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In this paper, we study nonhomogeneous wavelet systems which have close relations
to the fast wavelet transform and homogeneous wavelet systems. We introduce and
characterize a pair of frequency-based nonhomogeneous dual wavelet frames in the
distribution space; the proposed notion enables us to completely separate the perfect
reconstruction property of a wavelet system from its stability property in function
spaces. The results in this paper lead to a natural explanation for the oblique extension
principle, which has been widely used to construct dual wavelet frames from refinable
functions, without any a priori condition on the generating wavelet functions and refinable
functions. A nonhomogeneous wavelet system, which is not necessarily derived from

Distribution spaces

Homogeneous wavelet systems
Nonstationary dual wavelet frames
Oblique extension principle
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refinable functions via a multiresolution analysis, not only has a natural multiresolution-
like structure that is closely linked to the fast wavelet transform, but also plays a basic role
in understanding many aspects of wavelet theory. To illustrate the flexibility and generality
of the approach in this paper, we further extend our results to nonstationary wavelets
with real dilation factors and to nonstationary wavelet filter banks having the perfect
reconstruction property.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction and motivations

In wavelet analysis, we often use translation, dilation, and modulation of functions. For a function f : R — C, throughout
the paper we shall use the following notation

Froen@) =227 ™ fOx—k) and  fiki= fiko=IMY2f0- k), x A kneR, (11)

where i denotes the imaginary unit. In this paper we shall use d € R\{0} as a dilation factor. In applications, d is often taken
to be a positive integer greater than one, in particular, the simplest case d =2 is often used.

Classical wavelets are often defined and studied in the time/space domain with the generating wavelet functions belong-
ing to the square integrable function space L,(R). For d € R\{0} and for a subset ¥ of square integrable functions in L,(R),
linked to discretization of a continuous wavelet transform (see [2,9,29,30]), the following homogeneous wavelet system

WSW) :={Vyi.x: JEZ, k€ Z, y € ¥} (1.2)

is generated by the translation and dilation of the wavelet functions in ¥ and has been extensively studied in the function
space Ly (R) in the literature of wavelet analysis. To mention only a few references here, see [1-32]. In this paper, however,
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we shall see that it is more natural to study a nonhomogeneous wavelet system in the frequency domain. It is important
to point out here that the elements in a set S of this paper are not necessarily distinct and h € S in a summation means
that h visits every element (with multiplicity) in S once and only once. For example, for & = {1, ..., ¥}, all the functions
Y1, ..., ¥ are not necessarily distinct and ¥ € ¥ in (1.2) means ¥ =y, ..., ¥

Most known classical homogeneous wavelet systems WS(¥) in the literature are often derived from scalar refinable
functions ¢ or from refinable function vectors ¢ = (¢!, ..., ¢")T in Ly(R) [2,9,29,30]. Let us recall the definition of a scalar
refinable function here. A function or distribution ¢ on R is said to be refinable (or d-refinable) if there exists a sequence
a = {a(k)}rez of complex numbers, called the refinement mask or the low-pass filter for the scalar refinable function ¢, such
that

¢=1d Y _alg-—k) (13)

keZ

with the above series converging in a proper sense, e.g., in Ly (R). Wavelet functions in the generating set ¥ of a homoge-
neous wavelet system WS(¥) are often derived from the refinable function ¢ by

y=1d Y bV kg k), Yev, (14)

keZ

where b¥ = {b¥ (k)}xcz are sequences on Z, called wavelet masks or high-pass filters. For the infinite series in (1.3) and (1.4)
to make sense, one often imposes some decay condition on the refinable function ¢ and wavelet filters a, b¥ so that all the
infinite series in (1.3) and (1.4) are well defined in a proper sense. Nevertheless, even for the simplest case of a compactly
supported scalar refinable function (or distribution) ¢ with a finitely supported mask a, the associated refinable function ¢
with mask a does not always belong to L,(R). In fact, it is far from trivial to check whether ¢ € L,(R) in terms of its mask
a, see [20,21] and references therein for details. One of the motivations of this paper is to study wavelets and framelets
without such stringent conditions on either the generating wavelet functions ¢, y or their wavelet filters a, b¥ for ¥ € ¥.
For f € L1(R), the Fourier transform used in this paper is defined to be f’(é) = f]Rf(x)e*""E dx, £ e R, and can be
naturally extended to square integrable functions and tempered distributions. Under certain assumptions, taking Fourier
transform on both sides of (1.3) and (1.4), one can easily rewrite (1.3) and (1.4) in the frequency domain as follows:

$(de) =aE)p(E), ae.£eR, (15)

and

7 (dg) =bV (£)$(£), aeteR, yew, (16)

provided that all the 27w -periodic (Lebesgue) measurable functions a(§) = Zkeza(k)e‘”<€ and similarly bV are properly
defined. In the following, we shall see that it is often more convenient to work with (1.5) and (1.6) in the frequency domain
rather than (1.3) and (1.4) in the time/space domain. If there exist positive real numbers t and C such that the 2 -periodic
measurable function a satisfies |1 —a(&)| < C|€|* for almost every & € [, 7r] (this condition is automatically satisfied with
T =1if a is a 2 -periodic trigonometric polynomial with a(0) = 1), for a dilation factor d such that |d| > 1, then it is easy
to see (also cf. Section 3) that one can define a measurable function ¢ such that

o0

@& :=[]a(d¢), aegeRr. (1.7)

j=1

Regardless of whether ¢ in (1.7) is a square integrable function or not, ¢ is a well-defined measurable function obvi-
ously satisfying the frequency-based refinement equation (1.5) with ¢ being replaced by @. The function ¢ is called the
(frequency-based) standard refinable function with mask a and dilation d. All the wavelet functions 1/A/ in (1.6) with q‘; =@ are
also well-defined measurable functions provided that all bY are measurable. This motivates us to study refinable functions
and wavelets in the frequency domain using (1.5) and (1.6) so that we can avoid some technical issues such as the conver-
gence of the infinite series in (1.3) and (1.4) as well as membership in Ly (R) of the generating refinable function ¢ and the
generating wavelet functions ¢ € .

For wavelets derived from refinable functions or refinable function vectors, one of the most important key features of
wavelets and framelets is its associated fast wavelet transform, which is based on the following nonhomogeneous wavelet
system:

WS (P; W) = {pgry: kE€Z, p € PYU Ygip: i = J, k€L, ¥ €W}, (1.8)

where | is an integer, representing the coarsest decomposition (or scale) level of its fast wavelet transform. In fact, a one-
level fast wavelet transform is just a transform between two sets of wavelet coefficients of a given function represented
under two nonhomogeneous wavelet systems at two consecutive scale levels. Naturally, for a multi-level wavelet transform,
there is an underlying sequence of nonhomogeneous wavelet systems at all scale levels, instead of just one single wavelet
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system. For a given WS (®; ¥) at some scale Jo, we shall see in this paper that via the dilation operation it naturally pro-
duces a sequence of nonhomogeneous wavelet systems WS;(®; ¥) for all integers J with almost all properties preserved.
Consequently, it often suffices to study only one nonhomogeneous wavelet system instead of a sequence of them. This
desirable property of nonhomogeneous wavelet systems is not shared by homogeneous wavelet systems. Furthermore, as
J — —oo, the limit of the sequence {WS;(®; ¥)} ez will naturally lead to a homogeneous wavelet system WS(¥). Hence,
in certain sense, a homogeneous wavelet system could be regarded as the limit system of a sequence of nonhomogeneous
wavelet systems. See Section 3 for more details.

