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1. Introduction

We propose several deterministic primality tests which involve various group schemes such as tori
and elliptic curves and fit into the frame of a general test. Under a deterministic test we mean an
explicitly computable necessary and sufficient condition on an element of an infinite set of positive
integers which guarantees its primality. We stress that our conditions do not contain a requirement
of existence of a group scheme or a point on it with certain properties. Such primality tests are not
really deterministic because usually there is no explicit procedure that would provide a group scheme
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or a point required. The conditions in our tests always consist in divisibility of a certain element in
an explicitly defined recursive sequence by a tested number. This reminds the first primality tests
invented by Lucas and Pepin in the 19th century. From the modern point of view, these tests are
based on the squaring of a point on an algebraic torus. Recently, several deterministic primality tests
involving elliptic curves were discovered by Gross [1] and Denomme and Savin [2].

We are not going to review vast literature concerning primality testing. We would only like to
emphasize the importance of revealing connections of many recent innovations with classical works
(see [3] for a detailed historical survey and [4] for an excellent description of advanced methods of
elliptic curve primality proving (ECPP) and their ties with naive approaches going back to the 19th
century). A comprehensive survey of methods of primality proving (with emphasis on computational
aspects) can be found, e.g., in [5].

In the present note, our modest goal is to unify the aforementioned deterministic tests within a
general framework of group schemes and develop some new ones for families of numbers which were
not considered earlier.

We keep following the approach presented in our previous article [6] where we introduced a
procedure providing deterministic primality tests based on algebraic groups and showed that Pepin’s
test and the tests of Lucas-Lehmer type can be viewed as a special case of our construction. In the
present paper, we modify and extend this procedure (Section 3) which allows us to shorten the proofs
of the toric tests for the numbers of the form h2" £ 1 (Sections 4 and 5) and include several elliptic
tests for the same numbers (Sections 6 and 7). Moreover, we develop elliptic tests for the numbers of
the form g222"—1 — g2 4 1 (Section 7) and of the form g222" — g2" + 1 (Section 8) which, as far as
we know, cannot be tested with a toric test.

In Section 6, we apply the general test to an elliptic curve given by the equation y% = x> — dx,
where d is not a square modulo the numbers tested for primality. If, in addition, a tested number is
prime and congruent to —1 modulo 4, then according to a result of Schoof [7] the groups of points
of the corresponding reduced elliptic curve must be cyclic. Thus we obtain an elliptic test for the
numbers of the form h2" — 1 which contains Gross’ elliptic test for Mersenne numbers [1] as a special
case.

Further we consider sets of tested numbers with the property that for any possible prime divisor
of a tested number, the corresponding group of points admits a structure of a module over the ring
of integers in a quadratic extension of Q. This allows us to obtain a large variety of sets of tested
numbers even if the group of points is not cyclic. In Section 7, the general test is applied to the same
elliptic curve as in Section 6, but under the assumption that d is a fourth power modulo the tested
numbers. In this way we construct primality tests for two families of numbers. The first consists
of the numbers of the form g222" 4+ 1. Taking g =1 in this test provides a slight variation of the
test introduced by Denomme and Savin [2] for Fermat numbers. The second family consists of the
numbers of the form g22%"~1 — g2" 4+ 1. In the case where g = (—1)"™"=1/2 we get so-called Gauss-
Mersenne norms. In [8], Chudnovsky brothers suggested to use elliptic curves for checking primality
of these numbers. However, they did not formulate any deterministic test for them. In Section 8, we
develop a test for the numbers of the form g222" — g2" 4+ 1 applying the general test to an elliptic
curve given by the equation y2 = x> + e3 where e is not a square modulo the tested numbers. This

test contains the test for the numbers of the form 22" — 22 + 1 described in [2] as a special case.
2. Preliminaries

The initial point of our considerations is the well-known Pocklington test in the case where the
factored part of m — 1 is a power of 2. It can be formulated as follows.

Pocklington test. (See [9, Theorems 4.13 and 4.14].) Let m, n, h be positive integers such that m — 1 =2"h. If
there exists a positive integer B such that ﬂZHh +1=0 (mod m) and /m < 2", then m is prime.

Proof. For any odd prime divisor p of m we have p | 2 " 41, hence p | 82" — 1 and p g " —1.
Thus o = B" is of order 2" in [}, and therefore 2" | p — 1. Since ~/m < 2" < p, we conclude that m is
prime. O
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There were several attempts to generalize Pocklington’s test to arbitrary group schemes, among
them [10,11,6]. A Pocklington-type test proposed in the present paper differs from previous general-
izations. Namely, we take into account that the order of the group of points of a group scheme can
be estimated from below by the order of one of the points better than through Lagrange’s theorem.
This happens in the case of elliptic curves with complex multiplication.

Let G be a group scheme over Z. For every positive integer m we have the reduction morphism
m : G(Z) — G(Z/mZ). Moreover, for every my, mp, my | my, we have rp, m, : G(Z/m1Z) — G(Z/mZ).
It is usually easy to find a function f on G whose zeros on G(IFp) are precisely the elements of order 2
for every prime p.

Suppose that we have an increasing function y : R™ — R* which estimates the size of G(F,)
from above, i.e., #G(Fp) < ¥ (p) for every prime p, and a function p : Rt — R* which estimates the
size of G(IFy) from below through the order of its elements, i.e., if in G(Fp) there is an element of
order 2", then p(2") < #G(F,) for every prime p and integer n. Then we obtain the following

Pocklington-type test. Let m be a positive integer. If there exists « € G(Z/mZ) such that o (f)=0and
Y(v/m) < p(2"), then m is prime.

Proof. For any prime divisor p of m we have rm,p(oazn_l)(f) = 0 which implies that rm,p(ozzn_l) is
of order 2 in G(Fp). Therefore ry p(cr) is of order 2", and hence p(2") < #G(Fp) < ¥ (p). Since
Y(v/m) < p(2") and v is increasing, we get «/m < p. Thus m must be prime. O

This is a sufficient test which can prove primality of primes p such that G(IF,) contains an element
whose order is a large power of 2. It turns out that restricting the set of tested numbers we can
convert it into a deterministic primality test in the sense explained in the Introduction.

We introduce a set M of positive integers tested for primality and a function & on M whose values
are integer powers of 2 such that v (/m) < p(&(m)) for every m € M. Further, we suppose that there
exists @ € G(Z) such that for every prime p € M, the order of r,(«) in G(Fp) is equal to £(p). Then
we obtain the following

Deterministic test. Let m € M. Then m is prime if and only if

rm(e5™72)(f) =0.

Proof. The “only if” part immediately follows from our assumptions on & and «. The “if” part is
precisely the Pocklington-type test formulated above. O

Notice that unlike most authors, we require the existence of o € G(Z) which does not depend on
m € M. Thus applying Deterministic test we do not have to search for a suitable « for each element
of M. Rather, we can test all elements of M with the aid of the same recurrent sequence.

