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1. INTRODUCTION

Although Krull domains have been an interesting subject in com-
mutative ring theory, not many characterizations of Krull domains are
known compared to those of Priifer domains. However, it is known that
every proper divisorial ideal of a Krull domain R is a v-product of prime
ideals of R; i.e., every proper divisorial ideal 7 of R can be expressed in the
form I=(P,---P,), for some prime ideals P,,.., P, of R. In 1968,
S. Tramel [227] proved that the converse of the above fact is true. (In fact,
he proved a stronger result: If every proper principal ideal of a domain R is
a v-product of prime ideals, then R is a Krull domain.) This was also
proved by Nishimura [18] under the additional condition that the
expression I = (P, --- P,), is unique. As Levitz showed in [17], by Tramel’s
result, we can easily solve Aubert’s problem [6], obtaining in fact a
stronger result. If every proper principal ideal of a domain R is a r-product
of prime ideals of R, then R is a Krull domain.

In this paper we give a new characterization of a Krull domain: If every
nonzero prime ideal of a domain R contains a ¢-invertible prime ideal, then
R is a Krull domain. (Note that this is the corresponding part for Krull
domains to the well-known fact about unique factorization domains
(UFD): If every nonzero prime ideal of a domain R contains a nonzero
principal prime ideal, then R is a UFD.) Then using this result, we can
easily prove that the following statements are equivalent. (Recall that Ris a
n-domain if every principal ideal of R can be written as a product of prime
ideals.)

(1} R is a UFD (resp., n-domain, Krull domain).
(2) Every t-ideal is principal (resp., invertible, z-invertible).
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(3) Every prime t-ideal is principal (resp., invertible, ¢-invertible).

(4) Every minimal prime ideal of a nonzero principal ideal is prin-
cipal (resp., invertible, t-invertible).

(5) Every nonzero prime ideal contains a nonzero principal (resp.,
invertible, t-invertible) prime ideal.

(6) Every proper t-ideal is a t-product of principal (resp. invertibie,
t-invertible) prime ideals.

(7) Every proper principal ideal is a z-product of principal (resp.,
invertible, f~invertible) prime ideals.

Note that in order to get the corresponding statements for n-domains
{resp., Krull domains), we just replace the term ‘ideals’ by ‘t-ideals’ and the
descriptive adjective ‘principal’ by ‘invertible’ (resp., ‘z-invertible’) in the
corresponding statements for UFDs.

It is obvious that every minimal prime ideal of a UFD (resp., n-domain,
Krull domain) is principal (resp., invertible, t-invertible). However, it will
be shown that the converse is not true. But if we add the condition that R
satisfies Krull’s principal ideal theorem (Every minimal prime of a nonzero
principal ideal is a minimal prime ideal), then we can show that R is a
Krull domain. In addition to these results, we give several new charac-
terizations of n-domains. In particular, it will be shown that R is a
n-domain if and only if R is a finite conductor Mori domain such that
((a) " (P)N(c) n(d)) = (ac) ~ (ad) N (be) N (bd) for all elements a, b, ¢, d of
R. Throughout this paper R will be an integral domain with quotient field
K. The term ‘finitely generated” will be abbreviated to ‘f.g’ For the
undefined terms and notation, the reader is referred to [14], [9], and

[16].

II. PRELIMINARY RESULTS

The reader is reminded that throughout this paper R will be an integral
domain with quotient field K. An R-submodule 4 of K is called a fractional
ideal of R if d4 = R for some nonzero element d of R. % (R) will denote the
set of nonzero fractional ideals of R. For 4 #(R), the v-operation is
defined by 4,=(4 ')~ "' where 4 ' = {xe K|xA < R}. The t-operation is
defined by A,={J{(4,),| 4o F(R), A, < A, and A, is finitely generated }.
Ae #F(R) is called a divisorial ideal or a v-ideal (resp., t-ideal) if 4,= A4
(resp., A,=A). A domain R is called a Mori domain if it satisfies the
ascending chain condition (ACC) on divisorial ideals of R. A maximal
divisorial ideal (maximal r-ideal) of a domain R is a proper divisorial ideal
(proper r-ideal) of R which is maximal among proper divisorial ideals

481/124/2-2



286 B. G. KANG

(proper r-ideals) of R. We denote the set of maximal divisorial ideals
(maximal ¢-ideals) of R by D,,(R) (¢--Max(R)). By Zorn’s Lemma, it is easy
to see that +~-Max(R) # ¢, while D, (R) can be an empty set. But if R is a
Mori domain, then D,,(R)#¢. Specifically, in a Mori domain, every
proper v-ideal is contained in a maximal v-ideal.

