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Abstract

The main aim of the paper is to present a technique that allows to infer wellposedness, trace and Gevrey’s
regularity of hyperbolic-like PDE’s with non-monotone boundary conditions. The lack of monotonicity
prevents applicability of the known semigroup methods.

In this paper we show how recently developed tools of microlocal analysis [D. Tataru, A priori estimates
of Carleman’s type in domains with boundary, J. Math. Pure Appl. 73 (1994) 353-387] combined with
some spectral theory can be used successfully in order to obtain the needed inequalities. The method will
be illustrated on a simple example of beam equation with non-monotone boundary conditions.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The focus of this paper is on second order in time PDE scalar equations with boundary condi-
tions that are non-monotone. Since the boundary terms involved are not bounded by the topology
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of the underlying phase spaces, we deal with non-monotone problems which, moreover, are not
amenable to perturbation or fixed point type of methods.

The aim of this work is to present technique that allows not only to prove wellposedness and
appropriate energy estimates exhibited by traces of solutions, but also to infer (rather unexpected)
regularity of solutions that is classified as Gevrey’s class. In order to keep this paper focused and
simple, we choose to illustrate the method on a simple example of beam equation. However, the
methodology presented is applicable to more general, multidimensional problems.

Accordingly, we shall consider the following initial boundary value problem defined for the
forced beam equation

utt+uxxxx=fa XGQZ(O, 1)7 t>0’ (11)

with non-monotone boundary conditions given by

uxxx(1,¢) =0, upx(1,8) = —ku;(1,¢t) +b(t), k=0, (1.3)

and initial conditions: u (0, x) = ug(x), u;(0,x) =u;(x), x € £2.

We are interested in wellposedness and regularity of the corresponding solutions. Wellposed-
ness will be considered within the so called finite energy space,i.e. H = Hfl (£2) x Lo(£2), where
H czl (£2) is equipped with clamped boundary conditions at x = 0. The energy function associated
with the model is standard and given by

1

1
£ =3 [t + e 0P
0

The problem considered is a one-dimensional linear Euler—Bernoulli equation with feedback
boundary conditions. This class of problems has been studied extensively in the literature, in
fact in a much more challenging version when £2 C R" (see [6,8] and many references therein).
Thus, a natural question that arises is the following: what is special about this particular model?
It turns out that boundary conditions destroy natural dissipativity of the underlying generator,
thus raising fundamental question of wellposedness of finite energy solutions, and of validity of
some energy inequality. On the other hand, this kind of boundary conditions arises naturally in
modeling of rotating beams under boundary force feedback control [3]. Thus, the model is of
both mathematical and physical interest.

In order to gain a better understanding of the problem and the questions raised let us recall that
the standard monotone boundary conditions associated with (1.1) and (1.2) are the following:

uxex(x =1) =0, uxx(1,8) = —kuy (1, ). (1.4)

Actually, the model (1.1) with f =0, clamped end at x = 0 and absorbing moments as in (1.4)
is a classical model of a contraction semigroup that is exponentially stable. (This property is well
known not only for beams but also plates, where the analysis proves substantially more technical
[4,7].) The energy identity for model (1.1), (1.2), (1.4) takes a very simple form

t

t 1
E(t)+k/u)2”(1,s)ds:E(O)+//ut(x,s)f(x,s)dxds. (1.5)
0 0

0
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Thus, when f = 0 the dissipation rate is proportional to the square of u,;(x =1, ¢). Instead, in
the case of non-monotone boundary conditions (1.3), the situation is very different as no appar-
ent dissipation rate emerges from the energetic calculations. Indeed, standard energy argument
applied to unforced beam (with f =0, b =0) gives

t

E(t)+k/u,(1,s)ux,(1,s)ds=E(0). (1.6)
0

Thus, in contrast to (1.5), the energy relation in (1.6) does not provide (even with f = 0) any
a priori bound for the energy. The boundary term does not seem to provide any information about
an additional boundary regularity of solutions (which is the case in all problems with monotone
boundary dissipation). Even more, boundary terms display a troublesome unboundedness on the
boundary that is not controlled by the energy. In short, the non-monotone boundary conditions
considered above do not seem to yield any dissipative law.

Based on the discussion above, one easily concludes that the problem is not within the realm
of the theory of dissipative semigroups. This, of course, does not mean that there is no semi-
group structure behind the model. However, should such exist it is definitely not obvious and of
rather hidden structure. In fact, this issue has attracted attention of several researchers [3,11] who
studied the problem, by Riesz basis techniques. On the other hand, it is well known that Riesz
basis techniques, besides being computationally heavy, are limited in their applicability due to
the famous “gap condition” that a priori restricts the analysis to—essentially—one-dimensional
models. This has motivated our interest in studying the problem from a more intrinsic and general
PDE point of view without any reliance on Riesz basis generation. Questions that are of particu-
lar interest in this study are the following: (i) what is the mechanism behind the generation and
how the apparent lack of dissipation and appearance of the energy-unbounded boundary traces
can be eventually mitigated by the dynamics of the problem? (ii) What is the structure of energy
identity that provides information on some (rather peculiar) “smoothing” effect of boundary con-
ditions? Finally (iii) how to quantitize an overall interior “smoothness” of the dynamics induced
by the boundary conditions?