We are going to derive from Deterministic test some classical tests for the numbers of the form
h2™ +1, several elliptic tests for the same numbers and also some tests for the numbers of the forms
g222n=1_g2" 11 and g222" — g2" + 1. However, the formulation of Deterministic test presented above
has two essential drawbacks. First, this test cannot be applied to the multiplicative group scheme
since Z* contains only two elements: 1 and —1. To circumvent this difficulty, we introduce a finite
set S of “bad” primes and assume that G is defined over Zs and that no element of M is divisible
by an element of S. Second, in the case where G is not affine, the function f cannot be defined on
G but only on an open subset U of G. In this case we have to impose an additional requirement that
o € U(Zs). In the next section, we describe a precise construction of our deterministic general test.

3. General test

We start with formulating a general deterministic primality test which is a modification of the test
introduced in [6].
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Let P denote the set of prime positive integers. We fix an infinite set M of positive integer numbers
tested for primality. Usually M is defined as the image of an explicit function of a positive integer
argument. We also introduce a finite set S C P which contains 2 and assume that

(%) stm for any s € S, me M.

We consider the ring Zs = {ny/ny € Q| ny,ny € Z,p tny for any p € P\ S} and remind that the
points of SpecZs correspond to the elements of PP\ S U {0} which are the generators of the prime
ideals in Zs.

We say that G is a scheme over Zs if G is a scheme together with a morphism ¢ : G — SpecZs.
Let A be a Zs-algebra. An A-point of G is a morphism « : Spec A — G such that ¢ o o corresponds
to the structure morphism of A. In particular, if A =Zs, then a Zs-point on G is a section of ¢. The
set of all A-points on G is denoted by G(A). Any homomorphism A; — A; of Zs-algebras induces a
map G(A1) — G(A3). Thus G provides a functor from the category of Zs-algebras to the category of
sets. If G is, in addition, a group scheme, then G(A) has a group structure for any A, and the map
G(A1) — G(Ay) is a group homomorphism for any A; — A,. If m is such that s{m for any s € S,
then Zs/mZs = 7Z/mZ, and thus we have the reduction map Zs — Z/mZ. Denote by rp : G(Zs) —
G(Z/mZ) the corresponding morphism of groups of points.

Let U be an open affine subscheme of G. Then U = Spec H for some Zs-algebra H. We say that an
A-point o of G belongs to U if a(Spec A) C U. In this case, @ defines a Zs-homomorphism H — A.
For any function f € H on U, one can define the value of f at o as «(f). If, for instance, H =
Zs[x, y1/P, where P € Zs[x, y], then an A-point o of U is defined by o (x),x(y) € A which satisfy
P(a(x), x(y)) =0. If, in addition, f € H, then a(f) = f(x(x), x(y)).

Suppose that we have a group scheme G over Zs, an open affine subscheme U = SpecH of G,
a function f € H on U, an increasing function v : Rt — R*, a function p : {2! |l € Z} - R*, a Zs-
point o of U, and a function & : M — {2 |1 € Z} such that the following assumptions are satisfied:

(i) for every p e P\ S, n € G(Fp), the order of 7 is equal to 2 if and only if n belongs to U and
n(f)=0;
(ii) for every p e P\ S, we have #G(Fp) < ¥ (p);
(iii) for every p P, me M, € Z, if p|m and in G(Fp) there is an element of order 2!, then p(2') <
#G(Fp);
(iv) for every p € PN M, the order of rp(a) in G(IFp) is equal to £(p);
(v) for every m e M, we have ¥ (y/m) < p(£(m)).

Notice that if p(x) = x, then assumption (iii) is automatically satisfied according to Lagrange’s
theorem.
Then we can formulate the following primality test.

Theorem 1. Let G, U, f, ¥, p, &, & be as above. Then m € M is prime if and only if rp (6 ™/?) € U(Z/m7Z)
and ry (@5 ™/2)(f) = 0.

Proof. If m € P, then according to (iv), the order of ry(c) in G(Fp) is £(m). Hence the order of
rm(@é@™/2) in G(Fy) is 2, and according to (i), rm(cf™/2) € U(Fn) and 1 (aé™/2)(f) = 0. Con-
versely, suppose that ry,(@f™/2) € U(Z/mZ) and rpy(@éT™/2)(f) = 0. Let p be the smallest prime
divisor of m. Then rp(@*™/2) € U(Fp) and rp(ef™/2)(f) = 0, and according to (i), the order of
p (fM/2y in G(Fp) is 2. Therefore the order of rp(a) in G(Fp) is £(m). Now (v), (iii) and (ii) imply
¥ (vm) < p(E(m)) <#G(Fp) < ¥(p). Since ¥ is an increasing function, we get /m < p. Thus m must
be prime. O

In the next sections, we apply Theorem 1 to various group schemes and the corresponding sets
of tested numbers. All sections are organized by the same pattern as follows. First, we fix a certain
form of the numbers in question (h2" + 1 in Section 4, h2" — 1 in Sections 5 and 6, g222" + 1 and
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g%22"=1 _ g2 4 1 in Section 7, g%2%"~1 — g2" 4+ 1 in Section 8) and an appropriate group scheme
(the multiplicative group scheme in Section 4, a model of a torus given by y? = dx? + x in Sections 5,
an elliptic curve given by y2 = x3 — dx in Sections 6 and 7, an elliptic curve given by y2 =x3 +d
in Section 8). Then the choice of functions f and  is straightforward (f =1+x, ¥(xX) =x—1 in
Section 4, f =1+dx, ¥(x) =x+ 1 in Sections 5, f =x3 —dx, ¥ (x) = (v/x+ 1)2 in Sections 6 and 7,
f=x3+d, y(x) = (Vx+ 1)? in Section 8). Also, the choice of p is natural (p(x) = x in Sections 4, 5
and 6, p(x) =x%/2 in Section 7, p(x) = x* in Section 8).

The most complicated is the choice of «. Usually, it is not possible to choose « allowing one to
test all numbers of the form under consideration. However, we can find o which suits the numbers
of the corresponding form so that h (or g) and n would satisfy certain congruences. Thus we obtain
a set M of tested numbers. In order to construct a pair (o, M) satisfying assumptions (iv) and (v), we
have to ensure that r,(«) is not a square in G(Fp) for any prime p € M. For this purpose we fix a
prime z (or two primes z and t) which is not a square modulo any prime from M. This condition gives
the restrictions on h (or g) and n mentioned above. Further, we introduce an equation whose rational
solution allows one to define @ € G(Q) with the required property (ku? + i = Azv?2 in Sections 5 and
6, ku? + u?t = 2%2zv* in Section 7, A2v* —3Av2 +3 =z in Section 8). We do not discuss how to solve
these equations in general, but for each of them we give a list of solutions for small values of z (or z
and t). For instance, the equation ku? + p = Azv? is similar to Pell's equation, and its solution can be
obtained by expanding certain quadratic irrationals in continuous fractions. The last step is to fix the
set S of “bad” primes so that o € G(Zs). Usually S must contain 2, z (or z and t) and, sometimes, the
prime divisors of the denominators of the solutions of the equations mentioned above. In Section 8,
S must contain 3.

