difference RY = R, — Ry = [0 1700 — (1 — eyw, 1) de. 1f R
is large, then the next generation prefers the fixed-point strategy f, if it is small or negative, the
next generation rather prefers the adaptive strategy a. The costs C; of the fixed-point strategy
have a negative influence on the choice of the fixed-point strategy. Altogether z,, 11 = H (S(R? —
Cy)), where H(x) = Hm—p(x) Note that the parameter f > 0 measures how sensible the next
generation is to the advice of the former one.

Altogether, we obtain the following model, where we set x, = w,; 9 and Yn = Xp—1, cf. [14,

Eq. (10)]

Xpy1 = Gyg(Xn, Yns Zn)s
Yn+1 = Xn, (6.5)
in+1 = H(ﬂ(Rd(xm Yn» Gs(Xns Yy 7)) — Cs))

with the functions, cf. [14, Eq. (11)]

1
Gs(x,y,2) == —z (1_ x4 (1 — 71/57(5)+ .
sy, ) ="50=a(1= (1—py~ % e
- s LS s
RIGe. . @) =" = (o7 4 (1= py ™10y 0 = st/
« ((x*)(2+5)/<1+6> _ (prl/é +(1— p)y71/5)75(<2+6>/(1+5))) ’
1
H(x) = —
1+eXp(—x)
and x* = (w*) 70 = 1+ -. By Proposition 7 of [14],x =y = x* and 7 = 1+ex;(ﬁcx) s a fixed

point.
We choose the constants o = %, 0=2,Cs = l ,p =04, and f = 10. Since « < 1 and

p<1—0o= 1 g» 3 of Proposition 7 implies, since fCs < ln( p3 5), that the fixed point

is locally stable. However, there exists also the following stable period-three cycle, which lies
outside the area of the model: x; = (0.160, 1.236,0.473), x, = (0.845,0.160, 0.101), x3 =
(1.236,0.845, 0.194).
We are interested in the basin of attraction A(x,y,z). We have d = 3 and fix k = 1, thus
= 3. A function n for P = 5 is given in Appendix A. We use a hexagonal grid of the
form (x,y, z) 4+ 0.08 (i + % + % j“/Tg + 2[, kf) with 99 points without the point i = j =

= 0 and with one additional point to obtain the Lyapunov function v, so that N = 100.
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Fig. 3. We consider Example (6.5). The figure shows the stable fixed point (X, ¥, z) (black point), the grid with N = 100
points (black diamonds) and the level set v/ (x, v, z) = 0 (gray); note that the sign of v’ is negative near the fixed point.

0.05
0.0

N
-0.05
-0.1
-0.15

-0.2
0.4

Fig. 4. All figures correspond to Example (6.5). The black point is the stable fixed point (X, y, 7). We show the level set
v'(x,y,z) = 0 (gray) together with the sublevel set Og (brown) of v for R = 0.8, which is a subset of the basin of
attraction A(X, 7y, z). Left: the part with z € [0, 0.4]; note that this is the relevant part since the model is valid only for
z2>0. This part is also positively invariant, since z,,4-1 > 0 by (6.5). Right: the part with z € [-0.2, 0.1].

We choose the radial basis function W (x) = ¢3’1(%I|x|l). The sign of v'(x) together with the
grid is shown in Fig. 3. In Fig. 4 we show the level set v'(x) = 0 (gray) as well as the sublevel
set Op = {(x,y,2)|v(x,y,2) < R} with R = 0.8 (brown) which is a subset of the basin of
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attraction A(X,y, 7). Note that the set O includes also points with negative z-values, whereas
the model only makes sense for z >0. The set Og N {(x, y, z)|z >0} is shown in Fig. 4, left, and
is also a subset of A(x, 7y, z), since it is positively invariant; this can be seen from (6.5) since
i1 = HQO) = ygpy > 0forall (e R.

Appendix A. A function n for Section 6.2
A function 1 for the example of Section 6.2, cf. (6.5) is given by

n(x, y, z)
(€ 4+ 2% + 1)(31”?% + 15) .
=810 (x—X)
—1525¢15/2 4 212015 + 24 705¢5/2 + 6075

N 18432(1 + &/?)e?

