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1. INTRODUCTION 

In [S] Menegazzo proves the following beautiful theorem: 

If n is a projectivity’ from a finite group G to a group G,, Ha G and 

(i) G has odd order, 

(ii) H” is core-free in G,, 

then H is abelian. 

Hypothesis (ii) here is purely for notational convenience. For, denoting 
the preimage (under rc) of the core of H” in G, by N, then Na G (see 
Lemma 1.1). Thus n induces a projectivity from G/N to G, /N” and 
Menegazzo’s theorem says that H/N is abelian provided G/N has odd 
order. On the other hand Menegazzo left open the question of whether 
hypothesis (i) is necessary. The purpose of this paper is to answer this 
question. 

THEOREM A. There are finite 2-groups G, G I, a normal subgroup H of G 

and a projectivity n: G --t G, such that H” is core-free in G, and H is not 
abelian. 

’ That is, an isomorphism from the subgroup lattice of G to that of G,. 
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In the light of Menegazzo’s theorem it is natural to ask if, in these 
situations, there is some bound (necessarily exceeding 1, by Theorem A) on 
the derived length of H. In fact this is the case and the derived length of H 
is always at most 3. This was proved by the first author [3] after the dis- 
covery of the counterexample of Theorem A. On the other hand we know 
of no example in which the derived length of H exceeds 2. Using recent 
work by Rips and Zacher [lo], however, it is possible to show that the 
derived length of H is at most 3 even when G is infinite and this is the main 
theorem of [3]. 

The groups G and G, , which we construct in order to prove Theorem A, 
have order 213 and the normal subgroup H has order 27. Not surprisingly 
for groups of this order, it has not been easy to establish the existence of a 
projectivity rc from G to G,. Therefore it is natural to ask if there are 
smaller and less complicated examples, which would simplify the problem 
of finding rt and proving that it is a projectivity. In fact we have been able 
to prove that there are no smaller examples. Theorems B and C are concer- 
ned with this fact. 

Before stating Theorems B and C, we introduce some notation and recall 
a result about preimages (under projectivities) of cores. If H is a subgroup 
of a group G, write H, for the core of H in G. If rc is a projectivity from G 
to some group G,, denote the subgroup ((Hn)G,)nm’ by Hz%,. The following 
Lemma was proved by Schmidt for finite groups [7] and generalised to 
infinite groups by Busetto [Z]. 

LEMMA 1.1. If HUG, then H,.,uG. 

We can now state 

THEOREM B. Suppose that G and G, are groups, II: G -+ G, is a projec- 
tivity and Hq G with H/H,+ nonabelian. Then there is a subgroup X of G 
containing H such that X/H is cyclic and 

(i) X/H,, , is a finite 2-group of order > 2 I’, 

(ii) H/H,,, is nonabelian of order >27. 

Thus n induces a projectivity X/H,,, --f Y/( H”)F and the nonabelian 
normal subgroup H/H,+, has core-free image. 

The proof of this theorem quickly reduces to a consideration of finite 2- 
groups and will then follow from 

THEOREM C. Suppose that X and X, are finite 2-groups, n: X -+ X, is a 
projectivity, Ha A’ and X/H is cyclic. If H” is core-free in X, and H is non- 
abelian, then (i) (XI > 213, and (ii) IHI 2 27. 
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To give a detailed proof of Theorem C would double the length of our 
paper. Therefore we content ourselves with a very brief summary of the 
main steps of the argument. (Details can be found in [4].) For any p- 
group G and any integer r > 0, we define as usual 

fir(G)= (g(gEG,gP’=l) and U,(G)= (gP’IgEG). 

Then the method of proof of Theorem C is as follows. One shows that 
SZ,(H) is an indecomposable X-module. Also there is an element h in H 
such that 52, (h ) 4 X and there is a subgroup Q of H such that 

H= Q(h)> Qn(h)=l. 