It is the goal of this paper to develop a technique that will provide an answer to the questions
raised above. Surprisingly, the methods employed are not that elementary as perhaps dictated by
the simplicity of the model. The main idea is to represent the original semi-flow as a suitable
“perturbation” of a “good” semi-flow generated by dissipative boundary conditions similar to
these in (1.4). We say “suitable,” since the perturbation is defined only at the microlocal level.
The main tool for achieving this is a technique, recently developed in [12], that allows for mi-
crolocal decomposition of the traces corresponding to hyperbolic-like equations. By using the
microlocal analysis tools we will be able to exhibit some dissipative law, but valid only on a
finite time horizon. This explains the fact that the semigroup is neither contractive nor dissipa-
tive. However, finite time dissipative law exhibits an additional regularizing effect caused by the
boundary conditions. Further spectral investigations of the model reaffirm this regularizing ef-
fect and, in fact, allow to prove that the resulting semigroup is of Gevrey’s class. This is stronger
regularizing effect than just differentiability recently obtained in [3] by Riesz basis techniques.

Our main results are formulated below.

Theorem 1.1. For any k > 0 the model (1.1)—-(1.3) with f =0 and b = 0 generates a strongly
continuous semigroup e on H = chl (82) x Ly(82) and the following energy inequality holds
for the forced equation: There exists a constant ¢; > 0 such that for all t > 0,
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2 2
E(t) +k|ut(x = 1)|H1/4(0’,) +k’utx(~x = 1)|H*1/4(0,t)

t
2
<o (E(O) +/|f(s)|L2(0’l) ds + |b|§,1/4(0’t)>. (1.7)
0

Remark 1.2. Note that the inequality in (1.7) implies for k > O strong regularizing effect on the
boundary. There is a gain of 41_1 time derivative for the velocity component.

Our next result describes an additional interior regularity gained by the dynamics. In order to
formulate our result, we introduce the following definition.

Definition 1.3. A strongly continuous semigroup e’ is of Gevrey’s class & for 1 > 1y if e/’ is
infinitely differentiable for ¢ > #y and for every compact K € (#y, 0c0) and each 6 > 0, there exists
a constant C = C(K, 6) such that

1) ™ | cy < CO" VY. VeeK, n=0,1,2,....

Theorem 1.4. Let 0 < k # 1. The semigroup !, introduced above with a generator A on H, is
of Gevrey’s class § > 2 with to = 0.

Remark 1.5. Gevrey’s regularity is described in terms of the bounds on all derivatives of the
semigroup. These bounds are weaker than the corresponding ones corresponding to characteri-
zation of analyticity, but they are stronger than the ones corresponding to differentiability (see
[2,10,13]).

Remark 1.6. The energy inequality in (1.7) allows to study semilinear problems with both
interior and boundary nonlinear terms. Because of space limitations, this topic is not pursued
here.

2. Energy inequality and generation of the semigroup

The proof of Theorem 1.1 is based on microlocal analysis. The main idea goes back to
the so called microlocal decomposition of traces corresponding to boundary value problems
[12,13]. Indeed, the goal is to express one boundary condition in terms of the remaining three
modulo a perturbation that is “smooth.” Since we already know that a “good” dissipative
(monotone) feedback has the form uyy = —kusy, x = 1, our aim is to rewrite (microlocally)
the imposed nondissipative boundary conditions with the term —ku;. Of course, the price for
doing this is the introduction of lower order terms that destroy contractivity of the semigroup.
Thus, at the end of the process we obtain good energy estimate but polluted by lower order
terms.

In what follows we shall use by now classical anisotropic notation H} (X') and H; (Q), denot-
ing anisotropic Sobolev spaces that are of anisotropic order s (see [5,7,12]). By H}(Q) we mean
that s derivatives in §2 and 5 derivatives in time are square integrable. (This is in line with the
canonical scaling of principal part of the operator corresponding to Euler—Bernoulli, Shrodinger
and heat operators.)
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2.1. Preparation for the proof of Theorem 1.1

Motivated by the considerations elaborated in the introduction, it is clear that the crux of the
matter and difficulty of the problem lies in the boundary behavior of the underlying PDE. Thus,
our main goal is to analyze this behavior and to derive appropriate estimates for the corresponding
traces. The main task and technical effort goes into proving the following trace estimates for
solutions to (1.1)—(1.3).

Lemma 2.1. For any solution to (1.1)—(1.3), the following a priori trace regularity is valid:
Vt > 0, 3Cx > 0 such that:

2
17

5
T S [N VNS Ct,k|:E(0) + / I£1 dt + |b|§,1/2(21)], 2.1)
0

where |ull = |ul,0,1) and X = {x =1} x (0, 1).

The proof of the lemma proceeds through several supporting lemmas and propositions. Before
we go into technical details involving microlocal analysis, we shall explain the main idea that
allows to “conjecture” the regularity of the traces postulated by Lemma 2.1.

Analysis near the boundary x = 1. By applying standard partition of unity and localization we
may consider the half space problem. The half space problem is then microlocalised. In line with
standard convention D, = %%, so that % — —is — —i&, where s € R and £ € R are dual
variables.

