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Abstract

An n x n sign pattern &, is potentially nilpotent if there is a real matrix having sign pattern %
and characteristic polynomial x". A new family of sign patterns %, with a cycle of every even length is
introduced and shown to be potentially nilpotent by explicitly determining the entries of a nilpotent matrix
with sign pattern %,. These nilpotent matrices are used together with a Jacobian argument to show that
%y, is spectrally arbitrary, i.e., there is a real matrix having sign pattern %, and characteristic polynomial
x"+ Z?:] (=1)f pix™= for any real ;. Some results and a conjecture on minimality of these spectrally
arbitrary sign patterns are given.
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1. Introduction

A real n x n matrix Y, = [y;;] has an associated digraph D(Y,) with vertices 1,2,...,n
and an arc (i, j) from vertex i to vertex j if and only if y;; # 0. If y;; # 0, then the simple
cycle (i, i) of length 1 in D(Y,,) is called a loop at vertex i, and its associated cycle product of
size 1 is y;;. A simple cycle of length k > 2 (called a k-cycle) in D(Y,) is a sequence of arcs
(v1, v2), (V2, 13), ..., (Vk—1, Vk), (Vk, v1) With k distinct vertices, and its associated cycle product
of size k is (_1)k+1yU1U2yU2U3 o« Yue_u Yurvy - A composite cycle of length & is a set of vertex
disjoint simple cycles with lengths summing to k. Its associated cycle product of size k is (—1)™
times the product of all matrix entries corresponding to these vertex disjoint cycles, where m is
the number of such cycles of even length. If the characteristic polynomial of Y,,, det(xI — Y},), is
given by

n—1

() = x" — X" pox™ T — o (1) g, (1.1)

then it is well known that the coefficient u; of (—1)'x"~ for 1 < i < n in the characteristic
polynomial of Y, is the sum of all cycle products of size i (see, for example, [4]).

A fixed matrix Y, = [y;;] has an associated sign pattern (matrix) %, = [s;;] with s;; =
sgn(y;;) forall i, j, where sgn(y;;) = +, —, 0 according as y;; is positive, negative, zero, respec-
tively. We denote by Q(.%,,) the set of all real matrices with associated sign pattern ., thus
Y, € O(&y). Also D(¥,) = D(Y,) and cycles in D(%;,) are defined as above for D(Y;). A
sign pattern ., is a spectrally arbitrary pattern (SAP) if given any real monic polynomial pj, (x)
of degree n, there exists a real matrix Y, € Q(.%,) with characteristic polynomial p,(x). A sign
pattern ., is potentially nilpotent if there exists a matrix ¥, € Q(%,) that is nilpotent, i.e., the
characteristic polynomial of ¥, is x”. If ¥, is a SAP, then clearly ., is potentially nilpotent, but
the converse is not necessarily true. However, Drew et al. [3] developed a methodology (based on
the implicit function theorem) of using a nilpotent matrix Y, to determine a spectrally arbitrary
pattern.

The first known family of spectrally arbitrary patterns (for all n > 2) was given in [7] and is
based on constructions using a Soules matrix. If ., is a SAP, but no proper subpattern of .,
is a SAP, then %, is a minimal SAP. The first known families of minimal spectrally arbitrary
patterns were given in [1] by using the methodology of [3]. This was also used by Cavers and
Vander Meulen [2] to introduce other families of SAPs. More recently, all spectrally arbitrary
patterns with an associated star graph were determined in [6]. The characteristic polynomial of a
matrix with a star graph is relatively simple, and consequently the matrix entries can be explicitly
computed for any given characteristic polynomial. Results of [8] were used in [6] to characterize
all potentially nilpotent star patterns. Note that SAPs and potentially nilpotent patterns are studied
up to equivalence, i.e., transposition, negation, and permutation and signature similarity.

Here we introduce a new family of particular sign patterns %, that have a cycle of every even
length (which we call even cycle sign patterns), and show that this family is spectrally arbitrary.
For n even, we prove that if D(%,) has n loops and the product of entries corresponding to each
of the cycles of even length is negative, then %, is a SAP. Although the characteristic polynomial
of M, € Q(%,) is complicated, we use algebraic and graph theoretic techniques to find nilpotent
matrices with these sign patterns, and then use the methodology of [3] to demonstrate that the
pattern is spectrally arbitrary. When n = 2k + 1, the results and proofs are obtained from those
for n = 2k by requiring that D(%2¢+1) has a Hamilton cycle and only 2k loops. Even cycle sign
patterns are motivated by the observation [2, Lemma 1.5] that if %, allows any inertia, which
must be true if &, is a SAP, then D(%,) contains a 2-cycle with sg;sx < 0 for k # j.
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In Section 2, we begin by finding nilpotent even cycle matrices M, € Q(%), firstly for n even
and then for n odd. In Section 3, we consider a Jacobian and show that it is nonzero, which allows
us to use the methodology of [3]. In Section 4, which contains our main results, we prove that 4,
is a SAP (with approximately 5n/2 nonzero entries) and identify a subpattern that is potentially
nilpotent (but not a SAP). We conclude with some results and a conjecture on minimality.

2. Nilpotent even cycle matrices

Throughout we restrict consideration to n x n matrices with n > 4 and having the following
structures depending on the parity of n. For n = 2k, let

aj 1
b2 ar 1
0 a3 1 0
Mo, = | by az - 2.1
: 0 1
0 ay-1 1
bo axy |

and forn = 2k + 1, let

ap 1 T

by a 1
0 ay 1 0

My = | 2 ww , 22)

: - 1
0 0 ark—1 1

by asy 1

| bok41 azk+1 |

where b, # 0 and all other variables are arbitrary. Note that both D(M>;) and D(M>x1) have a
loop at each vertex j for which a; # 0 and exactly one simple cycle of length 2i if b; # 0; the
corresponding cycle products are a; (for the loop at vertex j) and —by; (for the simple cycle of
length 2i). The digraph D (M>+1) also has one simple cycle of length 2k + 1 with corresponding
cycle product by 1. Since all the simple cycles of D(M,,) have even length, except for loops and
(if n is odd) a Hamilton cycle, we call the matrices M,, even cycle matrices.