Consider a minimal counterexample to the theorem. When H has exponent 
22’, Q becomes a normal subgroup of H. Thus H is residually cyclic, i.e., 
abelian, contradicting the hypothesis. When H has exponent <2’, one 
obtains precise information about X and X, , e.g., Q <a,(X) and (H’j = 2. 
Also n,(X) normalises (h) and s2,(X,) normalises (h)“. However, while 
the kernel of the R,(X)-action on (h) is X-invariant, the kernel of the 
!Z2,(X,)-action on (h)” is not X,-invariant. This leads to the existence of a 
modular subgroup of X, whose preimage under z is not modular, which is 
clearly impossible. (A modular group is one whose subgroup lattice is 
modular.) 

Deduction of Theorem B from Theorem C. Let G, G, , n and H satisfy 
the hypotheses of Theorem B. By [ 5, Lemma 11, 

where S = {x E GI 1 (x)/((x) n H)( is a prime power or infinite}. However, 
by [lo, Corollario 11, if (x) is infinite and (x)n H= 1, then (x)” nor- 
malises H”. Thus since H/H,,, is nonabelian and 

H n.<wr>- (H, -x>> (1) 

by Lemma 1.1, there is an element x in G such that / (x)/((x) n H)I is a 
prime power and H/H,,CH,,j is nonabelian. Let X= (H, x). Then we see 
from (1) that rc induces a projectivity 

‘YIH,,, -+ X=/( H”),. 

We will show that X/H,, is a finite 2-group of order at least 213 and 
HIH,, has order 32’. (Then Xx/(Hn)x” will have the same order as 
-VIHz,m by [9, Chap. 1, Theorem 121.) 
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Factoring by H,,, and (H”), in X and X”, respectively, we may assume 
that H,,x= 1 and (H”)p = 1. Now X/H is cyclic of prime power order p” 
say, and clearly 12 2 1. Therefore IX” : H”( is linite by [ 10, Theorem A]. 
Since H” is core-free in X”, it follows that X” and hence X are finite. If 
n = 1, then H is a maximal subgroup of X and hence H” is a maximal sub- 
group of X”. As the image of a normal subgroup of X, H” is a Dedekind 
subgroup of X”. (Dedekind subgroups are defined, for example, in [7] 
where they are called modular.) It follows from [6, Lemma 11 that X” is 
nonabelian of order qr, where q and r are primes. This implies that H” and 
hence H have prime order, contradicting the fact that H is not abelian. 

Therefore n3 2 and the lattice of subgroups between H” and X” is a 
chain of length 32. Then, by [6, Satz 11, 

x” is a q-group, 

for some prime q. Since X” is not abelian, X is also a q-group and so q =p. 
Thus X and Y are finite p-groups of the same order. By Menegazzo’s 
theorem [S] we see that p = 2. Since X/H is cyclic Theorem C shows that 
1x12 213 and (HI 2 2’, as required. 1 

Sections 2-5 are devoted to the proof of Theorem A and with a brief 
summary of this proof we conclude our Introduction. Theorem B tells us 
that there is an example proving Theorem A with G = H(a), a finite 2- 
group. Also it is not difficult to show that Hn (a) = 1 and that H cannot 
be a generalised quaternion group. Therefore we choose H such that O,(H) 
has rank 2 and then it is possible to show that H must be metacyclic and 
modular. Theorem B also tells us that IHJ 3 2’ and results obtained in 
proving Theorem C suggested that we take for H the group of order 2’ 
presented by (2) in Section 2, and the element a of order 26. We define an 
action of a on H with G = H(u), again using our experience from 
Theorem C. To find a second group G, and a projectivity rc: G -+ G, such 
that H, = H” is core-free in G,, we were able to show that H, cannot be 
abelian or isomorphic to H. Therefore we define H, = (A,, q, (hi6 = qf = 1, 
h41= h:) and form a product G, = H, (a, ), where la, / = 26 and H, is core- 
free in G,, again consistent with information obtained when proving 
Theorem C. Every projectivity between finite groups of the same order is 
induced by an element map. In Section 2 we define a bijection 0: G -+ G, 
and in Section 3 we show that the image of cr restricted to each subgroup of 
E = (H, u2) is a subgroup of E, = (H,, u:). However, while Section 4 
establishes the analogous result for all subgroups of G other than the cyclic 
ones outside E, it is easier for us to abandon element maps in order to han- 
dle these latter subgroups, where n is defined directly. The short Section 5 
shows that rc is surjective and a projectivity. 
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Baer’s work [l] on projectivities from abelian groups is the starting 
point for our construction of rc. The only other result on projectivities that 
we have been able to use is the following, due to Schmidt [7, Lemma 2.51. 

