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Abstract

Let {Bf{ ,t €[0,T]} be a fractional Brownian motion with Hurst parameter H. We prove the
existence and uniqueness of a strong solution for a stochastic differential equation of the form
X, =x+BI!+ fot b(s,Xs)ds, where b(s,x) is a bounded Borel function with linear growth in x
(case H < %) or a Holder continuous function of order strictly larger than 1 — 1/2H in x and
than H — % in time (case H > %). © 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let B = {B", t€[0,T]} be a fractional Brownian motion with Hurst parameter
H €(0,1). That is, B” is a centered Gaussian process with covariance

Ry(t,s) = EB' B ) = 3 {|e" + |/ — |t — s}
ItH :% the process B” is a standard Brownian motion. Consider the following stochas-

tic differential equation

t
X,:x+B,H+/O b(s, Xy)ds, )
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where b:[0,7] x R is a Borel function. The purpose of this paper is to prove the
existence and uniqueness of a strong solution to this equation under the following
weak regularity assumptions on the coefficient b(z,x):

(1) If H < % (singular case), we assume the linear growth condition
b2, x)] < C(1 + [x]). (2)

(i) If H > % (regular case), we assume that b is Holder continuous of order 1 > o >
1 —1/2H in x and of order y > H — % in time:

b(t.x) — b(s. )| < Cllx — [+ |t — 5. (3)

In the case H = %, the process B is an ordinary Brownian motion. In this case
the existence of a strong solution is well known by the results of Zvonkin (1974)
and Veretennikov (1981). See also the work by Nakao (1972) and its generalization
by Ouknine (1988). In these papers the equation may contain a nonconstant diffusion
coefficient which is supposed to be bounded below by a positive constant and of
bounded variation on any compact interval.

As we shall see, in the case of Eq. (1) driven by the fractional Brownian motion,
the weak existence and uniqueness are established using a suitable version of Girsanov
theorem established by Decreusefond and Ustunel (1999). Girsanov theorem for the
fractional Brownian motion has also been used in the works by Norros et al. (1999)
and Moret and Nualart (2002). Notice that in the regular case H > % the coefficient
b(t,x) is supposed to be Holder continuous, and this condition implies also the existence
of a pathwise solution. In the singular case H < %, the existence of a strong solution
could be deduced from an extension of Yamada—Watanabe’s theorem to this context.
We have used another argument to construct a strong solution in the case H < %
which uses a comparison theorem and a Krylov-type estimate. This method has also
been used to handle one-dimensional heat equations with additive space—time white
noise in Gyongy and Pardoux (1993).

The paper is organized as follows. In Section 2 we give some preliminaries on frac-
tional calculus and fractional Brownian motion. In Section 3 we formulate a Girsanov
theorem and show the existence of a weak solution to Eq. (1). As a consequence we
deduce the uniqueness in law and the pathwise uniqueness. Finally, Section 4 discusses
the existence of a strong solution.

2. Preliminaries
2.1. Fractional calculus

An exhaustive survey on classical fractional calculus can be found in Samko et al.
(1993). We recall some basic definitions and results.

For f€L'([a,b]) and o > O the left fractional Riemann—Liouville integral of f of
order o on (a,b) is given at almost all x by

1 X

Ia+ _ _ o—1 o d )
S0 =i [ 6= 0y
where I' denotes the Euler function.
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This integral extends the usual n-order iterated integrals of f for « =n € N. We have
the first composition formula

ruln=ry.

The fractional derivative can be introduced as inverse operation. We assume 0 < o
<1 and p > 1. We denote by I7 (L”) the image of L?([a,b]) by the operator I7,. If
S €1 (L?), the function ¢ such that f'=1% ¢ is unique in L? and it agrees with the
left-sided Riemann—Liouville derivative of f of order o defined by

I d [ J/»

Ped O =Fanax J, G-yy

The derivative of f has the following Weil representation:

“ _ 1 VAC)) S ) S)
Da*f(x) - F(l — O() < x — a)“ / )QH_] dy) l(ﬂvb)(x)’ (4)

where the convergence of the integrals at the singularity x = y holds in L”-sense.
When op > 1 any function in [% (L) is (o — 1/p)-Hélder continuous. On the other
hand, any Holder continuous function of order § > o has fractional derivative of order
a. That is, CF([a,b]) C I%.(LP) for all p > 1.
Recall that by constructlon for fel? (L?),

15 (Dg )= 1
and for general f € L'([a,b]) we have

Da- (g /)= f.