For a homogeneous wavelet system WS(¥) that is derived from a refinable function or a refinable function vector, due
to the absence of a refinable function ¢ in the system, the homogeneous wavelet system WS(¥) does not automatically
correspond to a fast wavelet transform without ambiguity. In fact, the wavelet functions in ¥ of WS(¥) could be derived
from many other (equivalent) refinable functions, which correspond to different fast wavelet transforms with different sets
of wavelet filters. More precisely, for a 277 -periodic measurable function 6 such that 6(§) # 0 for almost every & € R, define

H(€) :=0(£)P(&), then it is evident that ¢ is also refinable and satisfies

$(de) = [0(dE)aE)/0E)]pE) and (dE) = [BY €)/05)]p(E). ae.teR, yew.

Such a change of generators from a refinable function ¢ to another equivalent refinable function ¢ is in fact the key
idea in the oblique extension principle (OEP) in [3,11,12,23] (also see [13,14,19,24-27]) to construct compactly supported
homogeneous wavelet frames WS(¥) in L,(R) with high vanishing moments derived from refinable functions and refinable
function vectors. See [12,23] for a detailed discussion on a fast wavelet transform based on a homogeneous wavelet system
obtained via OEP from refinable function vectors. The effect of the change of generators on its fast wavelet transform is
addressed in [23]. As we shall see in Sections 3 and 4, nonhomogeneous wavelet systems are closely related to nonstationary
wavelets (see [4,7,26]) and are naturally employed in a pair of nonhomogeneous dual wavelet frames in a pair of dual
Sobolev spaces introduced in [27]. Due to these and other considerations, it seems more natural and more important for us
to study nonhomogeneous wavelet systems WS;(®; ¥) rather than the extensively studied homogeneous wavelet systems
WS(¥). This allows us to understand better many aspects of wavelet theory such as a wavelet filter bank induced by OEP
and its associated wavelets in the function setting without a priori condition on the generating wavelet functions.

Following the standard notation, we denote by 2(R) the linear space of all compactly supported C* (test) functions
with the usual topology, and 2’(R) denotes the linear space of all distributions, that is, 2’(R) is the dual space of Z(R).
By duality, the definition in (1.1) for translation, dilation and modulation can be easily generalized from functions to distri-
butions. Moreover, when f in (1.1) is a square integrable function or more generally a tempered distribution, for A # 0, we
have

s —ikn } T _ %
fukn=e""" i and  fie= fr0x (1.9)

In this paper, we shall use boldface letters to denote functions/distributions (e.g., f. g, @, ¥,a,b) or sets of functions/dis-
tributions (e.g., @, ¥) in the frequency domain.

Let @ and ¥ be two sets of distributions on R. For an integer | and d € R\{0}, we define a frequency-based nonhomoge-
neous wavelet system FWS j(®; ¥) to be

FWS) (9: %) := (@4 1.04: k€ Z. @ € BYU Yy jg4i J = J. k€L, ¥ € W). (110)

Similarly, a frequency-based homogeneous wavelet system is defined as follows:

FWS(W) :={¥yj.0r: JEZ, k€Z, ¥ €V} (111)

By (1.9), it is straightforward to see that under the Fourier transform, the images of WS;(®; ¥) and WS(¥) with @, ¥ C
Ly (R) are simply FWS;(®; ¥) and FWS(¥), respectively, where @ := ($: ¢ed}and ¥ = {1&: Y ewl

For 1 < p < oo, by L?C(R) we denote the linear space of all measurable functions f such that fK |fIP < oo for every
compact subset K of R, with the usual modification for p = oo saying that f is essentially bounded over K. Note that
L’{"(R) is just the set of all measurable functions that can be globally identified as distributions. So, L’{’C(R) is the most
natural space for us to study wavelets and framelets in the distribution space. For f € L,(R), it is evident that f elha(R) C
L’z"c(]R) - Lll"c (R) € Z2'(R). However, a distribution ¥ may not be a tempered distribution and therefore, Fourier transform
may not be applied so that ¥ = ¢ holds for some tempered distribution . Under the setting of tempered distributions on
which the Fourier transform can apply, although all the definitions and results of this paper in the frequency domain could
be equivalently translated into the time/space domain by the inverse Fourier transform on tempered distributions, to avoid
notational complexity and to avoid the a priori underlying assumption that f is a tempered distribution if the notion f‘ is
used, it seems very natural and convenient for us to work in the frequency domain in this paper.

For fe Z(R) and ¢ € Lll"C(R), we shall use the following paring

(£ 9) = f ()P Ede and (¥.0 = [£.9) = [ ¥(©&FE de. (112)
R

R
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When fe Z2(R) and ¥ € 2'(R), the duality pairings (f,¥) and (¥, f) are understood similarly as (f, ¢) := (¥, f) := m
Now we are ready to introduce the key notion in this paper. Let

1

—lo'.....0", w={y',... ¥} and d={p',....0"), W=y ,..¥} (113)

be subsets of 2'(R). Let J € Z and d € R\{0}, we say that the pair (FWS;(®; lIl),FWSJ(ii; ¥)), where FWS;(®;¥) is
defined in (1.10), forms a pair of frequency-based nonhomogeneous dual wavelet frames in the distribution space 2'(R) if the
following identity holds

sz (pd /Ok (pd 1.0k 8 "‘ZZZ ¢d }Ok Wﬁ—f;o,k’g>=27T<f,g> vi,ge I(R), (114)

t=1keZ j=J t=1keZ

where the infinite series in (1.14) converge in the following sense:

1. For every f, g € Z(R), the following series

~ 0
Z(f ‘pd 1;0, k)((pd J; Ok’g> and Z f Wd je 0k><¢d*j;0,k7 g> (1.15)
keZ keZ
converge absolutely for all integers j> J, £=1,...,r,and ¢'=1,...,s

2. For every f, g € 2(R), the following limit exists and

r J-1 5
im (zz<f,<of;f;o,k><¢ﬁ-];o,k, Y T vfﬁf;o,k,g>)=zn<f,g>. (116)

!
J'=4o\ i T kez j=J t=1kezZ

As we shall discuss in Section 3, the above introduced notion enables us to completely separate the perfect reconstruction
property in (1.14) from its stability property in function spaces. Since the test function space Z(R) is dense in many
function spaces, one could extend the perfect reconstruction property (or “wavelet expansion”) in (1.14) to other function
spaces, provided that the involved wavelet systems have stability in these function spaces. Let us give a simple example here
to illustrate this connection for the particular function space Ly (R). Let @ and ¥ in (1.13) be two subsets of distributions in
2'(R). We shall see in Section 3 that (FWS;(®; ¥),FWS;(®; ¥)) forms a pair of frequency-based nonhomogeneous dual
wavelet frames in the distribution space, if and only if, @, ¥ are subsets of L,(R) and

I

t=1keZ j=J t= 1k€Z

2
dJOk :27T”f”L2(R) Ve L(R). (117)

Moreover, when |d| > 1, as a direct consequence of (1.17), one automatically has

2
dJ 01< :Z”Hf”LZ(R) vEe L (R).

JjeZ t=1 keZ

Nonhomogeneous wavelet systems also have a close relation to refinable functions and refinable function vectors. Suppose
that —1— FWS(®; W) (that is, multiply every element in FWS(®; ¥) by the factor —1-) is an orthonormal basis of L (R).

