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To be more precise, let L be a strictly elliptic operator in divergence form

N N N
Lu=—ZDj<ZaijDiu+bju>+ZciDiu+du (1.1)

j=1 i=1 i=1

with bounded, measurable coefficients. We consider elliptic problems that formally take the form

N
Lu:fo—ZDjfj, OII.Q,
=t (12)
ou N
- - Vs 382,
oy + Bu g-l-;f,v, on

where we set

Ju N /N

P Z(Z%‘Diu +bju)v]',
j=1 \i=1

and where v denotes the outer normal on 9£2. We assume S to be bounded and measurable, but

make no assumptions on the sign of S.

In Section 2 we explain what is meant by a weak solution of (1.2). Section 3 is devoted to LP-
regularity and Holder regularity results for solutions of (1.2), which are summarized in Theorem 3.14.
The main idea is to extend weak solutions by reflection at the boundary, to show that this extension
again solves an elliptic problem, and then to apply interior regularity results. This strategy is known,
see for example [23, Section 2.4.3] or [6, Remark 3.10], but it seems that until now it has not been
exploited to this extent.

In particular, if fo € LP/2(£2), fj € LP(£2), j=1,...,N, and g € LP~1(342) for p > N, then every so-
lution u of (1.2) is Holder continuous on §2. Weaker versions of this result can be found in [6,25,11,1].
On the other hand, a stronger version of this result has been obtained in [19], but by considerably
more difficult methods that also might be less flexible in certain situations.

Using the elliptic regularity result we attack parabolic problems in spaces of continuous functions
in Section 4. More precisely, we consider the initial value problems

u(t,x) = —Lu(t, x), t>0, xe$2,

ou

E(t,z)—i—ﬂu(t,z)zo, t>0, z€0s2, (1.3)
L

u(0, x) =ug(x), xes2,

i.e., Robin or Neumann boundary conditions, and

u(t, x) = —Lu(t, x), t>0, xe$2,
ou(t, z)
—Lu(t,z) + 3 + Bu(t,z)=0, t>0, z€ds2, (1.4)
L
u(0, x) =ug(x), xe 2,

i.e.,, Wentzell-Robin boundary conditions. The solution operators for these equations form strongly
continuous semigroups in appropriate Hilbert spaces. Those semigroups have extensively been stud-
ied, see for example [2,9,10,3,5,8]. In special cases it is known that these semigroups extrapolate to
strongly continuous semigroups also on C(£2), see [6,17,15,12,25], i.e., that the parabolic problem is
well-posed in C(£2). We extend these results to the case of arbitrary strongly elliptic differential op-
erators with bounded, measurable coefficients. These results seem to be new in the literature. To get
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an idea why it is important to have generation results also in this space we refer to [7,24] and the
references therein.

For simplicity we consider second order linear equations only. We will work with bounded, real-
valued coefficients and pure Robin boundary conditions, i.e., we do not allow for Dirichlet or mixed
boundary conditions. We will not investigate whether the operators generate semigroups on spaces
of Hoélder continuous functions. In the generation results for Wentzell-Robin boundary conditions we
will in addition assume that the coefficients bj, j=1,..., N, are Lipschitz continuous.

2. Preliminaries

Throughout the whole article §2 denotes a bounded Lipschitz domain in RV, ie., §2 is an open,
bounded set that is locally the epigraph of a Lipschitz regular function. When we work with Lebesgue
spaces LP(9£2), we always equip 92 with the natural surface measure, which coincides with the
(N — 1)-dimensional Hausdorff measure. Since £2 is a Lipschitz domain, there exists a bounded trace
operator from H'!(£2) to L?(92), and we denote the trace of u € H'(£2) by ulye or simply by u, if
misunderstandings are not to be expected.

We consider a linear differential operator L in divergence form acting on functions on £2, i.e., L is
(formally) given by (1.1). We assume throughout that the coefficients a;;, bj, ¢;, and d are bounded
and measurable and that L is strictly elliptic, i.e., there exists o > 0 such that

N
> aiEE > alsl (21)

i,j=1

holds for all £ e RN and almost every x in £2. Moreover, we restrict ourselves to the case N > 2 since
the results for N =1 are easy, but cumbersome to include into the general statement.
For L as in (1.1) and B € L°°(942), we define the bilinear form a; g via

ar p(u,v) = Z /a,,D uDJvdA+Zfb]uD vda

Lj=1g =1g

Z/Cl ,uvd)»—i—/duvd)\—}-/ﬂuvda (2.2)
=10

for u and v in H1(£2).
Given functions f; € L'(£2), j=1,...,N, and g e L'(32), we call a function u in H'(£2) that
satisfies

aL,ﬁ(u,v)=/f0vdk+2/f]D]vdk+/gvdo forall v e C'(2) (2.3)

Q =g 992

a weak solution of (1.2). If all functions and the domain are sufficiently smooth, then in fact (2.3) is
equivalent to (1.2) as can be seen from the divergence theorem.

If u satisfies (2.3) maybe not for all v € C1(£2), but at least for all smooth functions with compact
support in £2, i.e., for all v e C°(£2), we say that u € H(£2) solves the problem Lu = fo— 27:1 Djfj.
Note that this condition does not depend on 8.

In the proofs, we will frequently need Sobolev embedding theorems, which can be found for ex-
ample in Grisvard’s book [20, Theorems 1.5.1.3 and 1.4.4.1].
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3. Elliptic problems
3.1. Neumann boundary conditions

In this section we consider (2.3) in the special case 8 =0, i.e., elliptic problems with Neumann
boundary conditions. We will see that for sufficiently regular right-hand sides, every solution admits
a Holder continuous representative.

Let £2 Cc RN be a Lipschitz domain. By definition, for every z € 3§2 we can choose an orthogonal
matrix O, a radius r > 0, a Lipschitz continuous function :RN-! — R, and

G:={(y,¥ () +5): yeBO,1) CR"", se(-r,n)

such that

02 -2NG={(y. ¥ () +s): yeBO,rn cR""' se(,n}. (3.1)

Convention 3.1. Since the assumptions of Section 2 are invariant under isometric transformations
of RN, for local considerations we assume without loss of generality that ©@ =1 and z=0.