If fers B(L"), >0, B =0, a+ B <1 we have the second composition formula

DLl f)=D" 1.

2.2. Fractional Brownian motion

Let B = {B¥, t+€[0,T]} be a fractional Brownian motion with Hurst parameter
0 < H < 1 defined on the probability space (L2, %#,P). For each t<€[0,7] we denote
by 973 the o-field generated by the random variables B, s€[0,¢] and the sets of
probability zero.

We denote by & the set of step functions on [0,7]. Let # be the Hilbert space
defined as the closure of & with respect to the scalar product

s 0

(Ljo,00- Ljo,51) 2 = Ru (2, 5).

The mapping 1jo,; — B!’ can be extended to an isometry between # and the Gaussian
space H(B") associated with B. We will denote this isometry by ¢ — BY ().
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The covariance kernel Ry(z,s) can be written as
NS
Ra(t.)= [ Ku(trKits.r)
0

where Kj; is a square integrable kernel given by (see Decreusefond and Ustunel, 1999):

t
Ki(t,s) = (H + 370 =)= 2F (H = LI —HH+ 11— ),

F(a,b,c,z) being the Gauss hypergeometric function. Consider the linear operator K
from & to L2([0,T]) defined by

T
# ok,
(Kii o)) = K)o + [ (00r) = 0D T (r5)
For any pair of step functions ¢ and s in & we have (see Alos et al., 2001)
(K50, KipWh) 20.77) = (@ %) -

As a consequence, the operator K;; provides an isometry between the Hilbert spaces
A and L*([0, T]). Hence, the process W = {W,, t €[0,T]} defined by

W, =B"((Ki) ™' (10,4)) (5)
is a Wiener process, and the process B” has an integral representation of the form
t
Bl = / Ku(t,5)dW,, (6)
0

because (Kj1jo,)(s) = Ku(t,s).

On the other hand, the operator Kz on L2([0, T]) associated with the kernel Ky is an
isomorphism from L?([0,7]) onto ](ﬁﬂ/ 2(L2([0, T1)) and it can be expressed in terms
of fractional integrals as follows (see Decreusefond and Ustunel, 1999):

(Kh)(s) = 131120 P HH=12, 0 if B < 1)2, (7)

(Kih)(s) = Ig.s" V2121 220 it H > 1)2, (8)

where 4 € L*([0,T]).
We will make use of the following definition of % ,-fractional Brownian motion.

Definition 1. Let {#,, t€[0,T]} be a right-continuous increasing family of o-fields
on (2,7 ,P) such that %, contains the sets of probability zero. A fractional Brownian
motion B ={Bf, t+€[0,T]} is called an Z,-fractional Brownian motion if the process
W defined in (5) is an Z;-Wiener process.

3. Existence of a weak solution, and pathwise uniqueness property
3.1. Girsanov transform

As in the previous section, let B” be a fractional Brownian motion with Hurst
parameter 0 < H < 1 and denote by {%BH, t€[0,T]} its natural filtration.
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Given an adapted process with integrable trajectories u={u,, ¢t €[0,T]} consider the
transformation

t
Bfl =B/ Jr/ ug ds. 9)
0
We can write

t t t
Ef{:Bf{—l—/ usds:/ KH(Z,s)dVI/S+/ ug ds
0 0 0

t
_ / Kn(t,5)d17,,
0

W, = W,+/Ot <1<H1 (/O'usds) (r)) dr. (10)

Notice that K;;'( [, usds) belongs to L*([0,7]) almost surely if and only if [ u,ds

elgH/z(Lz([O, T1)). As a consequence we deduce the following version of the
Girsanov theorem fgr the fractional Brownian motion, which has been obtained in
(Decreusefond and Ustunel, 1999, Theorem 4.9):

where

Theorem 2. Consider the shifted process (9) defined by a process u={u;, t€[0,T]}
with integrable trajectories. Assume that

(i) [ usdse ;" (L([0, T])), almost surely.
(ii) E(&p) =1, where

T . T . 2
fr—exp<—/0 (KH1/0 usds> (s)dWS—%/O <KH1/O usds> (s)ds).

