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This paper deals with a one-dimensional controlled diffusion process on a compact inter val with
reflecting boundaries. The set of available actions is finite and the action can be changed only at
countably many stopping times. The cost structure includes both a continuous movement cost rate
depending on the state and the action, and a switching cost when the action is changed. The policies
are evaluated with respect to the average cost criterion. The problem is solved by looking at, for
each stationary policy, an embedded stochastic process corresponding to the state intervals visited
in the sequence of switching times. The communicating classe. of this process are classified into
closed and transient groups and a method of calculating thé average cost for the closed and
transient classes is given. Also given are conditions to guarantee the optimality of a stationary
policy. A Brownian motion control problem with quadratic cost is worked out in detail and the
form of an optimal policy is established.

Controlled diffusion reflecting boundaries
switching costs

1. Introduction

In a recent paper Doshi [4] studied a controlled one dimensional diffusion process
on a compact interval of real line with reflecting boundaries. The cost structure
included both, a continuous movement cost rate depending on the current state and
action, and a switching cost incurred when the action is changed. The set of available
actions is finite and any change in action is allowed only at countably many stopping
times. Thus a policy specifies a sequence of stopping times and also the action to be
used between two consecutive stopping times as a funciion of the history of the
process. For the continuously discounted costs Doshi [4] obtained the necessary and
sufficient conditions for a stationary policy to be optimal and also a set of inequalities
satisfied by the discounted cost function of an optimal policy. A method of calculat-
ing the discounted cost function from any stationary policy is also given. In this paper
we study the same model with respect to the long run expected cost per unit time
(average cost) as the economic criterion. There are two basic goals:

(a) to compute the average cost function for any stationary policy, and
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(b) to derive conditions which are sufficient for a stationary policy to be optimal.

The model is formulated in Section 2. Section 3 deals with the computation of the
average cost function for any stationary policy. A discrete-time stochastic process is
embedded into the diffusion process operating under a stationary policy and the
communicating classes of this process are classified into closed anc transient cate-
gories. It is shown that the average cost of the diffusion process is ind :pendent of the
initial conditions in a given closed class of this process and that this average cost can
be obtained as the unique solution of a functional equation involving the average cost
and a bias function. We also give a formal interpretation of this bias function. For the
initial conditions in a transient class we obtain the average cost function in terms of
the average costs of the closed classes. It is shown that in most common situations a
stationary opﬁmal policy can have only one closed class or two or more closed classes
with the same average cost. The functional equations are considerably simplified in
this case and naturally lead to the optimality conditions of Section 4. In Section 5 we
consider an example of a controlled Brownian motion with reflecting boundaries and
show that the intuitively optimal policy satisfies the optimality conditions, thus
proving its optimality.

2. Model and basic assumptions

The controlled diffusion problem mentioned in section 1 has been formulated as a
continuous-time Markov decision problem in Doshi [4]. For completeness, however,
we state the basic elements of this model. For details and motivations behind various
definitions the reader is referred to Doshi [4].

The state space = |ro, 1], =0 < ro<r, <o with the Borel o-algebra By.

The action space & is a finite set {1,2,3,4, ..., M}.

The sample space () is the set of all functions w:[0,0)->Z such that w is
continuous on ¢ =0.

Let # =0(w(s);s<r) and F = Fw. Let X,(w)=w(t), t=0 be the co-ordinate
mappings and {6,; t = 0} be the translation opeiators on 2. Also for any {%,}-stopping
time 7 let %, be the usual o-algebra associated with a stopping time.

Assumption 1. Foreach a € o, there exists a diffusion process { X { ; ¢ = 0}, with state
space %, such that

(i) The diffusion coefficient d(x, a) and the drift coefficient b(x, a) are continuous
in x € (ro, r1) for each a € &, and there exist 0 < M; < M, > 00 and M3 < o0 such that
O<M; <d(x,a)sM,, |b(x,a)<M;forall xe ¥, ac .

(ii) Both boundaries of {X 7} are reflecting.

Definition 1. An admissible policy = is an alternating sequence (71,4172, 4a2,...)
such that

(i) For n =1, 7, is an {&,}-stopping time depending on a,-,.
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(ii) O=ros 7175+ - aS.

(iii) ap=a is given. For n =1 a, is an %, X B-measurable function taking value
in .

(iv) For t=0, let N, = E(a,o It cie.t+1). Then there exists an N <00 such that
E+xo[N:]<N forall t=0.

(v) a, = a, is the action used at time ¢ for t € [7,, Tn+1), n =0.