Specializing to the one-dimensional case, the characteristic polynomial corresponding to

. d
> dx

Euler-Bernoulli model represented by differential operator P = % + % becomes p(&,s) =

g* — 52, The strategy taken from [12,13] is to decompose the symbol p(s, £) into the product
of two polynomials such that one of them has at least one root (in the variable £) with a neg-
ative imaginary part. It is known [13] that the corresponding pseudodifferential operator is of
parabolic type, hence it induces typical parabolic smoothness of the dynamics. The remaining
part of the decomposition will correspond to backward diffusion (polynomial with a root of a
positive imaginary part) and two branches of conservative waves (polynomials with real roots).
Then, the idea developed in [12] is to “control” the non-diffusive part of the dynamics by only
“three” boundary conditions, while the diffusive part will provide for lower order terms. Putting
the above program into work leads to the following decomposition of the polynomial p(s, ).
p(s, &) can be decomposed (with respect to the normal direction £) into p* and p~ where

pr=E+iVIsl,  pt=(E—Is)(E—iVIsl). 2.2)

The variable & is a dual variable corresponding to the normal (to the boundary) direction, whereas
s is an anisotropic dual variable corresponding to time differentiation. Since p~ has one root
with negative imaginary part, this part of the dynamics has smoothing (parabolic) like charac-
ter. Instead pT corresponds to backward diffusions and two conservative (wave type) dynamics
(see [12,13]). The idea introduced in [12] is to express (algebraically) one boundary condition
in terms of the remaining three boundary conditions modulo the symbol (third order polyno-
mial) p™. Since the term corresponding to p™ will provide smooth (compact) contribution, the
topological properties of the system will be driven by the decomposition. In our case the trou-
blesome boundary trace corresponds to the symbol £2. Thus our aim is to express £ as a linear
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combination of other traces. Without loss of generality we shall assume s > 0 (the analysis for
s < 0 is completely analogous, hence omitted). We shall also denote by X' = R x {x = 1} and by
T*(X) cotangent bundle to the boundary X'—see [12,13]. Thus, for every (x = 1,¢,5) € T*(X)
we have the following decomposition:

£ =r(s) + ()€ +r1(0)E + S_1()pT &, ), (2.3)

where r;(s), i = 1,2, —1, are tangential PDO of anisotropic order i, S_1 € Sa_l(T*(Z‘)) (see
[12,13]). These operators are to be determined from algebraic relations (2.3 ) with p™ (£, s)
replaced by (2.2). Comparing the powers of the dual variable £ we obtain 7_1(s) + S_1(s) =0,
1=—i/|s[S_1(s), and r{(s) — S_1(s)s =0, ra(s) +iS_1(s)+/]s[s = 0. This gives

S = —— e S THE)),  ras)=— e S (T*(®)),
[s] JIs|
ri(s) =i «/SITI eSHT*(ZD)),  ras)=seS2(TH(E)).
Combining with (2.3) yields
B ostio—t— —E 4+ ——ptE,s). 2.4)
VIsIT s Vsl

By exploiting boundary condition uycy(1) = 0 and uy (1) = —ku,;(1) we obtain &3 =0,
£2 = —iks and substituting into (2.4) yields

1 1
—isk =kEs———— —kpt(&,5)————. (2.5)
ST Y arin
On the other hand, the symbol of u; is equal to —is and the symbol u;, is equal to —s&. Since
boundary conditions imply that u; = —*%= at x = 1, the symbol corresponding to u(x = 1)

can be written as iks. The equality in (2.5), at the symbolic level, gives us the relation between
the velocity of the normal derivative and the velocity of the trace on the boundary x = 1. PDE
version of (2.5) is given below

—ku;(1,8) =uxx(1,t) = —=Dusr(1,t) — (ﬁu)(x =1,1), (2.6)

where PDO (pseudodifferential) operators D(¢) and P are represented by the following symbols

k _
D ~d(s), d(s)sH—l.k(m) "

A

P~ pE,s)= pT(s, &)

k
VIsI(1 +ik)
The relation between symbols and operators is classical [13], i.e.: Du(t) = fR d(s)Fu(s)e's' ds
and Pu(x,t) = fR P(Dy, s)Fu(x, s)e’" ds where Fu denotes Fourier’s transform with respect
to tangential (time) variable).

Since Nd(s) = 1+’<7(./|s| )7L, d(s) € S;N(T*(2)) and p(&,s) € S2(Q), where Q =
X x (0, 1). In other words, D is a tangential operator of anisotropic order —1 and P is a second
order PDO operator (also anisotropic) in all variables. In particular, due to microlocal Garding’s
inequality [13] the following coercivity property holds

0 [(D2(5).20))ds > CHizE,

5 (R) =Ck|Z|§.171/4(R)3 (27)

R
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where we denote complex inner products by (u, v) = uv and (4, v) = fol u(x)v(x)dx. Since the
symbol p™* corresponds to smooth part of dynamics, the regularity of the solutions is driven by
the boundary conditions

uxx(lvt)=_Dutx(1’t)v (28)

where D is a positive PDO operator with the symbol ﬁ (+/s)~!. The above problem is dissipa-
tive, hence the energy of the unforced equation is non-increasing. However, the original problem
is “polluted” by the trace at x = 1 of the operator ﬁ(x, t). However, this operator corresponds to
forward diffusion represented by p~, hence it is smoothing. In order to quantify this last state-
ment and to proceed rigorously with our program we need to introduce the backward adjoint
problem. The reason for this is that the original variable u(¢) is not naturally defined for r <0
(unless the initial conditions were zero, in which case we could extend (in ¢) solution to the entire
real line). Instead, the adjoint variable will have a natural extension to the entire real line. This
allows for rigorous application of the strategy explained above and based on microlocal analysis
tools.