Then the shifted process 8" is an %Bﬂ-ﬁfactional Brownian motion with Hurst
parameter H under the new probability P defined by dP/dP = ¢r.

Proof. By the standard Girsanov theorem applied to the adapted and square integrable
process K, I fo uyds) we obtain that the process W defined in (10) is an %BH—
Brownian motion under the probability P. Hence, the result follows. [

From (7) and (8) the inverse operator K, !'is given by

Ky 'h=s"T=12DI 2=y i g > 1), (11)

K 'h=s"2"H D2 =12pM it 5 < 1/2 (12)
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for all & Elgﬂ/ 2(L2([0, T1)). If & is absolutely continuous, we can write for H < 1/2
Kl;lh:SH_1/2]01127HS1/2_H}Z/. (13)

In order to show (13) let us compute

_ 12—H — — 1/2—H —171/2—H -
KHSH 1/2]04{ S1/2 thzlgflsl/2 HIOJ{ S2H 1104{ S1/2 Hh/

s

S u
_ MH/ (s — u)ZH—lul/Z—H/ (1t — w)~ V2 H 2 ]
0 0
w
X / P21 Gy — )12 1y dr dw du
0
S S
— oy h/r1/27H/ W2 H (5 — 2!
0 r

X /u(u — w) VW= Gy ) TI2=H dy dudr,
where aHzl/(F(%—H)2F(2H)). Making the change of variable z=(u(w—r))/(Ww(u—r))
the integral in dw equals to B(% — H,% — H)u1=12pH =12y — )=2H | and we obtain

Kyt 71222 gy = / W r,
0
which implies (13).

From (13) it follows that in the case H < % a sufficient condition for (i) is fOT u?ds <

00. On the other hand, from (11) we get that if H > % we need u 61571/2@2([0, ),
and a sufficient condition is the fact that the trajectories of u are Holder continuous of
order H — % + ¢ for some & > 0.

3.2. Existence of a weak solution
Consider the stochastic differential equation
X,:x+Bf{+/tb(s,Xs)ds, 0<t<T, (14)
0
where b is a Borel function on [0,7] x R.
By a weak solution to Eq. (14) we mean a couple of adapted continuous processes

(B",X) on a filtered probability space (2, Z, P,{Z#,, t€[0,T]}), such that:

(i) B¥ is an &, —fractional Brownian motion in the sense of Definition 1.
(ii) X and BY satisfy (14).

Theorem 3. Suppose that b(t,x) satisfies the linear growth condition (2) if H < % or
the Hélder continuity condition (3) if H > % Then Eq. (14) has a weak solution.
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Proof. Set B =B/ — [, b(s, B +x)ds. We claim that the process u, = —b(B! +x)
satisfies conditions (i) and (ii) of Theorem 2. If this claim is true, under the probabil-

ity measure P, B is an %Bll—fractional Brownian motion, and (BY ,E’H) is a weak
solution of (14) on the filtered probability space (2, F ,ﬁ,{ZBnJE [0,71}).
Set

vy =K' </0 b(r, B +x)dr) (s).

In order to show that the process v satisfies conditions (i) and (ii) of Theorem 2 we
distinguish the two cases H < % and H > % Along the proof ¢y will denote a generic
constant depending only on H.