(vi) X=X, =X,; forall n.
Let D denote the set of all admissible policies.

Stationary policies

Definition 2. Let f:Z' X o >« be a piecewise constant function on %, for each
a € o, such that for each a € & the following hold:

(i) A*={xe; f(x, a)=a} is an open subset of [ry, r;] for each a € .

(ii) If x is on the boundary of A“ then f(x, a)=f(y, f(x, a)) for all y in some
neighborhood of x.
Then f defines a stationary policy = by

(iii) 7o=0, ap=a are given,

(iV) The1="7n -!;'r‘"' -0, (n=1), where ' =inf{t=0; X, A} =inf{t =0;
f(X, a)#a}, a e A, and

(V) An+1 =f(X1'n+1’ an)’ n=0.

Using Assumption 1 it can be easily verified that a stationary policy 7 as defined
above is admissible. The sets {A“; a € o} are called its continuation sets and the
function f, its action selecting function. Let Ds denote the set of all stationary
admissible policies.

Cost structure. There are two types of costs involved, continuous and lump. Let
ca(x)=c(x, a) be the cost rate when action a is used in state x. We assume that for
each ae o, c(-, a) is continuous in x e #. Let R(x, a, a') denote the non-negative
lump cost incurred when the action is changed from a to a’ while in state x. Assume
that R(x,a,a)=0 for all xe%, acsf, R(x,a,a’)>0 for all xe& and a #a’,
and

R(x,a,a"y<R(x,a,a’)+R(x,a’,a") 2.1

for all xe %, a, a', a"e 4. Also assume that R(-,a,a’) is twice continuously
differentiable for each a, a' € .

Economic criterion. For xe ¥, ac &, n =0 and 7 € D, define

T

v,,.a(x;n)=E,,.x.aH "e(Xoa)di+ 3 R(X @i a0, (2.2)
k=1 .

0
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If E,,a[r.] <00 for all n =1, then we define the long run expected cost per unit time
(average cost for short) by
Vea(x;n)

V,,,a(x)=lixﬁn_,sa1)1p E. [l

(2.3)

On the other hand, if E . o[7.] = % for some n = 1, then we define the average cost
by

Veat)=limsup | Buea] [ e, @) ds+ 5 RO, auna)] /1) @)

TSt

When E,, , ,[7.] <o forall #n = 1, itis clear that V. ,(x)defined by (2.3)and [2.4) are
the same. A function V (-) is called optimal average cost if V,(x)=inf, 1‘/"'0 (x)
(xed, acA). A policy n* is optimal if Ve o(x)= Va(x)forall xe &, ac X.

Infinitesimal operato:- and its domain

Definition 3. Let & be the set of functions g: & - R satisfying the following:
(i) g is continuous on [ro, r1] except at finitely many points.
(ii) g’ and g" exist and are continuous on (ro, r1) except at finitely many points.
(iii) g'(r)=0,i=0,1.
For g € 9. define the infinitesimal operator of the diffusion process under action a € &
by

Aag(x)=d(x,a)g"(x)+b(x,a)g'(x) (2.5)
if g’ and g" are continuous at x, and by
Aag(x)=2d(x,a)[g"(x")+g"(x N +b(x, a)g'(x) (2.6)

if g’ is continuous at x. A,g is not defined at the points of discontinuity of g'.
Let &' be the subset of & such that for ge @', g’ is continuous on (rg, ry). that is,
A,g is defined for all x € (ro, r1).

3. Average cost for stationary policies

The main content of this section is the calculation of the averzge cost and the bias
function (to be defined below) for an arbitrary stationary policy 7. We will also give a
simple interpretation of the bias function which will motivate the sufficient condi-
tions of Section 4.

For a given stationary policy, 7, determined by {A?; a € &} and f, each A“ is the
union of a finite number of disjoint open subintervals [note that r, and r, are interior
points of [ro, r1]). Let A (i, @) denote the ith subinterval of A%, and let n, denote the
number of subintervals of A°,

Now cornsider the embedded stochastic process {Y,,; n =0, 1, 2, ... } with the state
space {A(i,a);i=1,2,...,n,,a=1,2,..., M}. Although Y is not necessarily a
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Markov chain, the state space can be decomposed into closed communicating classes
and transient states in exactly the same way as for Markov chains. To see this, note
that Y, is the nth subinterval visited by the Y process; so Y, =A(i, a,) for some i.
Moreover, a,+ = f(X.,,,, a.) Wwhere X, ., is the endpoint of A (i, a,,) reached first; so
there are at most two possibilities for the value of Y, ... This situation is analogous to
a finite state Markov chain with at most two positive elements in each row of the
transition matrix. Using this analogy, one can decompose the state space into P, say,
closed classes C,, Cs, . . ., C, of communicating states and a set T of transient states.
To simpiify notations below, we write (x, a) € C for some class C if there exists some
subinterval A (i, a)e C such that xeA(i, a).