LEMMA 1.2. Let G be a group, Z and H subgroups of G with Z d H, and 
suppose that for every subgroup U of G either U < H or Z d U. Let Z and i;i 
be subgroups of the group G with the same properties. If 7 is a projectivity 
from H to I?? and o is an isomorphism from the lattice of subgroups of G con- 
taining Z to the lattice of subgroups of G containing Z such that U” = V for 
all subgroups between Z and H, then the map p defined by UP = u’ for 
U < H and Up = U” for U 4 H is a projectivity from G to G. 

2. THE GROUPS AND THE PROJECTIVITY OF THEOREM A 

2.1. Construction of the Groups 

We will construct a group G with a normal nonabelian subgroup H, a 
second group G, and a projectivity 

such that H” is core-free in G, . The groups G and G, will be finite of order 
213, H will be metacyclic of order 27 and G/H will be cyclic. 

Thus let 

H=(h,q(h”‘=q8=1,hY=hP), (2) 

a split extension of a cyclic group (h) of order 16 by a cyclic group (q) of 
order 8. Then 

H’= (h8) 

has order 2. Also H has an automorphism c( of order 8 defined by 

h” = h lq4, 9% = h2q-‘. 

Therefore there is a split extension G of H by a cyclic group (a) of order 
64, presented as follows: 

G=(a,h,q(a64=h’6=qR=1, hY=h9, h”=h-‘q4, qazh2q-I). (31 
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This group G has order 2 . ,3 The subgroup (a2, h, q) (of order 212) has 
class 2 and hence all relations in this subgroup are easy consequences of 

Ch, 41= h8, (4) 

[a*, 41= h4, (5) 
[a2, h] = hp. (6) 

The construction of G, proceeds as follows. Let elements h, and A, 
generate cyclic groups of order 16 and form their direct product 

x,=(h)x(h,). 

The relation (6) shows that 

x= (a”,h)= (u”)x (h)EX,. (7) 

The subgroup (b, ) will be the image under 7~ of (a”); and (h, ) will be 
the image of (h) and X, the image of A’. 

The group X, has an automorphism p of order 4 defined by 

/,l’=b-3/$ I 1, hT= h;. 

Thus there exists a split extension Y, of X, by a cyclic group (q, ) of order 
8, presented by 

Y,= (h,, h,, q,(h;6=h;6=qf= 1, hf’=h,, hf’=l~,~h;, hf’=h;). (8) 

This group Y, has order 2,,. The subgroup (q,) will be the image of (q) 
under rr. 

We make one final extension of Y, by a cyclic group of order 4. First, we 
define a map y on the generators of Y,. Let 

hi = b,, hi =b,-,h;q;, q; = h;*q,,. (9) 

From the presentation of Y, and elementary commutator identities we see 
that Y, = (hf, h:) and Y, has class 2. Then it is easy to check that y 
preserves the relations of Y, and extends to an automorphism; moreover 

Y4 is conjugation by b,. (10) 

By the cyclic extension theorem (see, e.g., [S, p. 2501) there is a group 
G,= Y,(a,), where Y,aG,, G,/Y, is cyclic of order 4 and a’:=/~,. This 
group is presented as follows: 

G,=(u,,h,,q,)t~:~=h,‘~=q:=l, hf:=h,, a;‘Y’=u;‘*hf, 

h4’ = h;, hy = a, 4h;q;l, 4’;’ = hc2qr,). (11) 
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(Here we have used (8), (9), and (lo).) The order of G, is 2r3, i.e., the same 
as the order of G. The cyclic subgroup (a, > will be the image of (a) 
under rc. We note that 

a8 and h8 lie in the center of G (12) 

and ~1” lies in the centre of G,. 
Let 

Here (h, ) has order 16 and ( q1 ) has order 8. This subgroup H, will be 
the image of H(aG) under n and it is easy to see that 

H, is core-free in G, . 