Define T(y,s) := (y,¥(y) +5s) for y e RN"! and s e R. Then T is a bi-Lipschitz mapping from
B(0,r) x (—r,r) to G with derivative

T/( )_< I 0) d T/( )_1_( I 0>
Y= \vy 1) MY T gy 1

almost everywhere. Moreover, define the reflection S:G — G at the boundary 352 by S(T(y,s)) :=
T(y,—s). Then

S'(T(y,5)) =T'( —s)(l O>T’( s)—1—< ! O)
v,y =14 0 -1 Y, T \2vy(y) -1

almost everywhere. Note that S(Sx) =x, S’ is bounded, detS’(x) = —1 and S’(x)~! = S’(x). Moreover,
S'(y, s) does not depend on s, whence S’(5x) = §'(x).

Notation 3.2. We write U for GN 2 and V for S(U) =G \ £2. For a function w on D C G, define w*
by w*(x) := w(Sx) on S(D). For a function w on U, define w (almost everywhere) on G by

w(x), xelU,
w*(x), xeV.

w(x) := {

In the following it will not matter that w is not defined on the Lebesgue null set 3§2 N G since we
will apply this notation only to LP-functions.

For the rest of the section we fix a linear, strictly elliptic differential operator L in divergence form
and write a for the matrix (a;j) and b and c for the vectors (b;) and (c;), respectively. Moreover, we
define

b(x), xeU,

()._{a(x), xelU,
- S'X)b*(x), xeV,

a(x

S’ xa*(x)S' )T, xev,
« {c(x), xeU,
c(x) =

S'X)c*(x), xeV.

b(x) = {
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Lemma 3.3.

(i) If w is in H1(D), then w* is in H1(S(D)), and Vw*(x) = Vw(Sx)S’ (x) almost everywhere.
(ii) If wisin H'(U), then w|yy = w*|3v on 32 N G.
(iii) If wisin HY'(U), then w is in H1(G), and VW = Vwily + Vw*1y.
(iv) For any p € [1, oo), the extension operator w — W is continuous from LP (U) to LP (G).
(v) The functions a, b, ¢ and d are measurable and bounded on G.

Proof. Assertion (i) follows from [26, Theorem 2.2.2]. Assertion (ii) is obvious if w is in addition
continuous up to the boundary. Since U is a Lipschitz domain, those functions are dense in H!(U)
and the claim follows by approximation. Let ¢ be a test function on G. The divergence theorem [14,
Section 4.3] shows that

/VvD,wdk:/mvao —/Diwwdk+/w*¢vida—/Diw*gadk.
G U i} av v

The boundary integrals cancel due to (ii) since the boundaries 9V and dU have opposite orientations.
This proves (iii). Assertion (iv) follows from [14, Section 3.4.3], and assertion (v) is obvious. O

Lemma 3.4. There exists a constant @ > 0 such that ETa(x)& > &|&|? for all € € RN and almost every x € G.

I 0

Proof. Let w € RN~! be an arbitrary row vector and define W :=( "

matrix M := (’2 Z) € RN*N the matrix

). Given a positive definite

T A AwT —b
wMw’ =

wA—c wAwT —wb—cwT +d

is positive definite as well. In fact, it suffices to check that the leading principal minors are positive.
Since M is positive definite, all minors of M are positive. Hence the first N — 1 leading principal
minors of WMWT are positive and, moreover, det M > 0. Thus det(WMWT) > 0 by the multiplicativity
of the determinant since det W =det WT = —1, which proves the claim.

By what we have shown, the least eigenvalue A{(WMWT) of WMWT is positive whenever M
is positive definite. Since A; depends continuously on the entries of the matrix this shows that
2 (WMWT) > § for some & > 0 as M ranges over a compact subset of the set of all positive defi-
nite matrices, and w ranges over a compact subset of RN=1.

Recall that a matrix A € RN*N satisfies §T A& > «|€]?, « > 0, for all £ € RN if and only if A1 ((A +
AT)/2) > «. Thus by assumption (2.1)

1
5(a(x)+a(x)T) eKy:={MeRVN: M=M", ;M) > a, M| <c}

for some constant ¢ and for almost all x € U. The set Ky is a compact subset of the positive definite
matrices. Let K, ¢ RN~1 be a closed ball whose radius is large enough such that 2V (y) € K, for
almost all y.

Using the first part of this proof, we see that there is § > 0 such that

M(%S’m(a(sw +a<5x>T)5’<")T> >

for almost every x € U. Thus £Ta(x)é > §|£|%> almost everywhere on V, from which the claim follows
with & := min{e, §}. O
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Lemma 3.5. Let [ denote the differential operator on G for the coefficients a, b, ¢ and d. Assume that there exists
p > N such that fo € LP/2(R), fj € LP(2), j=1,...,N, and g € LP~1(32). Let u € H'(£2) satisfy (2.3)
(recall that we allow only for g = 0 in this section). Then there exist s > N and functions hg € L*/%(G) and
hjel*(G), j=1,..., N, that satisfy

N
ai’o(ﬁ,v)=/h0vdk+2/hiD,~vdA (3.2)
G

i=1¢
for every function v € C2°(G).