2.2. The backward adjoint problem

In what follows we shall perform microlocal analysis on the following adjoint problem. Let
T > 0 be fixed. We consider:

Ztr + Zxxxx =0, in (0, 1) x (=00, T),

z(x=0,1) =z, (x =0,1) =0, zex(x =1,0) =1(),

Zoax (X =1,0) = —kzy (x = 1,1) + g (1),

72(x,T)=2z/(x,T)=0, on(0,]1). (2.9)
First of all we extend the variable z by zero for ¢ > T, so z(¢) is defined for 7 € R.

Step 1: Decomposition on the boundary. Microlocal decomposition of the boundary operators
proceeds as follows:

5 =r3() + ()6 + 1) + So(s)p* (€. ). (2.10)
Comparing the powers of the dual variable & we obtain
So(s) =1, ri(s) =ivlsl, ra(s) =s, r3(s) = —isy/Isl.

The above gives, after accounting for the boundary condition z,, () =I(t),

£3=—is/Is|+s& —i/|sll(s) + pT (s, &). (2.11)
Exploiting boundary conditions z,.x (1) = —kz;x (1) + g(¢) yields
&3 =ks& + g(s). (2.12)

Substituting into (2.11) yields ks& + g(s) = s+/[s] + is& + /]s]l(s) +ip™T (£, s). Consequently

ki
SE = %[s/ﬁ— g(s) 4+ /1s11(s) +ip* (&, 9)].

p
i£3 =k%[s¢|s7 —g(s) +/Isll(s) +ipT (s, 8)] + g (s), (2.13)

Zoxex (1, 1) = D1z (1, 1) + Prz(x = 1,1) 4+ cxg (1) + Dil (1), (2.14)
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where the symbols of respective operators are given by d(s) = kX=L /[s] and p(&,s5) =

k241
k]”_H pH(E,s), cr= k2+1 ,dp = kk2-:-ll /Is]. Similarly, from (2.13)
k + 1 1
zix(1,8) = g(t) + - Dkl(t) + - (Plz)(x =1,1)+ - Dlz,(l 1). (2.15)
We note that i dj(s) = _k2+1 J/|s|. By Garding inequality [13]
a8 2
_91/<D1z(t),z(t)> C1k|z| Ry 2 C1k|z|H1/4(R) (2.16)

R

as expected, after comparing to the analysis of u problem. The above inequality indicates

“smoothing” of the % time derivative. From (2.15) after noting that d; € S;(T*(Z‘ )) and

di € SH(T*(X)), we also obtain

|fo|H,7‘/2(R) < Ck[|g|Ha—1/2(R) + |l| PRy T [(P12)(x = 1)|H‘1—1/2(R) + |Zt|Ha1/2(R)]-
2.17)

Step 2: Localization of z problem near the boundary. We localize the adjoint equation (2.9) in
the nbh of the boundary x = 1. This is done with a help of smooth cutoff functions ¢ (x) such that
¢ =1 in the nbh of x = 1 and has support in say [1/2, 1]. Since Oz =0 where O = —th +A%?=
% + A2, we have O(¢z) =[O, ¢]z = R(z). Here [A, B] denotes the commutator of differential
operators A, B. With the above notation we can write down the Euler—Bernoulli equation in the
form

P PY¢z=R(z), for(x,t,& )€ Q x R,

where the commutator R(z) is a third order operator in x. Denoting by v = P T ¢z we obtain that
v is a solution to a “parabolic” problem with respect to normal direction. This is because p~
has a root with a negative imaginary part, so we will be solving P~ v = R(z). Noting that v has
a compact support at x =0 we are in a position to apply parabolic energy estimates [12] (see
[12, p. 372]). This yields

0l gy + 101 o125y < C|R(z)|L2u’H;a71/2(2)). (2.18)

Here (in line with the notation in [12]; see also [7]) we denote J = [1/2, 1]. Parameter « is any
real positive number allowing for rescaling in the inequality tangential derivatives.
Applying (2.18) with o = 1/2 yields the following inequality for the “smooth” part Py,

+ _ +
[(PT92)(x = D125y + [PT02 155 S CIR@| 1y 1 (39 (2.19)
and since p; = cxp ™, the above inequality gives
[P (pz(x =D y-12 5 S CIR@)| 1y g1 (59 (2.20)

Now, let us analyze the effect of the commutator R(z). Direct computations give R(z) =

[0, ¢lz = — dx4 , ®]z. Thus, the principal part of this commutator is driven by D3z This leads
to

IR 1y0m7 ) S Claxeal g (5 (2.:21)
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On the other hand, from (2.9) z; € Lr(J x X) = Dﬁz € H™'(R; L,(J)). Interpolating the above
with sz € Ly(J x X) gives

”Zxxx ”Lz(J,Ha_l %)) < C[”Zt ||L2(J x X) + ”Zxx ||L2(J><Z)]~ (222)
Estimates (2.21), (2.22) give

|R(Z)|L2(],Ha_](2)) g C[|ZI|L2(J><E) + |Zxx|L2(J><E)] (223)
and from (2.20)
|(Pte)(x = 1)|Ha_'/2(2) < Clztl Ly xm) + lzxxl L x 3 ]- (2.24)

Step 3: Energy inequality for the z problem. Let X7 = (¢t,T) x {x =1}.