Finally, we would like to stress that we avoid discussing the question how for a given number
of one of the forms under consideration, to find z so that the number would belong to the set of
tested numbers corresponding to z. The reason is that we do not have any suggestion but to check all
primes successively until we find an appropriate z. Although such z can usually be found very fast,
we cannot consider this procedure as deterministic, and therefore the tests for the sets of all numbers
of any of the forms introduced above cannot be called deterministic in strict algorithmic sense.

4. Toric tests form = h2" +1

Fix an odd positive integer h and suppose that M C {h2"+1|n > 1, h < 2"}. We are going to check
primality of the elements of M with the aid of the multiplicative group scheme G = SpecZs[x, x ]
with the unit x — 1 and the multiplication x — x ® x. Let p e P\ S. Clearly, n € G(Fp) is of order 2
if and only if n(x) = —1. Further, #G(F,) = p — 1 and the group G(IFp) is cyclic. Finally, if y € G(Zs)
and (@) = —1, then r,(y) is not a square in G(Fp).

Proposition 1. Let z € S be such that (%) = —1 for any p € P N M. Then setting 8(x) = z defines a point
B € G(Zs), and for any p = h2" +1 € PN M, the order of 1, (o) in G(Fp) is equal to 2", where o = Bh.

Proof. Clearly G(F,) = Z/h2"Z. Since rp(B) is not a square in G(Fp) and h is odd, rp(x) is not a
square either. Thus rp(c) must be of order 2". O

Test 1. (Cf. [6, Corollary 2.4].) Let z be as in Proposition 1. Then m = h2" + 1 € M is prime if and only if
m| 27 +1. O

Proof. Take o as in Proposition 1. Then a? (x) = 2" for any i > 0. Further, take U =G, f=1+x,
Y(x)=x—1, p(x) =x and &(h2" + 1) = 2". Then assumptions (i) and (ii) are obviously satisfied,
and according to Proposition 1, assumption (iv) is also satisfied. Finally, assumption (v) follows from
h2" 4+ 1 < 22" +1 < (2" 4+ 1)2. Thus Theorem 1 implies the required statement. O

Example 1. Here are some possible choices of parameters satisfying the hypotheses of Proposition 1
and assumption (x) for three values of z.
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Case A: z=3, S={2,3}.

) h=1 (mod 6), M= {h22 +1|1>1, h <22},

) h=—1 (mod 6), M = {h2241 +1|1>0, h <22+1},

m=—1 (mod 3) for any m e M, (%):(%):—1 for any p e PN M.
Case B: z=5, S={2,5}.

Dh=1or -3 (mod 10), M={h24 + 11> 1, h <24}

) h=1 or 3 (mod 10), M = {h24*+1 4+ 1|1>0, h <241},

) h=—1or 3 (mod 10), M = {h24+2 + 1|1 >0, h <24+2},

IV) h=—1 or —3 (mod 10), M = {h24+3 + 1|1>0, h <2443},

m=2 or —2 (mod 5) for any m € M, (%):(%):—1 for any p e PN M.
Case C: z=7,5S=1{2,7}.

) h=-3or £5 (mod 14), M={h23 +1|1>1, h <23}

II) h=+1 or —5 (mod 14), M = {h231 +1|1>0, h <231},

) h=1 or £3 (mod 14), M = {h2372 1 1|1 >0, h <23+2},

m=-—1,-2 or 3 (mod 7) for any m € M, (%):(g):—l for any p e PN M.

Pepin’s test for Fermat numbers [9, Theorem 4.1.2] is none other than Test 1 applied to Example 1
in case A-I, h=1.

5. Toric tests for m = h2" — 1
Fix an odd positive integer h and suppose that M C {h2" —1|n >3, h<2" —2}. Let d € Z be
a square-free integer. We are going to check primality of the elements of M with the aid of the

Waterhouse-Weisfeiler group scheme (see [12, Theorem 3.1]) G = SpecZs[x, y1/(y*> — dx? — x) with
the unit x+— 0, y — 0 and the multiplication

X XxXR14+1Qx+2yQy+2dx®X, Yy YR1+10y+2dyQ®@x+2dx®y.
Remark 1. We have y2(x) = 4y (x)(1 +dy (x)) = 4y (y)* for any y € G(Zs).
Lemma 1. Let p e P\ S, n € G(Fp). Then n is of order 2 if and only if n(1 4 dx) = 0.

Proof. According to Remark 1, n?(x) = 0 if and only if either 1(x) = 0 or n(1+4dx) = 0. Since 1(x) =0
implies n(y) =0, we obtain the required statement. O

Proposition 2. If p e P\ S, then #G(Fp) =p — (%), and the group G(IFp) is cyclic.

Proof. This immediately follows from [12, Proposition 3.2] which states that the special fibre of the
group scheme G at p is either the norm torus (if p is inert), or the multiplicative group (if p is split),
or the additive group (if p is ramified). O

Lemma2.Let p e P\ S, y € G(Zs). If(%) = —1, thenrp(y) is not a square in G(IF).

Proof. It follows immediately from Remark 1. O

Proposition 3. Let z € P be such that (%) =—1forany p e PN M, and let u, v € Zs be such that
Kku® + = xrzv?,

where k € {1, —z}, », i € {1, 2}. Then setting B(x) = —kv% /i, B(¥) = —kuv/u defines a point B € G(Zs)
withd = Az/k, and for any p = h2" — 1 € PN\ M, the order of 1, (o) in G(Fp) is equal to 2", where o = Bh.
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Proof. We have 8(y)? —dB(x)? = (k?u?v? — izikv?)/u? = —k uv? /u? = B(x), and hence B is a point
on G. Furthermore, one can notice that (%) = (%) = (%) =1 for any p € PN M, and hence (%) =

(%) = —1. Then Proposition 2 implies that G(Fp) = Z/h2"Z. Further, Lemma 2 implies that r,(8) is
not a square in G(IF). Since h is odd, r, (@) is not a square either. Thus rp(or) must be of order 2". O

Test 2. (Cf. [6, Corollary 3.6].) Let d, o be as in Proposition 3. Define a sequence b; € Zs by bo = a(x), bj+1 =
4b;(1 + db;). Thenm = h2" — 1 € M is prime if and only if m | 1 4+ db,_1.

Proof. Take U =G, f=1+4dx, ¥(x) =x+ 1, p(x) =x and £(h2" — 1) = 2". Then Lemma 1 implies
that assumption (i) is satisfied. Assumption (ii) follows from Proposition 2. According to Proposition 3,
assumption (iv) is also satisfied. Finally, assumption (v) follows from h2" — 1 < (2" — 2)2" < (2" — 1)2.
Thus Theorem 1 implies that m is prime if and only if rp (ozZH)(l + dx) = 0. According to Remark 1,
we have o2 (x) = b; for any i > 0 which gives the required statement. O

Example 2. Here are some possible choices of parameters satisfying the hypotheses of Proposition 3

and assumption () for two values of z.
Case A: z=3, S={2,3}.