We collect for ease of reference the following well-known results.

THEOREM 2.1. Let R be an integral domain.

(1) The following are equivalent.
(a) R is a Mori domain.
(b) For every nonzero ideal I of R, there exists a f.g. ideal I, =1
such that I,= (1;),.
(c) If Fi2F,2F,2 --- is a descending sequence of fractional
v-ideals such that N_, F,#0, then \*_, F,=F,, for some m.
(2) Let P be a divisorial prime ideal of a Mori domain R. Then
P=(a:b) for some a,be R, where (a:b)={xe R|xbe (a)}.
(3) Let I be an integral v-ideal of a Mori domain R. Then
(a) If I is a maximal divisorial ideal of R, then I is a prime ideal.
(b) There are only finitely many maximal v-ideals containing I.

(4) Let S be a multiplicatively closed subset of a Mori domain R. Let 1
be a nonzero f.g. ideal of R. Then (Ig),= (1,)s.

(5) If S is a multiplicatively closed subset of a Mori domain R, then
R is a Mori domain.

Proof. (1) Use I, Théoréme 1 from [20]. (2) Use II, Théoréme 1 from
[21]. (3) These statements follow from Proposition2.1 and Proposi-
tion 2.2, respectively, of [24]. (4) This result is well known and easily
follows from (1) and Lemma 4 of [23]. (5) This is [19, Corollary 3].

A nonzero ideal 7 of R is said to be t-invertible if (/I™'), = R. We prove
the analogous result to [9, Theorem 7.6] for r-invertible prime ideals,
which will be used in Section IV. We denote the multiplicatively closed
subset { e R[X]|f+#0 and (4,),=R} of RLX] by N,.

THEOREM 2.2. Let P be a t-invertible prime ideal of an integral domain R
such that P,+# R. Then

(1) P is a finite type divisorial ideal.
(2) {(P"),}=_, is the set of all P-primary ideals of R.

n=1

(3) Suppose that N7_, P"#0. Then (N2, P"), is a prime ideal of R.
Moreover (N_, P"),=NT_, (P"),.

n=1 n=1

(4) If A is a t-invertible ideal of R properly containing P, then A,= R.
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Proof. (1) Let P be a t-invertible prime ideal of R. For an ideal I of R,
I° will denote the ideal I[X],,. So R°*= R[X],. By [14, Corollary 2.5],
P¢ is invertible. And P¢ is a prime ideal of R¢ since P,# R, ie., P[X]n
N,=¢. Since P‘ is invertible, P¢= (P¢),=(P,) by [14, Proposition 2.2].
Hence P=P*nR=(P,)*nR=P, by [14, Proposition 2.8]. The first of
the above equalities follows from the fact that P¢ is a prime ideal of R“.
Thus P is a divisorial ideal, and P is of finite type since P is t-invertible
[13, Chapter I, Section 4, Theorem 87]. Thus (1) is proved.

(2) Let Q be a P-primary ideal of R. Then Q[ X] 4, is a P[X],-primary
ideal of R[X]y,. By [9, Theorem 7.6], Q¢ = (P*)* for some k € N, since P*
is invertible. Since (P¢)* is invertible, (P¢)* is a v-ideal. Hence (P°)*=
((P)%), = ((P*)), = ((P¥),)*, where the last equality follows from [14,
Proposition 2.2]. Now Q@ =0°n R since Q[X] is a P[X]-primary ideal
such that P[X]nN,=¢. Hence Q=0Q0“nR=(P*)*nR=((P"),)°nR=
(P*),, where the last equality foliows from [ 14, Proposition 2.8]. Thus Q =
(P*), for some ke N. We complete the proof of (2) by showing that each
(P*), is a P-primary ideal. By [9, Theorem 7.6], (P*)¢ is a P‘-primary
ideal. Hence (P*),=(P*)*~ R is a P* R-primary ideal. Hence (P*), is a
P-primary ideal.

(3) Assume that \*_, P*#0. Then (), (P¢)*#0. Hence (), (P*)* is a
v-ideal since it is an intersection of v-ideals. It is easy to see that (), (P¢)* =
((Ne P4 e N (PLXTwe) = (N P¥)e [X ]y And (¢ (P€)* is a prime
ideal of R® by [9, Theorem 7.6]. Hence (N« P*),=((Ns PX),)°nR=
Nk (P°Y AR is a prime ideal of R. Moreover (), (P*)* =), ((P*),)*. So
(O P)) =k ((P*),). Hence, contradicting back to R, we get
(Nx P*), =Nk (P¥), by [14, Propositon 2.8].

