=

View metadata, citation and similar papers at core.ac.uk brought to you bylz CORE

provided by Elsevier - Publisher Connector

Contents lists available at ScienceDirect

Differential Geometry and its Applications

www.elsevier.com/locate/difgeo

On special types of nonholonomic contact elements

Ivan Kolar!

Institute of Mathematics and Statistics, Masaryk University, Kotldfskd 2, CZ 611 37 Brno, Czech Republic

ARTICLE INFO ABSTRACT

Artic{e history: Our starting point has been a recent clarification of the role of semiholonomic contact
Received 25 January 2011 elements in the theory of submanifolds of Cartan geometries, Koldf and Vitolo (2010)
Available online 8 July 2011 [5]. We deduce some further properties of the iterated contact elements by using the

Communicated by J. Slovak general concept of contact (n, F)-element for a regular subcategory F of the category

MSC: of nonholonomic r-jets. Special attention is paid to the incidence relation of contact F-
58A20 elements of different dimensions.
53C05 © 2011 Elsevier B.V. All rights reserved.

Keywords:

Nonholonomic contact element
Nonholonomic r-jet category

Incidence relation for contact elements

The nonholonomic and semiholonomic jets, introduced by C. Ehresmann [2], play in interesting role in various branches
of differential geometry, see [7] for a survey. In [5], R. Vitolo and the author studied the semiholonomic and nonholonomic
contact elements and pointed out that the semiholonomic ones can be used, in a remarkable way, in the theory of sub-
manifolds of Cartan geometries [1,8]. The main aim of the present paper is to clarify some geometric phenomena from [5].
That is why we introduce the general concept of special type of nonholonomic contact elements and deduce their basic
properties.

We start with the simplest type of nonholonomic jets, namely the iterated [r,s]-jets. The results from Section 1 fre-
quently play the role of lemmas in the next research. In Section 2, we describe how [r, s]-jets generate the iterated contact
elements. Then we recall the Ehresmann’s idea of the category J" of nonholonomic r-jets. In Section 3 we introduce the
concept of regular subcategory F C J'. To our present knowledge, this is the most appropriate approach to the concept
of special type of nonholonomic jets, that we attacked from another point of view in [3]. The contact elements of type F
are studied in Section 4. In particular, the relation (19) testifies that our general construction has a reasonable geometrical
meaning. In the last section we clarify that the incidence relation among the holonomic contact elements can be extended
to each type of the nonholonomic ones. Finally, we present an example showing that the incidence relation is preserved
under the absolute contact differentiation over submanifolds of Cartan geometries, [5].

All manifolds and maps are assumed to be infinitely differentiable. Unless otherwise specified, we use the terminology
and notation from the book [6].

1. Nonholonomic [r, s]-jets

Consider a fibered manifold p: Y — M and write J"Y for its r-th jet prolongation. The nonholonomic [r, s]-jet prolonga-
tion of Y is defined by
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Y =JF(J'Y - M). (1)

If Y is the product M x N — M, the elements of J"S(M x N — M) =: J"5(M, N) are called nonholonomic [r, s]-jets of M
into N. The canonical injection J™™SY < J"SY is of the form

o ji(ifo). (2)

In particular, J™*(M, N) < J"S(M, N). For s =0, we have J"°(M, N) = J"(M, N).

The composition of nonholonomic [r,s]-jets is introduced as follows. Consider X € Jy°*(M,N),, X = j3F, F: M —
J'(M,N) and Z € J;*(N,Q)z, Z=j}G, G: N — J'(N,Q). Write f=foF:M— N, where $ is the target jet projec-
tion. Then we can construct the composition G(f(u)) o F(u) of holonomic r-jets, u € M, and we define

ZoX = J3(G(fw) o Fw) € J55(M. Q). (3)

This composition is associative. Indeed, if W € J7°(Q,P)w, W = jSH, H: Q — J"(Q,P) and g=B0G: N — Q, then the
associativity of the composition of holonomic r-jets implies

Zo(YoX)=jy(H(g(fw))o (G(fw)oFw))
=j3x(H(g(f@W)) o G(f(w))) o Fw)) =(ZoY)o X.
By (2), E;ﬁ\j, = ji+Sidy is the unit at x € M.
Write B1: J©°Y — J'Y for the target jet projection. The target projection 8: J'Y — Y is extended into a map S, :=

J5B : J"5Y — J5Y. In the product case, both By and B, preserve the jet composition, i.e. 1(Z o X) = B1Z o f1X and
B2(Z o X) = B2Z o B2 X with the classical composition of holonomic jets on the right-hand sides.