Withrespectto M, in(2.1)and (2.2),letA, g ={n —g+1,n —qg+2,...,n}forl < g < n.
For 1 < w < g, define

Figwy= Y []a

BCAn,q i€eB
|Bl=w

i.e., F(g, w) is the sum of all products of w distinct entries a;, where z € A, 4. Define F (g, 0) =
F(0,0) = 1 and define F (g, w) =0if w > q.

We first consider the case that n is even. The coefficients of the characteristic polynomial (1.1)
of My in (2.1) can be specified in terms of the functions F (g, w) (see Lemma 2.1). If, forn = 2k,
we let

ai—1=1 and apy =-1 forl <i <k, 2.3)
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then the functions F (g, w) are easily computed (see Lemma 2.2) and this enables us to determine
a nilpotent matrix M»y (in Theorem 2.3).

With respect to D(M>y), the cycle products of size i are obtained from i loops, or from a simple
even cycle of length j < i and i — j loops that are disjoint from the j-cycle. These observations
give the following expressions for the coefficients of the characteristic polynomial of M.

Lemma 2.1. When k > 2 andn = 2k, the characteristic polynomial (1.1) of M,, has for 1 < r <
k7

,
par = F(2k,2r) =Y by F(2k — 2i,2r — 2i) (2.4)
i=1

and for0 <r <k —1,
worg1 = FQ2k,2r +1) — Zr:bz,-F(Zk —2i,2r +1—2i). (2.5)
i=1
The F functions in the above lemma are now computed by assigning values to the variables a;;
as in (2.3).
Lemma 2.2. Letk > 2 andn = 2k. If (2.3) holds and 2 < p < k, thenforr =0, 1, ..., p,
FQ2p,2r) = (—1) (’r’) (2.6)

and
FQ@2p,2r+1)=0. 2.7

Proof. If (2.3) holds, then each product of entries a, with z € A, 5, is £1. Letting B, = {i :
iisoddandi € A,zp}and Cp ={i :iisevenandi € A, 3p}, F(2p, w) is the number of sets
with w elements formed by taking an even number of elements from C), (and the rest from B),),
minus the number of sets with w elements formed by taking an odd number of elements from C),
(and the rest from B)). Thus,

r r—1
_N (P P P p
F@p.2r) = Z{: (21') <2r - 2i> - Z(«: <2i + 1) (Zr — Qi+ 1)) ' 28

This can easily be seen by noting that each term in these summations is of the form (? > (lg ),

where j elements are chosen from C,, and £ elements are chosen from B, to form a set of size
Jj + €. Note that j 4+ £ = 2r in (2.8).

The coefficient of ¥ in the binomial expansion of (1 — ¢2)? is (—1)" (f ) Similarly, the

coefficient of #2” in the product of the binomial expansions of (1 — 7)? and (1 4 1)? is

2r
i(P p _
> (=D <l> (Zr _ l.) = F(2p.2r)
i=0
by (2.8). Since (1 —)?(1 +1)? = (1 —?)?, they must have equal coefficients of 2", thus
FQp,2r) = (1) <f>
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By a similar argument as used for (2.8),

r

FQp,2r+1)= Z(2r+ 1— (i + 1)) <2i + 1)

i=0

(a0 et T
2+ 1) 2r+1-@i+ D)

which is equal to 0. [
Theorem 2.3. Let k > 2 and n = 2k. If api—1 =1 and ap; = —1 for 1 <i < k, then M, is

nilpotent if and only if by, = — <l;> for1 <r <k.

Proof. In the characteristic polynomial of M,, by (2.5) and (2.7) it follows that w41 = O for
0 < r <k — 1. Then M, is nilpotent if and only if pp =0 for 1 < r < k. By (2.4) and (2.6),
this holds if and only if for 1 < r <k

r—1
byr = F(2k,2r) — b F(2k — 2i,2r — 2i)
i=1

r—1 .
= () - Xewen (F20), 29)
i=1

Now we show by induction on r that (2.9) gives by, = — <l;> For r =1, Eq. (2.9) gives

by = (—1)] II) —0=- ]; , so the statement is true. Now assume that by, = — (I:) for all

r < u — 1. From (2.9) and the induction hypothesis,

e () () o ()7
S ()0
S (- rEer )]

Note that Z;’:O(—l)i (?) =0 since the binomial expansion (1 — )" =Y "7, <L;) (—=1)!

with = 1 gives 0 = Y ¢ ((=1)’ (?) Therefore by, = — (i) and the statement follows by

induction. [
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‘We now consider M,, when n is odd as in (2.2). For a specified main diagonal (that simplifies the
characteristic polynomial), a necessary condition for M,, to be nilpotent is given in the following
lemma, and a nilpotent matrix M,, is determined in Theorem 2.5.

Lemma 2.4. Letk > 2 and n = 2k + 1, and let M, have exactly one a, = 0 for 1 < v < n and
by #0forall 1 <r < k. Suppose the nonzero a; alternate in value 1, —1,1, —1, ..., 1, —1. If
M, is nilpotent, then either a,—» = 0 or a,—1 = 0.

Proof. Considering the cycle products of size n, the constant term of the characteristic polynomial
of M, is

k n n
Ao [T ai ] =bn—]]a- (2.10)
r=1 j=2r+1 i=1

Since a, appears in each term except —b,, if a, = 0 then (2.10) is —b, # 0, and M,, is not
nilpotent.
Now suppose a, = 0 for some fixed v with I < v < n — 3, and let

P L for v even
" |lv+1 forvodd.