(4) Let 4 be a t-invertible ideal of R properly containing P. Then
A¢ 2 P¢ are invertible ideals of R¢. By [9, Theorem 7.6], either 4= P¢ or
A° = R°. We will show that A° # P° so that 4°= R°. Suppose 4¢= P, Then
A<= A°n R= PN R= P, which contradicts P & A4. Therefore 4°= R, i.e.,
A4,=R

HI. KruLL DoMAINS

A domain R is called a Krull domain if R has a nonempty collection of
prime ideals {P,} such that R=() Rp, each R, is a principal ideal
domain (PID), and every nonzero element of R is contained in only finitely
many P_s.

It is well known that a domain R is completely integrally closed if and
only if every nonzero ideal is v-invertible, i.e., (44 '), = R for any nonzero
ideal A4 of R ([9, 34.37). Recall that a domain R is a Priifer o-multiplication
domain (PVMD) if every nonzero f.g. ideal is t-invertible, ie., (44~"'), =R
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for every nonzero fg. ideal 4 of R. A domain R is an essential domain if
R=(\pc4 Rp where A<Spec(R) and each R,, Ped, is a valuation
domain. A domain R is called a v-domain if [4,:x 4,] = R for every non-
zero f.g. ideal 4 of R, where K is the quotient field of R.

LEMMA 3.1. An essential domain is a v-domain.

Proof. Let R=(\p., Rp, where A <=Spec(R) and each Rp, Pe A, is a
valuation domain. Let 4 be a nonzero finitely generated ideal of R. Let x e
[A,:xA,]). Then x4,= A,. Now for each Pe A, x(4,)p=(A4,),. Hence
x((4,)p), = ((4,)p),. By [14, Lemma3.4(2)], (4,),=((4,)s),. Hence
((A4,)p), is a principal ideal since R, is a valuation domain. So xe R,. So
x€()pes Rp=R. Therefore [A4, :x A,] = R and hence R is a v-domain.

In the class of Mori domains, some subclasses of domains are identical
with the class of Krull domains.

THEOREM 3.2.  The following are equivalent for an integral domain R.

(1) R is a Krull domain.

(2) R is a completely integrally closed Mori domain.
(3) R is a PYMD and R is a Mori domain.

(4) R is an essential Mori domain.

(5) R is a v-domain and R is a Mori domain.

Proof. (1)=(2). This is [7, Theorem 3.6].

(2)=>(3). Let A be a f.g. nonzero ideal of R. Then (44~'),= R since R
is completely integrally closed. Hence (44 '),=R since R is a Mori
domain. Hence R is a PVMD.

(3)=>(4). Every PVYMD is an essential domain by [ 14, Theorem 3.3] or
by [11, Proposition 4 and Theorem 5].

(4)=(5). This implication follows from Lemma 3.1.

(5)=>(2). Let 4 be a nonzero ideal of R. Then by Theorem 2.1(1), 4,=
(Ay), for some f.g. ideal A4+#0 of R since R is a Mori domain. Now
[4,:x4,]1=1[(40), :x (4p),]=R since R is a v-domain. Hence by [9,
Theorem 34.3], R is completely integrally closed.

(2)=(1). By [14, Proposition 2.8(3)] or by [11, Proposition 4], R=
N are 4 Rar, Where A =t-Max(R). Since R is a Mori domain, -Max(R) =
D, (R). And the intersection is locally finite by Theorem 2.1(3). Each R,, is
a Mori domain by Theorem 2.1(5). By [ 11, Theorem 5], R,, is a valuation
domain since R is a PVMD by the implication (2) = (3). Hence each R,,,
MeD,(R), is a Mori valuation domain, i.c., a PID. Hence R is a Krull
domain.
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Remark. The implication (2)=(1) in the previous theorem can be
found in [7, Coroliary 3.13]. But we proved this noting that a completely
integrally closed Mori domain is a Mori PYMD.

To prove the main result of this section, we need a couple of lemmata.

Lemma 3.3.  Let R be an integral domain. If every nonzero prime ideal of
R contains a t-invertible prime ideal, then there exists a nonempty collection
A of minimal prime ideals of R such that R=\p., Rp and each Ry, P€ A,
is a PID.