Lemma 2.2. Let 7 be a solution to (2.9). Then for any 0 <t < T the following a priori inequality
holds.

”Zr(t) ”2 + ”Zxx(t)Hz + }Zz(l)’i,alﬂ(zr) < Ct[|g|§171/2 + |l|21/2

(Zr) (2r>]’

2 2 2 2
|Z"”(l)‘ﬂg”"m) + |fo(1)‘H;”2<zr> < C’Ug'H;”Z(zr) + |Z|H;/2(2r)]' 2.25)
Proof. We begin with the estimate defined on R x (0, 1). To this end we introduce new variable
7 = z(¢)e"! for sufficiently large y > 0. We also note that the estimates in Lemma 2.2 are invari-
ant with respect to addition to the equation of lower order term, say Nz, where N will be chosen
suitably large. Thus, the equation for the new variable becomes

Ztr + Zooxxx — 2)/2: + ()/2 + N)2 =0 (2.26)

with terminal condition Z(T) = Z:(T) = 0 and boundary conditions at x = 1 given by Zyx, (1) =
_kztx + k)/%x + é’a 2xx(]) =1
The following estimate is valid for Z with N sufficiently large.

Proposition 2.3.

A A A 2 A 2 A 2
/(nz,n2 +12ex?) dt + k|2 (D[ 172 gy + K| Zeee D[ -12 ) + k|2 (D] -1

R
12 712
< C[|8|H;1/2(R) + |l|Hal/2(R)]' 2.27)
Proof. Standard energy identity along with zero values at T give
/ [27 12117 = (Zrxx (D). 20(D) + (I, Zex (1) ] d2 = 0. (2.28)

R

By using (2.14) where we replace g by ¢ + kyz,(1) we rewrite the first boundary integral as
follows:

/(zmm, z(1))dt = f((Dlzt(1>,zt<1>)+<Plz<x =1),%()
R R
+ ek (ky 2 (1) + &) + Dl (1), 2,(1))) dr (2.29)
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combining with (2.26) gives

2.30/[2y||2,||2 —(D12:(1), 2/ (D)) = (P12(x = 1), 2, (1))] dt
R

= [leclkrzan) + ) + Did. 2w (2.30)
R

Exploiting (2.16 ) and (2.21) applied with Z and taking real parts gives
A2 N 2
2y [P dr + ka0 g
R

< |P12(x = 1)|H[1/2(R)|£t(1)‘H;/2(R) + |l|Hal/2(R)|Z”C(1)|H[1/2(R)
+ i (ky [2e (D] 12 g |2 112 ) + 181 172 ) |26 (D 172 ) (231

and by (2.17), (2.24) along with |2, (1)| < €||Zxx |l + CclIZ||, where we take € ~ %,

N N 2 ~ ~
2yf 12611 dt + ck|2e (D)1 ) < Ci /[nztn2 +1zaxl® + 227 ] dt
R R

+Ck(|g’|271/2 + mirl/z (2~32)

(R) <R>)’

Our last step is the estimate for the potential energy. This is achieved by exploiting “equiparti-

tion” of the energy.
Multiplying (2.26) by z and integrating by parts we obtain

/ (Zaxl? + (P2 + NYIZI? = 1207 + (Zeax (D, 2(D) = (I, 2 (D)) dt = 0. (2.33)
R

We estimate the boundary term by using boundary conditions and integrating by parts in 7,

/2xxx(l)2(1)dt=/[k2x(1)2z(1)+)/2x(1)2(1)+§2(1)]dt (2.34)
R R

hence, by Sobolev’s embeddings, interpolation inequalities and trace theorem along with
12 (D] < €llZex | + CellZll,

A A A2
[l 2] ar < efiey o,
R

e l] 4+ Py + Cre [ 1ERdE 239
R

and combining with (2.33) after taking ¢ small gives

/[n%mu2 + (2 + N = Cey) 217 = 12 17] dr < C[1Z 112 (2.36)

R

12
w '”HJ/Z(R)]'
The above inequality along with (2.32) after taking y large (to absorb ||Z;]|?) and N large (to
absorb [Z]|?) yields the estimate for the first three terms in Proposition 2.3. The estimate for
|Z“‘|H’1/2(R) and |Z"”|H"/2(R) follows now from (2.14), (2.15) and (2.36), (2.32). This con-

cludes the proof of Proposition 2.3. O
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An immediate consequence of Proposition 2.3 is that the same estimates hold on every finite
interval [¢, T]. Even more, we can replace Z by the original z at the price of adding to the RHS

the term N ftT l|z||. To continue with the proof of Lemma 2.2, we apply energy method to the
backward problem, after taking advantage of Proposition 2.3.