Proposition 1. X € J°(M, N)y is invertible, iff both g1 X € J,(M,N)y and B2 X € J3(M, N), are invertible.

Proof. We have X = jSF(u). Since 81X = F(x) is invertible, we can locally construct F~1(u). Since X = j3f is invertible,
there exists locally the inverse map f of f. Then

X:=j5(F "o f) e J}S(N, M)y
satisfies X o X = %y and X o X = ENfy- O
Definition 1. An element X € J*(M, N), is called regular, if there exists Z € J};*(N, M)y such that Z o X = E}y.

For s =0, this reduces to the well known fact that regular r-jets of M into N coincide with r-jets of immersions. Clearly,
if X1 and X, are composable regular [r, s]-jets, then X, o X7 is regular as well.

Proposition 2. X is regular, iff both 81 X and B, X are regular.
Proof. It is a direct modification of the proof of Proposition 1. O

In the holonomic case, one defines
Lpn=Jo(R™R"), and L"=|JL} .
m,n

[6]. Then L" is a category over N x N with respect to the composition of jets. We have a left action of G}, x G}, on L}, ,,
X+>hoXog ™', geGl, heGj Xell,,.
Clearly, L™ is a skeleton of the category J" of r-jets in that sense that J"(M, N) coincides with the associated bundle
J'(M,N)=(P"M x P'N)[L}, ], (4)
m=dimM, n=dimN, and the composition in L" induces the composition of r-jets by
{v,w,Z}o{u,v, X} ={u,w, Zo X}, (5)
uePiM, ve PYN, we P;Q, Xel}, ,, Ze Ly ,, p=dimQ.
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Quite similarly, we write

L= (R™ R, and L™= JLS,. (6)

m,n

This is a category over N x N. The jet composition defines a left action of GI}S x GI*S on Ly;*;, J**(M, N) coincides with
the associated bundle

JUS(M, Ny = (P™M x PN (L] )

and (5) holds even in this case. The following assertion describes L™ in terms of L".

Proposition 3. We have Ly’, = LS, | x T Ll with the composition

m,n
ZoX=(Z10X1, Tpxinn p(Z2 0 X1, X2)), (8)
where s, o Ly, X Lip = Liy , is the composition in L', X = (X1, X2) € Lin and Z = (Zy, Z3) € Ly,

Proof. Consider the canonical identification J"(R™, R") =R™ x L}, , x R" defined by the translations on R™ and R". Hence
a section F:R™ — J'(R™,R") is identified with a pair of maps f1 :R™ — R", f, :R™ — Ly, , so that X = jjF is identified
with (j§ f1, j§f2) € Ly n X Tpy Ly, - Then (3) implies (8). O

In the case r =s, we can define the bundle of semiholonomic [r, r]-jets of M into N by
JUT(M,N) = {X € JVT(M, N); 1 X = B2X}. 9)
Clearly, J™" is a subcategory of J™'.
2. Iterated contact elements

Let N C M be an n-submanifold. If ¢ : R* — N is a local parametrization of N, v (0) = x, then X = jiy is a regular
(n, r)-velocity on M. The set

KON := X o G (10)

depends on N only and is called the r-th contact element of N at x. The bundle of all contact (n,r)-elements on M is
denoted by K] M, [6]. So (10) can be expressed as K;M =reg T; M/G},. We write k : reg T/M — K] M for the factor projection.
If f:M— Q is an immersion, then K], f : KM — K] Q is defined by

Kif(XoG)) =T, f(X)oGr.

Hence K], is a functor on the category of all immersions.

In the case of p:Y — M, we write trT;Y CregT,Y for the subset of all X = j{¢ such that jj(p o @) € reg T; M. Further,
we define trK}Y C K;Y as the subset of all elements whose underlying n-plane is transversal to the fibers. In both cases,
we obtain an open and dense subset. Clearly, X e tr T;Y if and only if k(X) € tr K} Y. Further, we write y1 : K; (K M) — KiM
for the bundle projection. Analogously to Section 1, we define

Y2 tr K3 (KiM — M) — K3 M.
Having in mind the coming Section 3, we introduce
K*M :=tr Ky (KM — M).
Further, we define G,*° =inv J§*(R", R")o C G;*5. (Using (8), one verifies directly G,* = WG}, in the notation from [6].)