Proof. Let M be a maximal t-ideal of R. Let Q= P,, be a nonzero
prime ideal of R,,, where P is a nonzero prime ideal of R. Then by
assumption, P contains a r-invertible prime ideal P’. But P/, is a principal
{prime) ideal by [14, Corollary 2.7]. Thus Q@ = P,, contains the nonzero
principal prime ideal P,. Hence every nonzero prime ideal of R,, contains
a principal prime ideal, hence R, is a UFD. Let A,,= {PeSpec(R)|
Pe X'""(R) and P< M}, where X'"(R) is the set of minimal prime ideals of
R. Then X'V(R,,)={P,|PeA,}. Hence A, #¢. Now R, is a Krull
domain since it is a UFD. Hence as we showed in the proof of
Theorem 3.2,

Ry = m (RM)Qz ﬂ RM)PM m Rp.
Qe x(Ry) Pedy PeAdy
By [14, Proposition 2.8(3)], R=\ycr Ry, where I'=t-Max(R). Hence
R=NpeayRer and U, 4, = XV(R).

Let 1, I, .., I, be nonzero ideals of R. If I=(/,---I,),, then I is called the
t-product of I, ..., I,

LeEMMA 3.4. If every nonzero prime ideal of a domain R contains a
t-invertible prime ideal, then every proper principal ideal of R is a t-product
of prime ideals of R.

Proof. Let S be the set of all nonzero non-units of D= R[X],, ideals
generated by which are products of principal prime ideals of D. We will
show that S contains every nonzero non-unit of R. Suppose not and let a
be a nonzero non-unit of R such that a¢S. Since Su {units of D} is a
saturated set of D which does not contain a, aD n S =¢. So there exists a
prime ideal Q of D such that Q 2 aD and Q n S = ¢. By assumption, @ ~ R
contains a t-invertible prime ideal, say P. By [14, Corollary 2.5 and
Theorem 2.14], PD is principal, say PD=fD for some feD. Now
fePD< Q< P\S, which contradicts f e S. Hence S contains all nonzero
non-units of R. So if a is a nonzero non-unit of R, then aD=Q,---Q, for



290 B. G. KANG

some principal prime ideals Q,,.., @, of D. By assumption, for each
1<k<n, Q,n R contains a r-invertible prime ideal of R, say P,. Then
P,D is a principal prime ideal by the previous argument. So P, D< Q,
implies P,.D=Q,. So aD=Q,---Q,=P,D---P,D=(P,---P,)D. By
[14, Corollary 2.3(3)], aD=(aD),=((P, ---P,)D),=(P,---P,),D. Now
aR=(P,---P,), by [14, Proposition 2.8(1)]. Thus every proper principal
ideal of R is a r-product of prime ideals of R.

THEOREM 3.5. If every nonzero prime ideal of a domain R contains a
t-invertible prime ideal, then R is a Krull domain.

Proof. By Lemma 3.3, R=()p., R, for a collection A of minimal
prime ideals of R and each R,, Pe A, is a PID. It remains to show that
every nonzero nonunit element ¢ of R is contained in only finitely many Ps
in A. By Lemma 3.4, (a}= (P, --- P,), for some prime ideals P, .., P, of R.
Let P be a minimal prime of (¢). Then P2 (P,---P,),2P,---P,. So P
contains some P; and hence by the minimality of P, P = P,. Hence there are
only finitely many minimal primes of (a). Since A is a collection of minimal
prime ideals of R, the conclusion easily follows.

Now we characterize Krull domains in terms of zinvertibility. In the
next theorem, the implications (1) = (2)=> --- =>(7) are almost trivial, and
the only seemingly nontrivial implication (7)=-(1) will follow from the
previous theorem.

THEOREM 3.6. The following are equivalent for a domain R.

(1) R is a Krull domain.

(2) Every t-ideal is t-invertible.

(3) Every nonzero ideal is t-invertible.

(4) Every nonzero prime ideal is t-invertible.
(5) Every prime t-ideal is t-invertible.

(6) Every minimal prime ideal of a nonzero principal ideal is t-inver-
tible.

(7) Every nonzero prime ideal contains a t-invertible prime ideal.

Proof. (1)=(2). By Theorem 3.2, R is a completely integrally closed
Mori domain. Hence (44 '), = R for every nonzero ideal 4 of R. There-
fore (44 '), = R since R is a Mori domain.

(2)=(3) = (4) = (5). This is clear.

(5)= (6). This follows from [12, Proposition 1.1].