D=1, ArA=1, u=2,u=1,v=1.

D)k=1,xr=2, u=2,u=2,v=1.

Nk==-3,A=2, u=1,u=1/3, v=1/3.

dNk=-3,r=2, u=2,u=2/3,v=1/3.

) h=—1 (mod 6), M= (h2? —1|1>2, h<2% -2},

) h=1 (mod 6), M = {h2241 —1|1>1, h <281 _ 2},

m=1 (mod 3) for any m € M, (%):—(%):—1 for any p e PN M.
Case B: z=5, S={2,5}.

Dek=1,r=1,u=1u=2,v=1.

)k=1,xr=2, u=1,u=3,v=1.

3Yk=-51r=1, u=1,u=1/5 v=2/5.

4)k=-5r=1,u=2,u=1/5 v=3/5.

Dh=—-1or3 (mod 10), M={h2* —1|1>1, h <2 —2}.

) h=—1 or =3 (mod 10), M = {h2*+1 —1]1>1, h <241 —2}.

) h=1or —3 (mod 10), M = {h24t2 —1|1>1, h <24+2 _ 2},

IV) h=1or 3 (mod 10), M = {h24t3 —1|1>1, h <243 _2).

m=2 or —2 (mod 5) for any m € M, (%):(%):—1 for any p e PN M.

The classical Lucas-Lehmer test for Mersenne numbers [9, Theorem 4.2.6] can be obtained by
applying Test 2 to Example 2 in case A-1-II, h =1, and replacing the sequence b; by the sequence
a; = 12b; + 2 (see [6, Corollary 3.8]).

6. Elliptic tests for m = h2" — 1

Fix an odd positive integer h and suppose that M c (h2" —1|n >3, h < 2" —20+9/2} Let d € Zs,
ptd for any p € P\ S. We are going to check primality of the elements of M with the aid of the
elliptic curve G given by the equation y% = x> — dx.

200y — _@24+d*  _ ®*+d)? : denti
Remark 2. We have n-(x) = 0I—dne) = a2 for any n € G(K) different from the identity,

where K is a field such that charK ¢ S.

Lemma 3. Let p e P\ S, € G(IFp). Then n is of order 2 if and only ifn(x3 —dx) =0.

Proof. It follows immediately from Remark 2. O
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Proposition 4.If p € P\ S and p = —1 (mod 4), then #G(Fp) = p + 1 and either G(IFp) = Z/(p + 1)Z or
G(IFp) =7Z/2Z & Z/szz The second case can only occur if(%) =1.

Proof. According to [13, Theorem 5 in §18.4], we have #G(IF) = p+1. Further, [7, Lemma 4.8] implies
that either G(F,) = Z/(p + 1DZ or G(Fp) =Z/2Z & Z/%Z. Finally, if (%) = —1, then Lemma 3
implies that there is only one element of order 2 in G(Fp). Thus the second option for G(Fp) does
not occur. O

Lemmad4.Let p e P\ S, y € G(Zs). If(%) = —1, thenrp(y) is not a square in G(IF).
Proof. It immediately follows from Remark 2. O

Proposition 5. Let z € S be such that (%) =—1forany pe PN M. Let u, v € Zs be such that 1/v € Zs and

ku? 4+ =arzv?,

where k € {1, —z}, A, it € {1, 2}. Then setting B(x) = —k 11, B(¥) = k2 uu defines a point B € G(Zs) with
d = auk?zv?, and for any p = h2" — 1 € PN M, the order of rp(er) in G(FFp) is equal to 2", where ¢ = Bh.

Proof. We have B(x)> —dB(x) = —k 33 + aux2zviicp = k3 2 (— 4 2zv2) = k3 ulku? = B(y)?, and
hence B is a point on G. Furthermore, one can notice that (%) = (%) = (%) =1 for any p e PN M, and
hence (%) = (@) = —1. Then Proposition 4 implies that G(Fp) = Z/h2"Z. Further, Lemma 4 implies
that rp(8) is not a square in G(Fp). Since h is odd, rp(c) is not a square either. Thus rp(ar) must be
of order 2". O

(b?+d)?
4(b3—db;)”
h2" — 1 € M is prime if and only if (m,b? —db;) =1 forany 0 <i<n—2andm|b} | —dby_.

Test 3. Let d, « be as in Proposition 5. Define a sequence b; € Zs by bo = a(x), bix1 = Then m =

Proof. Let U = SpecZs[x, y]/(y?> — x> 4+ dx) be the standard affine chart of G. Take f = x3 — dx,
Y (x) = (Vx+ 1%, p(x) =x and £(h2" — 1) = 2". Then Lemma 3 implies that assumption (i) is sat-
isfied. Assumption (ii) follows from Hasse’s theorem. According to Proposition 5, assumption (iv)
is also satisfied. Finally, assumption (v) follows from h2" — 1 < (2%/2 — 1)* which holds since h <
2" —4.2"2 4+ 6—4.27"2 Thus Theorem 1 implies that m is prime if and only if ry; (ocZ'H‘) e U(Z/mZ)
and (@) (33 — dx) = 0. Now if m € PO M, then rm(e®" ') € U(Z/mZ) implies rm(@®) € U(Z/mZ)
for any 1 <i < n— 1. Moreover, according to Remark 2, we get (m,rm(OtZH)(x3 —dx)) =1 and
rm(azl)(x) =b; (mod m) for any 1 <i<n— 1. Hence (m,bi3 —dbj))=1 for any 0 <i<n-—2, and
rm(@? (3 — dx) = 0 implies m | b3 | —dbn_y. Conversely, if (m,b} —db;) =1 for any 0 <i<n—2
and m | b>_, —dby_1, then rn(e?) € U(Z/mZ) and rm(@®)(x) =b; (mod m) for any 1<i<n—1.
Therefore rm(a?" ) (X3 — dx) = b3 | —dbp_1 =0 (mod m). O

The condition m | bz_1 —dby_1 in Test 3 can be replaced by the stronger condition m | b,_1 since
for any pe PN M, b € Zs we have ptb® —d.

It is remarkable that the hypotheses of Proposition 5 are almost identical to those of Proposition 3
(the only additional requirement is 1/v € Zs). Thus Test 3 can be applied to all cases in Example 2
except case B-4.

Gross’ elliptic test for Mersenne numbers [1, Proposition 2.2] is none other than Test 3 applied to
Example 2 in case A-2-I[, h=1.
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7. Elliptic tests for m = g222" + 1 and m = g222"-1 _ g2" 11

Fix an odd integer g and suppose that M C {g?2%" +1|n >3, |g| <2"! —2} (resp. M C
{2221 —g2" +1|n>3, |g| <2 /2 -2)). Let d e Zs, ptd for any p € P\ S. We are going to
cI;eck 3primality of the elements of M with the aid of the elliptic curve G given by the equation
ye=x> —dx.

Let peP\S, p=1 (mod 4), ¢ € F, be such that &2 +1=0. Define a map i: G(Fp) — G(EFp) as
follows: i(x, y) = (—x, &y). Clearly, i is an endomorphism of G(F,), and thus G(IF,) gets a structure
of Z[i]-module.