Here s is the length of the shortest cycle of length at least 2 in D(M,,) on which vertex v lies,
and siseven with2 <s <n—3and2 <n—s — 1 <n — 3. The coefficient of x"~5~! in the
characteristic polynomial of M, with a, = 0 is given by the sum of all cycle products of size
s+ 1,ie., by

s—=2

2
F(2k+1,s+1)—2b2iF(2k+1—2i,s+1—2i)—bsa, 2.11)
i=1
where
n
g = Z a;.
i=s+1

There are an odd number, namely n — s, of loops that are disjoint from the cycle of length s. The
sets A, 4 corresponding to each of the above F' functions, respectively, are

A2k41,2k+15 A2k+1,2k—1, A2k+1,2k=35 - - - » A2k+1,2k+1—(s-2)-

By definition, each of these sets contains the index v such that @, = 0. Each F function in
(2.11) is of the form F(2j + 1, w) for 2k +1—(s —2) <2j +1 <2k + 1 and w odd with
3 < w < s + 1, where the associated set Azy1,2;41 contains j indices z for which a; = 1 and
Jj indices z for which a; = —1. Thus its value is equal to F(2j, w) when (2.3) holds. Since
s+1,s—1,5s —3,...,3 are all odd, by (2.7) all of the F functions in (2.11) are equal to 0 and
(2.11) reduces to —bso. The value of o is clearly nonzero since it is the sum of an odd number
of variables with values from {1, —1}, therefore (2.11) is nonzero and M,, is not nilpotent.

Thus if M, is nilpotent and exactly one a, = 0,thenv =n —2orn—1. U

Theorem 2.5. Let k > 2 and n = 2k + 1. Suppose M), has exactly one of a,_> and a,_| equal
to 0, and the nonzero a; alternate in value 1, —1,1, —1, ..., 1, —1. Then M,, is nilpotent if and

only if by, = — (I:)forl <r<kandbyy =1.
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Proof. Let My, have characteristic polynomial (1.1) with (2.3) holding. Consider the charac-
teristic polynomial (1.1) of My with u; replaced by j; and where the a; are assigned as in
the theorem statement. For 1 < p < 2k, we claim that the sets of all cycle products of size p in
D(Mjk+1) and D(Myy) are identical. This is true because:

(1) In D(Mpg+1), the arc from vertex 2k + 1 to vertex 1 belongs to no cycle of length < 2k
(and thus byx41 does not occur in these cycle products).
(i1) Every cycle product of size p in D(M>y) and D(M>j41) corresponds to either
(a) p loops (and each digraph has k loops with cycle product equal to 1 and k loops with
cycle product equal to —1), or
(b) one cycle of length 2r for 1 < r < k and p — 2r loops (and in each digraph, the cycles
of length 2r have the same cycle product and each is disjoint from 2k — 2r loops, k — r
of which have cycle product 1 and k — r of which have cycle product —1).

Thus it follows that u; = fi; for 1 < i < 2k (in terms of the by,). By Theorem 2.3, u; = t; =0

for 1 <i < 2k if and only if by, = — <1;> for 1 < r < k. The constant term fi,, is the sum of

cycle products of size 2k + 1 as in (2.10). With the a; as assigned, the only such cycle products
are obtained from the (2k + 1)-cycle and from the composite cycle consisting of the loop at
vertex 2k + 1 and the 2k-cycle. These cycle products have values equal to byx41 and —aog+1b2k,
respectively. Thus, (i, = 0 if and only if

0 = —bog+1 + azi+1b2k, (2.12)

that is, if and only if byes; = (—1) [_ (Z)] 1. 0O

Remark 2.6. Theorems 2.3 and 2.5 give nilpotent matrices M, for specific assignments of the a ;
when n > 4. However, the proofs of both theorems can be adapted to show nilpotence for other
values of the main diagonal. When k > 2,n = 2k, ay; € {1, —1}andaz;_1 = —ap; for1 <i <k,

then M, is nilpotent if and only if by, = — ]; for 1 <r <k Whenk>2,n=2k+1,ay €
{1, =1} and api_1 = —ap; for 1 <i <k — 1,if {ax—_1, ax} = {1, 0} and ar,+1 = —1, then M,
is nilpotent if and only if by, = — <];> for 1 <r <k and byr4+1 = 1. However, in this latter

case if {ax—1, a2k} = {—1, 0} and azx+1 = 1, then by, = — <Ir€> for 1 <r < kand (2.12) gives

bayy+1 = —1 for nilpotence. Thus, from M,, we can find 2["/21 nonequivalent potentially nilpotent
sign patterns.

3. Nonzero Jacobian

With a view to obtaining spectrally arbitrary patterns from M,,, we now consider a particular
Jacobian evaluated at values a;, b; obtained for a nilpotent matrix M, . This enables us to use the
methodology of [3, Observation 10]; see also [1, Lemma 2.1]. We first consider the case that n is
even, i.e.,n = 2k fork > 2. In M,,, set
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a=—1 forl<i<k. 3.1)

Certain entries of the matrix D,,, which is defined below in (3.6), are determined by differenti-
ating the coefficients of the characteristic polynomial u; with respect to the n remaining variables
ar;i—1 and by;; see Lemmas 3.1, 3.2, 3.4, 3.6 and 3.7.

For 1 < j < k and for some odd € withn —2j + 1 < £ < n, define

Zn,2j71 = A, 2\ {4}
For 1 < w < 2j — 1, define

Fej-1w= > Tla.

BCA,,j_1 i€B
|Bl=w

ie., F(2] — 1, w) is equal to the sum of all products of w distinct entries a, where z € A, 2j—1
Define F(2] —1,0) = 1 and define F(2] —lL,w)=0ifw > 2j — 1.

Lemma 3.1. If (2.3) holds, 0 < p < k—1and 0 < r < p, then

Fep+1,2r) = (=1 (f) . (3.2)
and

FQp+1,2r+1) = (=1)"t! (”f) . (3.3)

Proof. If (2.3) holds, then each product of entries a, with z € Zn’zp_;,_l is £1. Letting Ep =
{i:iisoddandi € Zn 2p+1} and 5p+1 ={i:iisevenandi € ;fn 2p+1)s f(Zp + 1, w) is the
number of sets with w elements formed by taking an even number of elements from c p+1 (and
the rest from B p) minus the number of sets with w elements formed by taking an odd number of

elements from Cp+1 (and the rest from Bp). Note that |Bp| = p and |C,,+1| = p+ 1. Asin the
proof of Lemma 2.2, the expression for f(Zp + 1, w) is

r r—1
Fep+1.2n = ZO: <£> <2€J—réi> - ZO: <2il-7f- 1) <2r —p(erilJr 1)) :
Consider the binomial expansions
p p+l
1+0r=3" (i’) f and (1—pnPtl = Z( 1) <” + 1) s
i=0
The coefficient of 2 in (1 4 1)?(1 — )Pt is