V2r Nezd
Denote (} = ((p1, el (pr)T. Without assuming in advance that (} is a refinable function vector and all qb], ..., ¥’ are derived
from @, we can deduce that ¢ must be a refinable function vector and all ¥!,..., ¥° must be derived from ¢ via similar

relations as in (1.5) and (1.6). See Section 3 for more details.
To have some rough ideas about our results on nonhomogeneous wavelet systems, here we present two typical results.
The following result is a special case of Theorem 6.

Theorem 1. Let d be an integer such that |d| > 1. Let &, ¥, &, ¥ in (1.13) be subsets of L'(R). Then (FWS(®; ¥), FWS(®; ¥))
forms a pair of frequency-based nonhomogeneous dual wavelet frames in the distribution space 2’ (R) for some integer ] (or for all
integers ]), if and only if, the following three statements hold:

(i) for all integersk € Z,

r N r

3 @l @E)p" (A +27k) + Y ¥ ()P (G +27k) = Y @L®P G +27k), aefeR; (118)

=1 =1 =1
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(ii) for all integers ko € Z\[dZ),

> 0UEP € +2mko) + Y ¥ EF ¢ +2mko) =0, aef cR; (119)
=1

=1

(iii) the following identity holds in the sense of distributions:

lim Zq)@ (d=1)@*(d~7) =1, (1.20)

J—>+oo
more precisely, limj_, 40 Y p—1(@* (d*f~)(])z (@73, )= (1, forall f e DR).

In the following, we make some remarks about Theorem 1. We assumed in Theorem 1 that all the generating functions
in @, ¥, ®, ¥ are from the space L"’C(R) Note that L"’C(R) includes the Fourier transforms of all compactly supported
distributions and of all elements in all Sobolev spaces. This assumption on membership in L"’C(]R) can be weakened and is
only used to guarantee the absolute convergence of the infinite series in (1.15). See the remark after Lemma 3 in Section 2
for more details on this natural assumption.

If we assume additionally that (pﬁ(b( € Lo(R) for all ¢=1,...,r and if (1.20) holds for almost every & € R, by Lebesgue
dominated convergence theorem, then (1.20) holds in the sense of distributions. If all elements in @, ¥, &, W are essentially
nonnegative measurable functions, then it is not difficult to verify that the conditions in items (i) and (ii) of Theorem 1 are
equivalent to the following simple conditions:

3 0@ @) + Y v T @) =Y 0 ©)9'E). aeick, (1.21)
=1 =1 =1
and

¢f(g)¢‘(g+2nk)=0 and 1//‘3/(5)'/}8/(§+27rk)=0, ae & eR,
VkeZ\{0}, £=1,...,r, £'=1,...,s. (1.22)

As we shall see in Section 2, items (i) and (ii) of Theorem 1 correspond to a natural multiresolution-like structure, which
is closely linked to a fast wavelet transform. The condition in item (iii) of Theorem 1 is a natural normalization condition
which is related to (1.16).

Comparing with the characterization of a pair of homogeneous dual wavelet frames in the space L, (R) or a homogeneous
orthonormal wavelet basis in Ly(R) (e.g., see [10,17,18,28,31,32]), Theorem 1 has several interesting features. Firstly, the
characterization in items (i)-(iii) of Theorem 1 does not involve any infinite series or infinite sums; this is in sharp contrast
to the homogeneous setting in L(R). Secondly, as we shall see in Section 2, all the involved infinite sums in the proof
of Theorem 1 are in fact finite sums. This allows us to easily generalize Theorem 1 to any real dilation factors and to
nonstationary wavelets, see Sections 2 and 4 for details. Thirdly, we do not require any stability (Bessel) property of the
wavelet systems, while the homogeneous setting in L(R) needs the stability property to guarantee the convergence of the
involved infinite series. Fourthly, we do not require in Theorem 1 that the generating wavelet functions possess any order of
vanishing moments or smoothness, while all the generating wavelet functions in the homogeneous setting require at least
one vanishing moment. Lastly, from a pair of nonhomogeneous dual wavelet frames in L,(R), we shall see in Section 3
that one can always derive an associated pair of homogeneous dual wavelet frames in L, (R). In fact, most homogeneous
wavelet systems in the literature are derived in such a way. We mention that weak convergence of wavelet expansions
has been characterized in [16] for homogeneous wavelet systems. Similar weak convergence of wavelet expansions that are
related to (1.16) also appeared in the study of homogeneous dual wavelet frames in L(R) and their frame approximation
properties, for example, see [12,17,18]. We also point out that the approach in this paper can be extended to frequency-
based homogeneous wavelet systems in the distribution space 2’ (R\{0}).

The following result generalizes the Oblique Extension Principle (OEP) and naturally connects a wavelet filter bank with
a pair of frequency-based nonhomogeneous dual wavelet frames in 2'(R).

Theorem 2. Let d be an integer such that |d| > 1. Let a, 0',....,6".b', ... bSand], 51, e, ér, b',....b% be 27 -periodic measurable

functions on R. Suppose that there are measurable functions ¢, @ satisfying

9dé)=a@)pE) and @(dE) =a)@E), aeéeR. (1.23)
Deﬁnedb,lll,@,@asin(l.lS)with

0l =0'®)0E). ¢'E) =0 ©®pE). t=1,....r (1.24)
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and

¥lE) =b'©)eE). ¥ @5 =b'®)pE). £=1,....s. (1.25)

Assume that all the elements in @, W, @, ¥ belong to L’z"c(]R). Then (FWS;(®; V), FWS](@; v)) forms a pair of frequency-based
nonhomogeneous dual wavelet frames in the distribution space 2'(R) for some integer ] (or for all integers ), if and only if,

. HT O©(d)@(d=I)@(d™I-) =1 in the sense of distributions (1.26)
j—+o00
with
o)=Y 00&8 ©). (127)
=1

and the following fundamental identities are satisfied:

S
O(d5)a@)aE) + Y blEb'(E) =0(). aeteaynag, (1.28)
=1
and
— 2w : TN, 2w 2w
O@Ha®als+=— )+ > biEbt (& + =5 ) =0 aetecopn(op-=) (1.29)
(=1

forallw=1,....|d| — 1, where o5 — 2Z2 := (¢ — 2Z2: £ e 55} and

0p = is eR: Y |@(& +2mk)| # 0}, 0= {s eR: Y |@(E +27k)| # 0}. (130)

keZ keZ

In particular, if all 01, ..., 0" bl ... b, 51, el ér, 131, .. .,l~)5 are 2 -periodic measurable functions in Lg’C(R) and if there exist

positive real numbers t and C such that

[1—a@)|<Clgl" and [1-a)|<ClE", aeéel-m. m] (1.31)
then the frequency-based standard refinable measurable functions ¢, ¢ with masks a, a and the dilation factor d, which are defined by
@& :=[]a(@¢) and @) :=]]a(d4), (132)

j=1 j=1

are well defined for almost every & € R and in fact ¢, § € L(R). Then all elements in &, ¥, &, ¥ belong to LY(R). Moreover,

(FWS;(®; ¥),FWS; (@; W) forms a pair of frequency-based nonhomogeneous dual wavelet frames in the distribution space 2’ (R)
for some integer ] (or for all integers J), if and only if, the identities (1.28) and (1.29) are satisfied for all 0 =1, ...,|d| — 1, and
lim;j_, 1o ©(d7/-) =1 in the sense of distributions.