(6)=-(7). Let P be a nonzero prime ideal of R. Let ae P\O. There exists



KRULL DOMAINS 291

a prime ideal P’< P minimal over (a). Hence P contains a t-invertible
prime ideal.
(7)=>(1). This follows from Theorem 3.5.

It is well known that every Krull domain satisfies Krull’s principal ideal
theorem and that every minimal prime ideal is ¢-invertible. In Theorem 3.6,
we proved the converse. Thus we isolate this result as Theorem 3.7, which
will enable us to prove many famous facts about Krull domains and
n-domains as well as several new results.

THEOREM 3.7. The following are equivalent for a domain R.

(1) R is a Krull domain.

(2) R satisfies Krull’s principal ideal theorem and every minimal prime
ideal is t-invertible.

(3) Every minimal prime ideal of a nonzero principal ideal is t-inver-
tible.

Proof. (1)=(2). This is well known.
(2)=(3). This is clear.
(3)=>(1). This follows from Theorem 3.6.

The next lemma for the single variable case is known [8, Theorem 2.2].
In this paper, we do not need the multi-variable case. However, for future
application, we prove it for the multi-variable case. We will use the
methods introduced in [14].

LeMMA 38. Let {X,} be a set of indeterminates over a domain R and let

N,={feR[{X,}11(4;),=R}. If R is a Krull domain, then R[{X }1, is
a principal ideal domain.

Proof. Suppose R is a Krull domain. By Theorem 3.2, R is a PVMD.
So every nonzero ideal J of R[{X,}]y, is of the form J=IR[{X,} ], for
some nonzero ideal I of R by [14, Theorem 3.1]. Since R is completely
integrally closed by Theorem 3.2, (/I"'),=R. In a Mori domain, the
v-operation is the same as the r-operation. So (/7~'), = R, which implies
that I is t-invertible. Hence by [14, Corollary 2.5 and Theorem 2.14],
J=1IR[{X,}]1y, is principal and therefore R[{X,}], is a PID.

Now we characterize Krull domains in terms of r-products of prime
ideals.
THEOREM 3.9. The following are equivalent for a domain R.

(1) R is a Krull domain.
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(2) Every proper principal ideal is a t-product of (t-invertible) prime
ideals.

(3) Every proper t-ideal is a t-product of (t-invertible) prime ideals.

(4) Every proper t-invertible t-ideal is a t-product of (i-invertible)
prime ideals.

Proof. (1)=>(3). Let R be a Krull domain. By Lemma 3.8, R[X],, is a
PID. Let I be a proper t-ideal of R. Then IR[X]y, =@, --Q,, Where
0., . O, are principal prime ideals of R[X],, since IR[X],, is a proper
ideal of the PID R[X]n,. Since R is a PVMD, every ideal of R[X],, is
extended from R by [14, Theorem 3.1]. Let Q,= P,R[X]y,, where P, is
an ideal of R. Now IR[X]\,=0Q, - Q,=P R[ Xy, - P, R[X]p.=
(Py--- P X]no Hence by [14, Lemma 3.13], I=1,=(P,--- P,),.

(3)=(4)=(2). This is obvious.

(2)=>(1). Let P be a nonzero prime ideal of R. Choose ae P\{0}. By
assumption (a)=(P,---P,), for some prime ideals P,,.., P,. Then
P, ... P,< P implies that some P, < P. Now P, is t-invertible since it is a
t-factor of the t-invertible ideal (a). Thus every nonzero prime ideal of R
contains a f-invertible prime ideal. Hence by Theorem 3.5, R is a Krull
domain.

Remark. The implication (2)=>(1) in the previous Theorem 6.8 was
proved by several authors; for example, see [17], [18], and [22]. But our
proof is based on the new result Theorem 3.5.

A domain R is said to be r-locally UFD if R,, is a UFD for each
M e r-Max(R).

THEOREM 3.10. The following are equivalent for a domain R.

(1) R is a Krull domain.

(2) R is a t-locally UFD and every minimal prime ideal is a finite type
t-ideal.

Proof. (1)=(2). This is clear.

(2)=(1). Let a be a nonzero nonunit of R. Let P be a prime ideal
minimal over (a). Then by [12, Proposition 1.1], P is a t-ideal. Hence P is
contained in a maximal f-ideal M. Then P,, is a minimal prime of (a),, in
the UFD R,,. Hence P,, is a principal (prime) ideal. For a maximal #-ideal
M of R such that P € M, P,,= R,,. Hence in any case P,, is a principal
ideal for every maximal t-ideal M. Hence by [14, Corollary 2.7], P is
t-invertible since P is a finite type r-ideal. Then the conclusion follows from
Theorem 3.6(6).
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1V. n-DOMAINS

An integral domain R is defined to be a rn-domain if each proper
principal ideal is a finite product of prime ideals. In this section, we extend
the results in Section III to n-domains.