Z( 0} ( ) (fii) = g (ﬁ) (21;31') - é <2i1—)|— 1) <2r —p(J2ri1+ 1))’

1
which is F(2p + 1, 2r). Also,
A+DPA -0 =1 =01 =2 =1 =P —t(1 — 2P

The coefficient of 2" in (1 — t2)? — t(1 — t3)? is equal to the coefficient of 12" in (1 — 2)? since
—1(1 — #3)? has no even powers of . Therefore, since
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P
2vp _ i(P) 2
(1—r)"—§(—1> <i>t ,

(3.2) follows. ~
~ For (3.3), observe that when F is defined with respect to Ay, 2,12, F is defined with respect to
Ap2p+1 = Ap2p2\{£}, and £isodd withn —2p — 1 < £ < n,
FQp+2.2r+1)=FQp+1,2r+ 1) +aFQ2p+1,2r).
By 2.7), FQp+2,2r+1) =0, s0 —a;F2p + 1,2r) = F2p + 1, 2r + 1). This implies

that FQp +1,2r + 1) = (—1)"*! (f) by (3.2),sincea; = 1. O

Lemma 3.2. Let k > 2 and n = 2k. If (3.1) holds, then the derivatives of the coefficients in the
characteristic polynomial (1.1) of M,, are, for 1 < j < k, given by

r—1
=FQk—1,2r — 1)—Zb2iF(2k— 1—2i,2r —1—2i)

i=1

a/’LZr
Oazj_1

when 2 < 2r < 2j and

6/’L2r+1

.
= FQk—1,2r) = by FQRk — 1 — 2i,2r —2i
21 = ¢ r) =Y byiF( i,2r —2i)

i=1
when 1 <2r+1<2j—1.

Proof. Consider (2.4), in which all F(2p, w) are defined with respect to A, 2, = {n —2p +
I,n—2p+2,...,n} and (3.1) holds. For some fixed j with 1 < j < k, factor a1 from this
expression to give

r—1
Moy = azj—i (f(zk —1L.2r—1) =) by F(2k—1-2i,2r—1— 2i)>
i=1
+f(ai,as3,...,a2j-3,a2j41,...,a2%—1,b2, b4, ..., bo) 34
if 2r < 2j, where each term I?(Zp — 1, w) above is defined with respect to Kn,Zp—l = An2p\2) —

1}. That is, all such (nontrivial) terms F(2p, w) have 2j — 1 € A, 2, and thus can be expressed
as

FQp,w)=ay_1FQp—1,w—1)
+ fil@2k—2p+1, Q2k—2p43, -+, A2j—3, A2j 41, - - ., A2k—1),
where fi is the sum of terms that do not include a1 as a factor. Note that the product az; 1 b;,

for 1 <i <r —1,occurs in (2.4) if and only if 2r < 2 (by the definition of F(2p, w)). Differ-
entiating (3.4) with respect to az;_1 gives

r—1
=FQk—1,2r = 1) = Y by F(2k — 1 —2i,2r — 1 - 2i)
i=1

aMZr
Oazj_1

as required.
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Similarly, (2.5) can be written as

,
21 = a2j—1 (f(zk —1.2r) = ) by F(2k — 1 —2i,2r — 2i)>
i=1
+ flar,a3,...,a2j-3,a2541, ..., a2%—1,b2, by, ..., b2y), (3.5)

if 2r +1 < 2j — 1. Note that the product az;_1by;, for 1 <i < r, occurs in (2.5) if and only
if 2r + 1 < 2j — 1 (by the definition of F(2p, w)). leferentlatmg (3.5) with respect to az;_1
gives

Op2r+1

r
= FQk—1,2r) = by F(Rk — 1 —2i,2r —2i
By ¢ r) =Y byiF( i,2r —2i)

i=1
as required. [l

Lemma 3.3. Ifv > 0andk > v+ 1, then

v

1 1Y
Z<—1>”<U>k _ D

par R i — v (ﬁ)

The above identity (see [5, Identity 1.43]), which can be proven by induction, is used to prove the
following lemma. For k > 2 and n = 2k, define the n x n matrix D, = [d;;j] wherefor 1 <i < n,

i and dypsj = (—1) L

= 1’
dy = (D' g o,

for1 < j<k. (3.6)

Lemma34. Letk >2,n =2k, 1 < j
with by, = — <>anda2r 1=1forl

kand 1 <i <2j.1f (3.1) holds and d;j is evaluated

<
<r <k, thend;j = —1.

Proof. Fix j,1 < j<kandfixi,1 <i<2j.Ifiisodd (i =2g+ 1), then by Lemma 3.2

Op2g+1 =~ A
—— =FQRk-1,2 FQRk—1—2u,2g —2u).
B 1 = 9+ () F¢ u,2g — 2u)

Applying (3.2) gives

Omog41 ¢ (k—1 ) . u( - —u)
—aa2j_1—< 1) ( >+Z<u ()

u=1

Il
L0g-
|
Z
(7:
:
N
S =
N~
?v
Oo
—_
|
<
N~

Il
<
-
o

T

T

N’
oo
=

- (";l) (2 o7
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Using Lemma 3.3 with v as g gives

Gauzg+1 (D)% (k - 1) (—l)gk
azj—1 _
(k—g) <g)

k(k—1D!  gltk—g)!
glk—1—g)! (k—gk!

Recalling that d;; =
Ifi is even (i = 2g), then using Lemma 3.2 and applying (3.3) gives

_ O . - i
Ba2; 1 fori odd, dyg+1,; = —1 as required.

aM2g

g—1
~ K\ ~
= FQk—1,2g— 1)+ ()F(2k—1—2u,2 —1—2u)

() B (1)
o (1)
Fore( ()

This is the negative of (3.7) with g replaced by g — 1. Recalling the definition in (3.6), a similar
argument to the i odd case gives da, ; = —1 as required. [

The following identity established in the above proof is used in the proof of the next lemma.