Note that (1.31) is automatically satisfied with T =1 if a and a are 27 -periodic trigonometric polynomials with a(0) =
a(0) = 1. A similar result to Theorem 2 also holds when ¢ = (¢',..., ") and @ = (@',...,@")T are refinable measurable
function vectors. The identities in (1.28) and (1.29) with d =2 and r =1 are called the oblique extension principle in [12],
provided that all elements in @, %, &, ¥ belong to Ly(R) and satisfy some technical conditions to guarantee the Bessel
(stability) property of the homogeneous wavelet systems FWS(%) and FWS(¥) in the space Ly(R) (see [3,11,12,23,31,32]).
In contrast, our results here generally do not require any a priori condition on the generating wavelet functions and provide
a natural explanation for the connection between the perfect reconstruction property induced by OEP in (1.28) and (1.29) in
the discrete filter bank setting to wavelets and framelets in the function setting.

The structure of the paper is as follows. In order to prove Theorems 1 and 2, we shall introduce some auxiliary results
in Section 2. In particular, we shall provide sufficient conditions in Section 2 for the absolute convergence of the infinite
series in (1.15). Then we shall prove Theorems 1 and 2 in Section 2. To explain in more detail about our motivation and
importance for studying frequency-based nonhomogeneous wavelet systems, we shall discuss in Section 3 nonhomogeneous
wavelet systems in various function spaces such as Ly (R) and Sobolev spaces, as initiated in [27]. We shall see in Section 3
that under the stability property, a pair of frequency-based nonhomogeneous dual wavelet frames can be naturally extended
from the distribution space to a pair of dual function spaces. In Section 3, we shall also explore the connections between
nonhomogeneous and homogeneous wavelet systems in the space Ly(R). To illustrate the flexibility and generality of the
approach in this paper, we further study nonstationary wavelets which are useful in many applications, since nonstationary
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wavelet filter banks can be implemented in almost the same way and efficiency as a traditional fast wavelet transform.
However, except a few special cases as discussed in [4,7,26], only few theoretical results on nonstationary wavelets are
available in the literature, probably partially due to the difficulty in guaranteeing the membership of the associated refinable
functions in L (R) and in establishing the stability property of the nonstationary wavelet systems in Ly (R). In Section 4, we
present a complete characterization of a pair of frequency-based nonstationary dual wavelet frames in the distribution space.
Though the statements and notation in Section 4 on nonstationary wavelets seem a little bit more complicated comparing
with the stationary case in Sections 1-3, it is worth our effort to provide a better picture to understand nonstationary
wavelets, since there are few theoretical results on this topic in the literature.

To understand and study wavelet systems in various function spaces, it is our opinion that there are two key fundamental
ingredients to be considered. One ingredient is the notion investigated in this paper of a pair of frequency-based nonhomo-
geneous dual wavelet frames in the distribution space which enables us to completely separate its perfect reconstruction
property from its stability property in function spaces. The other ingredient is the stability issue of nonhomogeneous wavelet
systems in function spaces which we didn’t discuss in this paper but shall be addressed elsewhere.

2. Frequency-based nonhomogeneous wavelet systems in the distribution space

In this section, we study pairs of frequency-based nonhomogeneous dual wavelet frames in the distribution space. To
prove Theorems 1 and 2, we first present some sufficient conditions for the absolute convergence of the infinite series
in (1.15).

For 1< p < oo, by L,(T) we denote the set of all 277 -periodic measurable functions f such that ffn [fx)|Pdx < oo
(with the usual modification for p = co).

By the following result, we always have the absolute convergence of the infinite series in (1.15) provided that all the
frequency-based wavelet functions are from the space L’2°C(R).

Lemma 3. Let A be a nonzero real number and let ¢, 1/7 € L?C(R). Then for all f,g € 2 (R),

D V00 Vok 8) =27 / D f(&)g(E + 217 1k) Y RE)P 0 + 27k) de (21)

keZ R keZ
with the series on the left-hand side converging absolutely. Note that the infinite sum on the right-hand side of (2.1) is in fact finite.

Proof. By L. (R) we denote the linear space of all compactly supported measurable functions in Lo (R). Note that Z(R) <
Loo,c(R). More generally, we prove (2.1) for f, g € Loo, ¢(R). Denote

h):=> (7' +27k)¥E +27k) and hE) =) g(A ' +27k))¥ (& +27k).
keZ keZ

Now we show that h, h are well-defined functions in L(T). In fact, since f € Loo,c(R), f has compact support and therefore,
f is essentially supported inside [—mcg, 7 cg] for some cg > 0 with c¢f depending on f. Now it is easy to see that

h) = > f(A7' (& +27k)) Y ¢ +27k), Eel-m, 7] (2.2)
keZ, [k|<(1+[Alcp)/2

Since ¥ € LY°(R) and f € Lo c(R), we see that f(A~1(- + 27rk))¥ (- + 27k) € Lo (R) for every k € Z. Therefore, h is a well-
defined 2 -periodic function in Ly (T). Similarly, we have h € L, (T). Note that
m
(V5000 =17 [ HEWGE ds =372 [ 1016w @ de =72 [ heoret as

R R -7

and (g, ¥;.04) = IA~"2 [T _h(£)e™® dé. Since h, h € Ly(T), by the Parseval identity, we have

Sl b0 =2wll ! [ @ de <00, Yl bl =2t [ [he)Pde < oo,
keZ “r keZ “r
and

S Vo) Frioe 8 = 2714 / h(&)h() de

keZ r
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with the series on the left-hand side converging absolutely. By the finite sum in (2.2), we have

A7 / h(¢)h() dg = |A|‘1ff(r‘g)mf@dg=/f(§)¢(xg)ﬁ(xg)dég
kA J
fzf@)g & + 2707 1k) Y RE)P (A& + 27k) dE,
keZ

which completes the proof. O

The condition ¢, 1} € LIZ"C(R) in Lemma 3 is only used in this paper to guarantee the identity (2.1). As long as (2.1) holds
for f,g € 2(R) and the frequency-based wavelet functions belong to L’l"C(R), all the claims in this paper still hold. Note
that Lll"C(R) is just the set of all measurable functions that can be globally identified as distributions. So, LlfC(R) is the most

natural and weakest space for us to study wavelets and framelets in the distribution space. The condition ¥, ¥ € LIZOC(]R) in
Lemma 3 could be replaced by other conditions. For example, for every positive integer k, if there exist positive numbers T
and Cj such that 7, > 1/2 and ¢ (&) — ¥ (£)| < Ci|é —¢|%™ for all &, ¢ € [k, k], then it is not difficult to check by (2.2) that h
with fe (R) is a 2w -periodic Lipschitz function with some Lipschitz exponent t > 1/2. By Bernstein Theorem, h has an
absolutely convergent Fourier series. Now for any 1/; € L’f‘(R), it is easy to prove that (2.1) indeed holds for all f,g € Z(R).
Other assumptions could be used to guarantee (2.1). But LIZ"C(R) is a large space containing the Fourier transforms of all
compactly supported distributions and of all elements in all Sobolev spaces. For simplicity of presentation, we shall stick to
the space L’z"c (R) for our discussion of frequency-based wavelets and framelets.