THEOREM 4.1. The following are equivalent for a domain R.

(1) R is a n-domain.
2) Every nonzero prime ideal contains an invertible prime ideal.
3

(
(3) Every proper t-ideal is a finite product of (invertible) prime ideals.
(4) Every proper invertible ideal is a finite product of prime ideals.

Proof. (1)={(2). Let P+0 be a prime ideal of R. Choose ae P\0. Since
R is a n-domain, (a)= P, --- P, where the P.s are prime ideals of R. Now
P,---P,= P, hence some P,< P. And it is clear that P, is invertible since it
is a factor of the invertible ideal (a).

(2)=(3). Suppose every nonzero prime ideal contains an invertible
prime ideal. Then by Theorem 3.6, R is a Krull domain, and hence if 7 is a
proper t-ideal of R, then I=(P, ---P,), for some r-invertible prime ideals
P,, .., P, by Theorem 3.9. By the given assumption, each P, contains some
invertible prime ideal P;. We may assume that (P,),# R for any i by
discarding the P;s with (P;),= R from I=(P,--- P,),, since I # R. Then by
Theorem 2.2(4), P,= P;. Thus P, is invertible for every i=1, .., n. Hence
the ideal P,---P, is invertible. Therefore I=(P,---P,),=P,--- P, and
every P, is invertible.

(3)=(4)=(1). This is clear.

THEOREM 4.2. The following are equivalent for a domain R.
(1} R is a n-domain.
(2) Every minimal prime of a nonzero principal ideal is invertible.

Proof. (1)=>(2). Let P be minimal over (a)#0. Then by [12,
Proposition 1.1], P is a z-ideal. Hence by Theorem 4.1(3), P is invertible.

(2)=(1). Let P be a nonzero prime ideal of R. Let ae P\0. Then there
exists a prime ideal P’ = P which is minimal over (a). This implication now
follows from Theorem 4.1.

We prove the n-domain version of Theorem 3.7.

COROLLARY 4.3. The following are equivalent for a domain R.

(1) R is a n-domain.
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(2) R satisfies Krull’s principal ideal theorem and the minimal prime
ideals are invertible.

Proof. (1)=>(2). Let R be a n-domain. Let P be a minimal prime ideal.
By Theorem 4.2, P is invertible. Hence by Theorem 3.7(3), R is a Krull
domain and therefore R satisfies Krull’s principal ideal theorem by
Theorem 3.7(2).

(2)=(1). Let P be a minimal prime ideal of a nonzero principal ideal.
By (2) P is invertible. Hence R is a 7-domain by Theorem 4.2.

THEOREM 4.4. The following are equivalent for a domain R.
(1) R is a n-domain.
(2) Every t-ideal is invertible.
(3) R is a Mori domain and every divisorial ideal is invertible.
(4) R is a Mori domain and every divisorial prime ideal is invertible.

(5) Every prime t-ideal is invertible.

Proof. (1)=>(2). This follows from Theorem 4.1(3).

(2) = (3). It suffices to show that R is a Mori domain. Let {/,},. , be an
ascending chain of integral t-ideals of R. Then I={J,. , I, is a t-ideal of R.
Since I is invertible, it is f.g. Hence the chain stops, and so R satisfies ACC
on t-ideals. Hence R satisfies ACC on v-ideals and therefore R is a Mori
domain.

The implications (3)=>(4) = (5) are clear.

(5)=(1). Let P be a prime ideal minimal over a nonzero principal ideal.
Then P is a t-ideal by [12, Proposition 1.1] and hence P is invertible.
Therefore R is a n-domain by Theorem 4.2.

V. MORE n-DOMAINS

A domain is a generalized GCD domain (G-GCD domain) if the inter-
section of any two invertible ideals is invertible.