We now show that the average cost V. ,(x)is constant for all (x, a) € C, where C is
a closed class, and can be obtained as a solution to a differential equation which also
gives a family {A,; a € #} of functionson . Forac o, let C* ={x e ¥; (x, a)e C} be
the a-section of C.

Theorem 3.1. Let C be a closed class for . stationary policy = determined by
{A?; a € A} and f. Then there exists a unique constant g and a family {h,; a € o} with
h. defined on C* into R, such that the following hold:

(i) hq is continuous on C* for each a € A.

(i) h, and-h} exist and are continuous on C* for each a € A.
(iii) For (x,a)e C

g =c(x, @)+ Azha(x). (3.2)
(iv) IfA(i,a)eCand y = A(i,a), rog A(i,a)ory=B(i,a), i€ A(i, a), then

ha(y)= lig; ha(x)=R(y, a, f(y, a))+ hsy.a)y). (3.3)
(V) h;(r,-)=0’ ifr,-eCa,i=O,1. (34)

(vi) g=Vaa(x) ((x,a)eC).

Proof. We first prove that there exist a constant g and a family {h,; a € &/} satisfying
(i)-(v) above. Let M(x,a)={"b(y, a)/d(y,a)dy. Consider equation (3.2) for
x € A(i, a)e C, that is, the ith subinterval in A°. This may be rewritten as,

d(x,a)e M=) g’; [eM*=Vh! (x)]=g—c(x,a) (3.5)
the solution of which is

4

ha(x)=cCia+dia J e MO gy

A(i.a)

x y _
+J. e'M(V"”J' g-clsa) a)eM““”ds dy (3.6)
A(ia) A(i.a) d(s, a)
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for xeA(i,a)=(A(i, a), B(i,a)) and some constants c¢,, and d,,. Suppose
f(A(i,a),a)=a', f(B(i,a),a)=a", A(i,a)eA(j,a’) and B(i,a)e A(k, a"). Then
equation (3.3) gives

Aig) ' A(i.a) Moy y ewo a')
Cia = Cia'—dj, I e Madg '-g-[ e Mbve J' ds dy
ha A iy Y78 i AGar d(s, @')
A(ia) MO’ y C(S, u\ ,‘M(s a')
=R(A(, a), a,a’)»f e” ‘*'“’f dsdy, (3.7
Ali.a) AGay d (S: "
and
B(i'a) E“'a) o
Cia +di.a j e-—M(y.a)dy "'ck.a"_dk.a" J- e-M(y.a )dy
Alia) A(k,a")
B(i.a) M(v.a) y eM(s.a)
+ {j e y.a I dsd
8 Ali.a) AGard(s, a) Y
J, B(i.a) Mv.a" y eM(s,a")
—_— e"‘ y.a J- - ds d } =
A(k,a") Akan d(s,a") Y
B(i,a) y
~Mv.a c(s,a
=R(B(, a), a,a")+j e MO ’j -(———)ds dy
Alia) AGar d(s, a)
B(i,a) y
-—M(y.a")J c(s a ) M(sa )
- e —e dsd 3.8
L(k.a") Akan d(s, a ) Y (3.8)
If roe A (i, a), then equation (3.4) requires that
d,"a =0. (39)
Finally, if r; € A(i, a), then equation (3.4) reduces to
y M , r eAl(sa)
di e (ry.a)_ e’ (ry.a J‘ s
@ & AG a)d(s, a)
Moy [ €(8a) pMesa
=g M ——e ds. (3.10)
AG.ayd(s, a)

Suppose the closed class C has nc elements. Then (3.7)-(3.10) give 2nc linear
equations in 2nc +1 unknowns {c; , d; ., g}. Consider the matrix formed by the nc
columns corresponding to the coefficients of c; .. Since C is a clossd communicating
class this matrix has rank nc — 1. Other n¢ + 1 columns are linearly independent. So
the rank of the coefficient matrix is 2nc. This implies that the above 2nc equations
have a solution; g and d; ,’s are uniquely determined by these equations and ¢; ,'s are
determined up to a constant. So equations (3.2)-(3.4) have a solution (g, {ha; a €.}
such that

(i) h. is continuous on C*° for a € .
(ii) ha and h; exist and are continuous on C° for a € .