Remark 3. We have n1+i(x) = % for any n € G(Fp) different from the identity, p e P\ S,
p=1 (mod 4).

Lemma 5. (Cf. [2, Proposition 4].) Let p e P\ S, p =1 (mod 4), be such that #G(Fp) = h2", 2 { h. Then
G(Fp) = Z[i]/(1 + )" Z[i]1 ® H as Z[i]-modules, where H is a Z[i]-module, #H = h.

Proof. Since G(IF,) is a finitely generated Z[i]-module, it must be isomorphic to @L] Z[i1/6,Z[i],
where 61, ..., 6 € Z[i] are powers of primes in Z[i], and #G(F,) = ;‘:1 N(6)). Since 1+ is the only
prime in Z[i] with norm divisible by 2, there exists 0 < k < k such that 6 is a power of 1+ for any
1<I<k, and N(@) is odd for any k <1< k. Put H = @f:zm Z[i1/6/Z[i]. Finally, Remark 3 implies

that in G(Fp) viewed as a Z[i]-module, there is precisely one element of order 1+ i. Thus k=1 and
G(IFp) is isomorphic to Z[i]/(1 +)"Z[il® H. O
For m = g22%" +1 e M, define
m' =1+ g2", (M
and for m = g22>"~1 — g2" + 1 € M, define
m' =1+ g(=)"" V214> (2)

We have N(m’) =m where N : Q(i) — Q denotes the norm map. If p e PN M, then p’ must be prime
in the ring Z[i].

Proposition 6. If p = g%2>" + 1 e PN M (resp. p = g22?""1 — g2" + 1 e PN M) and (%)4 =1, then
#G(F)p) = g22%" (resp. #G(Fp) = g22°" V) and G(Fp) = Z/2"Z & Z/2"Z & H (resp. G(Fp) = Z/2"Z &
7/2"~17 @ H) as abelian groups, where H is an abelian group, #H = g°.

Proof. Take a,b € Z such that p’ =a + bi. Then a=1 (mod 4), b=0 (mod 4) and p = a? + b?.
Therefore, according to [13, Theorem 5 in §18.4], we get

#G(Fp) =p+1— (a+bi)— (@—bi)=a*+b*+1-2a=N((@—1)+bi) =N(p' - 1).
Thus #G(Fp) = g22%" (resp. #G(Fp) = g222""1). Finally, Lemma 5 implies

G(Fp) = Z[i1/A+DPZII1 @ H (resp. G(Fp) = Z[i1/(1 +1)** ' Z[i] @ H)

as Z[i]-modules. Since 1 and 1+ i generate Z[i] as abelian group, we conclude that G(F,) = Z/2"Z &
Z/2"Z. @& H (resp. G(Fp) =Z/2"Z & 7/2"-1Z @ H) as abelian groups. O
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Lemma 6. Let m = g22%" + 1 (resp. m = g222"~1 — g2" + 1), pe P, p |m, € G(Fp), | € Z. If the order of
nin G(Fp) is 2!, then #G(Fp) > 221,

Proof. The equation x> +1=0 (mod p) has a solution. Indeed, if m = g22%" + 1, then one can take
x=g2" and if m = g222"~1 — g2" 4 1, then one can take x = g222"~1 since g222"~1 — g2" 11 divides
g*2%"=2 4 1. This implies p =1 (mod 4). Thus G(Fp) has a Z[i]-module structure. The ideal of Z[i]
which annihilates 1 must be either (1 +i)?Z[i] or (1+1)?~'Z[i]. Then the Z[i]-submodule of G(F})
generated by 7 contains either 22 or 221 elements. O

Lemma 7. Let p e P\ S, p=1 (mod 4), y € G(Zs). If (%) = —1, then r,(y) does not belong to the
submodule G(Fp)'* of G(Fp).

Proof. It immediately follows from Remark 3. O

Proposition 7. Let z, t € S be such that (%) =—1, (%) =1forany pe PN M. Letu,v,w € Zs be such that

Ku2+1=sz2, Ku2+2=,utw2,

where ik, A, it € {1,2, —1, —2}. Then setting B(x) = erzv2, B(y) = e2uvw defines a point B € G(Zs) with
d=e? e=«ruzt, and forany p = g22?" +1 PN M (resp. p = g22%"~1 — g2" 11 € PN M), the order of
rp(a) in G(Fp) is equal to 2", where o = ﬁgz.

Proof. We have B(x)® —dB(x) = e32323v6 —e3azv2 = e3azv2(M222v* — 1) = e3azvZ(0zv? — 1) (AzvZ +

1) = e*u?vZw? = B(y)? and hence 8 is a point on G. Further, one can notice that ()= (%) = (%) =1

for any p € PN M, and hence (%)4 Edp4;1 = epz;1 = (%) =1 (mod p), (%) = —1, where p’ is
given by formula (1) (resp. by formula (2)). Then Proposition 6 implies that #G(Fp) = g22°7 (resp.
#G(Fp) = g222"1). Moreover, according to Lemma 5, G(Fp) = Z[i]/(1 + )*"Z[i] ® H (resp. G(Fp) =
Z[i1/(1 + i)®"~1Z[i] ® H). Further, Lemma 7 implies that rp(B) does not belong to the submodule
G(Fp)'*! of G(Fp). Since g2 is odd, rp(cr) does not belong to G(F,)'* either. Hence rp(oz)znf1 =
T () D" A+D™? s different from the identity in G(Fp). Since G(Fp) =Z/2"Z & Z/2"Z & H (resp.
GEF,) =Z/2"Z ® 7/2"-1Z @ H), the order of rp () must be equal to 2". O

Proposition 8. Let z,t € S be such that (%) = -1, (;—5)4 =1 for any p € PN M where p’ is defined by
formula (1) (resp. by formula (2)). Let u, v € Zs be such that

ku® 4+ plt = A%zv4,
where k, &, it € {1,2, —1, —2}. Then setting B(x) = k1%zv2, B(y) = k*A2zuv defines a point B € G(Zs)

with d = k2222 zt, and for any p = g222" +1 € PN M (resp. p = g222"~1 — g2" + 1 € PN M), the order
of rp(ar) in G(IFy) is equal to 2", where ot = ﬂgz.