Proposition 4. We have K;°M =reg T;° M /GJ;°.

Proof. By Proposition 2, we have reg Ty *M ~ tr TS (reg T, M). Every X € K3 (K, M) is of the form

k(jgk(e)), @ :R" - reg T/ M,

so that jj@ eregT;(reg TyM). We have X e tr K3 (K;M) if and only if jip € tr T} (reg Ty M).
Assume X € trK; (KM) and consider another ¥ (v) : R" — reg T;M such that

k(i3 (kv (v))) = k(jig (ke w))). (11)
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By locality, we may assume M = R™. Then reg T|R™ =R"™ x regLy, ., so that ¢ = (@1, ©2), ¥ = (Y1, ¥2), @1, Y1 : R" - R™,

n,m’
@2, Y2 : R" — reg Ly . Since k(jje1) =k(j3y), there exists an origin preserving diffeomorphism f : R" — R" such that
Jov = Jo(@1 0 f). (12)
Then (11) is equivalent to jjy2 = jj(¢2 o f). Hence there is a map g :R" — G, such that
Jo(¥2) = jo(p2 (W) 0 g(w)). (13)

We have (j§f, j58) € G5 x T3Gh, = Gy* and (12) and (13) correspond to the action of G,* on reg T, R™ determined by
(8). O

In the semiholonomic case, we define
Ki"™M = {X e tr K (KiM); y1(X) = y2(X)}.
Then Proposition 4 implies
K'"M =reg TL"M /G, (14)
where T;"M = J§"(R", M) and G," =inv J5" (R, R")o.
3. The general concept of r-jet category

The bundle of nonholonomic r-jets of M into N is defined by the iteration
JMN) =1 (I M N > M), JHM N) = (M, N).

The composition Z o X € Ji(M, Q) of X = j1F € JL(M,N), and Z = jyG e ];(N, Q) is defined by (3) with s=1 and

with the composition of nonholonomic (r — 1)-jets on the right-hand side. Thus we obtain the category J" of nonholonomic
r-jets, [2,4]. In particular, J1'! = J2. Modifying (2), we find a canonical inclusion J"$ < J™t5. Clearly, we have

J'(M,Nx Q)= J"(M,N) xym J"(M, Q).

Analogously to Section 1, we write

Ln=Jo(R™RY, and I["=|JI},,.
m,n

Then L' is the skeleton of ] in the fiber sense, i.e.
J'(M,N)=(P"M x P'N)[L}, ]

and the composition in " determines the composition of nonholonomic r-jets analogously to (5).
There exist r canonical projections

@ (M,N)— J'(M,N), i=1,...,r.

By induction, we have r — 1 projections (p,i’l :J7YM,N) —> JY(M,N), k=1,...,r — 1. Consider the target jet projection
Br_1:J(M,N) = J*=1(M, N). Then we set

gh=¢ o1 and @L(jiF)=jl(BoF)e J'(M,N).

A direct modification of Definition 1 yields the concept of regular nonholonomic r-jet. Using Propositions 1, 2 and the
induction, we deduce

Proposition 5. X € J"(M, N) is regular or invertible, iff all 1-jets 0l (X) e JYM, N),i=1,...,r, are regular or invertible, respec-
tively.

The following definition represents a reasonable approach to the concept of special type of nonholonomic r-jets.

Definition 2. A regular subcategory F C J" is a rule transforming every pair (M, N) of manifolds into a fibered submanifold
F(M,N) C J'(M, N) such that

(i) J'(M,N) C F(M, N) is a fibered submanifold,
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(ii) if X e F(M,N)y and Z € Fy(N, Q), then Zo X € F(M, Q),
(iii) if X € Fx(M, N)y is regular in J", then there exists Z € Fy(N, M)y such that Zo X = E;!M,
(iv) F(IM,N x Q)=F(M,N) xy F(M, Q).