T
lo ] + |z“<r)\2=2/zxxx(1,r>z,<1,r)dr

t

S2faxer (0] g [ D] gz g,

T
2 2 2
< ck[|g|Hal,2@T) Uy, +€ [ 120 dt]. 237)
t

Cronwall’s inequality provides the estimate for the energy terms. Combining this with Proposi-
tion 2.3 completes the proof of Lemma 2.2. O

2.3. Proper proof of Lemma 2.1

The argument to be used exploits (2.25) along with duality. The goal is to obtain trace esti-
mates for the original problem u given by (1.1)—(1.3).

T T

T
d
/(f, z1)ds =/[(Du,Zz)+(uz, DZ)]dS:/E[(”hzt)‘i‘(uxx’Zxx)]ds
t

t t
T

+f[u[(1, 2w (11—t (1. Dzex (1. 1) — s Dz (D] ds
t
T

= —(ur (1), 2 (1)) + (wx (1), 22 (D)) + /[uz(L D(=k)zix (1, 1) —upx (D1
t

+ kg (1, ) 2o (1, 1) + (1, 0)g (1) + 20x (1, )b(1) ] dt. (2.38)
Taking r =0 in (2.38 ) and evoking (2.25), (2.15)

T T
/u,(l,t)g(t)dt—/u,xl(t)dz
0 0
T T
< e ]| | 20O || + [t O || | 22x O || + / (fz0)dt + / ze(Dbdt
0 0

T
<c(|g|HaI/Z(ET)+|z|H;/2<ET))<Hu,(o>|| + [ucx O] +/||f||dt+|b|Hnl/z(ET)).
0

(2.39)
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Thus, by Riesz representation theorem, arbitrariness of / and g and arbitrariness of T we
obtain from (2.39) the estimate (2.1) stated in Lemma 2.1

2.4. Completion of the proof of Theorem 1.1

Lemma 2.1 provides the estimate for the boundary traces. In order to complete the proof of
energy inequality in (1.7) we need to estimate the interior norms. This can be done now by
standard energy estimate applied to u problem. Indeed, multiplying (1.1) by u, and integrating
by parts gives

1
2 2
Jue 1 + s @1 =2 [ fates (0,100

0
l 2 2
:2f(f,u,)dt+||u,(0)|| + uxx O] (2.40)
0

Exploiting boundary conditions

Jus I + e O < 2fkate (1) 4+ b oz e (D o125

t
+2f 1L e |t + [ O) | + x| (2.41)
0
and recalling the result of Lemma 2.1
t t
E(t) < Cu [E(O) 161 5+ / £ 1% de + [ E(r)dr}, (2.42)
0 0

application of Gronwall’s lemma together with Lemma 2.1 completes the proof of energy in-
equality (1.7).

The proof of generation of the semigroup ¢4’ on H, due to linearity of the problem, is now
standard. We exploit a priori estimates for the original and the adjoint problem. See the proof of
Theorem 3 in [9].

3. Gevrey’s regularity

Applying Laplace transform to the initial boundary value problem (1.1)—(1.3) yields the
boundary value problem

Urpxx + 27U =0, 1(0) =1,(0) = ttyrx (1) = ux (1) + Aku(1) =0, (3.1
that may be rewritten as a system

Upyrxx A0 =0, v—Au=0, (3.2)

u(0) = ux(0) = ttxxx (1) = uxx (1) + kv(1) =0. (3.3

It is straightforward to verify that the generator A has the form

(0 I
A=<—D;t o)
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with D(A) ={(u,v) € H, v € Hfl(.Q), ue H*(2), u(1) = —kv(1), uyer(1) = 0}. Let
R(x, A) = (\I — A)~! denote resolvent operator corresponding to the generator A. The crux
of the proof of Theorem 1.4 is based on the following estimate for the resolvent valid on the
imaginary axis.

Lemma 3.1. Ler O < k and k # 1. Then the following estimate takes place:

C
—, TE€ER.

. . 2
lim | RGt, A)| 7, < =

|T]—00

Indeed, Lemma 3.1 along with Theorem 1.1 and Theorem T.4 in [1] (see also [2, Theo-
rem 1.1]) imply that e4’ has Gevrey’s regularity of order § > 2, fo = 0.

Proof of Lemma 3.1. Let us begin by writing down explicitly the resolvent operator. We find
from (3.2):

w,v)=R(A,A)(f,8) < u—-v=/f, AVt Uxxxx =& (3.4
with the boundary conditions
u(0) =ux(0) =0, uxx (1) = —kv(l), uxxx (1) =0. (3.5

This is equivalent solving

Uxxxx +)\2u =g+ Af,
u(0) =u,(0) =0, uxy (1) = —kv(1), uxyx (1) =0. (3.6)

Thus, the result of Lemma 3.1 is established as soon as we prove:

C
N7 0.1 + 101 Z,0.1) < m[nfn;éw,l) +1glZ,00) 3.7)

where the estimate is uniform for all A = it with |t| large. The rest of the paper is devoted to
the proof of this inequality. All absolute constants that appear in the proof will be denoted by
the same letter C with different indexes. Introduce the following selfadjoint Sturm—Liouville
problem,

w"” —22w=0, xe 0, 1), w(0) = w'(0) = w” (1) = w” (1) =0.