Case H < %: From (13) and the linear growth property of b we obtain

lvs| = |sH_1/2101£2_Hs1/2_Hb(s,Bf + x)|

— st

/ (s — r)fl/Z*Hrl/szb(r,Bf’ +x)dr
0

< ey C(1+ |x| + ||BY || o). (15)

From (13) it follows that the operator K, ! preserves the adaptability property. Hence,
the process v is adapted and then condition (ii) can be proved using Novikov criterion.
Indeed (see, for instance, Theorem 1.1 in Friedman (1975)) it suffices to show that
there exists a constant A > 0 such that
sup E(exp(Av?)) < oo, (16)
0<s<T
which is an immediate consequence of (15) and the exponential integrability of the
square of a seminorm of a Gaussian process (see Fernique, 1974).
Case H > %: Again (11) implies that the process v is adapted. From (11) we obtain

vy = —sH_1/2D{)1+71/251/2_Hb(s,35 +x)
= —cu(us) + B(s)),
where

o(s) = b(s, B + x)s'>~H

1 Ho1p2 y S S1/27H _ }"1/271{
+ (H 2) S b(S,BS +X)A Wd}"

1\ yoip S b(s,BY 4+ x) — b(r, B +x) Vot
+<H—2)s ; (5 )2 r dr

and

1\ youp [Pb0rBY +x)=b(r,B +x) 1 g
B(s) = (H - 2) s i e r dr.
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Using the estimate
|bGs, B +20)] < [5(0,x)] + C(Js[” + |BY']")

and the equality

s 12—H _ J/2—H
/édr—q{s'_w
1/24+H -
o (s—r)F

we obtain

lou(s)| < e (s Hb(0,x)| + C(|s” + [BH )] + Cs7+1/27H)

< s (C|BY )%, + Cs7 + [b(0,x))).

As a consequence, taking into account that « < 1, we have for any /1 > 1

T
E (exp(/l/ oc(s)zds)> < 0. (17)
0

In order to estimate the term f(s), we apply the Holder continuity condition (3) and
we get

B - BT

12—H
o (s — i’ dr

B(s)| < cus™ 12

< CHS1/2—H+o<(H—s)Go<7

where we have fixed ¢ < H — é(H — %) and we denote

B — B
G= sup 1B~ B/ Hi'.
0<s<r<T |S—V| €

By Fernique’s Theorem, taking into account that « < 1, for any A > 1 we have
E (exp (/l /OT B(s)? ds)> < 00,

and we deduce condition (ii) of Theorem 2 by means of Novikov criterion. [

3.3. Uniqueness in law and pathwise uniqueness

Let (X,B”) be a weak solution of the stochastic differential equation (14) defined
in the filtered probability space (Q, 7, P,{Z;, t €[0,T]}). Define

Uy = (K,;l /0 | b(r,X,.)dr) (s).

Let P defined by

dP T 17
dP—exp(—/O uSdWS_E/O u?ds). (18)
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We claim that the process u; satisfies conditions (i) and (ii) of Theorem 2. In fact, u
is an adapted process and taking into account that X, has the same regularity properties
as the fBm we deduce that fOT u?ds < oo almost surely. Finally, we can apply again
Novikov theorem in order to show that E(dP/dP) = 1, because by Gronwall’s lemma

IX)lse < G+ 1B o + C1T)CT
and
1X, — X,| <|B? — BY| + 3]t — s|(1 + || X||o0)

for some constants C;, i =1,2,3.
By the classical Girsanov theorem the process

t
W,ZW,—F/usdr
0

is an .Z,-Brownian motion under the probability P. In terms of the process ¥, we can
write

t
X,:x+/ Ky(t,s)dW,.
0

Hence, X — x is an .Z,-fractional Brownian motion with respect to the probability P

with Hurst parameter equal to H. As a consequence, the processes X —x and E’? have
the same distribution under the probability P. In fact, if ¥ is a bounded measurable
functional on C([0,7T]), we have

Ep(P(X —x)) = /Q ‘P(é—x)%(é)dﬁ

T .
=E; (‘P(X—x)exp(/o (KHl/O b(r,X,)dr) (s)dW,
L (o [ d 2 d
+§/0 (KH /Ob(r,X,) r) (s) s))
T .
=E; (‘P(X—x) (exp/o <K1;1/0 b(r,Xr)dr> (s)dW
1 /7 Tl 2
—5/0 <KH /Ob(r,X,.)dr> (s)ds
T .
_ H —1 H
=FEp (‘P(B )(exp/0 (KH /Ob(r,B, +x)dr> (s)dWS>>
Lt e [ H ’
_E/o (KH /Ob(r,B, —|—x)dr) (s)ds

— Ep(P(B")).
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In conclusion we have proved the following result

Theorem 4. Suppose that b(t,x) satisfies the assumptions of Theorem 3. Then two
weak solutions must have the same distribution.