(iii) g is uniquely determined by equations (3.2)-(3.4).

(iv) h, are determined up to an additive constant.
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This proves parts (i)-(v) of the theorem. We now show part (vi). Suppose (g, 4. ) be
any soluticn to equations (3.2)-(3.4). Suppose (x, a)e C and C contains at least two
eiements. Then

4

o @i = B 3 | o (KD a3 Rtk )]
Tk -1 =

=1

=B £ [ @ Anha K

k=1 J2_y

+kzl R(X'rk! Ak -1, ak)]- (3.11)
By Dynkin [6, Corollary to Theorem 5.1]
Tk
Efr.x.a[J. Aak—lhak-l(xl) dt]

= Enxalha(Xn)—ha (X, )]
= Enxalha, (Xs,) = ha,_ (Xr,_ )+ R(Xq,, a1, ak)]. (3.12)
Substituting from (3.12) into (3.11) we obtain
Vaa(x;5n) _ Enxalha,(X:,)=ha(x)]

Epmalra] 8 Eoralm] (3.13)
Letting n » o
Vea(x)=2g. (3.14)

Similarly, when C contains only one element A (1, @) =[ro, r1] it is easy to show that
for x € [ro, 11},

t

Evd [ ctXdar]
Vw.a(X)=g=‘[£rg 0 ; s ) (3.15)

thus proving the theorem.

The intent of the next corollary is to interpret the family {h,; a € S} with h,
defined on C“.

Corollary 3.1. For (x,a)e CletT(x,a)=inf{t =0; X, =x, a, = a}. Let (xo, ao)€ Cbe
fixed. Then for any initial conditions (x,a)e C
ha(x)—=hay(%0) = Er x.al Vira(x; T (x0, @0))] — 8Er.x.a[ T (x0, 0)], (3.16)

where, for any T >0,

T
Vw,a(x;T)=E,r.x,aU c(X,a)de+ Y R(qu,ak-l,ak)]. (3.17)

0 n<T
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Proof. Let N =max{n; r, < T(xo, ao)}, where 7, is the nth stopping time in the
definition of 7. Then, as in the proof of part (vi) of Theorem 3.1, we have

E‘rr.x.a [ V1r.t.§ (x s T(x()’ aO))]

N T(xg.a0)

=E"‘."'“[ > Jﬂk c(X,, ak_l)dt+J.

k=1 Tk-1 ™

N
C(X, an)de+ T R(Xn, ah-i, av)]
k=1

N T(xg.ay)

=B T [ (e Av e K10+ [ 7 (8= Aushon (K] i

k=1Jr_, ™

N
+kzl R(X'rp Ak -1, ak)]

= gE7x.al[T (x0, @0)l — Erx.a[han (XT(x0.a0))] + Ha ()
= gE-rr.x.a[T(xO’ aO)]_hao(xO)+ha(x)- (318)

This proves the Corollary.

The above coroliary suggests two different interpretations of A, (x):

(a) Since h,(x) is determined up to an additive constant it is possible to take
hao(x0)=0 Then he(x)= Epy.al Vra(x; T(x0, @0)] — 8Enx.a[ T (X6, @o)]. The first term
on the right is the expected total cost in time interval [0, T'(xo, ao)] if the initial
condition is (x, a). The second term is the expected cost in time interval [0, T (x¢, ao))
if the cost is incurred at the steady state rate g. Thus h,(x)is the bias due to the initial
condition (x, a). In fact, using Corollary 3.1 it can be shown that

ha(x)= tlin; [Vaa(x; t)—gt]+constant (xe€Z, ac ). (3.19)

Thus h,(x) is the limiting bias due to the initial conditior. (x, a). This justifies calling
{ha; a € A} the family of bias functions.
(b) From equation (3.19) we get, for (x, a)e C and (x',a’)e C,

ha (X)"' ha'(x') = ‘l_l_rg [Vw.a (x9 t)_ Vn.a'(x'; t)]' (3'20)

Thus [ha(x)—ha{x')] can be interpreted as the limiting relative disadvantage of
starting in condition (x, @) rather than in (x', ¢'). This justifies calling {h,; a € ¢} the
family of disadvantage functions or as customary in literature [see [1, 2]] the family
of potential functions.