—1525¢15/2 4 21 201¢5 4 24705¢/2 + 6075

1135223¢!%/2 + 175125¢% + 123525¢%/2 +30375 ~ _, 5
S T 15250572 1 2120165 + 24705652 1 6075 © ) T
—111.8301485(x — x)° — 318.2321415(x — X)*(y — y)
—37.36154017(x — X)*(z — 7) + 25.35481402(x — X)(y — )?
—167.3283992(x — X)(y — ¥)(z — 7) — 166.9291335(y — 7)*(z — 2)
+34.80534914(y — y)?
—467.5966683(x — X)* — 687.0022561(x — X)*(y — 3)
+290.8657722(x — %) (z — 7) — 774.2211474(x — ©)*(y — 7)?
+481.594964(x — X)2(y — 7)(z — 2) + 40.14033576(x — %)% (z — 2)*
—194.8335032(x — X)(y — ) — 182.5493215(x — X)(y — )*(z — 2)
+120.4210073(x — X)(y — ) (z — 2)* — 536.3814964(y — y)*
—191.2350810(y — ¥)*(z — ) + 90.3157554(y — 7)*(z — 2)*
+1138.088078(x — ¥)° + 1115.953760(x — X)*(y — 7)
+6.907579760(x — ¥)*(z —Z) — 1569.068708(x —X)*(y — ¥)?
+1697.730028(x —X)*(y — ¥)(z — 2) — 105.8818797(x — X)*(z — 2)°
—4208.607644(x —X)*(y — ) + 2603.716790(x — X)*(y — ¥)*(z — 2)
—9.294101910(x — X)*(y — ¥)(z — 2)* — 3963.856339(x — X)(y — »*
+2286.60626(x — X)(y — 7)>(z — 2) + 418.695483(x — X)(y — ¥)*(z — 2)*
—190.3537367(y — 7)° + 2287.846586(y — y)*(z — 2)
+291.603610(y — ) (z — 2)2
+5000((x —%)* + (v = > + z — D>

x =)0 -

Appendix B.

Proof of Lemma 2.4. By Remark 2.5, (2.2) can be solved by considering (2.3), which is a system
of linear equations for ¢, when considering each order of (x — X). We will show that this system
has a unique solution.
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We will first transform the problem so that Dg(x) becomes an upper diagonal matrix. Indeed,
there is an invertible matrix S such that J = SDg(x)S ~1is the (complex) Jordan normal form of
Dg(X). In particular, J is an upper diagonal matrix. Note that § and J are complex-valued matrices.
However, if we can show that there is a unique solution b, it is obvious that all coefficients ¢,
are in fact real. Define y := S(x — X), then x = s-1 y 4+ X. The iteration x,+1 = g(x,) then is
equivalent to y,41 = S(xuq1 — X) = S(g(xy) — %) = S~ 'yy +X) —X) =: f(ya), and we
have Df (y) = SDg(S~'y +x)S~! and Df (0) = SDg(x¥)S~! = J, which is an upper diagonal
matrix. We will show that the following eq. (B.1) has a unique solution h(y) = >, <Jul <P Co v

b/ () = by = —y" Cy+o(lyl®), (B.1)
where C = (S~ HT s 1. )

Note that h(y) = 22< o] < P cyy* is a solution of (B.1) if and only if h(x) := h(S(x — X)) =
22< < p Ca(S(x — x))* = ZZSI%I <p cl,(x —X)* is a solution of (2.2), since we have with
y=38x—Xx)

H(f n)) = H(n) =H(Yn+1) — Hn)
=B(SCra1 = 1) = H(S(xy — )
= b(xn+l) - b(xn)
and  —y"Cy+o(Iyll”) ==I1S""yI* + oIS~ yII")
=—|x = %>+ o(llx —X|I").

Hence, we have to show that there exists a unique solution h(y) = Zzg o] < P cyy* of (B.1),
i.e. cf. Remark 2.5

o

G0
AL f;()yﬁ [ ==yTCy+olylD). B2
2< o< P 2<|pI<P-1 ’

Note that 0ﬁf(0) = (6ﬁf1 0, ..., ﬁﬁfd(O))T is a vector, C is a symmetric matrix and P >2. We
consider the terms order by order in y. The lowest appearing order is two and the terms of this
order in y of both sides of (B.2) are

Do alunt=yT==ycy. (B.3)
|ot|=2

Writing the terms of order twoas ), ¢zy* = y” By, (B.3) becomes J" BJ — B = —C. Since
the eigenvalues A of J are the eigenvalues of Dg(x) and thus satisfy |4| < 1, this equation has a
unique solution B; the proof for the complex-valued matrix J is the same as for the real case, cf.
[16,4, Lemma 2.5].

Now we show by induction with respect to k := |«| < P that the constants ¢, are uniquely
determined by (B.2): For |a| = 2 this has just been done. Now let P >|o| = k> 3. Consider
(B.2): the terms of order <k — 1 satisfy the equation by induction. Now consider the terms of
order |o| = k: all terms of order k are contained in the following expression:

o

B
Y oafnr Y HOw) oy, (B4)

!
2< o <k—1 2<|pI<P-1 B |or|=k
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The constants ¢, with 2<|a|<k — | are fixed. We will show that there is a unique solution

for the constants ¢, with |«| = k such that } ) << € (Jy + 2 o< ip<pe 1 ﬂ' yﬁ) +

Z‘ o=k Co [(]y)‘“ -y ] has no terms of order k. Since all ¢, in the left-hand term of (B.4) are
known and all ¢, in the right-hand term are unknown, this is equivalent to an inhomogeneous
system of linear equations. It has a unique solution, if and only if the corresponding homogeneous
system has only the zero solution. Therefore, we study the corresponding homogeneous problem

D eyt —yT]=0, (B.5)

Joe|=k

and show that ¢, = 0 is its only solution.