The standard methods of the operator theory imply that the problem has a discrete positive
spectrum {X%} with the only point of accumulation at infinity, and the eigenfunctions {w, (x)}
form an orthogonal basis in both L(0,1) and H?(0, 1), [w/w), = [wiwy, =0 if i # m,
f (w2 =22 f w2 . It is easy to find the following form of the eigenfunction,

wy(x) =N, x (sin VAnx —sinh /A, x — Q(A,)(cos/A,x — cosh \/)\nx)), (3.8)
sinh v/A; + sin /A
O(hn) = . = (3.9)
cos v/Ap + cosh /A,
Here we introduce the normalization factor N,, so that
fw,% =1, andhence /(11),/1’)2 =12 (3.10)

It may be shown that
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N2 — 1 —cos+/A, \7" _ 1 — 0, cos /Ay
" 1+ cos /A, 1+ 0, cos /A,
with o, = 1, if tan/A, >0, 0, = —1, if tan/A, <O. 3.11)

The equation for eigenvalues has the form
1 + cos /A, cosh /4, = 0. (3.12)
An elementary asymptotic analysis of (3.12) shows that the eigenvalues have the following form:
o =< 7n + % F2=1)" e T g n s oo, (3.13)

and hence N,, are bounded below and above. The following identities directly follow from (3.8)
and (3.12),

1

cosh+/A, = —m, sinh+/ A, =tan+/ A, oy,
2N, ,
wnp(1) = — (1+o0pcos/Xy), w, (1) = =2N,/ A, 0p. (3.14)
Sin /Ay
The following estimates directly follow from (3.14):
[w, (D] <C v, |wn(D]<Co (3.15)

Multiplying the equations for resolvent (3.4) by w,, integrating over (0, 1), integrating by parts,
and using boundary conditions (3.5) yields

kv<1>w;<1>+xﬁfuwn +x/vwn =/gwn,

—/vwn+1/uwn=/fwn,

which implies

1
/uw” = W[—kv(l)w,’i(l)—i—/gwn+k/fwn:|,

1
/vwn=W[—Akv(l)w,@(l)—l—k/gwn—Aﬁ/fwn].

Represent u, v, f, g as the (orthogonal) Fourier series with respect to the basis {w,}, with
Fourier coefficients denoted respectively by u,, v,, f, g&.- The normalization of the eigen-
functions (3.10) implies u, = [ uwy,, vy = [Vwy, etc., so that [[uy? =3, A2|u,l?, lv]|* =

Zn |vn |2’

Ifexl®=D a1/l llglP =" lgal™ (3.16)

‘We find:
= ! kv(DHw' (1 A 3.17
““)—;WX[‘ v( )wn(>+fgwn+ /fwn}wnu), (3.17)

1 / 2
v(x):ZW X —Akv(l)wn(1)+k/gwn —An/fw,, wy, (X). (3.18)
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The last equation implies
1 1

=— Agi — AS 1 3.19
v =505 Asz[ 2 fiJws() (3.19)
with
Wy (Dw,, (1)
SQ):1+Ak§:—721€%— (3.20)
m
We further need an identity for S(A) given by (3.20),
Dw’ (1 in+/—iAsinh+/—iA
S@)=1+Ak§:Eﬂ%M@;l=1+dk VTSV 3.21)
— AptA 1 4 cos+/—iAcosh+/—il

Indeed, both functions are meromorphic and the direct calculation shows that their residues at
A = =£iA, coincide. Further, it is easy to construct a system of extended contours such that the
RHS of (3.21) is uniformly bounded on it. All of the above proves identity (3.21) by referring to
the standard results on the theory of meromorphic functions. Comment. The eigenfunctions of
the original problem (see (3.6) with f = g = 0) have the form

Uy (x) =sin+/—ipuyx — sinhy/—ipw,x — T,,(cos/—ipu,x — cosh/—iu,x)
with 7, = (cos+/—iu, + cosh/—iw,)/(sinh/—iu, — siny/—ip,) and the eigenvalues u,
satisfying

1+ cos \/—iun cosh \/—iun + ik sin \/—ian sinh \/—i,un =0, (3.22)

which is, by (3.21), equivalent to S(u) = 0. Location of the eigenvalues u,, satisfying (3.22) is
described by the following

Lemma 3.2. Let 0 < k #£ 1. Then the only point of accumulation of {,,} is co. There is no more
than finite number of eigenvalues on the bisectrix I = R u. For large n, the eigenvalues have
the asymptotic form

—2nn7r+z«nnf (3.23)
k 1 k+1
where T = tanh™! L +iarg + .
k -1
Hence, the spectrum is asymptoncally located on the parabola. For k > 1, it has the form:
Gw?
J —-T-.
SHETr

According to (3.16)—(3.19), the desired inequality (3.7) is equivalent to the following (we may
assume 7 to be large and positive):

kw! (1
gn+l"ffn_ wn( )Z wj( ) (rg] A%fj)
J j

2 2

)‘n
; ()»% _ .,:2)2
._kw, (1) w;(1)

+Z ()\2 2)2 ng" - ifn —IT S(lf) Zj: /_ ( ng A'ff])

C3 2 2 2
S — E Al S nl” ) 3.24
t(ﬂ al ful” + 18l (3.24)

S@it)

2




152 B. Belinskiy, 1. Lasiecka / J. Math. Anal. Appl. 332 (2007) 137-154

Substitution A, f;, — f, and T = 52,

1
Xn: (A5 —sH? <

kw! (1 1
iszgn = Anfn —is? Su(};ls(z)) Z w]( ) (lS 8j—Aj fj)
J J

s > 0, yield a more convenient form of the last inequality:

2

hngn 452 f — D) Z vy () (is?