For, 

Q,(H,) = <hf, 4:) = W, 

say, and Wn W”’ n W”f = 1. 

2.2. Dejinition of TC 

First we define an element map 

a: G+G,. 

Every element of G can be written uniquely in the form 

akhjq’, 

(13) 

(14) 

where 

O<k<63, O< j< 15, O<i<7. 

Similarly every element of G, can be written in the form 

44 q’, , (15) 

where k, j, i are integers uniquely determined modulo 64, 16, 8, respec- 
tively. Writing the elements of G in the form (14), the map (13) is detined 
by 

(akhjqi)” = alJ’hfqi’ 1 1, (16) 
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k’=k(l +4i), 

j’ =j( 1 + 4i), 

i’ = i+2 if i is odd, 
i+4jk if i is even. 

(17) 

(18) 

(19) 

It is routine to check that c is a bijection. 

Remark 1. Replacing k, j, i by congruent integers module 64, 16, 8, 
respectively, does not change the element (14). Also the right-hand sides of 
(18) and ( 19) will be unchanged modulo 16, 8, respectively, and therefore 
they can be used as the exponents of h, and q1 in (16). However, the right- 
hand side of (17) will be invariant only modulo 32 and so it can be used as 
the exponent of a, in ( 16) only when k is even. 

Remark 2. The term 4jk in the definition of i’ should be viewed as a 
small adjustment to what will shortly emerge as a natural map to consider 
in order to attempt to construct 7~. 

We are now ready to define 71. It is easy to see that the elements (14) 
with k even form a subgroup E of index 2 in G. Similarly the elements (15) 
with k even form a subgroup E, of index 2 in G,. 

Every cyclic subgroup (ak’hTq”), with k’ odd, is generated by an 
element of the form ah/q’. If K is a subgroup of E or a noncyclic subgroup 
of G, define 

K” = K”. 

Otherwise K = (ah/q’) and we define K” = ((ahjq’)“). 
(20) 

(We have not checked to see if we can define K” = K” for all K, because 
such a calculation would be too tedious.) 

3. CONSIDERATION OF nj, 

3.1. Cyclic Subgroups 

Let B= (a8, h*, q), B, = (a;, h:, ql) (d Y,). It is clear from (17), (18), 
and (19) that c restricts to a bijection from B to B,. The subgroup B is 
abelian and homogeneous of exponent 8 with basis {a*, h2, q}. The sub- 
group B, is the split extension of (a;, hf ) = (a;) x (h:) (homogeneous of 
exponent 8) by (q, ) g C,, where q, conjugates the elements of (a;, hf ) to 
their 5th powers, as we easily see from (11). In particular B1 is a modular 
group and it is a well-known fact that B and B, have isomorphic subgroup 
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lattices. In [l] Baer shows how to construct a bijection from B to B, 
inducing a projectivity. It is not difficult to check that our map g is Baer’s 
map. However, while c has its origins in the work of Baer, it is not 
necessary to check our claim here, because we will prove that 01 E induces a 
projectivity from E to E,, and therefore (by restriction) a projectivity from 
B to B,. 

We show first that 

CJ maps cyclic subgroups of E to cyclic subgroups of E,. (21) 

Therefore we need formulas for powers of elements of E and E,. As we 
have already pointed out (before (4)) E has class 2. Then for any elements 
u, u of E, (uu)“=u~u”[u, u] n(n ““. So it is easy to check that 

(a2khjqi)l = a2kthilqil, (22) 

where 

k, = kl mod 32, 

j, = {j+2[i(2j-k)+2jk](l- 1)) /mod 16, (23) 

i, = ilmod 8. 

The corresponding formula for powers of the element xl = u2kh’ q’ I I I, 

which is only a little harder to obtain, is given by 

where 

Xm = a’kohJo 1” I I I41 

2k,=2km[l +2i(m- l)] 
if k is odd, 
if k is even, 

j,=m(j-2[i(k+j)+2jk](m- 1)) mod 16, 

i, = im mod 8. 