Proof. By definition of a solution of (2.3) we have that

N N N
> /a,-jDiﬁD,-vderZ/BjaDjvdx+Zf&iuiﬁvdx+/&ﬁvdx
i=1y

ij=1y =1y i}
N
=/fovdk+2/ijjvdA+/gvda (3.3)
U =ty ]

holds for every v e C2°(G).
Using part (i) of Lemma 3.3 and the change of variables formula [14, Section 3.4.3] (replacing x
by Sx) we obtain

/(Vﬁ)&(VV)TdA—i-/ft(Vv)Bdk+/(Vﬁ)6v dk—i—f&ﬁvdk
"4 "4 "4 14

:/Vu(Sx)S/(x)S’(x)a(Sx)S’(x)T(Vv(x))Tdx
v

+/u(Sx)Vv(x)S/(x)b(Sx)dx—i—/Vu(Sx)S’(x)S’(x)c(Sx)v(x) dx
v v

+ / d(Sx)u(Sx)v(x)dx

4

= / Vu@as' 0" (Vv (sx)" dx+ / u(X)Vv(Sx)S' (x)b(x) dx

0] u

+/Vu(x)c(x)v(Sx)dx—i—/d(x)u(x)v(Sx) dx

9) v)

:/Vu(x)a(x)(Vv*(x))de+[u(x)Vv*(x)b(x) dx

U U

+/Vu(x)c(x)v*(x)dx—i—/d(x)u(x)v*(x)dx

U V)
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ffoV dk-i-Z/f]Djv dk—i—/gv do

=1y au

=/f0(x)v(Sx)dx+ /f](x)ZD vV(SX)(S' (), dx—l—/gv do
U

j= 1y i=1 U
N N
:/f;;vdx+2/Z(s’)ijf]mivdx+/gvda (3.4)
v i=ly j=1 au

for every v € C2°(£2), where we have used in addition that u satisfies (2.3).
Adding Egs. (3.3) and (3.4) we obtain

aj o (@, v)_/fovdx+2/f]D vdk+2/gvda (3.5)
j=1¢ U
for fj € LP(G) defined by
. fi®, xeU,
Ji®= { YL (S @ifi 0, xeV.

Since g is in LP~1(3U) and the trace operator is bounded from W17(G) to LN-DI/N=1(3U) for
every r € (1, N) the mapping

C°(G) > R, vr—>2/gvd0
U

extends to a continuous linear functional on W(l)’rO(G) for rg := Thus there exist functions

(kg in L"0(G) such that

(p—
- 2)N+1

N

Z/gvdo:/kwdk—i—Z/kﬂwdA
au G j=1¢

holds for all v € C°(G), see [26, Theorem 4.3.3]. Note that by assumption ry = % > N.

Hence (3.2) follows from (3.5) by setting hg := fo + ko and hj:= ]‘j +kjfor j=1,...,N. O

Proposition 3.6. Let £2 C RN be a Lipschitz domain and p > N. There exist y > 0 and a constant ¢ with
the following property. If fo € LP/2(), fj € LP(R2), j=1,...,N, and g € LP~1(352), then every solution u
of (2.3) (recall that at the moment we allow only for g = 0) is in C>¥ (£2) and satisfies

N
lullcoy @) < c(uunmm + 1 follierzeoy + Y I fillr ey + ||g||Lp1(m)>. (3.6)
j=1
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Proof. Fix z in 92 and consider a neighborhood G of z as in (3.1). By Lemma 3.5 there exist s > N
and functions ho € L/2(G) and hj € L*(G), j=1,..., N, such that the extension i € H'(G) of u solves
the problem

N
Li=ho - Djhj.
j=1

By Lemmata 3.3 and 3.4, the differential operator L on G satisfies the assumptions of Section 2. Thus
it follows from interior regularity results [18, Theorem 8.24]| that for every relatively compact subset
Go of G there exists ¥y > 0 such that i is in C%(Gg) and satisfies an estimate of the kind (3.6).
Thus u is in C%%(Go N £2) and satisfies an appropriate estimate.

Since 052 is compact, we can cover 92 by finitely many such sets. Thus u is Hélder continuous in
an interior neighborhood of 3£2 and its Hélder norm can be controlled as in (3.6). Finally, we use the
result about interior regularity once again to control u in the remaining part of 2. O

3.2. Robin boundary conditions

In this section we apply Proposition 3.6 to obtain similar results also for Robin boundary condi-
tions, i.e., for solutions of (2.3) if 8 does not necessarily equal zero. As a stepping stone, we investigate
the LP-regularity of solutions also in cases where the data is less regular than in Proposition 3.6. Thus
even for B =0 the results of this section extend those of the previous one.

As before, let £2 ¢ RN be a Lipschitz domain and L be a linear, strictly elliptic differential operator
on £2. Moreover, let 8 be an arbitrary function in L*°(9£2).

For w € R we introduce the form a(LD,B defined by

a‘L‘fﬂ(u,v) :=aL.ﬁ(u,v)+a)/uvd)» (3.7)
Q
for u and v in H'(£2) and investigate the class of functions u € H'(§2) that satisfy
N
aﬁﬁ(u, V)= f fovda + Z/ fiDjvdx+ / gvdo forallv e Cl(£2). (3.8)
Q2 =g a0

This is a generalized version of (2.3). More precisely, (2.3) and (3.8) coincide for @ = 0. The advantage
of this more general situation is that for large w the problem (3.8) is uniquely solvable.

Lemma 3.7. Let N > 3. There exist w € R and a constant ¢ with the following property. If fo € L2N/(N+2) (2,
fi€el?(2),j=1,...,N,and g € L*N-D/N(32), then problem (3.8) has a unique solution u € H'(£2), and

N
Ul o) < c<||fo||Lz~/<~+2)(m + ) U fillize + ||g||Lz<~1>/~<m)>. (3.9)
j=1

Proof. By [11, Corollary 2.5] there exist 7 >0 and w € R such that
ap 5 (u, u) = nlluly o)

Thus, by the Lax-Milgram theorem [18, Theorem 5.8] there exists a constant c; with the following
property. For every ¥ € H'(£2)’ there exists a unique function u € H'(§2) that satisfies

afg(u,v) =y (v) forallveH' (), (3.10)
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and for this u we have

Il ) < ctllv Nl oy - (3.11)

Since H!(£2) embeds into L2N/(N-2(2) and the trace operator maps H!(£2) into
[2(N-D/(N=2)(52), there exists a constant c; with the following property. For fo € L2N/(N+2)((2),
fiel?2),j=1,...,N, and g e 2N-D/N ),