Lemma 4. Let {Aj}]?":] be a sequence of nonzero real numbers such that limj_, ;o % = 0. Let @il ... @i and (])j’l, el (])j’rf be
elements in LIZOC(R) withrjeNand j > J. Then

Tj
1im 3N (E0 (@8 =2n(fg) Vige I®R), (23)
It T kez
if and only if,
Tj
lim Z(pf’f()\j-)(ﬁj’z()\j-) =1 in the sense of distributions. (2.4)
Jj—>+o0 =

Proof. By Lemma 3, we have

ZZf %} ok go)\] o & Zn/ZZf(S)gE—i—ZnA k) @It (A j6)@"" (1 j& + 2mk) dt. (2.5)

{=1keZ =1 keZ

By f,g € Z(R), f and g are compactly supported. Since lim;j_ ;o Aj = 0, there exists an integer Jg¢g such that
f(&)g(E +27rk 1ky =0 for all & eR, keZ\{0}, and j > Jgg. That is, for j > max(J, Jig), (2.5) becomes

rj - ]
ZZf 070 @) o 8) =27 f f(€)8E) > @It (6" (08) dt. (2.6)

t=1keZ ® =1

If (2.4) holds in the sense of distributions, then it follows directly from (2.6) that (2.3) holds.
Conversely, we can take g € 2(R) such that g takes value one on the support of f, now it follows from (2.3) and (2.6)
that

rj . .
lim / f(S)ZW‘(X]é)vJ”(X,S)dE— lim o3 SN0 0 8= 8 = (£ 1)

=1 t=1keZ

Hence, (2.4) holds in the sense of distributions. O

In the next auxiliary result, we shall study a multiresolution-like structure. More precisely, we have the following result.
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- - 1 ~ -
LemmaS.LetAbeanonzerorealnumber.LetW,...,¢r,r/f1,...,1/fs,n1,...,ntandwl,...,d,l// N | ,...,ntbeelements
in LY(R). Then

t

> o @k g+ D D (K wf;o,k)('i’f:o,k’ 8= (6050 M50k 8) VEgED®), (2.7)

=1 keZ =1 keZ {=1keZ

if and only if
15@) + 1) =1}08), ae&eR YkeZn[r'Z], (2.8)
I5E) +15) =0, ae&eR, VkeZ\[A'Z], (2.9)
X&) =0, ae&eR, Vke[r'Z)\Z, (2.10)

where A=1Z := {»"1k: k € Z} and I%"(é) =30 94 (€ +2mak), k e A71Z, and

© =Y o' @p' E+2mh),  15©) = ¥ EOF E+210), kel (211)

=1 =1

Proof. By Lemma 3, all the infinite series in (2.7) converge absolutely and (2.7) is equivalent to

/ Y f(E)8E + 2wk (1% &) + 1 () d& / 3 f6)gE + 21k (e) de,

R keZ R ke[r~1Z]

which can be easily rewritten as

Y fE)-E +2rl)(IE) + 1) — J 0O e+ | Y fE)gE + 21k (I &) + 14, (6)) d&

R keZn[r~1Z] R keZ\[A71Z]
= > f&gE+2mhfs) de. (212)
R kelA"1ZN\Z

Sufficiency. If (2.8), (2.9), and (2.10) are satisfied, then it is obvious that (2.12) is true and therefore, (2.7) holds.

Necessity. Denote A :=Z U [A~1Z]. For a point x € R, we define dist(x, A) := infyc 4 [x — y|. By (2.7), (2.12) holds. Let
ko € ZN[A'Z] and & € R be temporarily fixed. Then it is easy to check that & := %dist(ko, A\{ko}) > 0. Consider all
f,g € 2(R) such that the support of f is contained inside (&9 — €, &p + €) and the support of g is contained inside (§y —
2mwko — €, & — 2wk + €). Then it is not difficult to verify that

f(&)g(e +2mk) =0 VEeR, ke A\{ko},

from which we see that (2.12) becomes

/ £(£)8(E + 2ko) (I (£) + I} (&) — [° (3)) d =0 (213)

for all f, g € 2(R) such that suppf C (59— ¢, &0+ ¢) and suppg < (5o —2mwko — €, &0 — 2wko + €). From (2.13), we must have
I'fp" &)+ Is,o(é) - I?,ko (A&) =0 for almost every & € (&9 — &, & + €). Thus, (2.8) must be true. (2.9) and (2.10) can be proved
by the same argument. 0O

Now we have the generalized version of Theorem 1 with a general real dilation factor d.

Theorem 6. Let d be a real number such that |d| > 1. Let @, W, &, ¥ in (1.13) be subsets of LY (R). Then (FWS; (®; ¥), FWS (®; ¥)),
where FWS | (@; ¥) is defined in (1.10), forms a pair of frequency-based nonhomogeneous dual wavelet frames in the distribution space
2'(R) for some integer ] (or for all integers J), if and only if,

lim Zgo d J j-) =1 in the sense of distributions (2.14)

]%Jroo

and
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Zqﬂ E@ (& +2mk) + Z VEOT &+ 2k = Zq) @' (071 +27k)),
=1 =1

ae.teR, VkeZnN [dZ], (2.15)
Y 0l ®)¢ ¢ +2mk)+ Yy VoW E+2mk) =0, ae £ cR, VkeZ\[dZ], (2.16)
=1 =1
Z(M(S)(b((é + 27rd’1k) =0, ae&eR, Vke[dZ]\Z. (217)
=1

Proof. By the following simple observation, we have

Eniee Grnt) = (£.8) and (fo0. ¥l )= {695, ). A €R\(0), kneR. (218)

Now it is straightforward to see that for all f, g e 2(R),

.
sz Dok @510 8 "‘ZZ Wik Wd*f;o,kvg>=ZZ(fv (pﬁ—j—l;O’k)«bgq‘—l;o’k,g>, (2.19)

{=1keZ {=1keZ =1 keZ
if and only if, for all f,g € Z(R),

Y Y 0ok @ 0k 8+ DD 'ﬁf;o,k)<‘/~’f;0,k’ g=> > [fog ;0,k)<¢§*1;0,k’ g). (2.20)

t=1keZ {=1keZ {=1keZ

Sufficiency. By Lemma 5 with A =d~!, we see that (2.20) holds and therefore, (2.19) holds for all f,g <€ 2(R) and j € Z.
For J' > J, we define

-1 s

.
708 :=) ) (£.05 1.0,)@ 101 8) Z DD (Vi NWiicok- ) (2.21)
0=1keZ =] ¢=1keZ
Now by (2.19), we can easily deduce that
r
Sj (f.g)= Z Z<f ‘pgfl’;o,kx@g-f’;o,k’ g) (2.22)

{=1keZ

By Lemma 4, it follows from (2.14) that limj_,  « S;l(f, g) =2m(f, g) for all f, g € Z(R). Hence, (FWS(®; ¥), FWS; (43; lI7))
forms a pair of frequency-based nonhomogeneous dual wavelet frames in the distribution space 2'(R).

Necessity. By (2.18), we can easily deduce that (FWS;(®; ¥), FWS](J); ¥)) forms a pair of frequency-based nonhomo-
geneous dual wavelet frames in the distribution space 2’'(R) for some integer J if and only if it is true for all integers J.
Considering the difference between two consecutive integers J and J + 1, we see that (2.19) must hold and therefore, (2.20)
holds. Now by Lemma 5, (2.8), (2.9), and (2.10) hold with 7 = ¢ and t =r, or equivalently, (2.15), (2.16), and (2.17) hold.