As a corollary we deduce the pathwise uniqueness of the solution to Eq. (14):

Theorem 5. Suppose that b(t,x) satisfies the assumptions of Theorem 3. Then two
weak solutions defined on the same filtered probability space must coincide almost
surely.

Proof. Let X! and X2 be two weak solutions defined on the same filtered probability
space (Q,7,P,{Z,;, t€[0,T]}) with respect to the same fractional Brownian motion.
It is easy to see that sup(X',X?) and inf(X', X?) are also solutions, then they have
the same laws which implies that X' = X2, [

4. Existence of strong solutions

Since b is continuous in the case H > 1/2, we have existence of a solution. In
particular, if b satisfies the Holder continuity assumption (3) then we have existence and
pathwise uniqueness result and this is better than the corresponding result for ordinary
differential equations because the uniqueness fails. (Take, for instance, b(x) = \/M J)

Moreover, in the case H > 1/2 we can establish the uniqueness and existence of a
strong solution for the equation

t t
i=x [oyds! + [ bexoes 0<i<T, (19)
0 0

where ¢ is a Holder continuous function of order 6 > 1/H — 1 such that |(z)| = ¢ > 0.
By definition a solution to Eq. (19) is an adapted process whose trajectories are Holder
continuous of order H —e¢ for all ¢ > 0. Under these assumptions, the stochastic integral
that appears in Eq. (19) exists pathwise. We refer to Zahle (1998) for the definition
of this pathwise integral using fractional calculus.

Set

F(x):/xidz.

o 0(2)
Then, using the change-of-variables formula for the fractional Brownian motion (see,

for instance, Zéhle, 1998, Theorem 4.3.1) we obtain that a process X is a solution to
Eq. (19) if and only if the process Y; = F(X;) is a solution of

" o(s, F(Yy))

oF (1))

nzF(x)+B{”+/
0

We conclude that if 6 >1 — 1/2H then there is a unique strong solution to
Eq. (19).
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Let us now prove the existence of a strong solution in the singular case H < % Let
us first establish a Krylov-type inequality that will play an essential role in the sequel.

Proposition 6. Suppose now that b is uniformly bounded. Let X denote a weak so-

lution to Eq. (14). Fix p > H + 1. There exists a constant K depending on T, ||b||
and p such that for any measurable nonnegative function g :[0,T] x R — R we have

T T 1/p
E/o g(t,X,)dt<K</0 /Rg(t,x)pdxdt> . (20)

Proof. Let Z = dP/dP be the Radon—Nikodym density given by (18). By Holder’s
inequality with 1/ + 1/8=1

T T
E/ g(t,Xt)dtzE‘Z"/ g(t,.X,)dt
0 0

: T 1/B
=Kp(EZ™*)"" (E / 96, X)) dt) .
0

The expectation £Z~* is uniformly bounded for any o > 1 because, by the arguments
used in the proof of Theorem 3 we obtain

3 ; T w [T
EZ_“:Eexp(oc/ udeS—i—f/ ufds)
0 2 Jo
3 T ; w (T
:Eexp(oc/ u, dW, — 7/ ufds) < o0.
0 2 Jo

On the other hand, applying again Hélder’s inequality with 1/y’+1/y=1and y > H+1
yields

T T

[ 1 2 2H

E t, X, ﬁdt — / / t, ﬁe—(y—x) 20 40 de
/0 9t %1) o V2rtf Jg 9(t:y) y

1 T 1y
<= ( /0 /R g(t, ) dydt)
T 7 2 2H ]/7/
X (/ /t_H"’ e o=/ dydt)
0 R
T 1y T ) 17y’
(/ /g(t,y)/*”f' dydt) (/ (=700 dt)
0 R 0

1y
c,, T r \
\/27:</ /g(t,y)”’dydt) :
0 R

1
2

ﬁ

<
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Proposition 7. Consider a sequence b,(t,x) of measurable functions uniformly bounded
by C, such that

lim b,(t,x) = b(t,x)

for almost all (t,x)€[0,T] x R. Suppose also that the corresponding solutions Xt(")
of the equations

t
X" —x+ Bl + / bu(s, X)) ds, 0<I<T,
0

converge a.s. to some process X; for all t €[0,T]. Then the process X; is a solution
of Eq. (14).