N
(V) ::/fovdk+Z/ijjvdk+/gvda (3.12)
2

=g 902

defines a continuous linear functional ¥ on H'(£2) that satisfies

N
1Vl @y <c2 (nfoanN/M(m + ) M fillize + ||g||Lz<~_1>/N(m)). (3.13)
j=1

Now let fo € L2N/N+2 (), fi e L2(22), j=1,...,N, and g € L2!N=-D/N(32) be arbitrary. Define
¥ as in (3.12), and let u be as in (3.10). Then u is a solution of (3.8). Since C!(£2) is dense in H!(£2),
every solution of (3.8) satisfies (3.10). Hence the solution of (3.8) is unique. Estimate (3.9) follows
with ¢ :=cqcz by combining (3.11) and (3.13). O

Lemma 3.8. Let N =2 and q > 1. There exist w € R and a constant ¢ with the following property. If
foell(), fje L%(2),j=1,...,N,and g € L9(3£2), then problem (3.8) has a unique solution u € H'(£2),
and

N
lullg o) < c<||fo||m<m + ) I fillize + ||g||Lq(am>. (3.14)
j=1

Proof. The proof is similar to the proof of Lemma 3.7. Here, however, we use that H'!(£2) embeds into
L™(£2) for every r < oo, and that the trace operator maps H!(£2) into L"(32) for every r <oco. O

Remark 3.9. It should be noted that in Lemmata 3.7 and 3.8 we can take any w € R such that (3.8)
has a unique solution for some right-hand side. In fact, let A be the operator from H!(£2) to H!(2)’
defined by (Au,v) :=a; g(u, v). Considering H'(£2) as a subspace of H'(§2)’ via the scalar prod-
uct in L%(£2), A is a densely defined, closed operator on H!(£2)". The resolvent of A is compact
since H'(£2) is compactly embedded into L2(£2). For w € R, the Fredholm alternative asserts that
either there exists u € H!(£2) such that (w + A)u = 0, which means precisely that the solution
of (3.8) is not unique, or w + A is boundedly invertible, which implies estimate (3.9) or (3.14), re-
spectively.

Now, as an interlude, we come back to the Neumann problem. Afterwards, the following lemmata
will be generalized to cover Robin problems as well.

Lemma 3.10. Let p > N, and let w be as in Lemma 3.7 or Lemma 3.8, respectively. Assume = 0. Then there
exist y > 0 and a constant c with the following property. If fo € LP/2(£2), fielP(2), j=1,...,N, and
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g € LP~1(342), then the unique solution u of (3.8) is in C> (£2) and satisfies

N
lullcor ) < C(IIfoIILp/z(m + ) il + ||g||Lp_1W)).
j=1

Proof. By Lemma 3.7 or Lemma 3.8, respectively, the solution is unique, and by (3.9) or (3.14) there
exists a constant ¢y such that

N
lull2o) < 1 (”fO”LP/Z(Q) + Z I fillr ) + ||g||1_p1(39)>~
Jj=1

Thus the result follows from Proposition 3.6. O

Lemma 3.11. Let N >3, 2% <q < 3, & > 0, and let w be as in Lemma 3.7. Assume B = 0. Then there
exists a constant ¢ with the following property. If fo € LI7¢(£2), f; e INUWN-0+¢(@) j=1,...,N, and
g € LN-DI/(N-0+€ (502, then the unique solution u of (3.8) satisfies u € LN9/N=20(2) and ulyp €

LN-Da/(N=20) (32), and
lull prasov—20) () + Ul Lv=1pa/N-20 (5.2

N
< C(llfolqu+s(g) + )il parv-aree ) + ||g||L(N1)q/(Nq)+8(aQ)>~
j=1

Proof. Pick p > N. It will turn out at the end how close to N we have to pick p, but this condition

will depend only on N and g, hence the argument is not circular.
To simplify the notation of the proof we introduce the Banach spaces

IS=r@ el @ el'(02) and LY :=1%2)® L' (0R2).

Note that the complex interpolation spaces [LT0-50:fo [T1:S1:61]5 and [LX0-Yo [¥1:Y1],, 0 € [0, 1], are in a
natural way isomorphic to L™$t and L*Y, respectively, where

1 1-6 ¢ 1 1-6 6 1 1-6 6

r-r rn’ s s sttt

1 1-6 6 1 1-6 6

- = +—, = +—. (3.15)
X X0 X1 y Yo Y1

This follows from [22, Section 1.18.4] and the observation that

[Xo ® Yo, X1 ® Y1lo = [Xo, X110 ® [Yo, Y1l

holds for all Banach spaces Xg, X1, Yo and Yy, which in turn is a direct consequence of the definition
of the complex interpolation functor [22, Section 1.9].

For fo € L2N/WN+2(2), fi e L2(22), j=1,...,N, and g e [?*N-D/N(2) we denote by
R(fo, (fj)?’:],g) the unique solution u € H'(£2) of (3.8). It is clear that R is a linear map. Let ¥ >0

be as in Lemma 3.10. If we consider H'(§2) and C%Y(£2) as subspaces of %2 via the injection
u+> (U, ulye), then the Sobolev embedding theorems and Lemmata 3.7 and 3.10 show that R maps
[2N/(N+2),22(N=1D/N jntg [2N/(N=2),2(N=1)/(N=2) qnq [P/2.P.P=1 into [o°°°.
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Using [22, Theorem 1.9.3(a)] for

0. Nq+2q—2N
. aN-2) ~’

we obtain that R maps L7+t into LN4/(N=20).(N-1)a/(N=20) 'where r,, s, and t, are defined analo-

gously to (3.15) for

L _ 2N oy g 2N-D
0= +27 0=4, 0= N

’

rn =

NiT =

K 51:p5 t‘l:p_l.