(24) 

Let x = u2kh’q’. Then (21) will follow from 

(x)” = (x0). (25) 

The proof of (25) is direct when k is even. When k is odd, it is easier to 
show first that 

(x>“< (xa)<a~2>. (26) 

However, in this case the exponent of a, in x” has the form 2k’, where k’ is 
odd (by (17)). Then using the fact that a T’ lies in the centre of G,, it is easy 
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to see from (24) that uf’= (x”)‘~E (x0). Thus (26) will imply 
(x)“< (xv). Since x and x” both have order 32, (25) will then follow. 

Let I be an integer. To prove (25) we show that there is an integer m 
such that 

(x’)O = (xO)~ (modulo (a:‘) if k is odd). 

By (22), x’ = a2k’h”q’l where k,, jl, 
(after (19)), the form (‘15) for (x’)~ has 

i, satisfy (23). Recalling Remark 1 

u, exponent = 2k, ( 1 + 4i, ), (27) 

h, exponent =j, (1 + 4i, ) (28) 

and 

q, exponent = 
i, +2 if i, is odd, 

iI if i, is even, (29) 

(from (17) (18), and (19)). Now write x” = a~‘%j*q~. Then by (24) the form 
(15) for (.x~)~ (for any integer m) has 

mod 32 
a, exponent = 2kzm[ 1 + 2i,(m - l)] 

mod 64 
(30) 

3 

h, exponent = m{j, - 2[i2(k2 +j,) + 2jj,kz](m - I)}, (31) 

and 

q, exponent = izm. 

By (17) (18), (19) we have 

k, = k( 1 + 4i), 

j, =.j( 1 + 4i), 

(32) 

i, = 
i 

i+2 if i is odd, 
i if i is even. 

Then it is easy to check that the three equations obtained by equating (27) 
(28), (29), respectively, with (30) (3 l), (32) have the following solution 
form:- 

when i and I are odd, m=31-2+2(1- l)(i+ 1); 

when i is odd and 1 is even, m=51+21(1+i); 

when i is even, m=l+2il(l- 1). 

This establishes (25) and hence (21). 
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3.2. Arbitrary Subgroups 

We show now that D maps every subgroup of E to a subgroup of E, . The 
following two resuls will achieve this. Write N= (a’, h). 

LEMMA 3.2.1. If U is a subgroup of N and V is a subgroup of E, then 
(UV)“= U”V”. 

Proof Let UE U, o E V. Then u = a2khj (by (6)) and v = a2k’hjlq’l. Again 
using (6) we have 

uv = a2k + 2k1111+ 8jkl +jlqu 

and hence 

where m = i, + 2 if i, is odd and m = i, if i, is even. From (11) 

h”: = a3+‘,9, 
I I I (33) 

The fact that (a:, h, ) has class 2 then gives 

Ch, (Jt8jklHl +4r1), afkl(l +41d _ ] - (aT2hl:)‘k’ 

and so 

(uu)” = (a :k(I +4i!)h{(l +4~9(~ ;h(l +4~1)+32/kth(~l~ +4i1)~y). 

Thus ifj, k, are not both odd, then (uu)“= (u’+~‘)~ uo. On the other hand 
if k, is odd, then v16 = a32 by (22) and (23). If also j is odd, then af2Jkl = a:“. 
Moreover for any element of G, 

(a”g)‘= af2g” (34) 

(by definition of a). Hence in this case (uD)~= (u’ c4i)rr(u’7)n. Therefore we 
obtain (UP’)” = U” V”. 1 

Now let N, = (a:, h, ). Then we have 

LEMMA 3.2.2. CT induces a projectivity from N to N,. 

Proof From the definition of CJ, it is clear that CJ restricts to a bijection 
from N to N,. We apply Lemma 1.2 to N and N, (with (a32), X= (a4, h) 
for 2, H, respectively, and <a:‘), X, = (a:, h,) for 2, R, respectively). By 
(7), X%X, and CT: a4”hjwa:kh{ defines an isomorphism X --+ X, Thus, in 
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particular, 0 induces a projectivity from X to X,. Similarly 
N/(a”‘)rN,/(a~‘) (by (6) and (33)) and 

c (a”) a2khjti (a:*) afkhj 

defines such an isomorphism (by (34)). Suppose that U,< N and U 4 X. 
Then (22) and (23) show that (a3’) 6 U; and similarly if U, <N, and 
U, $ X,, then from (24), (a:2) d U,. Thus Lemma 1.2 shows that g 
induces a projectivity N + N,. 1 