For G-GCD domains, the reader is referred to [2]. A domain R is called
a pseudo-Dedekind domain (resp., pseudo-principal domain) if every
v-ideal of R is invertible (resp., principal). In [3], it is shown that R is a
pseudo-Dedekind domain <> (AB) '=A4"'B~! for all 4, Be #(R)< R
is completely integrally closed and the v-ideals of R are closed under
the wusual ideal product. A domain R is called a *-domain if
(M7= (@72 (b)) =), ;(a;b;) for all finite subsets {a,}, {b;} of R. We
will show that in the class of Mori domains, many subclasses of domains
are identical with the class of n-domains.
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THEOREM 5.1. The following statements are equivalent for a Mori
domain R.
(1) R is a *-domain.
(2) R is a pseudo-Dedekind domain.
(3} R is a G-GCD domain.
{4) R is a locally GCD domain.
(5) R is a locally UFD domain.
(6) R is a locally pseudo-Dedekind domain.
(7)
(8)
(9) R is a n-domain.

Proof. (1)=(2). Suppose that R is a *-domain and let A, B be
divisorial ideals of R. Since R is a Mori domain, 4 = I, and B=J, for some
f.g. ideals I, J of R. Now (4B) '=(I,J,) " '=(J)"'=I"'J"'since Ris a
x-domain. Thus (AB) '=1"'J " '=()""(J,) '=4"'B~". So R is a
pseudo-Dedekind domain by [3, Coroliary 2.5].

(2)=(3). This follows from the fact that the intersection of two
divisorial ideals is a divisorial ideal.

(3)= (4). This follows from [2, Corollary 1].

(4) = (5). Suppose that R is a locally GCD domain. Since R is a Mori
domain, R,, is a Mori domain for each maximai ideal M by
Theorem 2.1(5). Thus R,, is a Mori GCD domain and therefore R,, is a
UFD since any Mori domain satisfies the ascending chain condition on
principal 1deals.

The implications (5)= (6) = (7) are clear.

(7)=(8). Suppose that R is a locally pseudo-principal domain and let M
be a maximal ideal of R. Let I be a divisorial ideal. Since R is a Mori
domain, I, is a divisorial ideal of R,, by Theorem 2.1(4), and hence /,, is
principal by assumption. Therefore 7 is locally principal.

(8)=(9). Suppose that every divisorial ideal of R is locally principal. Let
I be a divisorial ideal of R. Then I is of finite type since R is a Mori
domain. So 7 is invertible by [ 1, Theorem 2.1], and hence every divisorial
ideal of R is invertible, which implies that R is a n-domain by Theorem 4.4.

The implication (9)=>(2) follows from the implication (1)=-(3) of
Theorem 4.4.

(2)=(1). This is clear.

In [4], it was proved that if R is a Noetherian domain satisfying
((a)n(b))"=(a)"n(b)" for all a and b of R and some n > | depending on
a and b, then R is a Krull domain. An appropriate change of the proof of
{4, Theorem 3.27] will give us the following theorem.

R is a locally pseudo-principal domain.

Every divisorial ideal is locally principal.
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An integral domain is called a finite conductor (FC) domain if the inter-
section of two principal ideals is finitely generated.

THEOREM 5.2. Let R be a FC Mori domain satisfying ((a)n(b))" =
(a)"n (b)" for all a, be R and some n> 1 depending on a and b; then R is a
Krull domain.

Proof. Let M be a maximal divisorial ideal of R. It is easy to see that
R, is a FC Mori domain satisfying ((a)n (b)) =(a)"n(b)" for all
a,be R,, and some n> 1 depending on a and b. If we show that R,, is a
PID, then it will follow that R= (), p, (&) Ras is @ Krull domain since the
intersection is locally finite by Theorem 2.1(3). Thus we assume that
(R, M) is a quasi-local domain whose maximal ideal M is a divisorial ideal.
By Theorem 2.1(2), M= (a:b) for some a,be R Since M#R, b#0.
So (a:b)=b"'((a)n(b)). There exists n>1 such that ((a)n (b)) =
(a)" n ()", and then (a:b)" =(a":b") by the previous observation.
Since R is a FC domain, M = (a:b) is f.g. So by Nakayama’s Lemma,
M" o M""'. Choose re M"~'\M" so that reM"~'<(a"~':b""") but
ré(a”:b")=M" Then rb" ' =sa"""' for some se R, so rb" =sa” " 'b. But
ré(a”: b"), so sa” 'b¢(a”) and hence sb ¢ (a). Thus s¢é (a: b)= M, so that
s is a unit.t Hence M" 'c(a)" ':(B)" '=(s"'rb" " H:(b)" " '=
(rb" ="y : (" ')=(r). Thus M" '<(r) and hence M" '=(r) since
re M"~!. Now M is invertible, so M is principal since R is quasi-local.
Moreover M*# M**' for any k>1 since M is invertible. By
Theorem 2.1(1), N, M* =0. Hence we conclude that R is a PID.