Proof. We have B(x)3 —dB(x) = k31823v6 — k3042 22tv2 = i 30422v2 (W2 zv? — p2t) = k042 v2u? =
B(¥)? and hence B is a point on G. Further, one can notice that (%) = (%) = (%) =1 for any p €
PNM, and hence, (£)s = (55 = (32125 = (a7 = (B4 =1 (mod p)), (42) = —1.
The end of the proof is identical to that of Proposition 7. O

Test 4. Let d, « be either as in Proposition 7 or as in Proposition 8. Define a sequence b; € Zs by by = a(x),

2 2
= 4((';";27.). Thenm = g?2"+1 € M (resp.m = g222"~1 — g2" + 1 € M) is prime if and only if (m, b3 —

dbj)=1forany0<i<n—2andm| bg_l —dby_1.

bit1
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Proof. Let U = SpecZs[x, y]/(y> —x3 +dx) be the standard affine chart of G. Take f = x> —dx, ¥(x) =
(VX+1)2, p(x) =x%/2 and &(g22274+1) = 2" (resp. £(g222"~1 — g2" +1) = 2"). Then Lemma 3 implies
that assumption (i) is satisfied. Assumption (ii) follows from Hasse’s theorem. Lemma 6 implies that
assumption (iii) is satisfied. According to Propositions 7 and 8 assumption (iv) is also satisfied. Finally,
assumption (v) follows from g2227 +1 < (2@"=1/2 _1)4 (resp. g222" 1 4+ |g|2" +1 < 2C=D/2 _ 1))
which holds for any n > 3, since

g2 < 22?’1—2 _ 4 . 211—1 +4 < 221’1—2 _ 4 . 2(211—3)/2
(resp. g2 <221 —4.20m"D/2 4 4and |g| < 2" - 2%/2).

Thus Theorem 1 implies that m is prime if and only if rm(a® ') € U(Z/mZ) and rm(@? (3 —

dx) = 0. The end of the proof is identical to that of Test 3. O

If m= g222" + 1 (resp. m = g?22"~1 — g2" + 1), then the condition m | b} , — dby_ in Test 4
can be replaced by the stronger condition m | b§—1 —d (resp. m | bp—1). Indeed, for any p e PN M,
Lemma 7 implies that r, (o) does not belong to G(]I?p)1+i. Then according to Proposition 6 the element
™ (@ 1+ = rp(ot)(*")n_](”")2"_1 is different from (resp. equal to) the identity in G(Fp). Hence by
Remark 3 we obtain @2 ")(x) #0 (resp. rp @ (x) =0).

Example 3. Here are some possible choices of parameters satisfying the hypotheses of Proposition 7
and assumption () for three pairs of values of z, t.
Case A: z=5,t=3,5={2,3,5, k=1, A=1, u=2,u=2,v=1 w=1,d=900, (x) =150,
B(y) = 1800.
) g=41 or +11 (mod 30), M = {g22¥ +1|1>2, g <21 -2}.
1) g=+7 or £13 (mod 30), M = {g224+2 4+ 1|1>1, g <22 —2).
) g=1 (mod 30), M = {g228-1 —g2¥ 1+ 1|1>1, g <241/},
IV) g=—7 (mod 30), M = {g2281+1 — 241 L 11> 1, g <24+1/2),
V) g=—11 (mod 30), M = (g228%3 — g242 1 1|1>1, g <2413/2),
VI) g=—13 (mod 30), M = {g22845 — 2443 1 1|1>0, g <24+5/2),
m=2 or —2 (mod 5), m=—1 (mod 3) for any m € M, (g) =B =-1, (%) = (%) =—1 for any
pePnNM.
CaseB: z=7,t=3,S={2,3,7L, k=-2, A=—-1, u=-2,u=2,v=1, w=1,d =7056, f(x) =
588, B(y) =14112.
1) g==45,+11,417 or £19 (mod 42), M ={g228 +1|1>1, g <231 -2}
II) g==1,+5,+13 or £19 (mod 42), M = {g226+2 1 1|1>1, g <23 -2).
) g ==+1,411,413 or £17 (mod 42), M = {g226F4 + 11> 1, g <23+ —2).
IV) g=—11,13 or 19 (mod 42), M = {g224-1 — g22 4 1|1>2, g <2412 _2)
V) g=—1,5or 17 (mod 42), M = {g224+1 — g22+1 1. 1|1>1, g <22+1/2 _2),
=-1,-2 or 3 (mod 7), m=—1 (mod 3) for any m € M, (%) =5 =-1, (%) = (8)=—1 for any
pePNM.
Case C: z=5,t=7,5=(2,3,57}, k=—1,A=1, u=2,u=2/3, v=1/3, w = 1/3, d = 4900,
B(x) = —350/9, B(y) = 9800/27.
I) g=49,411,+19 or £31 (mod 70), M = {g22"? +1|1>2, g<26-1_2}.
Il) g ==3,+13,+17 or +27 (mod 70), M = {g?2"2*+2 4 1|1>2, g <25 —2).
) g==41,+9,£19 or £29 (mod 70), M = {g2212+4 4 1]1>2, g <261 2},
IV) g =43, £17, £23 or £33 (mod 70), M = {g221246 £ 1|1>2, g <262 2},
V) g=+1,+11,429 or +£31 (mod 70), M = {g22"2#8 1 1]1>2, g <26+3 —2).
VI) g = +13, £23, £27 or £33 (mod 70), M = {g2212H10 4 11> 2, g <26+4 2},
VII) g =9, -29 or 31 (mod 70), M = {g2281-1 — g24 1 1|1>1, g <2412 2},
VIII) g =3,13 or 33 (mod 70), M = {g?28+1 — g24+1 L 1|1>1, g <24+1/2 2},
IX) g=—1,—11 or 19 (mod 70), M = {g228+3 — g24+2 L 1|1 > 1, g <24+3/2 _ 2},
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X) g=17,—-23 or 27 (mod 70), M = {g228+5 — g2443 L 11> 1, g <2445/2 _ 2},
m=2 or —2 (mod 5), m=—1,—2 or 3 (mod 7) for any m € M, (%):(g)z—l, (%):(g)z—l for
any pe PN M.

For any p e PN M we have (;71)4 = (—1)¥ =1 (mod p’). Besides, if p’ =a + bi with a,b € Z,

then a=1 (mod 4), b =0 (mod 4), and for any odd q € Z we have (—=1)@D/2g=1 (mod 4). Thus
the biquadratic reciprocity law [13, Theorem 2 in §9.9] implies (%)4 = (%)4 = (%/)4.

Example 4. Here are some possible choices of parameters satisfying the hypotheses of Proposition 8
and assumption (x) for five pairs of values of z, t.
Case A: z=5,t=3,5={2,3,5}, k=2, A=1,u=1,u=1,v=1,d =60, B(x) =10, B(y) =20.
) g=1 (mod 30), M ={g228/ +1|1>1, g <2412}
) g=—7 (mod 30), M = {g22842 1 1|1>1, g <2 —2}.
) g=—11 (mod 30), M = {g228t4 4 11> 1, g <241 —2}.
IV) g = —13 (mod 30), M = {g228+6 1 1|1>0, g <24+2 2},
m=2 (mod 5), M =—-1 (mod 2 +1i), M =—i (mod 2 —1i), M =1+1i (mod 3) for any m € M,
G =B =-1, = (gmamz)a =D (=D (=) =1forany pe PN M.
V) g=—1 (mod 30), M ={g228/ +1|1>1, g<24-1-2}
VI) g=7 (mod 30), M = {g228*2 1 1|1>1, g<2¥—2}.
VII) g =11 (mod 30), M = {g228H4 4 1|1>1, g <24t1 _2}.
VIII) g =13 (mod 30), M = {g228146 4 1|1>0, g <24+2 _2}.
m=2 (mod 5), M =i (mod 2+i), mM=—1 (mod 2—1i), W =1—1i (mod 3) for any m € M, (%):
&=-1, (§)4:((2+D{w)4=i-(—1)-i:1 for any p e PN M.
IX) g=1 (mod 30), M = {g2280-1 — g24 4+ 1|1>1, g <24-1/2),
X) g=—11 (mod 30), M = {g2281+3 — g24+2 L 1|1 >1, g<24t3/2),
= -2 (mod 5), mM"= -1 (mod 2 +1i), M =i (mod 2 —i), mM"=—-1+1i (mod 3) for any m € M,