Now let K be a subgroup of E. By (4) and (5), Na E and E= N(q). So 
K= UV where U= Kn N and V is cyclic. By Lemma 3.2.1 K” = U”V”, and 
by Lemma 3.2.2 U” is a subgroup of E, . Also V” is a subgroup of E,, by 
(21). Again by (21), (K”) ’ = K”. Therefore 

u”Vo=K”=(K”) -‘z(V”)-‘(uu) ‘= V”u” 

and it follows that K” is a subgroup of E,. We have now shown that 

0 and hence rr, by (20), map each subgroup of E to a subgroup of E,. 

4. CONSIDERATION OF 71 APPLIED TO SUBGROUPS OUTSIDE E 

Let x = akhjqi where k is odd. Then x 4 E, but IG : El = 2 and so x2 E E. 
From Section 3 we know that (x*)O is a subgroup of G,. We will prove 
next that 

(x*)O = ( (xC)2). (35) 

For this purpose it suffices to show that 

(i) 1x1= lxdl and 

(ii) (x0)* E (x2)0. 

To prove (i) we find from the presentation (3) that 

(36) 

and hence 1x1 = [a( =64, since k is odd. Also x0 has a,-exponent (in (16)) 
odd. Therefore consider an element of G, of the form x, = a; hfq;, where y 
is odd. From the presentation (11) of G, we obtain 

Xl 16=46yi328 

and therefore lx,1 = la, 1 = 64. This establishes (i). 
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To prove (ii) we can work modulo (u;~), since af6E (x’)~, by (36). It is 
necessary therefore to find an integer solution for 1 of the congruence 

When i is odd we find that A= -1 - 2k(j + 1) is a solution; and when i is 
even, A = 1 - 2kj is a solution. Thus (ii) and hence (35) follow. 

Suppose that K is a noncyclic subgroup of G with K & E. We will show 
that 

K” is a subgroup of G, . (37) 

Clearly K contains an element of the form x = akhiq’, where k is odd. We 
claim that 

F=(h8,a8)<K. (38) 

For, since G/H is cyclic and K is noncyclic, Kn H # 1. Thus if hx g K, then 
Kn H contains an element of the form h8jlq4 in Q,(H). But then K contains 

[hs’lq4, x] = [h8’lq4, akhlq’] = [h*jlq4, &] = ~~4, &] = h8, 

giving a contradiction. Therefore h8 E K. Also K contains x8 = axkhsi, and so 
as E K. Then (38) follows. 

Now let F, = (a:, h; ). So F, = F”. Also, for all x E G, 

(Fx)” = F, x0. (39) 

For, let f E F. Then (fx)” = f Ox0 mod( u:‘) and so (fx)” E F, x”. Thus, by 
order considerations, (39) follows. By (12), F lies in the centre of G, and 
from the presentation of G,, we see that F, 4 G,. Recall that K is a non- 
cyclic subgroup of G and that K 4 E. In order to prove (37) we distinguish 
three cases. 

Case 1. K/F is cyclic. Then K = (F, x), where x = akhjqi and k is odd. 
It suffices to show that 

(Fx 2r+ ‘)” = F,(x2’)0 x0, (40) 

for any integer r. For, recalling (35) (x*)O = ((x0)‘). Also any generator 
of (x) can be written as x 2r+ ‘. Hence if (40) holds, then 

(x 2r+1)aF,(~2’)“~b~F,(~0). 

Thus 

(x)“c F,(x”). (41) 
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Therefore 

K”=(F(x))“~F,(x”) 

by (39) and (41). But by (35) and (39) 

(F(x*))“=F,((x”)*). 

Since F(x2) has index 2 in F(x) and F, ( (x6)*) has index 2 in F, (x~), 
order considerations show that 

Ku= (F(x))“= F,(x”). 

Thus K” is a subgroup of G, 
To prove (40), we find 

x2 z a2kh2krq4i mod F. 