J is an upper diagonal matrix such that all eigenvalues 4 satisfy |4| < 1 since J is the Jordan
Normal Form of Dg(X). The eigenvalues are on the diagonal and thus |J;;| < 1 holds for all
1 <i <d. Hence,

Jy = iyt + Ji2ya + -+ Jiaya, Joya + -+ havd, - - Jaaya)” - (B.6)

We prove by induction that all coefficients ¢, in (B.5) vanish. Note that |«| = k. We introduce an
orderon A := {0 € Nd|o; € {0,... &k} foralli € {l,...,d}}. Note that {x € N§||o| = k} C A.
The order ||o|| on A is such that ||<x|| is the (k + 1)—adic expansion of a, i.e.

d
No > flall =) oylk + 17"

=1

Now we start the induction with respect to || «||. The minimal o with |o| = kisa = (k, 0, ..., 0).
The coefficient of y¥ in (B.5) is, due to (B.6), c0,...0)(JK — 1). Since |J},| = /11 ¥ < 1, we
have C(k,0,...,0) = 0.

Now we assume that all coefficients ¢, with |a| = k and ||| < A* for some A* € N are zero.
Let S € Ng be minimal with ||| > A* and |f| = k. We will show that cg = 0. Consider the

coefficient of yﬁ in (B.5). Due to (B 6), only the terms Z|oc|:k(']y)1 with
Bi

< oy (to obtain y D
By + By <o+ (toobtain y2 2)

T
L

Z B <) o (toobtain ygi]l)

N
I
-

M&

oy (to obtain yd &)

d
k<
=1

contribute to terms with yﬁ .

We will show that ||«|| < || f]|. The last inequality is k = k, since |o| = |ff)| = k. By subtracting
this last equation from the inequality before, we obtain oy < ;. If ag < f,, then |lof| < || B]]. If
og = By, then Zl L B = Zl 1 o and we can proceed by subtracting this second-last equation
from the third-last inequality, and obtain oz_1 < f§;_;, etc.

=1
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Since ¢, = 0 holds for all ||«|| < ||f]| by induction, the only term left with yﬁ is the one with

lloll = 1B, i.e.
C[}[Zﬂyﬁ -y =0,

where z = (J11, J22, ..., Jaa)T. Since | J;;| < 1 foralli =1, ..., d, we have |zﬁ| < max;=1, .4
|J,-l-||ﬁ| <landthuszf — 1 # 0. Hence, we can conclude cg = 0.

We show that [j is the Taylor polynomial of V of order P: Let V(x) = T(x) + @(x) with
@(x) = o(|lx — f||P), where T (x) = Zogmgp dy(x — x)* is the Taylor polynomial of V of
order P. Then

—llx =X =V'(x)
=V(g) - V(x)
=T(g(x)) — T(x) + p(g(x)) — p(x)
=T'(x) +o(l|lx —x||") (B.7)

since ¢(x) = o(J|lx — xIF) by definition and ¢(g(x)) = o(|lx — x||1¥) as we show now:

Setm := max, g IDg(»)|. Let & > 0. Then there isa 0 < ¢ < 1 such that

P(x)
lx —x|IP

(B.8)

&
<_
mP

for all x € Bs(x)\{x}, since p(x) = o(|lx — x||¥). Since g(x) — g(xX) = g(x) —x = o(1)
by Taylor’s Theorem, for the above § > 0, there is a 0 < ¢ < 1 such that ||g(x) — X|| <
0, 1ie. g(x) € Bs(x) for all x € Bgy(x). On the other hand, the mean value theorem yields
lgx) — g <m|lx —X], i.e.

1 m

(B.9)

Ix — x|~ llg(x) — x|l

forall x € By (X)\{x}. With (B.8) and (B.9) we conclude that for all ¢ > 0 thereis a 0 < § <1
such that

P(g(x))
lg(x) —x|I”

forall x € By (X)\{x}. This shows ¢(g(x)) = o(||x — 5.

Note that V (x) = 0, and hence dy = 0. The terms of order one are also zero. Indeed, denote
di := c, fori = 1,...,d such that Zm:l dy(x —X) = d”(x — ). Then (B.7) implies
d"Dg(x)(x —x) —dT (x =x) = 0,i.e.dT (Dg(x) — I) = 0. Assume in contradiction that d # 0.
Then det(Dg(x) — I) = 0, i.e. that 4 = 1 is an eigenvalue of Dg(x), which is a contradiction. By
the uniqueness of ), we have Zog o] < P dy(x —X)* = h(x), since it satisfies (2.2). [

P(g(x))
llx = %|1”

P

X
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