Corollary 3.5. Fork >2and0 < g <k —1,

sev () >

Lemma 3.6. Letk >2,n =2kand1 <
r <

by = — (1;) and azr—1 = 1 for 1 <

k —1.1f (3.1) holds and d; 11, is evaluated with

J
k, then d2j+l,j > 1.

Proof. If the variables ay,_1 and by, for 1 < r < k are not assigned values, then j1 ;1 has terms
containing the factors az;_1b; for all h =2,4,...,2j — 2 since such a factor occurs in some
cycle product of size 2 + 1. However, the factor az;1b2; occurs nowhere in ;1 since the
cycle of length 2 and the loop at vertex 2j — 1 are not disjoint. Thus, analogous to (3.5), Eq.
(2.5) can be written as

j—1
pajpr=azj1 | FQk—1,2j) = by F(2k — 1 —2i,2j — 2i)
i=1
+ flai,a3,...,a2j-3,a2j41,...,aG2%—1,b2, b4, ..., b2j).
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Differentiating with respect to az;_ gives

j—1
=FQk—1,2j) = > by F(2k — 1= 2i,2j — 2i).

i=1

aM2j+1
Oaz;—1

Thus, if (3.1) holds, assigning ay,—; = 1 and by, = — (f) for 1 < r < k, application of (3.2)

i—1

Ouajin : (k - 1) ! (k) - (k —1- i)
Lyl (T > (5) =1y T
Oazj_1 =1 J +i=1 i =D Jj—i

J . .
B O] e e
i=0

Applying Corollary 3.5 to (3.8) gives
O :
Om2jt _ (k) , (3.9)

Oazj—1 J

gives

which implies that dpj1,; = (lj) — 1. Since (i) >2if 1 < j<k—1andk > 2, it follows
thatdpjt1,; > 1.

‘We now consider columns k + 1, k + 2, ..., 2k of D,,, the entries of which are defined in terms
of derivatives with respect to by for j = 1,2, ..., k.

Lemma 3.7. Let D, be defined as in (3.6) with k > 2 and n = 2k.

ODIf1<j<kandl <i <2j—1,thend;;y; =0.
() If 1 < j <k, thendyjiyrj=—1.
(iil) If 2.3) holds, 1 < j < k—1landi =1,3,...,2k—2j — 1, thendpjyixs; = 0.

Proof. Fix column k + j for 1 < j < k. The variable by does not appear in (i1, (42, ..., 421
since by; occurs only in a cycle product of size at least 2j. Therefore d; 4 ; =0 for i =
1,2,...,2j — 1, and (i) follows.

Fix column k + j for 1 < j < k. In uy;, the variable b;; appears once with coefficient —1,
therefore 2’;—;; =dyjr+; = —1, and (ii) follows.

Fix column k + Jjforl < j < k — 1and assume that (2.3) holds. Consider w211, 42j+3, - -,
M2k—1 as given by (2.5). The coefficient of by in paj; is —F 2k —2j,i),i =1,3,...,2k —
2j — 1. This coefficient is 0 by (2.7) and (iii) follows.

Theorem 3.8. Letk > 2 andn = 2k. If D,, is evaluated when (2.3) holds and by, = — (f) ,1 <
r < k, then det(Dy,) # 0.

Proof. By Lemmas 3.4, 3.6 and 3.7, if D,, is evaluated with a; and b,, as stated, then D,, has the
form
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M —1 -1
—1 —1
cl —1
ds1 —1
ds &)
de1  de2
dr dn
dg1  dg
L dnl dn2

—1
—1

—1

—1
3

ds3

dn21 dn22 dn23 ...
dp_1,1 dpo12 dp—13 .-

dn3

0 0]
0 0
0 0
0 0
0 0
0 0
0 0
0 0
—1 0
0 0
k-1 —1]

-1 -1 0 0 0
-1 -1 —1 0 0
-1 -1 0 0

-1 =1 diky1 -1 0
-1 -1 0 0 0
-1 =1 dsi+1 deks2 -1
-1 -1 0 0 0
-1 =1 dsp+1  d3i+2  dsi+3
-1 -1 dn—2,k+l dn—2,k+2 dn—Z,k+3 cee
cr—1 —1 0 0 0

. dn,k—l —1 dn,k—H dn,k+2 dn,k+3

where ¢; > 1 for 1 <i < k — 1 by Lemma 3.6. Expansion along columns in the order 2k, 2k —

1,....,k+ 1, gives

det(D,) = (—1)*/?1 det(Gy)

with
-1
Cl

dsy
dn
doi

Gy

L dn—1,1

—1
—1

&)
dn
do

-1
—1

c3

do3

dn—12 dn-13

—1
—1

c4

dn—1,4

-1 -1
-1 -1
-1 -1
-1 -1
-1 -1
cr—1 —1

Using elementary row operations (subtracting row 1 from row i for 2 < i < k), det(Gy) =

det(f}k) where
-1
c1+1

ds; + 1
Gry=| dn+1
do1 + 1

—1
0

c+1
dp +1
doy + 1

—1
0

c3+1
doz + 1

—1
0

cs+1

ldn—11+1 dp1p4+1 dy13+1 dy—14+1

Since each ¢; > 1, det(@k) # 0 and thus det(D,) #0. U

0
0
0
0

cr—1+1

1 1]

0
0
0
0

We now consider the case that n is odd. For k > 2, let M4 have characteristic polynomial
P2k+1(x) asin (1.1) with u; replaced by fi;, and let {a,a} = {ax._1, ax}. Define the (2k + 1) x
(2k + 1) matrix Dyi11 = [d;j] where for 1 <i <2k +1,
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o
,_(1)16“’, 1<j<k—1,

aj—1

OfL,i

digrj=(=—, 1<j<k,
i k+j @sz J
5  OfL OfLi
dip = (—=1)' — d d; = (-1 "
ik = (=1) g o i2k+1 = (=1) Bborer

Let My be as in (2.1) with characteristic polynomial pyi(x) as in (1.1), and let Dy; be the
a~ssociated 2k x 2k matrix of partial derivatives as in (3.6). The following result relates Dy to
D»j41 as defined above.