Since (2.19) holds, we deduce that (2.22) holds. By Lemma 4, it follows from our assumption lim/_, 4 o, 55 (f,g) =2m(f, g
that (2.14) must hold. O

We point out that Theorem 6 and the approach in this paper can be extended to frequency-based homogeneous wavelet
systems in the distribution space 2’'(R\{0}), which is the dual space of the test function space 2(R\{0}) consisting of all
compactly supported C* functions whose supports are contained inside R\{0}. We shall address this issue elsewhere.

Now we are ready to prove Theorems 1 and 2.

Proof of Theorem 1. By Theorem 6 with d being an integer, it suffices to show that (1.18) and (1.19) are equivalent to
the three conditions (2.15), (2.16), and (2.17). Note that [dZ]\Z is the empty set. So, (2.17) with d being an integer is
automatically true. It is evident that (2.16) is equivalent to (1.19). Since d is an integer, we have Z N [dZ] = dZ. Now it is
also easy to see that (1.18) is equivalent to (2.15). This completes the proof. O

We use Theorem 1 to prove Theorem 2 as follows:

Proof of Theorem 2. We prove the first part of Theorem 2 first. By (1.23) and (1.24), we have
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Zq) (06)¢" (d(€ +27k)) = 307 (05)8" ()@ ()P (A€ + 27k)) = PEIP( + 2h) O (05)aEIA(E)
=1

and similarly by (1.25),

S ¥ P (0 +270) = pEPE +27k) Y BUEDE)

=1 (=1

for all integers k € Z. Now (1.18) is equivalent to

S
PEP(E + 2k) <@(d§)a($)i($) +) b (s>b‘(s)> =9E)PE + 21O &) (2.23)
=1
for all k € Z. Now it is not difficult to deduce that (2.23) is equivalent to (1.28).
Note that any ko € Z\[dZ] can be uniquely written as ko = w +dk for w € {1, ..., |d| — 1} and k € Z. Replacing & in (1.19)

by d&, by the same argument, we see that (1.19) is equivalent to

— 2w Tl

Q&P &+ =~ +2mk O(dg)aal & 42 Zb ()b s+ = ))=0 (2.24)
forallkeZ and w=1,...,|d|— 1. Now it is not difficult to deduce that (2.24) is equivalent to (1.29) with w =1, ..., [d]| — 1.

We now prove the second part of Theorem 2. Note that (1.31) implies that a,a € Loo(R) and max(|1 — a@die),n -
adIE)|) < Cld|~ &I for all & € (—|d|/m,|d]’z]. It is a standard argument to show that both ¢ and ¢ in (1.23) are
well-defined measurable functions in Lffof (R) and

lim o(d fg):1:jEToo¢(d—fs), ae. £ eR. (2.25)

Jj—+oo

In fact, by the same argument as in [22, p. 93] or [26, p. 932], (1.31) also implies that for any € > 0, there exists ¢ > 0 such
that

I—e<|p@®|<1+e and 1-e<|@P®)|<1+e, aefel[—c.cl (2.26)

See the proof of Theorem 16 in Section 4 for more details on proving (2.25) and (2.26). Take ¢ = 1/2 in (2.26). By the
definition of @ in (1.27), we conclude that

0@ )0(a T)p(a75)] < 5|0 (ae)| <olo (@) p(a 6)p(as)| :27)

for almost every & € [—c,c] and for all j > 0. Consequently, by the generalized Lebesgue dominated convergence the-
orem and using (2.25) and (2.27), we can conclude that (1.26) holds in the sense of distributions if and only if
limj_, 15 ®(d7/) =1 holds in the sense of distributions.

Since @, @ € L'%(R) and 6!, 6T b8 b, b LY(R), by the definition in (1.24) and (1.25), it is

evident that all the measurable functions in @, ¥, &, ¥ belong to the desired space L’z"c(R). By what has been proved for
the first part of Theorem 2, the claim in the second part of Theorem 2 holds. O

3. Nonhomogeneous wavelet systems in function spaces and L, (R)

In this section, we shall discuss nonhomogeneous wavelet systems in the space L,(R) and other function spaces. We shall
see that a pair of frequency-based nonhomogeneous dual wavelet frames in the distribution space plays a basic role in the
study of wavelets and framelets in various function spaces. We shall also discuss the connections between nonhomogeneous
and homogeneous wavelet systems in Ly (R).

Let us recall some necessary definitions first. For 7 € R, we denote by H* (R) the Sobolev space consisting of all tempered
distributions f such that

1 [ .
W = 5 [1T@F(+152)" ds <o, (3.1)
R

Note that H-*(R) is the dual space of H*(R), since f € H-*(R) can be regarded as a continuous linear functional on
HT(R) in the sense of (f, g) = % Jr f(g)g(g)ds for g € H'(R).

Let d be a nonzero real number and WS;(®; ¥) be a nonhomogeneous wavelet system defined in (1.8). We define a
normed sequence space byr (r), indexed by the elements of WS;(®; ¥), with weighted norm as follows:
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[o.¢]
l{Whinews, @) IIﬁH,(R) = o> T  wey, P Y Yl T w1 (3.2)

PeD ke j=J] Vve¥ kel

For @, ¥ C H*(R), we say that WS;(®; ¥) has stability in H* (R) with respect to the normed sequence space by () if there
exist positive constants C; and C, such that

CHllf W=y < W) pews, o0 ||§H,<R> SCIflI}r@ YFEeHTT®), (33)
or more explicitly,
o
CHl I ey < 3 D12 [(Foparid [+ 30 D ST 1072 |(f i) | < Coll 12 - (34)
ped keZ j=] ve¥ keZ

Note that H' (R) is a Hilbert space under the inner product

1 A < T
(f. 8w 1=E/f($)g($)(1+|5|2) dé, f,geH" (R).
R

It was shown in [27, Proposition 2.1] that (3.4) holds for all f € H~%(R), if and only if,

o0
Crlglhe g < D 2o le 17 barye |+ D0 D Yo lle 1 Warielye ey

PP keZ j=] vev keZ
<Gllglfrw. geH (R). (3.5)

In other words, that WS;(&; ¥) has stability in H* (R) with respect to by is equivalent to saying that after a proper
renormalization of WS;(®; ¥),

WST(@: ) :={|d| gy ke Z, p e @} U{|d| Tpgiy: j= . keZ, y e W} (3.6)
is a frame in the Hilbert space H* (R). For ¢ € H*(R) and |d| > 1, in the following we show that
_Ti 2 .
A ey < 17 Ykl ey < A2V ey Vi ), ke, (3.7)

for some positive constants A; and A, depending on d, T, J and . For t <0, to prove (3.7), we further assume that

/h&(s)ﬁsﬁf d& < oo, (3.8)
R

which is also a necessary condition for (3.7) to hold. We now prove (3.7). In fact,

e 1o o ld72 + g2\
i |2 _ 2
[1di I/fdf;k|!Hf(R)—2n/\w<s>| (1+152) ( e ) (3.9)
R
Since |d| > 1, it is easy to deduce that
2 —2j 2
d J
617 _ 1T + 18] <2 +1, Vj>J. EeR. (3.10)

T+ER T 14812
For T > 0, noting that there exists & > 0 such that

1 ~ 2 NT 1 2
o / [V ©1"(1+162)" d& > S 1 le ).
{¢eR: [¢]>€}
we deduce from (3.9) and (3.10) that (3.7) holds with A; = (1+&2)"7/2 and Ay = (|d|~2/ + 1)7.
For T < 0, by our assumption in (3.8), there exists € > 0 such that

1 n 1
5= f [P 1617 dg < 1V e ey-

2w
{¢eR: g|<¢e}

Now we can easily deduce from (3.9) and (3.10) that (3.7) holds with Ay = (Jd|72/ + 1)¥ and Ay = § + (1 + &)~ ".
Using (3.9) and applying Fatou’s lemma to (3.7) with j — +o0, it is easy to see that (3.8) is a necessary condition for (3.7)
to hold.
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Hence, the weights |d|~7/ in the definition of || - Ibye gy is chosen to be the normalization factors of the elements ;.
in the space HT(R). The stability property in (3.4), which is equivalent to the frame property in (3.5), characterizes the
Sobolev space H~7(R). We point out that the characterization of homogeneous Besov spaces by homogeneous framelets
in [1,15] uses nonlinear approximation and is quite different in nature to (3.4) and (3.5).