S(is?) x§ — 54

— 1 fi)

2)
G 2 2

< —2<Z|fn| +lgnl ) (3.25)

According to (3.21),

+

sins sinh s
Sis?)y=1+ik———--"— = [S(is?)|=1.
( ) 1 + cosscoshs | ( )|
Note, we may leave only a “tail” of the series in the LHS and RHS because any finite sum in the

LHS may be estimated as

N

N
0(s™) S (1ful? +12aP) \C—zzwmgn

n=1

Hence, we may substitute A, by its asymptotic representation (3.13), A, =< N,f, N,=n+ %,
where we remove m by scaling s. The expressions inside absolute values in the LHS of (3.24)
and (3.25) are equal to zero as s — N,,, and hence, by their analyticity, the LHS do not have any
discontinuity at s = N,,. Yet, we prove the estimate (3.25) separately for s = N, and s = N,,. Let
first s be uniformly separated from all N,,. We find an estimate for the LHS of (3.25):

|LHS| <C E
n (Nn +5) (Nn 57)

1
Nlgnl* +s + CoN? s*g;1* + NiI£51?
( lgnl + %1 ful® + Co ,,Z(N YT 151+ ML)
1
2 4y 0 12 452 4 2 4y r 2
+5* + N, + C75™N, sT|gil”+ NG| fj .
lgnl | fal® +C7 Z(N PyCITv 2y (51l ,|f,|))
(3.26)
The following asymptotic estimates hold:
Ny 6+2
=O0(s™ M), =0,1,2,3. 3.27
(Nn_'_S)Z(NZ_'_YZ)Z (S ) m ( )
Using (3.27) we continue the estimate (3.26) as follows:
ILHS| < 2Z|fn| e Z(|fn| +1gal?). (3.28)

n

which proves the desired inequality (3.7) (see also (3.24)) but only for t that is uniformly sep-
arated from VA,. The nbh of VA,,, T € [\, — 8§, A, + 8] (or s € [N, — §, N, + §]) is considered
now.
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Lets € [v/Am — &, v/Am + 8] for a particular m. We may disregard all terms of the series over n
in (3.25) with n # m because an estimate above is applicable. Hence, only the following estimate
is required:

2

kxw! (1 w;(1
Amgm+i52fn1 - s m( )Z j( )

S(is?) I ,\3

(5% =2, 1))
)
C—E(Z |l + |gn|2> Vs € [v/Am — 8, v/hm + 1. (3.29)

We further split the series over j in (3.29) in j =m and j # m and prove the corresponding
estimates separately. For j # m, we find

__
(03, —sH? (

k 1 1
iSzgm_ mfm_ 2 w ( )Z wj( ) (S 8j — )»jfj)
j /

+ S(is?)

’ 2
(T S s )
e S )
o
< % S (1f 7+ 1gnl?) (3.30)
or equivalently n
oz is4)2 S(is) 2(*51 +54)| 22 )\uz)jflsl (is%gj = % f;) 2

j#m "J

c
< S“Z(Ifnl +1gnl®) Vs € [yim — 8. v/Am + 61, 3.31)

n

so that |\/A; —s| > Cia, j # m.

We now use (3.15) to estimate the sum over j 7 m in (3.31):
<oy s*1gj P + 231112 1
B F Az + 54 (VAj+8)?
Ci3 >
< — + .
5 (1P +12,P)

J

w;(l) . 5
Ts“(ls gj )\, fj

j#m

To prove (3.31) we need to prove that

1
(12, — s4)?

m

S(is?)

2
()»51 + S4) <Cug

or equivalently (see (3.15))

(Vo =9)8(is%)| > Cis, s € [V Aw — 8, V/dm + 81, (3.32)



154 B. Belinskiy, 1. Lasiecka / J. Math. Anal. Appl. 332 (2007) 137-154

According to (3.20),

79 Dw! (1
lim (/o — )8(is?) = “2mm D@ _ 60y o0 oo, (3.33)
s=>Am 4)\m )\m
which proves (3.32). We finally consider the case j = m in (3.29). We need to prove:

khmw!, (1) wy (1) 2

S(is?) A2, —s*
2 kwy, (1) wy, (1)
S(is?) A%n — 54

(iszgm — Amfm)
)
Cis
<S_2<Z|fn|2+|gn|2>, s €[VAm — 8,/ Am + 8] (3.34)
n
Using the limit in (3.33) yields an equivalent form of (3.34):
2
Cie
) < S—2<Z|fn|2+ |gn|2),
n

which holds due to s € [\/A, — 8, v/Am + &]. All of the above proves the desired estimates for
the resolvent. 0O

Am&m +iszfm —

1
=7

+

iszgm_)\mfm_is (iszgm_)hmfm)

is f
o 8m m

S\ 18m —ifml”+
A2+ s4
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