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1. THE PROBLEM

The following problem was posed by T. J. Rivlin [/]: Let € stand for the
space of continuous real valued functions on the interval [0,1]; let E;(f)
represent the Chebyshev degree of approximation to f by algebraic polynomials
of degree j. Characterize the n-tuples {py,p,,...,p,_i} of algebraic polynomials
p;, where degp; =j, which have the property that there is a function fe%
such that

E{(f)=Ilf—pil M

forj=0,1,2,...,n— 1, the norm on the right side being the uniform norm.
In this note we prove the following related

THEOREM. Given polynowmials p,, and p,, 0 <m < n, there is a function f€
which satisfies (1) for the integers j = m and j = n if and only if the polynomial
P — P Changes sign at least m + 1 times in [0, 1].

The linear case m =0, n = 1 was proved by Deutsch, Morris and Singer in
[2]. Our only excuse for reproving this case is that our proof is very short.
The necessity of the condition in the theorem was stated and proved by
Rivlin [/].

2. PROOFOF THE CASEm =0, n=1

To verify the sufficiency of the condition let us consider polynomials py(x) = ¢
and p,(x) = ax + b (a # 0) such that af + b= for some #,0< ¢< 1. Then the
equality

3pit =) +pit+)]=c

holds for each number 8, and we fix a 8 such that 0 < 8 < min {#,1 —¢}. Let us
suppose that @ > 0 and put

a=max {la+b—c|, |b—c|}
384


https://core.ac.uk/display/82349448?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

SIMULTANEOUS BEST APPROXIMATIONS WITH TWO POLYNOMIALS 385

If fe € is the piecewise linear function with vertices
(O, c—a) (—0,c—a) (t+d,c+o) (Lpi(t+9)),

(see Fig. 1), then (1) is easily seen to hold for j=0,1. The desired f in case
a < 0 is obtained from the above construction by the substitution x =1 — y.

The necessity of the asserted sign change is demonstrated as follows: let a
function f € € and polynomials p,, p, satisfy (1). If we put

8 :f_p.l (]:0: 1):

then it is an elementary observation that

max g; + min g; =0 (j=0,1), (2}
po+(1 i ;D,
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where the maximum and minimum are taken over [0,1]. If, say, g, >g, on
(0,1), then maxg; > maxg, and ming, > ming,, so that

max g, + ming, > maxg, + ming,.

But this implies that (2) fails to be true for g, or g,. Clearly, one arrives at the
same conclusion if g,>g; on (0,1) and the necessity of the sign change is
hereby proved.

3. PROOF OF THE CASEm =0, n > 1

Let p.{x,) = ¢ for some point 0 < xy < 1. Then there are points 0 < x, <
Xo < X, < 1 such that
3pux0) + pu(x2)] =c;
we may assume without loss of generality that p,(x,) > ¢. We introduce the
polynomials
pn—(x) :pn(x) - [pn(xl) + ”pn” - c]s (3)
P’ (%) = pu(x) + [pale1) + lIpall — €],
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satisfying
%[pn_(x) +Pn+(x)] =pn(x)'
Let
n+3 ifnisodd,
k= o s
n-+4 ifniseven,
and fix points
xl=ul<u2<u2<...<uk_l<uk=x2

(see Fig. 2). The function

1 Uy — X _ X = Uzj1
__;’_u—-pn (x)+_.—1_

Pt (%)
Upj— Uz Upj— Uzj-1 "

(qu—l <X< u2j9j= 1:23 .. -’g)

8(x) = 3 @

(U2j<x<u2j+l,j= 1,2,...,%- 1)

which is defined and continuous on the interval [x|, x,], is best approximated in
the class of all n-degree algebraic polynomials by p,(x). This follows from the
facts that

Prlt2j-1) — 8(zj—1) = pultizs—1) — Pu (tz—1) = pulx) + | pull — €

(j=1,2,...,’—‘),

Pn(qu) - g(qu) =pn(u2j) - pn+(u2j) = _[pn(xl) + [[pall — ]

. k
(1_1,2,...,5~1),
and

llg = pull = Palx 1) + [Pl — ¢,

as shown by a simple calculation. We let

E . xp,.(x)ﬁp,:(x) O<x<x)
S(x)= 1 g(x) (X1 <x<xy)
1—x

N X — X,
1-— xzpn (x) + 1= le’n(x) (xp<x<1)
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Then
If—pall = lig — pall
so that E(f) = |If— p.ll. To see that Ey(t) = ||/ — c|| we observe from (3) that
JG) =py(x) =c—lpl,
SG2)=p(x2) =+ |palls
and a routine calculation shows that
=l <) —e<ipall O<x<D.

Necessity is proved just as in the previous case.
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4, PROOF OF THE CASEm > 0, n > 1

Consider arbitrary polynomials p,, and p,, with 1<m<n, such that
Pn — P, changes sign at least m + 1 times in [0, 1]. Then there are points

O<f<th<...<flpy <1

such that p,(t;) =p,t;) for j=1,2,....m+1. Letting £, =0 and £,,,=1,
we put

aj= max |p.(x)—p.x)],

tiSX<tj+i

& = 'Lmin {0(0, Olyyeasy ozmH},

B = max {llpnl, 2/}

Suppose p,(x) = p.(x) for ¢, < x < ¢, and consider the polynomials

p,,‘(x) =pn(x) - ﬁ,
Pn'(x) = pulx) + B,
pm—(x) :pm(x) - Bs
D" (X) = pulX) + 2+ B
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Then each of the polynomials p,” — p,,~ and p,* — p,.* also changes sign at
least m + 1 times in [0, 1]. Thus, there are m + 2 points x;,
xj<tj<xj+1, j=1,2,...,m+1,
such that
P (%21) = Pu(x25—1) ®
Pt (X20) = Py (X200 6

for all admitted values of k. The point x, can be so chosen that

and

P ) <P () <p @) <p™(x), (x;<x<x)

On the interval [x,,x,] the situation is now similar to that in Case 3. Thus, let
g be defined as in (4). Then p, is its best approximation in the class of algebraic
polynomials of degree n.

Put for each x € [0,1],

g~ (x) = max {p,~(x), p,~(x)},
g*(x) = min {p,*(x), p,* (¥)}.
Then
g (X2k—1) =P~ (X2k—1) = P~ (X2p-1)s
G (%21) = P (X 20) = Py (X2)
(see (5)and (6)). In a manner similar to that in Case 3 we construct a function

f €% such that
7 (x) <f(x) <q*(x), @)
S&x)=gkx) forx;<x<x, ®)

S 1) =g (%21,
S (o) =gt (x20). ¢))

The conditions (7) and (8) guarantee that p, is also the best approximation of f
by algebraic polynomials of degree n. Conditions (7) and (9) show that the
best approximation to f from among the algebraic polynomials of degree m
is p,: the calculations justifying this conclusion are routine and therefore
omitted here.

For the necessity of the asserted sign changes we refer this time to Rivlin’s
proofin [I].
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