It is easy to see that the dependence of rp, s, and t, on p is continuous and that

'N=(q s __Na_ and t _7(N—1)q
N ) N N—_gq N N—q
Thus there exists p > N such that
(N—-1)q
p<q+e, sp<N_q+8 and tp<N7_q+e.

The result follows if we start the whole argument with such a p. O

Remark 3.12. We exclude N =2 in Lemma 3.11 because the admissible range for q is empty in that

case. However, if we take N =2 and q =1 and adopt the convention that % be oo, Lemma 3.11 is a

trivial consequence of Lemma 3.10. More generally, this is true also for N > 3 in the boundary case
N

q=.

Now we come back to Robin boundary conditions. The following bootstrapping argument allows
us to deduce regularity results for Robin problems from the corresponding results for Neumann prob-
lems.

Lemma 3.13. Let N >3, 2% <q < §, and & > 0. Then there exist & > 0 and a constant ¢ with the following
property. If fo € L1Y¢(2), fj € INV/WN=D+¢(2), j=1,...,N, and g € LN-DI/WN=-D+¢52), then every

solution u € H'(£2) of (2.3) satisfies u € LI (2), u|so € LN-"DY/N-D+2 (3.02) and
||u||Lq+5(_Q) + ||u||L(N—1)q/(N—q)+§(3_Q)

N
< C<||U||L2(Q) + Il folla+e () + Z I £ill Lvarv-are ) + ||g||L<N1>q/(Nq>+e(ag)>-
i=1

Proof. Define by induction

2N

QO2=—N+2

. Ngn
and :=minjq, ———— ¢,
qn+1 {q N — 24, }

where we adopt the convention that 1/0 := co. Note that there exists ng € Ng such that g, = g, since
otherwise we would have
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Non-1 N o (MY n )
= > 1z 2| —/— — OO — 0
an N—2qn 4 N—an 1 N_2 do

which is not possible since g, < g for all n € N by definition.

For n € Ng, we say that (Py) is fulfilled if there exist &, > 0 and a constant ¢, with the following
property. If fo € L%¢(R2), fj € INV/(N-D+e(Q) j=1,...,N, and g e LN-DI/N-D+¢302) then every
solution u € H1(£2) of (2.3) satisfies u € LInén(2), ulyo € LN-Ddn/(N=dn)+én (5 2y and

lull Lan+en () + UL LV=1an/(N=-an)+en (52

N
<t <||u”L2(.Q) + l folla+e () + Z Il fill iNa/v-arte (2) + ||g||L(N—l)q/(N—q)+s(3g)>- (3.16)
=1

The statement (Pg) is obviously true. So now assume that (P,) is true for some n € Ny. If g, =g¢,
then (Pj41) is trivially fulfilled since it is the same statement as (Pp). Thus we may assume g, < q
without loss of generality. Let w be as in Lemma 3.7 or Lemma 3.8, respectively, and note that every
solution u € H'(§2) of (2.3) satisfies

N
afo(u,v):/(fo+wu)vdk+2/ijjvdk+/(g—ﬁu)vda (3.17)
17 a0

i=1g

for all v e C1(£2), ie., u solves a Neumann problem for a different right-hand side that involves u.
Thus Lemma 3.11 applied for a value ¢ such that q, < § < min{q, g, + &,} implies that there exist
constants ¢ and &;4+1 > 0 such that

ue LN@/(N*ZQ)(Q) C Lan+1tens1 ()

Ulpo € L(N*l)f]/(N72é)(aQ) c LN=Dan+1/(N=Gni1)+8nt1 090),

and
Nl an 1 +ensa (£2) + llull L(N=Ddn1/(N=dni1)+en (5 o)

< 5<||U||Ltm+€n(9) + Il v-nan/-am+en g2y T 1 follLae 2y

N
+ Z I Fill varan-ayte ) + ||g||L(N1>q/(Nq)+8(aQ))~
j=1

Using (Pj) to estimate the norms of u on the right-hand side as in (3.16), we have proved (P;1). By
induction, (Py) is true for every n € Np. Since the statement of the lemma is equivalent to (Pp,) for
some ng € Ng such that g, =g, this finishes the proof. O

The following theorem summarizes (and extends) the previous results of this section.

Theorem 3.14. Let §2 be an open, bounded Lipschitz domain in RN, N > 2, and let L be a strictly elliptic
differential operator as in (1.1) with bounded, measurable coefficients. Let ,\lz—fz <g< g and € > 0. Then there
exist y > 0 and a constant c with the following property. If fo € L17¢(£2), fj € LN/(N-+¢(2), j=1,...,N,

and g € LN-DI/(N=D+& (5.0, then every function u € H'(£2) satisfying (2.3) fulfills:
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(i) ifq < N/2, then u € INY/(N=20(2) u|y 0 € LN-DI/N=20 (502), and
lull pvasov—2a) () + Ul Lv-asai-20 5.2y
N
< C<||u”L2(_Q) + Il follpa+e () + Z I £ill Lvasav-ate () + ||g||L(N—l)q/(N—q)+s(ag)>;
j=1

(ii) ifq = N/2, thenu € C®Y (2), and

N
ullcor @) < c<||u||Lz(m + 1 follpwrzse gy + D N Fillpwre oy + ||g||LN-1+a<am>.
j=1

Moreover, if the solution is unique, then it satisfies

(iii) ifg < N/2, then u € LNY/(N=20 () u|y0 € LN-DI/N=20) (502, and
lull pnasv—20 () + U]l Lov-1asv—20) (5 2y

N
< C<|| follpa+e (@) + Z Il fill iNa/v-arte (2) + ||g||L(N1)q/(Nq)+€(3_Q))§
=1

(iv) ifq=N/2, thenu € C%7 (£2), and

N
lullcoy oy < C<||f0||LN/2+8(Q) + Z I fillvee 2y + ||g||LN1+8(3_Q))-
=1

Proof. Let u € H!(£2) be a solution of (2.3). Then there exists & > 0 such that u is in L9 (2) and
Ulpe is in LN-DI/N-0+£(50) Moreover, the norms in these space can be estimates by the right-
hand sides in (i) and (ii), respectively. In fact, for N = 2 this is trivial, whereas for N > 3 this is the
statement of Lemma 3.13.