Theorem 3.1 gives a method of deriving the average cost corresponding to any
closed class C. Suppose there are P closed classes Cy, Cs, ..., C, and let T be the
collection of all transient states. Then from Theorem 3.1 we can derive che average
costs g1, 82, . . . , gp corresponding to P closed classes. We also get {h,; a € of} where
ha is a twice continuously differentiable function defined on |-, C? The following
Theorem can be used to calculate V.. ,(x) for (x, a)e T, thus completely specifying
the average cost function V,,(x)for all xe # and a2 € .
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Theorem 3.2. {V...; a € o} is the unique family of functions in D satisfying
(i) AaVioa(x)=0for (x,a)e TNnA®,
(il) Vima(x)= Vesolx) for xg A% (x, f(x,a))e T,
(i) V@a(x)= Vofma(x) =g for xg A°, (x, f(x, a))e C..

Proof. The fact that there exists a unique solution to (i) and (ii) satisfying (iii) can be
proved by the method used iit the proof of Theorem 3.1. So it only remains to show
that this solution equals V,,(-). Let {V,; a € &} be any family of functions in &
satisfying (i), (ii) and (iii) above. Let 7y, 72, . . . denote the stopping times associated
with policy 7, and let N =min{n =1, (X;, a,)e C; forsome k=1, 2, ..., P}. That
is, 7n is the time of first absorption into a closed class. Then from (i) and (ii) we have
for (x,a)e T,

r N

0=Epe T | AV (XD ]

Lk=1Jr_y

=E‘rr.x.a- E {Vak ~I(X"'k)— Vak-i(X"'k-—l)}]
Lk=1

r N
= Evr.x.a Z {Vak (X‘fk)_ Vak—l(X"k—l)}]
Lk=1

= me.a[ Van (XTN )] = Va(x). (3.21)
So for (x,a)e T,

Va(x)=Epxal Van (X23 )]
P
= Y gPrxa({absorptioninclass Ci})= V,.(x). (3.22)
k=1
This proves the theorem.

Remark. Theorem 3.2 can be interpreted as follows. Consider a diffusion process
with starts in (x, a) € T and stops at the first instant it hits (x', a')e C for some (x', a’)
and a closed class C. Until then it behaves exactly like the original diffusion process.
No costs are incurred until the process stops. A terminal cost V., ,(x') is incurred if
the process stops in (x',a'). Since C(-, *) is bounded and the expected time to
termination is bounded, V., .(x) must equal the expected termination cost in the
modified process. Theorem 3.2 formally states this fact.

4. Optimality conditions
In this section wz derive conditions which are sufficient for the existence of a

stationary optimal policy. When these conditions are satisfied, it is possible to use
them to derive a stationary optimal policy using Theorem 4.2 below.
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Theorems 3.1 and 3.2 enable us to calculate the average cost function from any
stiationary policy having P closed classes and Q transient classes. A little reflection
shows that if R(x, a, a’) is finite for all x € &, and if P =2 with g; # g; for some (i, j),
then the stationary policy under consideration cannot be optimal. To see this,
suppose g; < gi. Then starting in any state (x, a) € C; one can change to action a’ such
that (x, a")e C.. If R(x, 6, a’)<0, then for the new policy 7' V. (x)=g:<g; =
V...a(x), and so 7 is not optimal. It is conceivable, however, that certain changes in
action are not permissible in some states; that is, R(x, a, a') = for some x e Z,
a, a' € A. In this case it is possible that a stationary optimal policy has two or more
closed classes with diiferent average costs. With our assuraption of the boundedness
of R(-, -, +), this situation will not arise. So for optimality consideration we may
restrict our attention to stationary policies with only one closed class or with two or
more closed classes having the same average cost. By Theorem 3.2 we now have
Vea(x)=g for all x e &, a € o, where g is the common average cost starting in any
initial conditions. In this case we have the following extension of Theorem 3.1. The
proof is similar to that of Theorem 3.1.

Theorem 4.1. Let 7 be any stationary policy with P closed classes C, C,, . .., C,and
the family T of transient states. If g\ =g>="--=g, =g, then there exists a unique
family {h,; a € A} of functions in D such that
(i) ha is continuous on A° for each a € A,
(i) ha and h, exist and are continuous on A® for each a € oA,
(iii) g=c(x,a)+ Az (x) (xeA?),
(iv) ha(y)=R(y, a, f(y, a))+ hsiyar(y) (yEA?),
V) ho(r)=0,i=0,1,ae .
Moreover, the constant g is uniquely determined by (iii)}-(v) above, and h, is determined
up to an additife constant. .