Now we are ready to recall the definition in [27] on a pair of nonhomogeneous dual wavelet frames in a pair of dual
Sobolev spaces (H* (R), H"*(R)). Let d be the dilation factor. Let

o=l¢',....0"}, w={y'... ¥} and d={¢',....0"}, ¥={y'.. .. ¥} (311)

be subsets of tempered distributions. We say that the pair (WS,(@;!I/),WS](qs;J/)), or more precisely (WS}((D;!I/),
WS]’(@; ¥)), forms a pair of nonhomogeneous dual wavelet frames in a pair of dual Sobolev spaces (H* (R), H~*(R)) if

(1) @, ¥ C H*(R) and WS (®; ¥) has stability in H" (R) with respect to byr(gy. That is, WSj (@; W) is a frame in H* (R);

(2) ,¥ C H""(R) and WS;(®; ¥) has stability in H~7(R) with respect to by-r (). That is, WS, T (&; ¥) is a frame in
H™*(R);

(3) for all f e H-(R) and g € H (R), the following identity holds

(f. &)= Z Z<f’ ¢§1;k><¢~)§1;k’ g) + Z Z Z(f’ wdgf;k)(&dgf;k’ g) (3.12)

(=1keZ j=J t=1keZ

with the series on the right-hand side converging absolutely.

The above definition is introduced in [27]. When T =0, since L,(R) = HO(R), it is easy to see that the above definition
of a pair of nonhomogeneous dual wavelet frames in (Ly(R), L,(R)) becomes the definition of a pair of nonhomogeneous
dual wavelet frames in Ly (R).

Suppose that the pair (WS;(®;¥), WS; (®;¥)) forms a pair of nonhomogeneous dual wavelet frames in
(HT(R), H"*(R)). Using (3.12) and the upper stability (that is, the right-hand inequality in (3.4) holds) of the two non-
homogeneous wavelet systems, it is not difficult to see that we have the following representations:

f= Z Z(f’ ¢§J;k>¢~)§1;k + Z Z Z<f’ wﬁj;kw;éj;k’ feHT®),

t=1keZ j=J t=1keZ

with the series converging unconditionally in the space H~*(R), and similarly,

T e¢] N
g=) D (8045t D D (e VyalVae SEH R),

{=1keZ j=J]t=1keZ

with the series converging unconditionally in the space H® (R). See [27] for more details.

Let 2 be a normed function space and %’ be its dual. For example, for Besov spaces B;,q(R), (Bf,’q(R))’ = B;,,Tq, (R),
where T e R,1<p <oo and 1< q < oo with 1/p+1/p’ =1/q+ 1/q' = 1. Similarly, for Triebel-Lizorkin spaces Fg’q(R).
(F;yq(]R))’ = F;,fq,(R). Replacing H* (R) and H~*(R) by % and %', respectively, the notion of a pair of nonhomogeneous
dual wavelet frames can be generalized from a pair of dual Sobolev spaces (H®(R), H"*(R)) to a pair of dual function
spaces (%, %') by a proper choice of some normed sequence spaces bg and bg . We shall not further address this issue
in this paper.

In the rest of this section, we shall use the following notation

H ®) = {]: feH'"®)} and |flizem =Iflur@, feH ®). (3.13)

By the following result, we see that the notion of a frequency-based nonhomogeneous dual wavelet frames in the dis-
tribution space plays a basic role in the study of pairs of nonhomogeneous dual wavelet frames in a pair of dual function
spaces.

Theorem 7. Let T € R and d be a nonzero real number. Let &, ¥, &, ¥ in (3.11) be subsets of tempered distributions. Define

®—{pped), W={{:vew), S={(b:decd), W:.={y: }ed) (3.14)

Then (WS (®;¥), WS](qs; ¥)) forms a pair of nonhomogeneous dual wavelet frames in the pair of dual Sobolev spaces (HT (R),
H~*(R)), if and only if,
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(i) there exists a positive constant C such that

I{ (€. h) }heFWS]@ v) ”sz(R) Clfll ;=& T[R)’ fe 2(R), (3.15)
and
I {<E. ﬁ>}ﬁers,(J);~17) ”bH,T(R) SCflrmy fe2®): (3.16)

(ii) the pair (FWS;(®;¥), FWS; (®: ¥)), which is the image of the pair (WS (®; ¥), WSJ(i); J)) under the Fourier transform,
forms a pair of frequency-based nonhomogeneous dual wavelet frames in the distribution space 2'(R).

Proof. For f € @(R) = {h: he 2(R)} and g € H*(R) with o € R, the relation (f,g) = %(]‘,@ holds. Since @(R) is

contained in both H* (R) and H™*(R) (or equivalently, Z(R) C IF(TR) and 2(R) C H{fﬁ{)), the necessity part is evident.
Hence, it suffices to prove the sufficiency part.
By (3.15), for all fe Z(R) and N € N,

N N N
> Y W e o D Y 2 1A g0 < IR e (317)

@ed k=—N j=J] ¥eW¥ k=—N

Using (3.17), we now prove that @, ¥ C I-F(E) By (3.17), for ¢ € ¥, we have [{f,¥4-J.00)| < CIdI”IIfIIH/rﬁ) for all
f e 2(R). Therefore, (-, ¥4-j.90) can be extended into a continuous linear functional on HTTFR). Since HT(]R) is the dual
space of H:(\R). there exists l/f € H/I@ such that (-, ¥4-1.0.0) = (-, fh). In particular, (f, ¥4-5.00 — 1/°/) =0 for all fe I(R).
Since ¥4-1.0.0 — ¥ is a distribution, we must have ¥4-.0o = ¥ in the sense of distributions. By ¥ € HT(R), we deduce
that ¥4-5.00 € I-I/f@ and therefore, ¢ € I-I/f@ Consequently, by (3.17), we proved that @, ¥ C I-f(ﬁ&) In other words, we
proved that @, ¥ C H'(R).