Let w be as in Lemma 3.7 or Lemma 3.8, respectively. By (2.3) the function u satisfies

N
afo(U,V)=/(f0+wu)vdA+Z/ijjvdk+/(g—ﬂu)vdo
2 FYe)

=1g

for all v e C'(2), ie, u is a weak solution of a Neumann problem with right-hand side as in
Lemma 3.11 for ¢ < N/2 or as in Proposition 3.6 for ¢ = N/2. The respective conclusions of
Lemma 3.11 and Proposition 3.6 yield (i) and (ii).

For (iii) and (iv) it only remains to show that |[ul|;2(g;, can be estimated accordingly if the solution
is unique. This follows from the Fredholm alternative, see Remark 3.9. O

4. Parabolic problems

Let £2 be an open, bounded Lipschitz domain in RN, Assume that L is a strictly elliptic differential
operator as in (1.1) It has been shown in [25] that —L = A with Robin or Wentzell-Robin boundary
conditions generates a Cy-semigroup on C(£2). Although the calculations contain a small mistake that
oversimplifies the arguments, the proof can be saved with a minor modification. We employ the same
idea to show the result is true in general.
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4.1. Neumann and Robin boundary conditions

Let A be the operator on L2(§2) associated with the form ap,p defined in (2.2). It follows from
the theory of forms that —A generates a positive, compact, holomorphic Co-semigroup (T (t))¢>0 on
L%(£2), cf. for example [21]. The trajectories of this semigroup are the unique mild solutions of the
parabolic problem (1.3) with Robin boundary conditions, compare [13, Section VL5].

It is known that each T (t) is a kernel operator with a bounded kernel k(t, -, -) which has Gaussian
estimates [9, Corollary 6.1]. Thus (T (t));>o extrapolates to a family of holomorphic semigroups on
LP(£2), p € [1, oo], which have the same angle of holomorphy, and all operator T(z) for Rez > 0 are
kernel operators satisfying a Gaussian estimate [2, Theorem 5.4].

We start this section by an investigation of the regularity of these kernels. In particular it follows
from the next theorem that the kernels are jointly continuous in the time variable (away from t = 0)
and in the space variables (up to the boundary of £2).

Theorem 4.1. The function t —> k(t, -, -) is analytic from (0, co) to CO¥ (£2 x £2) for y as in Theorem 3.14. In
particular, k € C%Y ([t1, T3] x 2 x 2) for 0 < 71 < 13 < 0.

Proof. Let w be so large that affﬁ is coercive, see Lemmata 3.7 and 3.8. Then A + w is invertible, i.e.,
A= —w € 9(A). By Theorem 3.14 there exists m € N and y > 0 such that

RO, AML2(2) C CO7(2).
Since (T(t))¢>o is holomorphic, this implies that T(t) maps L%(£2) boundedly to C%¥ (2) for every
t>0.

Let ¢poi be the sector of holomorphy of (T(t));>o and fix 0 <6 < ¢@p. Let k(z, -,-) denote the
kernel of T(z) for z € Xy, and let 0 < 71 < Ty. Define

Zo00={z€C: z—11 € Ty and |2] < 2}.

Since k(t,-,-) € L°°(£2 x £2), there exists a constant K > 0 that depends only on the semigroup and
the set Xy ¢, 1, such that for all ze Xy , r, and almost every y € £2 we have

1 12
HMLwym@vm>:HT<5)TQ_T”k<5“JO ¥ (@)

T1
<|It(2 T(z—
(), ore T iy

< K.

T1
Kkl = .
<<2, ,Y)

Using a duality argument, we can estimate [|k(z, X, )||co.y ) in @ similar manner, possibly increasing
the value of K appropriately. Thus

L2(£2)

. - . x—x\|"
k(z,x, y) —k(z,%, y)| < KIx—X]" + K|y — y|” < 21<‘< ) (4.1)
y—Jy

o

for almost every x, X, y and y in £2, which shows that {k(z,-,-): z€ Xy ¢, 1,} is a bounded subset of
O (2 x £2).
Since (T(2))zes, is holomorphic on L2(£2),

(T(Z)]]-A | ]]-B)LZ(Q) = / k(Z, X, }’)]leB d(X, J’)
2x82
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is holomorphic for all measurable subsets A and B of £2. Since the class of functionals on C®Y (£ x £2)
that arise from integration against 1a.p is a separating subset, we thus obtain that the mapping
zZ+> k(z,-,-) is holomorphic from Xy ¢, ¢, to COY (2 x £2) [4, Theorem A.7]. Since 71 and 1, are
arbitrary, the first assertion follows. The second assertion is an easy consequence of the first. O

Next we show that (T (t))>o restricts to a Co-semigroup on C(£2). For this we need the following
density result.

Lemma 4.2. Assume that ar g is coercive and let y be as in Theorem 3.14. For all v € C*(R2)andale >0
there exists ¢ € C°°(§2) such that the unique solution u of (2.3) for the right-hand side fo := v, fj :=0,
j=1,...,N, and g := 0 satisfies |[u — vlcoy (o) < €.