We also say that F is a nonholonomic r-jet category.
(iii) implies directly that if X € F(M, N) is invertible in J", then X~1 € F(N, M).
Consider an integer s. One verifies easily that the rule

(M,N) = J*(F(M,N) — M) C J""(M, N)

defines a nonholonomic (r 4 s)-jet category, that is called the s-th jet prolongation of F.
We define

Gy =invFo(R", R"),.
This is a Lie subgroup of GI, = inv J}(R", R"). Analogously to Section 1, we write

Lri,n:FO(Rm’Rn)O’ L :ULJI;z,n'
m,n

Then LF is a skeleton of the category F in the fiber sense. In the case of JSF, we find, analogously to Section 1,

=15, < TSLE (15)

m=m,n

and the composition in LJ°F is described by (8) with Xj.n.p Teplaced by the composition map Lf , x L}, — Lf .
We introduce the functor of (n, F)-velocities by
TEM =Fo(R", M), T} f(X)=(jif)oX,

f:M— N, X € Fo(R", M)y. This is a bundle functor on M f. Every W € L,fw determines a natural transformation Tf — TF
by

X XoW, XeTim.

By (iv), every functor T} preserves products.

Remark 1. In [3], we studied a concept equivalent to F under the name “total r-jet functor” and we characterized it in terms
of Weil algebras.

An important example of F is the category J” of semiholonomic r-jets. For r = 2, we have J2 = J1-1; for the general case
we refer to [5] or [2, p. 361].

4. Contact (n, F)-elements
We define
F F F
KM =regT, M/G,.
Every X € (reg T,fM)X induces r underlying regular elements of T,} M. Each of them determines an n-plane in TyM. Take
an (m —n)-plane Q C TyM transversal to all of them and choose a local coordinate system R" x R™" on M such that
Q = T,R™". Then T}/ M is locally identified with TFR" x TFR™=" and X = (X1, X2). By Proposition 5, X; is regular. Using

translations on R", we find reg T/ R" =R" x GF. Hence locally reg T/ M =R" x GF x TFR™". This introduces a manifold
structure on the factor space reg Tf M/GF.

Definition 3. I(nF M is called the bundle of contact (n, F)-elements on M.
Proposition 6. reg T M is a principal bundle over K} M with structure group G.

Proof. It remains to discuss X, W € reg THFM and U, V € G,f satisfying XoU =W, X oV = W. Since X is regular, there
exists Z € F(M,R")g such that Zo X =Ej po. Hence U=ZoW =V. O

For every immersion f: M — Q, we define KF f: KFM — KFQ by
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KEf(XoGE)=Tf f(X)oGE.

Then KnF is a functor on the category of all immersions.
The contact elements determined by the s-th jet prolongation J5F are closely related with the construction of iterated
contact elements. A direct modification of the proof of Proposition 4 yields the following assertion.

Proposition 7. We have K "M = tr K3 (KFM — M).

The iteration of K,} leads to the iterated Grassmann bundles. In [5], we defined
KIM =K} (Ki7'M),  trKiM =t K} (tr K7 'M — M). (16)
The repeated application of Proposition 7 yields

Ki'M =tk M. (17)
In [5], we presented a direct definition of the bundle I_<,TIM of semiholonomic contact (n,r)-elements on M. In the case
r=2, we have Kp''M = K2M. Formula (3) from [5] implies

K'M=K]"Mm, (18)

so that both approaches coincide. 3
Consider another regular subcategory H C J". Writing F C H we always assume F(M,N) C H(M, N) is a fibered sub-
manifold for every M, N. Hence we have

TEMctiM,  GFccl.
Then the rule

XoGEs XoGH, XxeTfM
defines an injection KnF M — K,f’ M. In particular, J* C F C J" yields a remarkable formula

KIM c KEM ctrKIM. (19)
5. The incidence relation for contact elements

In the classical situation, a p-submanifold P C M is said to have r-th order contact with an n-submanifold N C M at a
common point x, p < n, if there exists a p-submanifold P C N such that k} P =k}, P. This can be formalized in the following
way.

Definition 4. We say that two contact elements Q = X o G; S (K{, M)x and S = Z o G}, € (K M)y are incident, and we write
Q &S, if there exists W e reg L;Yn such that Zo W = X.

This concept can be directly extended to arbitrary F. For Q = X o Gf, € (K;M)x and S =Z o Gf e (K M)y, Q&S means
that there exists W € reg Lg’n such that Z o W = X. One verifies directly that ¢ is a transitive relation.

Example. Consider a Cartan space S(M) = (P, I', E,s), [5]. The absolute contact (n, r)-differentiation introduced in [5] is a
map

Iy KM = | (KR(Ew) -
xeM
Analyzing the constructions from [5], we deduce: If Q € (K{,M)x and S € (K M)y are incident, then the absolute contact
differentials F;(Q) € (I?;(EX))S(X) and I;;(S) € (I?,Z(EX))S(X) are incident in the semiholonomic sense.
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