Theorem 3.9. Let k > 2. Suppose Dy is evaluated when (2.3) holds and by, = — <];> for 1 <
r <k, and 52k+1 is evaluated when 0 = a € {ax,_1, ay}, all other a; (including a) alternate in

value 1, —1,1,—1,...,1,—1, by, = — (lj)forl <r < kandbryy1 = 1. Then

0
Doy 0
52k+1 = and det(52k+1) # 0.
0
0 0 0 -1 -1
Proof. To show that d, j =d;j for 1 <i < 2kand 1< j <2k when they are evaluated with a;

and b, as stated, consider the sums of cycle products of size m that give coefficients w,, and
i for 1 < m < 2k of pox(x) and poxy1(x), respectively. Recall that each such cycle product
corresponds to a simple cycle, a composite cycle of loops, or a composite cycle of some even
length cycle and some loops Note that —pu| = — 231;1 ajand —ji] = — Z?kﬁ aj, and thus
dlj—dlj——lforl < 2k.

With the equality estabhshed when the relevant cycle products are size m = 1, letm > 2. The
cycle products corresponding to a simple cycle are of even size and are given by —b,,, which
appears in both w,, and [i,,. The sum of the cycle products corresponding to a composite cycle
of loops is given by F(2k, m) in pu,, (see the first terms in (2.4) and (2.5)) and analogously by
F 2k + 1, m) in fi,,. The sum of the cycle products that correspond to a composite cycle of some
even length cycle and some loops is given by —by, F (2k — 2r, m — 2r) in u,, (see the summations
in (2.4) and (2.5)) and analogously by —by, F (2k + 1 — 2r,m — 2r) in fi,, for2 < 2r < m < 2k.
We now argue that with a; as specified, F(2k, m) and F(2k + 1, m) are equal for 2 < m < 2k
and that F (2k 2r,m — 2r) and F 2k + 1 — 2r, m — 2r) are equal for fixed r, m and k such that
2 < 2r < m < 2k. By the definition of cycle products and the F' functlon each such F function in
Wm is defined with respect to Aog 2k—2- = {2r + 1,2r + 2, ..., 2k} = Aeyen. Similarly, each such
F function in ji,, is defined with respect to Aoxy1 2k+1—2- = {2r + 1,2r +2,...,2k — 2,2k —
1,2k, 2k + 1} = Agqq. Define A to be the intersection of these sets, that is A = Aeyen N Aodd =
{2r +1,2r +2,...,2k —2}. Note that Aeyen = AU {2k — 1,2k}, Aoga = AU {2k — 1, 2k,
2k 4+ 1} and that A is empty when 2r = 2k — 2. Since terms in por41(x) with a as a fac-



38 B.D. Bingham et al. / Linear Algebra and its Applications 421 (2007) 24—44

tor are equal to 0, all cycle products in w,, are the same as those in fi,, with a replaced
by axx—1 and with azi4; replaced by apg. Therefore, after differentiating w,, and [, with
respect to one of ay, as, ..., axy—3, b2, ba, ..., by and assigning values to all variables as in
the theorem statement, it follows that c?,-j =djjfor 1<i<2kand j=1,2,...,k—1k+
1,...,2k. Note that this assignment has as;_; and apr in w, taking the values 1 and —1,
respectively, a and apg41 in ji,, taking the values 1 and —1, respectively, and each of the variables
ap,az,...,ax—3, by, bg, ..., by taking the same value in i, and fi,,. Similarly, differentiating
Um With respect to azr—1 and evaluating the variables gives the same value as differentiating
[l with respect to a and evaluating the variables. Thus d~ik =dj for 1 <i < 2k, and it follows
that

dij =d;j forl<i<2k 1< <2k (3.10)
The corresponding cycle product by of the (2k 4+ 1)-cycle in D(Mai41) does not appear in
any of the coefficients [i,, for 1 < m < 2k in pog1(x). Therefore,

disns1 =0 forl <i < 2k. (3.11)
In D(M>i+1) the only cycle products of size 2k 4+ 1 are by from the (2k + 1)-cycle and
—ank+1bax from the composite cycle of the loop at vertex 2k + 1 and the 2k-cycle, so —fiog+1 =
—(bok+1 — a2k+1b2k). Assigning apgyy the value —1 gives —fiog+1 = —bog+1 — bog, which
implies that

i1 ki1 = —1, dyyior=—1 and dys1 ;=0 forl<j<2k—1. (3.12)

Thus, by (3.10), (3.11) and (3.12) the matrix 52k+1 has the stated form. By expanding det(52k+1)
along column 2k + 1 and using Theorem 3.9, it follows that det(Dyx41) # 0. U

Remark 3.10. Similar results as in Theorems 3.8 and 3.9 hold for other assignments of the a; as
in Remark 2.6. When k > 2 and n = 2k, define D,, with respect to the partial derivatives of the
positive a; and by, cf. (3.6). Then D, has the same form as in the proof of Theorem 3.8, and
det(D;) # 0.Fork > 2 and n = 2k + 1, with a; assigned as in Remark 2.6, the method used in
Theorem 3.9 holds showing that det(D>+1) = — det(Dag) # 0.

4. Spectrally arbitrary even cycle patterns and minimality

Define the n x n sign pattern 4, as follows. For k > 2 and n = 2k, let

+ o+
- - 4+
0 + o+ 0
— -+
bu=1y +
0 +
0 + o+

and forn = 2k + 1, let
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[+ + ] [+ + ]

- -+ - -+

0+ + 0 0 + + 0
Cour1=| or

: o+ : o+

0 0 + + 0 0 0 +

- 0 + - + +

L+ — L+ —

The nilpotent matrices M,, defined in Theorems 2.3 and 2.5 have M;, € Q(%,,). Note that D(%,)
has a cycle of every even length with the product of entries corresponding to each even cycle being
negative, and thus we call 4, an even cycle sign pattern. Using the results of Theorems 2.3 and
3.8 (for n even) and Theorems 2.5 and 3.9 (for n odd) with the methodology of [3, Observation
10], the following result is immediate.