Since the factors on the right-hand side of this congruence commute (as is 
easily seen from the presentation (3) of G), it follows that 

,y*r 5 a*krh*klrq‘Qr mod F. 

Then (again by (3)) 

x -a 2rt I = 2kr+k,y 2kir+/ 
4 

4/r+! mod F, 

Therefore 

(x 2r-+‘)o= I 
ak(2r t I )( I +4,),$- Zkir+/)( I +41) q;’ mod F,, 

where i, = 4jr + i + 2 if i is odd and i, = 4jr + i + 4j if i is even. It follows 
that 

(x 2r+l)rrEa:kr+k(l+4i)/,l 2kir+/(l+4i)qfl modFl 

= 2kr 2krr 4jr k(l+4r)h/(l+41) ,l-4irmodF 
aI h, ql aI I 41 1 

E (xrr), xIT mod F, 

We have now proved (40) and hence Case 1 is complete. 

Case 2. Kn H Q (h*, q2). Let v = aklhJ1qil, w = h2i2q2iZ be elements of G. 
Since h: and ql commute modulo F,, we see that 

(uw)~ = vbwu mod F, (42) 

Now K/(Kn H) z KHIH and therefore K/(Kn H) is cyclic and 

K= V(Kn H), 
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where V is cyclic. Thus from (42) it follows that 

K” s V”( K n H)” mod F, ; 

i.e., F, K” = F, V’(Kn H)” and so, by (39) 

Ku= (F, V’)(Kn H)“. (43) 

Applying case 1 to FV, we see that (FL’)” is a subgroup of G,. Also (39) 
shows that (FV)O = F, I/“; and from Section 3.2 we know that (Kn H)” is a 
subgroup of Cr. Now, by Section 3.1 and case 1, K” contains all powers, in 
particular the inverse, of each of its elements. Therefore from (43) 

Ku= (Ku)-’ = (Kn H)“(F, V”) 

and hence K” is a subgroup of G r . 

Case 3. Kn H 4 (h2, q’). We claim that 

(a4, h4, q4) d K. 

For, since K n H 4 (h*, q*), K contains an element 

u = hl’q’l 

(44) 

where at least one ofj, , i, is odd. Also, since K 4 E, K contains an element 

x = ah/q’. 

Then from (3) 
x2 s a2h2’q4’ mod F. (45) 

Suppose that i, is odd. Without loss of generality we may assume that 
i, = 1. Thus K contains [u, x2]; and modulo F 

[u, x2] E [h”q, a’] = [h”, a2][q, a’] 

= CY, a’1 (by (6)) 

E h4 (by (5)). 

Since F< K, it follows that h4 E K. Therefore 

Now suppose that i, is even. Then j, is odd and we may even assume 
that j, = 1. Hence h4 = u4 E K. Also 

[u, x] = [hq”, ahjq’] = [h, ahJqi]Y”[qil, ahjq’]. 

481!97.2-3 
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Thus module F 

[u, x] E [h, a][q, a]” =hp2q4(h2qp2)‘1 (from (3)) 
,A-2+2i, 4-21, 

4 . 

Therefore h ~ 2q4 ~ 2il E K. Then K contains 

u2h ~ 2q4 ~ 2il = q4, 

It follows that, for all i,, (h4, q4) <K. Now K contains x4 and, by (45), 
x4 = a4h4j. Thus a4 E K and (44) follows. 

Let J= (a4, h4, q4). Then JaG. For, from (3) we see that (h4, q4)dG. 
Also, from (5) and (6), a4 is central in G modulo (h4, q4). Similarly 
J, = J”-aG,. For, from (8) it follows that 

and, module ?.J,( Y,), a; is central in G,. 
Let g E G. Then 

(Jg)” = J, go. (46) 

To see this, let y E J. Using (39) we obtain (yg)’ E g” mod J1. Therefore 

(Jg)“= i.) (ygY’~J~$ 
.Y E J 

and (46) follows. 
The groups G/J and G,/J, are isomorphic via the map induced by 

UHQl, h t+ h, , qt-* q1 and g induces this isomorphism. Therefore if 
g,, g2 E K then 

g; g; E J, K” = (JK)” (by (46)) 

=K” 

by (44). Thus K” is a subgroup of G,. 
We have finally proved (37), i.e., for every noncyclic subgroup K of G 

with K & E, K” is a subgroup of G,. 