COROLLARY 5.3. For a FC Mori domain R, the following are equivalent.

(1) R is a Dedekind domain.

(2) (AN B)"=A"n B" for all ideals A and B of R and all n> 1.

(3) (AN B)'=A"nB" for all ideals A and B of R and some n> 1.
Proof. 1t is clear that (1)=(2) and (2)=(3).
(3)=(1). By Theorem 5.2, R is a Krull domain. So R is integrally closed.

By [10], R is a Priifer domain. Hence R is a Dedekind doamin since it is a
Mori Priifer domain.

COROLLARY 54. The following are equivalent.
(1) R is a n-domain.
(2) R is a FC Mori domain such that ((a) (b))((c)n (d))=(ac)n
(ad) N (bc) n (bd) for all a, b, ¢, d of R.

Proof. (1)=(2). Every n-domain is a FC Mori domain by (1)=(3) of
Theorem 4.4. The conclusion now follows from (9)= (1) of Theorem 5.1.
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(2)=>(1). By [4, Theorem 3.8] it suffices to show that R is a Krull
domain. Since R is a Mori domain, it suffices to prove that R,, is a DVR
for each maximal divisorial ideal M of R since the representation
R=\srep,r) Ras 18 locally finite by Theorem 2.1(3). If R satisfies the con-
ditions in (2), then so does R,,. So we may assume that (R, M) is a quasi-
local domain whose maximal ideal M is divisorial. Now M = (b:a) for
some 4, b€ R by Theorem 2.1(2). As in the proof [4, Corollary 3.9], we can
show that M?= (b*:a%). Then by the proof of Theorem 5.2, R is a Krull
domain.

VI. A COUNTEREXAMPLE

In Sections III and IV, we showed that a domain R is a UFD (resp,,
n-domain, Krull domain) if (and only if) R satisfies Krull’s principal ideal
theorem and every minimal prime of a proper principal ideal is principal
(resp., invertible, t-invertible). In this section we will show that the above
result does not hold without the condition that R satisfies Krull’s principal
ideal theorem. Thus let us consider the following statement: If every
minimal prime of a proper principal ideal of a domain R is principal (resp.,
inverible, t-invertible), then R is a UFD (resp., n-domain, Krull domain).
Since there exists a non-Krull domain which does not have a minimal
prime ideal (for example, see Exercise 8 on p. 221 in [9]), we will consider
the nontrivial case when R has a minimal prime ideal and every minimal
prime ideal of R is principal, invertible, or z-invertible.

THEOREM 6.1. Let (V, M) be a valuation domain which does not have a
minimal prime ideal (for example, see Exercise 8 on p.221 in [9]). Let
R=V[X]; where T=V[XI\(M[X]U(X)). Then

(1) R is a Bézout domain.

(2) R is not a Krull domain.

(3) R has a minimal prime ideal and every minimal prime ideal of R is
principal.

Proof. Let M, =M[X],and M,=(X),. Clearly Max(R)={M,, M,}.
So R=R,, 0 Ry, =V(X)n R[X]x). Here V(X) = V[X]rxy- Obviously,
R[X] xy=K[X]grx\(x) 18 a valuation domain. By [5, Lemma2 and
Theorem 4], V(X) is a valuation domain. Hence by [16, Theorem 1077, R
is a Bézout domain.

(2) To show that R is not a Krull domain, we claim that R is not a
Mori domain. For otherwise, R is a UFD since it is a GCD domain with
ACC on principal ideals. Now V(X)=R,,, is a UFD. Hence V(X) is a
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UFD valuation domain, i.e., a DVR. So V is a DVR, which contradicts
that ¥ does not have a minimal prime ideal.

(3) Since xR, is a minimal prime ideal of R,,=V[X] ), XR is a
minimal prime ideal of R, whence the first conclusion follows. Let P, = P,
be a minimal prime ideal of R where P is a minimal prime ideal of V[ XT].
Now P M[X] or PS(X). Suppose P M[X]. Then P=P,[X] for
some prime ideal P, of V' by [14, Corollary 3.16]. Since P is a minimal
prime ideal of R, P, is a minimal prime ideal of V. This contradicts that V/
does not have a minimal prime ideal. So P < (X). Since (X) is a minimal
prime idel of V[ X7], P=(X). Hence P, = P is principal.

Remark. An example which is similar to the one above was used in
[15] to construct a counterexample to Sheldon’s conjecture. There we used
the multi-variable case while we use a single variable in this paper.
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