The following theorem gives a lower bound on the optimal average cost V,(x). It
also gives sufficient conditions for a stationary policy 7* to be optimal.

Theorem 4.2. Suppose there exists a constant g and a family {h,; a € o} of functions
on Z satisfying the following:
(i) hoe D' forac A.
(i) g=c(x, a)+Asha(x) 4.1)
at each x € (ro, 1) which is a continuity point of Agh,.
(iti) Forallxe¥ andae oA

ha(x)< zncxg {R(x,a,a’)+ha(x)).



B.T. Doshi | Controlled Diffusions 221
Then g < V,(x) (x € &, a € ). Moreover, if g and {h,; a € o} are associated with a
stationary policy m* as in Theorem 4.1, then
g=Va(x)=Voa(x) (x€& acsA),
and w* is optimal.

Proof. Suppose (g, h,) satisfy (i), (ii) and (iii) above. Let 7 be any admissible policy.
Then following the arguments that led to equation (3.13) we obtain

Vira(x;n) | Eoxalha(X:,)—ha(x)]
gs= +
Efr.x.a [7n] E-rr.x.a [Tn]

forxe#, acs and n=1. Letting n >0
gsV,ix) (xeZacd meD).
Since = is arbitrary
gsVix) (xeZ acHA)

This proves the first part of the thecrem. The second part is obvious from Theorem
4.1.
4

Remarks. (a) The above theorem rnay be used to verify if a given stationary policy 7*
which is suspected to be optimal. We can use Theorem 4.1 to find g and {h,; a € &}
for this policy and then verify that they satisfy the hypothesis of Theorem 4.2. In
Section 5 we use this approach to show the optimality of a two-switching-levels
policy for a controlled Brownian motion with quadratic costs and reflecting boun-
daries.

(b) Note that in Theorem 4.2 we require that 4, belong to &' rather than just &.
That is, h, is required to be continuous. Using the arguments of Chernoff and Petkau
[3] it can be shown that continuity of %/, is necessary for a stationary policy 7* to be
optimal. So this requirement is not superfluous or arbitrary.

(c) Let D* < D consist of policies under which {(X,, a,); t = 0} has the same steady
state distribution as under 7*. The transient behaviour may be different under
different 7 € D*. Then all 7 € D* have the same associated average cost and all of
them are optimal in the average cost sense. For 7 € D*, define

Wra(x)=lim [Voa(x;0)—-gt] (xeZ, acdd). (4.2)

Then it follows from the proof of Theorem 4.2 and the remarks following Corollary
3.1 that

Wava(x)=min W_,(x) (xeZ acsH). 4.3)
reD*
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Thus #* defined in Theorem 4.2 lexicographically minimizes V, ,(x)over all we D
and minimizes W, ,(x) over all 7 € D*,

(d) For controlled Brownian motion Chernoff and Petkau [3] have shown that
conditions (i)-(iii) in Theorem 4.2 are not only sufficient but are also necessary for 7*
to be optimal. Their arguments can be readily applied to our general diffusion model.
However, a careful analysis of their arguments reveals that the conditions (i)—(iii) are
necessary only when 7* is optimal in the stricter sense discussed in Remark (c)
above. For example see Section 6 of Chernoff and Petkau [3]. Here any switching
point b = 0 will give the same average cost and hence an average cost optimal policy.
However, only one b satisfies conditions (i)—(iii) of Theorem 4.2. .

The following theorem deals with the existence of a stationary optimal policy.

Theorem 4.3. Suppose there exists a constant g and a family {h..; a € A} of functions
satisfying the follcwing:
(i) haeD' forac d.
(ii) Foreach a € &, h, is continuous on [ro, r1].
(iii) No discontinuity point of A,h, belongs to the set

AY={xed; hi(x)< 'Qaifl{a} {R(x, a, a")+h,(x)}}.

(iv) g=sc(x.a)+Ash.(x) for all ~<iro, r1) at which Ash, is continuous, with
equality on A“.

(v) ha(x)<mingcx {R(x, a, a’)+ h,(x)} for all xe ¥, aec A, with equality on
Z-A“
Then g = V,(x) forall x € Z, a € o, and there exists a stationary policy m* € Ds which
is optimal. {A®; a € A} defined in (iii) above are the continuation sets of =* and the
action selecting function f of w* can be chosen so as to minimize the right hand side in

v).

Proof. The proof is similar to that of Theorem 1 in Doshi [4] and so the details are
omitted.