5. SURJECTIVITY 0~ 7-c 

We now know that rc, defined by (20), maps each subgroup of G to a 
subgroup of G, of the same order. Let U and V be subgroups of G with 
U < V. Then 

un < V”. (47) 
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For, by (23) and (36), E has exponent 32 and G has exponent 64. Thus 
suppose that U is cyclic of order 64, generated by u = ahjq’. Then I/ is non- 
cyclic and so V” = Vu. But u” E V” and so (zP ) < V’, i.e., U” < 1/“. 

Now suppose that V is cyclic of order 64, generated by u = ahjq’. Then 
U<En (v2> and so 

U”= U”6 (v2)O= ((lq2) (by (35)), 

< (VU) = V”. 

Finally suppose that neither U nor I/ is cyclic of order 64. Then U” = 
U” < Vu = I/“. We have now proved (47). 

To prove that 7~ is a projectivity from G to G,, it is sufficient now to 
show that each subgroup of G, occurs in the image of rc. This we achieve 
via the following result. 

LEMMA 5.1. Let G, G, be finite 2-groups. Suppose that 71 is a map from 
the subgroup lattice of G into the subgroup lattice of G, such that U< V if 
and only if U” 6 V” and 

(i) \UI = (WI, all U<G, 

(ii) U” is cyclic whenever U is cyclic, 

(iii) G” = G, . 

Then n: is a projectivity from G to G, . 

ProoJ: Suppose that the lemma is false. Choose K, d G, with (K,) 
minimal subject to 

(a) K, has no preimage under rr and 

(b) there is a subgroup N< G with N” > K, and IN” : K, ( = 2. 

This choice is possible by (iii). Also N is not cyclic, by (i) and (ii). 
Therefore there exist maximal subgroups M, # M, of N. Let M = M, n M,. 
Then ) N : M( = 4 and so IN” : M”I = 4, by (i). Since Mq N and M” 4 N” 
and N/M, N”/M” are elementary of order 4, it follows that K, 3 M”. Let 
L, = M” n K, . Then L, < M” and L, 4 N” with N”/L, elementary of order 
8. Now JM” : L, I = 2 and therefore, by choice of K, , there is a subgroup 
L<G such that L”=L,. 

We claim that 

there is an element t E N such that t2 4 L. (48) 

For, if not, U,(N) < L and then Ld N. Since 1 N : L\ = 8, N/L is then 
elementary of order 8. Thus K, would have a preimage under rr. Then (48) 
follows. 
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Let T = <L, t ). If T= N, then N = (M, t > and N/M is cyclic, which is 
not the case. Therefore T< N and IT: LI =4, by (48). Thus [P : L1( = 4, 
by (i). Now we see that 

there is a unique subgroup strictly between T and L. 

For, if there were two such subgroups, they would be normal in T and L 
would be their intersection, showing that T/L is elementary of order 4. But 
TfL is cyclic by definition. 

Now F/L, < N”/L, and so F/L, is elementary of order 4. Therefore 
there are three subgroups strictly between T” and L, (all of index 4 in N”) 
and there is only one subgroup strictly between T and L, contradicting our 
choice of K,. 1 

Returning to the conclusion of the proof of Theorem A, we see that all 
the hypotheses of Lemma 5.1 are satisfied by our groups G and G, and the 
map rc, defined in (3), (11) and (20). Therefore we have finally shown that 
rr: G + G, is a projectivity, Hu G, H is not abelian, and H” is core-free in 
G1 . This completes the proof of Theorem A. 1 

Remark. Lemma 5.1 does not hold for finite p-groups when p is odd. 
For, let G be the nonabelian group of order p3 and exponent p and let G, 
be the elementary abelian p-group of rank 3. It is not difficult to define a 
map rr’, from the lattice of subgroups of G to the lattice of subgroups of G, , 
which is not a projectivity but which satisfies the hypotheses of Lemma 5.1. 
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