Theorem 4.1. Forn > 4, 6, is spectrally arbitrary. Moreover, any superpattern of €, is spec-
trally arbitrary.

To investigate if €, = [c;;]is aminimal SAP for n even, we proceed as follows. Let 2, = [r;;]
be an irreducible subpattern of €, (thus r,; is negative, r; ;41 is positive for 1 <i <n — 1 and
the other r;; can be equal to ¢;; or 0). If ¥}, € Q(%,,) for k > 2 and n = 2k, then without loss of
generality the superdiagonal entries of ¥, can be normalized to 1 by a positive diagonal similarity
transformation. Thus we can restrict attention to M,, € Q(%,,) as given in (2.1). Our goal is to
show that if M,, € Q(%,) is nilpotent for k > 2 and n = 2k, then ap; = —ap;_1 and by; < 0 for
1 < i < k(see Corollary 4.5). From this, some properties of the structure of irreducible potentially
nilpotent subpatterns of %, are given in Theorem 4.6 and a conjecture on the minimality of %), is
stated.

For v > 1, define P>, (x1, x2, ..., x,) equal to the sum of all products of nonnegative even
powers of x; where the sum of the powers is 2v. That is,

Pyy(x1, X2, oo x) = ) xiPg®2 e, where iy ip 4 iy =,

and define Py(x1,x2,...,x,) = 1.

Lemma 4.2. For real c;, s and t and integerr > 0, if

sz(cl, Cly .oy Cry S, t) = %)ZU(CI’CZWI:“‘EZ):SM(CI!Cz,:’cr’Z) lf |S| ?é |t|,
limyg | || P2ulerconee cr»jz)itlzzu(cwz ..... Crat) if |s| = ltl,
then
Hyy(c1,¢2,...5¢r38,8) = Pyy_a(c1,€2, ..., Cr, S, ).
Proof. When r = 0,
s if Is] # [1].

22
sz(s3 t) = ,A ! 321"7121" .
limyg ) = if Is| = [t
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Since
v—1
s2v _ t2v — (S2 _ t2) Zs2lt2v—2l—2,
=0

v=l . .
Y sHPRTHTE = Py (s, 1) if [s] # ],

Hyy(s,0) =1 |
lim 3 s2 20722 = Py, o(t, 1) if |s| = |t].
Isl—1tl /=0

When r > 1, since

v
2i
sz(CI,C2, "'9cr9s) = Zs 1P2v72i(01,02, ""cr)s

i=0
PZU(C17C27-"9CF9S)_sz(cl’C27~"acr5t)
Z_ 12
v s2i _t2i
= ZWPZU—Zi(Cl,Cz,---,Cr)

i=1

v
= Z Pri_o(s,t)Pyy—3i(c1, 2, ..., cr), by the r = 0 case above,
i=1

= Py_2(c1,¢2,...,¢r,8,1).

The above argument also shows the limiting case. [

Fork > 2andn = 2k,let M,, € Q(Z,) be nilpotent. From (2.1), the characteristic polynomial
det(xI — M,) is given by

n/2 n
Pn(x)=x"=—2b2i 1_[ (x —aj), whereby=—1.
i=0 j=2i+1
Remark 4.3. Consider p,(a,) = a) = —by, and p,(a,—1) = “Z—l = —b,,. Therefore, for some
co > 0 (since b, # 0),a, = —cp, ap—1 = co and b,, = —CS = —P,(cp). Thus, if M,, is nilpotent,

it follows that a,, and a,_1, which are of opposite sign since M, € Q (%), must be nonzero and
of the same magnitude.

As motivation for the proof of the next lemma, consider
Pn(an—2) = —by_2(an—2 — co)(an—2 +co) — by = a,_,.
Thus
—bn2(ay 5 —cp) g =ay 5

and if |a,—2| # |col, then by Lemma 4.2

n n
42~ %

—by_p = 5 = n—2(Co, an—2).

n—2 " %0

ay_»
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If |a,—2| = |col, then the same result follows by the limiting case of Lemma 4.2. Simliarly,
considering p, (a,—3) leads to the equation

—bp—2 = Py—2(co, an-3).
This implies that

Pp_2(co, an—2) = Pr—2(co, an—3)- 4.1
If g(x) = Py(co, x), then g(x) is even and strictly increasing on (0, co). Since (4.1) implies
that g(a,—2) = g(a,—3), it follows that |a,—3| = |a,—3|. That is, for some ¢y > 0, a,—» = —c1,
ay—3 =cyand b, » = — P, 2(co, c1).

Lemma4.4. Let k > 2 and My be nilpotent with Mo, € Q(Rax). For a fixed p with 1 <
p <k —1,supposecy > 0,ck—j 2 0forp+1< j<k—1,—ay = a1 = cx—j and —by; =
Pi(co, 1y ... cp—i) for p+1 < i < k. Then

q q q
—byy [] @, —ci_p+ > Pulco.cr....a) [] @, —c_p

j=p+1 i=p+1 j=it+l
= Pyy(co, 1y .., Ch—g—1,a2p)

forp<g<k—-1

Proof. Since My is nilpotent

sz(azp)—azp szl H (azp —aj)

j=2i+1
and it follows from Remark 4.3 that

—szl l_[ (azp—a])—a —cO.

Jj=2i+1
Thus, by the assumptlons on by;, az; and az;—1,
k—1
2k
_b2p 1_[ (azp Ck ])+ Z Pyi(co, c1y .-, Ch—i) l—[ (aZp Ck ])—a —
Jj=p+1 i=p+l1 j=i+l
and if |azp| # |col, then
k—1 k—1 k—1 %k _ Cgk
2 2 P
—by, l_[ (a3, — c_j) + Z Pai(co,c1y .oy Ch—i) 1_[ (a2p Ck )= "
j=p+1 i=p+1 j=i+l1 2p 0
= Py_2(co, azp) by Lemma 4.2.
If |azp| = |col, then the same result follows by the limiting case of Lemma 4.2. This establishes

the statement for g = k — 1. Now assume the statement holds forg = vwithp +1 <v <k —1;
ie.,

v v v
—byp l_[ (agp—C;%,j)+ Z Pyi(co, 1y n s Ch—i) 1_[ (agp—C/%,j)