5. A Brownian motion control problem

Controlled Brownian motion has been used by Bather [1, 2], Chernoff and Petkau
[3] and Puterman [10] to mcdel control problems in queuing, inventory and storage
systems. Quite frequently such systems have finite capacity and overflow occurs
when the state goes beyond this capacity. Also, as in storage and queuing mcdels,
there is a lower limit on the possible states of the system. In such cases it is

appropriate to model the system as a controlled Brownian motion with two reflecting
boundaries.
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In this section we consider a simple controlled Brownian motion with two
reflecting boundaries at ro = —1 and r; = 1. By the translation of the coordinates and
change of scale a model with any reflecting boundaries ro and r; can be transformed
into this framework. We assume that our model is symmetric about 0. Specifically,
o ={1,2}, b(x, )=p >0 and b(x,2)=—u <0, d(x, a)=30" c(x,a)=cx’ for all
xe(-1,1)andae s and R(x,1,2)=R(x,2,1)=k>0.

From the symmetry of the problem it is intuitive that one of the following two types
of policies is optimal:

(I) Never change the action. That is, f(x,a)=a for a=1,2,xe[-1,1], and
Al=A%=[-1,1].

(Il) For some M, O0<M<1, f(x,1)=1 (-1sx<M), f(x,1)=2 M=<sx=<1),
f(x,2)=1(-1<x<~-M)andf(x,2)=2(-M <x<1).Inthiscase A' =[~1, M)and
Ar=(-M,1].

It is also intuitive that I is optimal when k =k, and Il is optimal when k <k, for
some constant k; depending on u, o and ¢. In what follows we derive this constant k
and show that policies 1 and II are in fact optimal when k =k, and k <k,
respectively.

First we investigate the situation when policy I is optimal. Let

X _?_’_f+ 4c 20 c[exp(Z,u/o-z)-f-exp(—2u/0'2)]
‘ 30w’ lexpQu/o®)—exp(-2u/o?))’

5.1)

Theorem 5.1. Suppose k =k,. Then the policy m* described by 1 is optimal.

Proof. Under policy 7* the resulting Markov chain has two closed classes (A (1, 1) =
[-1,1]and A (1, 2) =[~1, 1]) with the same average cost. By solving the equations of
Theorem 4.1 we get

3 2 2 4
hix)=A exp(-2ux/a'2)—-g~+a' c’; —0-—63'E+§£ xe[-1,1] (5.2)
3u 2u” 2u7
and
3
ha(x)= A expux/o )+—-—+" c’; e "fﬁi‘- xel-1,1], (5.3)
2u 2u” u
where
4 —
g=g~c§+ o C[CXP(Z[.L/O' y+exp(—2u/a’ )] (5.4)
2 exp(2u/a”)+exp(Ru/a’)
and
a'c 1
A=— <0. (5.5)

u’ expQu/a’)~exp(—2u/o?)
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Functions h; and h,, and constant g = V.« ,(x) (x €[—1, 1], a € ) clearly satisfy
hypotheses (i) and (ii) of Theorem 4.2. So it remains to show that they also satisfy
hypothesis (iii) of Theorem 4.2. That is,

~k<hi(x)—hy(x)<k (xe[-1,1]). (5.6)

Let J(x)= hi(x)— ha(x). Then a routine analysis of the derivatives of J implies that
J'(x)=0 for xe[—1,1] and J'(—-1)=J'(1)=0. Thus, inequality (5.6) holds iff
J(—1)=—k and J(1)<k. Bui from equations (5.2)-(5.5)

a’c 2¢ o'c 2[o% o’c exp(2y./0‘2)+exp(—2p./a'2)
Ty=I5- 22T 220 o : 3
nl2u r exp(u/o”)—exp(-2u/a”)
oc 4 _20'2c[exp(Zp/o-Z)+exp(—2y./ 0'2)] —k
exp(2u/a’)+exp(—2p/a)]

5
H W
®

(5.7)

Similarly, J(—1)=—k;. So —k <h;(x)—ha(x)<k for all xe[-1, 1] iff k, <k. This
proves the theorem.