(%):(%):—1, (§)4=((2+0!§w)4=(—1)-i.i=1 for any pe PN M.
XI) g=—7 (mod 30), M = {g228+1 — g24+1 L 1|[>1, g <24t1/2),
XI) g =—13 (mod 30), M = {g228%5 — g24+3 4 11> 0, g <24+5/2),
= -2 (mod 5), m'=—i (mod 2+1i), mM=—-1 (mod 2 —i), M’ =—-1—1i (mod 3) for any m € M,

G =B =-1, (= (gmamz)e= (D (=D (=) =1forany pe PN M.
CaseB: z=7,t=3,5S={2,3,7L k=1, 2=, u=1,u=2,v=1,d=21, B(x) =7, B(y) = 14.
Case C: z=7,t=5,S={2,57, k=2, A=1, u=1,u=1,v=1,d =140, B(x) =14, B(y) =28.
Case D: z=3,t=13, S={2,3,7, k =—-1, A=2, u=1, u=1, v=1, d =156, B(x) = —12,
B(y)=12.
Case E: z=13,t=5,5S={2,5,13}, k =2, A=1, u =1, u=2,v=1, d =260, B(x) =26, B(y) =
104.

The test by Denomme and Savin for Fermat numbers [2, Theorem in §4] is similar to the test
which can be obtained by applying Test 4 to Example 3 in case A-I, g =1, and replacing the sequence
b; by the sequence a; = b;/30.

Ifm=g2?2>" 1 _g2"+1and g=(—1)!*t"=1/2 then m' =1 — (=1 +i)®1 is divisible by 2 —1i,
and hence m is divisible by 5. If g = (—1)"™=D/2 then m’ =1+ (—1+i)®"~! can be prime only if
2n —1 is prime.

The numbers of the form m = 22"-1 — 2" 4+ 1 which are not divisible by 5 belong to the sets
mentioned in Example 3 for any n # 1 (mod 4), and thus Test 4 can be applied to them. Indeed,
if n=0 (mod 4), then m belongs to the set from Example 3 in case A-Ill, g=1, and if n=2 or
3 (mod 4), then m is divisible by 5. Similarly, the numbers of the form m = 22"~1 42" 4+ 1 which are
not divisible by 5 belong to the sets mentioned in Example 3 for any n. Indeed, if =0 or 1 (mod 4),
then m is divisible by 5. If n =2 (mod 4), then m belongs to the set from Example 3 in case C-IX,
g=-1, and if n=3 (mod 4), then m belongs to the set from Example 3 in case B-V, g = —1.
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Notice that for m = g222" + 1 e M (resp. m =2?""1 £ 2" 4 1 € M) we have m = h2" + 1 with
h=g? (resp. h=2""1+1). Since h < 2", one can apply the approach of Section 4 to these numbers.
In particular, the sets from Example 3 (resp. the sets from Example 3 with |g| = 1) can be tested
with Test 1 applied to Example 1, where the value of z should correspond either to z or to t from
Example 3. The numbers g2227~1 — g2" + 1 with |g| # 1 cannot be written in the form required in
Sections 4 or 5, and thus the corresponding toric test cannot be applied to them.

8. Elliptic tests for m = g222" — g2" 4 1

Fix an odd integer g and suppose that M C {g22%" —g2" +1|n>2, |g| <2" -2, 3|g2"—1}.
Further suppose that 3 € S. Let d € Zs, p1d for any p € P\ S. We are going to check primality of the
elements of M with the aid of the elliptic curve G given by the equation y? = x> +d.

20y — N0*=8dn®) _ nx*-8dnx)
Remark 4. We have n“(x) = AT = )

where K is a field such that charK ¢ S.

for any n € G(K) different from the identity,

Lemma 8. Let p e P\ S, 1 € G(IFp). Then n is of order 2 if and only ifn(x3 +d)=0.
Proof. It follows immediately from Remark 4. O

Denote w = (—1+4+/3i)/2. Let pe P\ S, p=1 (mod 3), ¢ € Fp be such that ¢24¢+1=0. Define
amap w:G(Fp) = G(F)p) as follows: w(x, y) = (¢x, y). Clearly, w is an endomorphism of G(F,), and
thus G(Fp) gets a structure of Z[w]-module.

Lemma 9. (Cf. [2, Proposition 10].) Let p e P\ S, p =1 (mod 3), be such that #G(Fp) = h22", 2 t h. Then
G(Fp) = Z[w]/2"Z[w] & H as Z[w]-modules, where H is a Z[w]-module, #H = h.

Proof. Since G(IF) is a finitely generated Z[w]-module, it must be isomorphic to @;‘:1 Zlw]/9Z]w],
where 61, ..., 6, € Z[w] are powers of primes in Z[w], and #G(Fp) = ]_ﬂ‘:] N(6). Since 2 is the only
prime in Z[w] with norm divisible by 2, there exists 0 < k < k such that 6; is a power of 2 for any
1<I<k and N(6) is odd for any k<I<k. Put H= @;‘:EH Z[w]/0/Z[w]. Further, it is clear that

Z[a)]/ZjZ[a)] has 22/ elements three of which are of order 2 for any j > 1. Finally, Remark 4 implies
that in G(IF) viewed as a Z[w]-module, there are at most three elements of order 2. Thus k <1 and
G(Fp) is isomorphic to Z[w]/2"Z[w] ® H. O

For m = g222" — g2" + 1 € M, define

m=-1+(g2"-1)w. (3)

We have N(m’) =m where N : Q(w) — Q denotes the norm map. If p € PN M, then p’ must be prime
in the ring Z[w].

Proposition 9. If p = g22?" — g2" +1 e PN M and (%‘,’)6 = —w?, then #G(Fp) = g22?" and G(Fp) =
7)2"Z & 7./2"7 & H as abelian groups, where H is an abelian group, #H = g2.