j=p+1 i=p+1 j=i+1
= P2U(C07 Cly«vs Ch—v—1, aZp)-
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Therefore
v v—1 v
2 2 2 2
—byy [] @, —cip+ D Putco.cr.....a) [] @, —ci)
j=p+1 i=p+1 Jj=i+1
= Pyy(co, €1, - - 5 Ck—v—1, A2p) — Pay(co, €1, -+ s Chk—p—1, Ch—v)
and thus
v—1 v—1 v—1
2 2 2 2
—byp [] @3, —ci_p+ Y Putcocr...oai) [] @3, =i )
j=p+1 i=p+l j=i+l
Pyy(co, €1y - ooy Ch—p—1, A2p) — Pay(co, €1y - ooy Chmu—1, Ch—v) .
= ) 3 if |a2p| # [Ck—vl
Ayp ~ Cr—y
= Py 2(co, €1, -+ s Chk—v—1, Ck—v» a2p) by Lemma 4.2.
If |azp| = |ck—vl, then the same result follows by the limiting case of Lemma 4.2. Thus, the

statement is true for ¢ = v — 1, and the result follows by downward induction ong. [

The following result shows that if M, is nilpotentand n = 2k, thenas; 4+ azi—; = 0andby; < 0
forl1 <i <k.

Corollary 4.5. Let k > 2 and My be nilpotent with Moy € Q(Xok). For a fixed p with 1 <
p <k —1,supposeco > 0,cx—; 2 0forp+1< j<k—1,—ay =az_| =ckand—by; =
Pyi(co, ct,... i) forp+1<i <k.Thenayp = —azp—1and —byp = Pap(co, C1, - .., Ch—p).

Proof. By Lemma 4.4 when g = p,
—byp = Pyp(co, €1y - oo s Chep—1, A2p).
By considering p,(azp—1), an identical argument to that in Lemma 4.4 can be used to show
—byp = Pap(co, 1, .-+, Chk—p—1, A2p—1)-

Since Ppp(co, €1, ..., Ck—p—1,a2p) and Ppp(co, C1, ..., Ck—p—1, azp—1) are equal and are even
polynomials in az, and a3, that are strictly increasing on (0, 00), it follows that |az,| =
lazp—1] = ck—p for some cx—, = 0. Therefore,

_b2p = Pyp(co,Cly v vy Ck—p—15Chk—p)»
and the sign pattern implies that ay, = —cx—p and azp | = cx—p. 0O
Suppose that k > 2, n = 2k and M, € Q(#,) is nilpotent. Then by; < 0 and by Remark

4.3, axk—1 = —azr > 0. By Corollary 4.5 with p =k — 1, axx—3 = —ask—2 > 0 and —byy_p =
Poi—2(cp, c1) > 0, and considering p =k — 2,k — 3, ..., 1, the following result is obtained.

Theorem 4.6. Let k > 2 and n = 2k. If %, is an irreducible subpattern of €, that is potentially
nilpotent, then D(R,,) has a simple cycle of each even length, a loop at vertices 2k — 1 and 2k,
and has, for 1 <i < k — 1, aloop at vertex 2i if and only if it has a loop at vertex 2i — 1.
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The following result identifies a family of subpatterns %, from Theorem 4.6 that is potentially
nilpotent but not spectrally arbitrary, and a similar family %2y 1.

Theorem 4.7. Fork > 2 andn =2k orn =2k + 1, if #, has rj; = 0 for 1 <i < 2k —2 and
rij = cij otherwise, then A, is potentially nilpotent, but not spectrally arbitrary.

Proof. Letn = 2k and suppose M,, € Q(Z,),thatis, M, hasa; =a» =--- =ay,—» =0,a,-1 >
0,a, <0and by; <0 for 1< j < k. Consider the characteristic polynomial of M, as in (1.1)
with coefficients w; as given by (2.4) and (2.5). For i even, u; = —a,—_1a,b;—2 — b;, and for i
odd, u; = —(ap—1 + a,)b;i—1, with by = —1. Assigning a,_1 = l and a,, = —1 gives u; = 0 for
i odd, and gives u; = 0 for i even if and only if by; = —1for 1 <i < k.

Similarly, let » = 2k + 1 and suppose M,, € Q(%,,), thatis, M, hasa; =ax = --- = a,—3 =

0, {an—2,an—1} ={0,a} with @ > 0, a, <0, byj <0 for I < j <k and byiy1 > 0. Let the
characteristic polynomial of M,, be given by (1.1) with u; replaced by fi;. The coefficients fi; are

given by fi; = —aa,b;—» — b; fori even, and i; = —(a + a,)b;—; fori odd, where 1 <i < 2k
and bg = —1. Assigning @ = 1 and a4+ = —1 gives fi; = 0 for i odd, and gives ji; = 0 for i
even if and only if by; = —1 for 1 < i < k. The constant term p2+1, given by (2.12), is then 0

if and only if bpr1 = 1.

Thus, forn > 4, M,, € Q(Z,,) as specified above is nilpotent and therefore %, is potentially
nilpotent. The pattern %, is clearly not a SAP since p; = 0 implies that 3 =0 and i1 =0
implies that i3 = 0. O

Note that if n is odd and a1 = 0, then (2.12) gives by = 0, and if @ = 0, then iz =0
implies by; = 0, which from (2.12) implies that by;41 = 0. In the even case, if a1 =0 or
ayi = 0, then by, = 0 (from Remark 4.3). But b,, # 0 for an irreducible matrix, so we conclude
that Z,, in the theorem above has no irreducible proper subpattern that is potentially nilpotent.

Theorems 4.1, 4.6 and 4.7 imply that %4 is a minimal SAP. However, for k > 3 and n = 2k, it
is not known whether or not %, is minimal. In particular, it is unknown whether or not a subpattern
Rp of €, with ry; 2; = rzi—12i—1 =0forsome 1 <i <k —1isaSAP.

Conjecture 4.8. If k > 3 and n = 2k, then %, is a minimal SAP.

For n = 5, a careful analysis shows that %5 is a minimal SAP, but minimality in the general
case for n odd remains to be explored.
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