Next we show that a policy of type II is optimal if k <k,. Let s be the policy
defined by II, <M < 1. Then solving equations in Theorem 4.1 we get

2.2
hi(x) =B exp(-2ux/c )———+" o CXLE M), 68)
3u 2u7 2u7 u
na(x)= B expux/o )+~+E—c-"5- ‘”x—ﬁ xe(-M, 1], (5.9)
3u 2’ 2w’
hi(x)=k+hy(x) xe[M,1], (5.10)
and
hax)=k+hi(x) xe[-1,-M], (5.11)
where
3 4 2 4
, k+2c‘M +Z c§\4+2M(C+a c+a'§)
g=c+0c o-e 3u m " © 2u
2u? M o7
" +-2-;2- exp(—2u/a*)((exp(2uM/a’)—exp(~2uM/ o’ ))
(5.12)
and

2eM? 2eM 20%cM
2 k + - —_— 5

>
B 25(:7”"(”2“/ v " '
a
2, 7 XP(~2u/0 ) (exp2uM/o”) ~exp(~2uM/c”))

(5.13)
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Clearly, the average cost g here should be less than the average cost when we have
the refiecting boundaries at —1 and 1 replaced by natural boundaries [see [7] for
definition] at —oo and +00. So from Doshi [5]

k cM? i
adiPR +2

<
ESaM™ T T 242 (5.14)
and hence
2gM . 2eM’ o'cM
¢ 3w’
B = < . )
exp2uM/a”*)—exp(-2uM/a?) 0 (5.15)

The average cost g defined by (5.12) is a function of M. It is easy to show that

ag g l
— <0 d —
aM M=0 an GM M=1

has the sign of k£, — k. So when k <k; we have

d
28 <0 and

og ,
— >0. .
aM M=0 oM M=1 0 (5 16)

This implies that there exists a M*, 0 < M* <1 such that 7+ is optimal among all
policies mar, 0<M <1. Also

98

=0. 5.17
M | g npe (5.17)

In fact, as we thow in Theorem 5.2 below, the policy s+ is optimal among all
policies in D.

‘Theorem 5.2. When k <k, there exists an M*, 0 < M* <1 minimizing g over all
policies of form 11. Moreover, 7p~ is optimal in D.

Proof. We verify that g, h; and h,, for policy 7+, satisfy the hypotheses of Theorem

4.1, Let
2 5, 2cx” a'ex 2gx
J(x)= Blexp(=2ux/o?)=expux/o™)| - T——-—5+= xe[-1,1],
3u  nu I
(5.18)
0_2
Wl(x)=cx2+/.l.h’1(x)+—i—h'|'(x)—g xe[—l,ll, (5.19)
and

2
Wz(x)=cxz—uhé(x)+22—hf{(x)-—g xe[-1,1]. (5.20)
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Then J(x)= hi(x)—ha(x) for x € (-M*, M*). Also from Theorem 3.3 W, (x)=0
(x €[~1, M)), and W,(x)=0 (x € (=M, 1]). So it suffices to show that h; and h3 are
continuous, and

-k=sJ(x)<k xe(-M,M), (5.21)
Wi(x)=0 xe[M, 1], (5.22)
Wy(x)=0 xe[-1,—-M]. (5.23)

From equations (5.12), (5.13) and (5.17) we have
J'(-M*)=J'(M*)=0. (5.24)

So i and h3 are continuous at —M™ and M* and hence on [—1, 1]. Also, since B <0
" —8,"‘3 2 2 4c
J"(x)= _(;TB [expQRux/o ) +exp(—2ux/a”)] - - (5.25)

is increasing in x. This, together with equation (5.24) leads to

J'(x)=0 forxe(—M* M%), (5.26)
, , —2uB 2¢c o'c 2
J(-1)=T(1) =52 [expu/o?) +exp(-2u/a?) - = - L5+ 28
o ®ou @
—4uB 2 4
<88 pu)o) -7 E 128, (5.27)
o Kow

where the last equality follcws from equations (5.12) and (5.13). Equation (5.26)
implies that

—k=J(--M*}<J(x)SJ(M*)=k xe(—M*, M¥*) (5.28)

thus proving (5.21). Next we prove (5.22). The proof of inequality (5.23) is similar.
For x e (M*, 1]

2
W(x)=cx2+,uh'1(x)+'(;-h'1'(x)‘8

2
=cx2+uh’2(x)+a-;—h'z'(x)—-g

=2uh3(x). (5.29)

So it suffices to show that h2(x)=0 for x e [M*, 1]. h'5(x)<O0 for x € (M*, 1]. So
hz(x) is concave in [M*, 1]. Also h5(1)=0. Sc we need to show that h5(M*)=0.
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But
2 B M*3 2 %2 4 " *
2 2
._4 B «
_—._i-'._l--——--—‘ﬁ ((exp(zp,M*/(,Z)_exp(_zuM*/gz))__fcM ]
lue o "
2
T M0
4u

since J' is decreasing at M*. This proves (5.22) and hence the theorem.
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