Proof. It suffices to show that
Aim £ /OT |bu(s, X)) = b(s,X)| ds = 0.
We can write
J(n) ZZE/OT [ba(s, X)) = b(s,X,)| ds < Ji(n) + Ja(n),

where

T
Ji(n) = supE / 1B (5, X™) — by(s,.X:)| ds,
k 0

T
o) =E / Iba(s,Xs) — b(s, X )| ds.
0

Let k:R — R be a smooth function such that 0 < k(z) < 1 for every z, k(z) =0 for
|z| =1 and x(0) = 1. Fix ¢ > 0 and choose R > 0 such that

T
E/ 11— k(X;/R)|dt < &.
0

The sequence of functions by is relatively compact in L*([0, 7] x [ — R, R]). Hence, we
can find finitely many bounded smooth functions Hj,...,Hy such that for every k

T R
/ / |bi(t,x) — Hi(t,x)[> drdt < &
0 —R

for some H;. We have

T T
E / be(6, X)) — b(t,X,)| dt < E / 1br (8, X)) — Hy(6, X™)| dt
0 0

N T
£ E [ Iex) - e a
=1 70
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T
E [ Ibu(ex) — He. )
0

= Li(n, k) + L(n) + (k).
By Proposition 6

T
Li(nk)=E / k(X IR b (6, Xy — Hi(t, X™)| dt
0

T
+E / [1— (X" R br (6, X)) — Hi(1,X™)] dt
0

T (R 12 T
<K (/ / |bi(t,x) H,-(t,x)zdxdt) + CE/ [1— w(X"/R)]dt
0o J-r 0
for some constant C depending on ||b||- and sup; ||H;||. Hence,
T
lim sup/i(n,k) < Ke + CE/ [T —x(X;/R)]dt < (K + C)e.
n—oo k 0

Similarly,
suplz(k) < (K + C)e.
k

Consequently,
lim sup/(n,k) < 2(K + C)e,
n—oo k

and this implies that lim,_, ., Ji(n) = 0. For the term J(n) we can write

T
Jin) = E / KGR Ba(t, X)) — (2, X0)] di
0

T
VE / 1 — kO /R)] B, X)) — B(1,X,)|
0

T R
B 2
<K (/0 /_R |ba(2,x) — b(2,x)| dxdt)

and we use the same arguments as before. [J

1/2 T
+ CE/ [1 — k(X;/R)]dt
0

Theorem 8. Assume that b(t,x) satisfies the linear growth condition (2). Then, there
exists a unique strong solution to Egq. (14).

Proof. We already know that pathwise uniqueness holds by Theorem 5. For any R > 0
define bp(z,x) = b(t,(x AR) V (—R)). The linear growth condition implies that by is a
bounded measurable function. Let p be a smooth nonnegative with compact support in
R such that [, p(z)dz=1. For j €N define

b (t5) = /R bi(t,2)p(j(x — 2)) dz.
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Moreover, let for n < k

k 9]
ER,n,k = /\ bR,]' and Z;R,n = /\ bR,j~

J=n Jj=n

Clearly, bR,, TS L1pschtlz in the variable x uniformly with respect to ¢, and bR,, P
bR,, as k — oo, bR,, T bgr as n — oo, for almost all x, for any t. Eq(bR,,k) has a
unique solution X R.nk- By the comparison criterion for ordlnary differential equations
the sequence X i decreases with k, hence it has a limit X ,. Again by the comparison
theorem X rak (and hence X r.n) 1s bounded from above (resp. from below) by the
solution with the constant coefficient R (resp. —R). Moreover, X R INCreases as n
increases. So again, X r.n converges and its limit, denoted by Xz.
Finally, we apply Proposition 7. [
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