Proof. Let £ >0 and p > N be arbitrary. Let hy € C*°(RN;RN) be such that hg - v > 1 almost every-
where on 9£2 [11, Lemma 3.2]. By the Stone-Weierstrass theorem we can find a smooth vector field
h e C®(RN; RN) such that

<E€.
LP(382;RN)

Hh _ Bvhy
hd-\)

Hence g:=h-v — Bv satisfies ||g|l1r3) < €. Since the test functions are dense in LP(£2) there exist
ko, k1, ..., ky in C2°(£2) such that the functions

N N
fo ::ko — ZCiDiV —dV, fj = —hj —kj — Za,-jDiv —ij (]: 1, ...,N),
i=1 i=1
satisfy || fjllip(2) <& for j=0,...,N. Define ¢ € C®(£2) by
N
¥ :=ko+ Y _ Djkj+div(h),

j=1

and let u be the unique solution of (2.3) as described in the claim. By the divergence theorem

N
/deszogpdwr/(h.v)goda—Zf(h,-+kj)n,-¢dx
2

2 Yo} =1¢

for every ¢ e C'(£2), hence

ag(u—v,p)= / Yodi—agg(v,9)
2

N
=[f0€0d)~+2/ijj§0d)»+/g§0dG
2

=10 Y]

for all ¢ € C'(£2). Thus part (iv) of Theorem 3.14 implies that

||u — V”CO,y(Q) < C(N + 2)5
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for some constant ¢ that does not depend on v, ¥, & or & Now if we pick & small enough such that
c¢(N + 2)¢& < ¢, the claim follows. O

Theorem 4.3. The restriction of (T (t))¢>o0 to C(£2) is a positive, compact, holomorphic Co-semigroup.

Proof. Let w be such that a‘L*”/3 is coercive. Then A := —w € ¢(A). By Theorem 3.14 there exists m e N
and y > 0 such that

R(L, AL (02) c COY (£2).

Since (T(t))¢>0 is holomorphic, this implies that T(t) maps L2(£2) boundedly to C% (§2) for every
t > 0. In particular, the subspace C(£2) is invariant under T(t), and factoring through L2(£2) we see
that T(t) is a compact operator on C(£2). Positivity follows from the positivity on L2(£2).

As was already remarked, the restriction of (T(t));>0 to L>°(§2) is a holomorphic semigroup in
the sense of [4, Definition 3.7.1]. Its generator is the part of A in L% (£2). Since C*°(£2) is dense in
C(£2), Lemma 4.2 shows that the part of A+ @ in C(£2) and hence also the part of A in C(£2) is
densely defined. Thus by [4, Proposition 3.7.4 and Remark 3.7.13] the restriction of (T (t));>o to C(£2)
is a holomorphic Cy-semigroup, whose generator is the part of A in C(£2). O

4.2. Wentzell-Robin boundary conditions

Let A be the operator on the Hilbert space H := L%(2) @ L%(3£2) that is associated with the form

arg((u, ulse), (v, vlae)) :=arp(u, v)

with the dense form domain

Vi={u,ulpe): ue H(2)} CH.

It follows from the theory of forms that —A generates a positive, compact, holomorphic Cp-semigroup
(T(t))¢>0 on H. This semigroup, or more precisely its restriction to V, describes the solutions of the
evolution problem (1.4) with Wentzell-Robin boundary conditions, compare [5].

We want to show that (T(t));>0 extrapolates to C(£2). An easy sufficient condition is quasi-L>°-
contractivity, i.e., to assume that the semigroup (e “!T(t));>o is L®-contractive for some w € R.
However, this cannot be expected in general, even if §2 is an interval and L is formally self-adjoint
and has regular second order coefficients, as the following example shows.

Example 4.4. Consider the operator

(Lu)(x) = —(u'(X) + sgn(@ux)) + sgn(u(x)

on 2 = (—1,1) with Wentzell-Robin boundary conditions, i.e, a=1, b=c=sgn, d=0, and B
arbitrary. There exists no w € R such that the semigroup e “!T(t) consists of contractions on
L(£2) @ L*™®(0£2).

Proof. Assume that there exists w > 0 such that e~®!T(t) is contractive on L®(£2) @ L*°(3£2) for all
t > 0. This semigroup comes from the form a‘L"ﬁ, which is defined by
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af g (W, ulpe), (v, viae))
1
- / (' G0V'(0) + sgn(u (V' (x) + sgn(u’' (v (x) + wu0v () dx
4

+ (B + w)u(=Dv(=1) + (B(1) + w)u()v(1)
for (u,ulye) and (v, v|ye) in V. Thus by [21, Theorem 2.15]
a5 ((v, vIse), (W, wlye)) >0 with v := (1A |u|)sgn(u) and w := (Ju| — 1)+ sgn(u)

for all (u,ulye) €V, hence in particular
1
/(sgn(x)u/(x) + ouX))Ly>1ydx =0
-1

for all u e H'(—1, 1) satisfying u(—1) =u(1) =0 and u > 0. For u,(x) :=2(1 — x%)" we obtain with
o = (1 —271/m1/2

1
0< /(sgn(X)u,Q(X) + oun (%)) Ly, >1) dx
-1

Qn
:—un|gan+un|8‘”+a)/undA<—2+4a)ozn.

o
This is a contradiction since o, — 0 as n — oco. O

However, if we assume some regularity of the coefficients, more precisely b; € Ww1o°(2) =Lip(2)
for j=1,...,N, then we obtain a quasi-submarkovian semigroup, i.e., a semigroup such that
(e“'T(t))r>0 is positive and L*-contractive for some w € R, as we show next.

Proposition 4.5. Ifbj € W1L(2) for j=1, ..., N, then the Wentzell-Robin semigroup (T (t))ex0 is quasi-
submarkovian on H.

Proof. It follows from [21, Theorem 2.6] that (T (t));>o is positive. By assumption, there exists k > 0
such that |b| <k and div(b) < k almost everywhere. Pick w larger than ||d||s +k and || 8]l + k. Since
Dju+ = Djulyy >0y, we obtain from the divergence theorem that for all (u, u|ye) € V satisfying u > 0
we have

0?5 (1A w1 Aulag). (= DT, Ulae — DY)

:/bV(u—1)+dk+f(d+w)(u—1)+dk+f(,8+w)(u—1)+da
2 2 082

=/(u—1)+b.uda—/(u—1)+div(b)dx
082 2
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+/w+@w—nﬂu+/w+ww—nwa
2 082

>/w—nWwﬂmm—MM+/w—nWwﬂwm—ww>o
2 082

It follows from [21, Corollary 2.17] that (e"®!T(t))r>o is submarkovian. O

We need a density result that is similar to Lemma 4.2 in order to show that (T (¢))¢»0 restricts to
a Cop-semigroup on C(£2).