Proof. We have g2" — 1 =0 (mod 3). Therefore, according to [13, Theorem 4 in §18.3], we get

#GCFp) =p+1—ow(-1+ (82" - 1)) — *(-1+ (g2" — 1)o?)
=g222" _ g4t 1+ 14+ w—g2"w? + 0* + w* — g2"w + w = g?2°".
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Finally, Lemma 9 implies G(F,) = Z[w]/2"Z[w] ® H as Z[w]-modules. Thus G(F,) = Z/2"Z &
7/2"Z @ H as abelian groups. O

Lemma 10. Let m = g22?" — g2" +1e M, peP, p|m, n € G(Fp), | € Z. If the order of  in G(Fp) is 2!,
then #G (Fp) > 22,

Proof. Since the equation x> —x+1=0 (mod p) has a solution x = g2", we get p =1 (mod 3). Thus
G(Fp) has a Z[w]-module structure. The ideal of Z[w] which annihilates 1 must be 2!Z[w]. Then the
Z[w]-submodule of G(IF,) generated by 1 contains 22 elements. O

Proposition 10. Let z € S be such that (%) = —1forany p e PN M. Let v € Zgs be such that

2y _3av2 +3 =72,

where A € {1,2, —1, —2}. Then setting B(x) = e(AvZ —1), B(y) = e?v defines a point 8 € G(Zs) withd = €3,
e = Az, and for any p = g22°" — g2" +1 € PN M, the order of rp(@) in G(F)p) is equal to 2", where o = ﬁgz.

Proof. We have S(x)3 +d =e3(av2 —1)3 +e3 =e3(A3v6 —322v* 4+ 3av2) =3 AvZ(A2v* —30v2 +3) =
e3av2z=B(y)? and hence g is a point on G. Further, one can notice that (A) =1forany pePNM,

and hence (‘I‘)—‘?)G = (4e3)p6 =255 _( )3( )= —( 5)3 (mod p’) (here p’ is given by formula
3). Applying the cubic reciprocity law [13, Theorem 1in §9 3] we obtain (ﬁ)e = —(—)3 = —(p—)g =
—(=52)3 = —w?. Then Proposition 9 implies that #G () = g22>" and G(Fj) = Z/2”Z@Z/2”ZEB H,

where #H = g2. Now, we show that rp(B) is not a square in G(Fp). Let n € G(F,) be such that n?=
rp(B). In G(Fp) there are four distinct elements, say §;, 1 <i <4, such that Siz is the identity in G(Fp).
Then we have (§;n)% = rp(B) for any 1 <i < 4. Moreover, §;n(x) # §;n(x) for i # j, since otherwise
rp(8)? = (8im)%(8;m)? = (8in8;n)? should be the identity in G(F}), i.e. rp(8) should be one of & which
is impossible. Thus according to Remark 4, the polynomial P(x) = x* — 4eux® — 8e3x — 4e*u, where
u = (Av2 — 1), has four distinct roots in Fp. On the other hand, Fy(r), where r2 =z, is a quadratic
extension of Fp,, and in the ring F, (r)[x] we have the following decomposition of P:

Px) = (x* —2e(u —r)x—2e2(u —1-1)(x* — 2eu +1r)x —2e*(u — 1+71)).

Hence the product of two of the roots of P must be equal to —2e2(Au? — 2 +r). This implies that r
must belong to I, which gives a contradiction. Therefore r(8) is not a square in G(IFp). Since g2
odd, rp() is not a square in G(Fp) either. Thus r,(cr) must be of order 2". O

b%—8db;
4(b3+d)
g%2%" — g2" + 1 € M is prime if and only if (m, b} —l—d):lforany0<i<n—2anclm|bfH +d.

Then m =

Test 5. Let d, o be as in Proposition 10. Define a sequence b; € Zs by bo = @ (x), biy1 =

Proof. Let U = SpecZs[x, y]/(y*> — x> — d) be the standard affine chart of G. Take f =x3 +d, ¥ (x) =
(VX + 12, p(x) =x* and £(g?2%" — g2" +1) = 2". Then Lemma 8 implies that assumption (i) is
satisfied. Assumption (ii) follows from Hasse’s theorem. Lemma 10 implies that assumption (iii) is
satisfied. According to Proposition 10, assumption (iv) is also satisﬁed. Finally, assumption (v) follows
from g222" — g2" +1 < (2" — 1)* which holds for any n > 2, since g <2?" _4.2" 4+ 4 and |g| <2.
2" —4, Thus Theorem 1 implies that m is prime if and only if (" ) € U(Z/mZ) and rp (@ )(x +
d) =0. Now if m e PN M, then rm(ozzn ) € U(Z/mZ) implies T'm (0 ) € U(Z/mZ) forany 1<i<n—1.
Moreover according to Remark 4, we get (m, rm(ot2 ! Y(%3 +d)) =1 and rm(a )(x) b; (mod m) for
any 1 <i<n-—1. Hence (m, b3 +d)=1 forany 0<i<n-—2, and rm(a )(x + d) = 0 implies
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m | bﬁ_1 + d. Conversely, if (m,bi3 +d)y=1forany 0<i<n-—2and m| bﬁ_l + d, then rm(azi) €

U(Z/mZ) and rm(a?)(x) = b; (mod m) for any 1 <i<n— 1. Therefore rm(e?" ' )(x3 +d) = b} +d=
0 (mod m). O

Example 5. Here are some possible choices of parameters satisfying the hypotheses of Proposition 10
and assumption () for two values of z.

Case A: z=7,5={2,3,7}.
NDa=-1v=1,d=—343, B(x) = 14, B(y) = 49.
2)a=1,v=2,d=343, B(x) =21, B(y) =98.
1) g=—5,13, or —17 (mod 42), M = {g2212 — g26l 4 1|1>1, g <28 —2}.
) g=—13,17 or —19 (mod 42), M = {g22121+2 _ g26l+1 4 1|]>1, g <261+1 2},
) g=1,—17 or 19 (mod 42), M = {g2212+4 _ g2bl+2 L 11> 0, g <2642 _ 2},
IV) g=—1,11 or —19 (mod 42), M = {g22124+6 _ g26l43 4 1|1>0, g <2643 _2).
V) g=1,-5or —11 (mod 42), M = {g221248 _ g26l+4 4 1|1 >0, g <20+4_2}.
VI) g=5,11 or —13 (mod 42), M = {g2212+10 _ g26l45 4 1|1>0, g <26+5 _2).
m=—1 or 3 (mod 7) for any m € M, (%) = (%) =—1forany pe PN M.

Case B: z=13,5=1{2,3,13}, A=—=2, v=1, d= —17576, B(x) = 78, B(y) = 676.

Since for n not divisible by 3 we have g222" — g2" + 1= N(g(2w)" + 1), the number 22" — 2" 4 1
can be prime only if n is either divisible by 3 or equal to a power of 2. The test by Denomme and

Savin for the numbers of the form 22 — 22 + 1 [2, Theorem in §9] can be obtained by applying
Test 5 to Example 5 in case A-2-IIl, V, g =1, and replacing the sequence b; by the sequence a; = b;/7.

Notice that since 227" — 22 +1=h2" + 1 with h =22 — 1 < 2%, one can apply the approach of
Section 4 to these numbers. They can be tested with Test 1 applied to Example 1 in case C-II, IIl. The
numbers g222" — g2" 41 with g # 1 cannot be written in the form required in Sections 4 and 5, and
thus the corresponding toric test cannot be applied to them.
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