Lemma 4.6. Assume that ai g is coercive and let y be as in Theorem 3.14. For all v € C®(2)andalle >0
there exists ¢ € C°°(§2) such that the unique solution u of (2.3) for the right-hand side fo := v, fj :==0,
j=1,...,N,and g =y |yq satisfies [|u — V| oy (o) <&

Proof. Let p > N and & > 0 be arbitrary. By the Stone-Weierstrass theorem there exists ko € C°(£2)
such that g := (ko — Bv)|ap satisfies [ g]lir02) < &. Now pick test functions kj € C2°(£2), j=1,...,N,
such that

~ 3 N y N

fo:=ko+ko— ZC,‘D,’V —dv, fi=kj— Za,D,-v —bjv (j=1,...,N)

i=1 i=1
satisfy IIijILP(g) <& for j=0,...,N. Define
~ N
Y i=ko+ko+ ) kjeC¥(R2)

j=1

and let u be the unique solution of (2.3) as described in the claim. Then

aL,,s(u—v,w)szdwr/wda—aL,/s(v,co)
2 FYe)
N
Z/fofpdk+2/fjl7j¢dk+/§(ﬂd0
2 =g PYe)

for all ¢ € C'(£2). Thus part (iv) of Theorem 3.14 implies that

||u - V“CO,;/(Q) < C(N + 2)5

for some constant ¢ that does not depend on v, v, € or &. If we pick & small enough such that
c¢(N +2)¢& < ¢, the claim follows. O

Theorem 4.7. Assume bj € W1(2) for all j =1,...,N. Then the restriction of (T())ex0 to € :=
{(u,ulpe): u e C(£2)} is a positive, compact Co-semigroup.
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Proof. Pick w > 0 large enough such that aﬁ 8 and hence in particular aﬁ P is coercive. Then A := —w
is in @(A), where A denotes the generator of (T (t))>o.

Using Theorem 3.14, one can show as in the proof of Lemma 3.13 that there exists m € N such
that

RO A"H C €% = {(u, ulpe): ueC®V(2)}.

Since (T(t))¢>o0 is analytic, each T(t), t > 0, is a bounded operator from H to €97 . In particular, € is
invariant under each T(t), t > 0.

By Proposition 4.5, the restriction of (T(t))¢»0 to € is a semigroup in the sense of [4, Defini-
tion 3.2.5]. Its generator is the part of A in €. Since C°°(£2) is dense in C(£2), the part of A in €
is densely defined by Lemma 4.6. Thus by [4, Corollary 3.3.11] the restriction of (T(t))¢»0 to € is a
Co-semigroup.

Since T (t) is positive on H, it is also positive on ¥. Since V is compactly embedded into H by the
Sobolev embedding theorems, T(t) is compact on H for every t > 0. Compactness of the semigroup
on % follows by factorization through H. O

Remark 4.8. Typically one identifies the semigroup (T (t));>0 on € of Theorem 4.7 via the isometric
isomorphism

€ —C(2), (uulye)—~u
with a positive, compact Co-semigroup on C(£2) and calls that one the Wentzell-Robin semigroup.

In the proof of the preceding theorem we used the regularity assumption on the coefficients only
to ensure that the operator norm of T(t) on L*(£2) @ L°°(9S2) is bounded for small t. There seems
to be no simple argument that ensures the boundedness in the general case. For example, as we have
seen in Example 4.4, we cannot expect the semigroup to be quasi-contractive.

However, the situation is different for the LP-spaces, 1 < p < oco. By direct estimates, Daners [9]
proved that under rather general regularity assumptions the Robin semigroup is quasi-LP-contractive
for every p € (1, 00). Although a similar proof still works for the Wentzell-Robin semigroup in the
product space LP(£2) @ LP(352), as the last result in this article we show how such an estimate can
be obtained by reduction to the Robin case, which extends the result in [16].

Proposition 4.9. There exists a §o that depends only on the coefficients of the differential operator L such that
forevery p € (1, co) we have

ITOu], <e®rllull,

forallt >0and all u € H that are in LP (£2) & LP(3£2). Here wp := max{p, p'}8o, where p’ denotes the dual
exponent to p.

Proof. Let p € (1, c0). Denote by B the intersection of H with the unit ball of LP := LP(£2) ® LP(352).
By Fatou’s lemma, B is closed in H. Moreover, B is convex. Let P denote the orthogonal projection
of H onto B.

Since in the special case L = —A and B =0 the corresponding semigroup (S(t))¢>o0 is quasi-
submarkovian by Proposition 4.5, we obtain from the Riesz-Thorin interpolation theorem that there
exists @ > 0 such that (e"®!S(t))r>o leaves B invariant. Thus

PYCV (4.2)

by [21, Theorem 2.2] since V is the form domain of “?A,o-
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Let (R(t))t>0 denote the Robin semigroup for the form a; g. Let B denote the intersection of
L2(£2) and the closed unit ball in LP(£2), and let P be the orthogonal projection of L%(£2) onto B.
By [9, Theorem 5.1] the semigroup (e~“?*R(t));>o maps B into itself. Thus

acﬁ%(u, u—Pu)>0 forallueV:=H () (4.3)
by [21, Theorem 2.2]. Since we already know that P maps V into V), it is easy to see that

P(u,ulpe) = (Pu, (Pu)lse) forallu e H'(£2), (4.4)

since P(u, 0) = (Pu, 0) for all u € L2(£2) and P is continuous. Now it follows from the definition of
a;, and from (4.3) and (44) that

aﬁ’;}((u, ulae), (I — P)(u,ulype)) >0 forallu e H'(£2). (4.5)

Now theorem [21, Theorem 2.2], (4.2) and (4.5) imply that B is invariant under the semigroup
(e*“’ﬂtT(t))@o. This is precisely the statement we wanted to prove. O
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