Since Z(R) is dense in H{f(\R) and since all (-, @4-1.9 ), @ € ® and (-, ¥4-j.o ), ¥ € ¥ are continuous linear functionals
on H:(\R), we see that (3.17) holds for all f e Hff(\R) and all N € N. Letting N — +o0 in (3.17) and noting (f, g) =
%(}, g) forall f e H*(R) and g € H* (R), we conclude that @, ¥ € H*(R) and

r 0o S ) c?
DI el [V L S S T2 VR | R Iy fEHT®). (318)
£=1keZ j=J] £=1keZ

Similarly, we can show that (3.16) implies &, ¥ € H~*(R) and

C2
ZZ|d|2”| .85’ +ZZZ|d|2” g0 ) < gl g€ H R (3.19)
{=1keZ j=J t=1keZ

Define two operators % : H~ " (R) — byr(g) and W H'(R) — by-t(®) by

W f.=1(

{f’h)}heWSJ@’;II/) and #'g:={(g.h)}

hews(&;¥)" (3.20)
Then (3.18) and (3.19) are equivalent to saying that the operators # and % are well-defined bounded linear operators,
more precisely,

C
17 flbyee < 7= 1flu—rw®.  17¢&lb VfeH "(R), ge H' (R). (3.21)

C
S . — gl ®
2 e S v2r "

By Cauchy-Schwarz inequality, using (3.18) and (3.19), we see that for f € H™*(R) and g € H* (R), the series on the right-
hand side of (3.12) converges absolutely. Now by assumption in item (ii), we see that (3.12) holds for all f,ge Z(R). In
other words, for f, ge 2(R),

WA =(f 8 (3.22)

Note that @(R) is dense in both H~*(R) and H®(R). Now we use a standard argument to show that (3 22) holds for all
feH*(R) and g € H*(R). For f € H"*(R) and g € H* (R), there exist two sequences {fn}>°; and {gn}52; in @(R) such
that

Jim | fo = fllg-r @ =0 and  lim lign — gllnr @) =0. (3.23)
00 n— 00
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Observe that
(WA G =(W(f = fa). W &)+ (W fo. W (g — g0))+ (W fn. W ).
BY fn,&n € @(R) and (3.22), we have (¥ fa, # 1) = (fn, gn). Therefore, we have

WA —(f.8)=(W (= fa), W &)+ (W f, W (g — &)+ (fa— [ &) +(f &0 — £).
Now by (3.21) and the triangle inequality,

(W F A~ (f. )| <= F), L)+ W fu. W (g — )|+ |(fn— f. )|+ |(f. 80— 8)]

Ci(If = fallu—r @l gllHT ®) + Il fulli— ®) 1€ — &all e ®)
+ 1 fn = flla—@llgnllar® + I f | i ®) 180 — 8llHT ®))-

<
<

where C; := % + 1. By (3.23), the right-hand side of the above inequality goes to 0 as n — oo. Consequently, (3.22) holds
for all fe H-*(R) and g € H (R). That is, (3.12) and item (3) have been verified.
To prove item (1), by (3.22) and (3.21), we have

- ~ C
(F. @) = [(H LA D <N Fllbye o |7 &by <y < =& @ I Flloye -

D V2T
That is, for f € H~(R), the following inequality holds:
V2 I(f.8)l ~2m
1Y fllbye e, 2 ——  sup  ———=——|flum,
C  genr@n(o) I8lHT®) C

where in the last step we used the fact that H*(R) is the dual space of H~*(R). Hence, item (1) holds. Item (2) can be
proved similarly. This completes the proof of the sufficiency part. O

Next, we discuss connections between nonhomogeneous and homogeneous wavelet systems in the particular function
space Ly(R). To do so, we need an auxiliary result, which is essentially known in the literature, e.g., see [23, p. 28]. For
completeness, we present a proof here.

Lemma 8. Let d be a real number such that |d| > 1. Let ¢ € Lo(R) such that there exists a positive constant C such thaty ., |(f, ¢ (-—
10)1> < CIIfIF, g, for all f € Ly(R) (or equivalently, ¥"y..7 | (& + 27k) |2 < C for almost every & € R). Then

dim 7| pg| =0 Ve La(®). (3.24)
keZ

Proof. It suffices to prove the case d > 1, since the negative case d < —1 can be proved similarly. So, we assume d > 1. We

first show that (3.24) holds for all f = x(,.r,) With t1 < tz, where x,,t,) denotes the characteristic function of the open
interval (t1, t2). For f = X(t,.t,)» by Cauchy-Schwarz inequality, we have

/ ¢<x)dx2<df( / dx)( / yqs(x)\zdx).

(dj[’1 —k,djfz—k) (djfl —k,djfz—k) (djﬁ —k,dj[z—k)

[(f, pgrid | =7

Since f(djtl kedity—k) dx = di(t, — t1), noting that limj_, oo &/ =0by d>1 and all (dt; —k, dit; — k), k € Z, are disjoint as
j — —oo, we deduce that

2 2
Sl gaf<ia-ul [P0
ker UkeZ(djtl —k.,djtz —k)

as j — —oo, since ¢ € Lr(R). Consequently, (3.24) holds for all f = x,.t,)- S0, (3.24) holds for all f that are finite linear
combinations of characteristic functions of bounded open intervals.
On the other hand, define operators Pj: La(R) — 12(Z) by P;f :={(f, ¢qi.k)}kez- BY Pjf = Pofy-i.0.0» We have

2 2 2 2
||ij||12(z) = ||P0fd*f;0,0||12(z) < C”fd*J;O,O”LZ(R) = C||f||L2(R)~

When >, |¢3(§ +2mk)|> < C for almost every & € R, by Lemma 3, we see that
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1PifI2 g = - f 37 Fdi & + 2780 s
keZ keZ
g/
< — 7 . <Z|f (d (& +27h))| ><§|¢(s+2nk)| )
—d1/2|f (¢ (& + 27k))|* de
i kez
C A2
o [lie)
R
=ClIfII}, -

Let f € Lp(R). For an arbitrary ¢ > 0, there is g, which is a finite linear combination of characteristic functions of
bounded open intervals, such that || f — gll,®) < €. Since limj_, _ [|Pjgll;,(z) =0, there exists J such that ||P;gll,z) <&
for all j < J. Hence, for all j < J, we have

1P f @ < [PiCf = &), + IPiglba < VCIF = gl + I1Pjgllha < (VC+ De.
Hence, lim;_, o || P fll;,z) = 0. That is, (3.24) holds. O

Theorem 9. Let d be a real number. Let @, ¥, &, ¥ in (3.11) be subsets of L, (R). Suppose that WS (@; ¥), which is defined in (1.8),
is a frame in Ly (R) for some integer ], that is, there are positive constants C1 and C; such that

Cillf I}, @) < ZDMM +ZZZ|f U< CUFIZ, @) fela®) (3.25)

{=1keZ j=J]¢=1keZ

Then (3.25) holds for all integers ]. If in addition |d| > 1, then WS(¥) must be a frame in L, (R) with the same frame bounds satisfying

N
2
Cill T, <D D D NF vyl <ClfIL,g, fela@®. (3.26)
JEZ =1 keZ
If |d| > 1 and the pair (WS (®; ¥), WS](qs, @) forms a pair of nonhomogeneous dual wavelet frames in (Lo (R), Lo (R)) for some

integer J, then (WS(¥), WS(¥)) forms a pair of homogeneous dual wavelet frames in Ly (R), that is, both WS(¥) and WS(¥) are
frames in L, (R), and the following identity holds

= 2 > vgVga 8 fgela®), (327)

JEZ t=1keZ

with the series converging absolutely.

Proof. By the simple observation in (2.18), it is easy to see that for all integers J, (3.25) holds with the same constants Cq
and C;. In particular, for all J € Z, we have

1Py 12 =Y "> (. ¢>§,;k>|2 <GS, m-

{=1keZ

Since |d| > 1, by Lemma 8, we have limj__oc Y p_1 > yez (. @t =0 for all f € Ly(R). Now it is easy to deduce that
(3.26) holds.

To prove the second claim, by what has been proved, both WS(¥) and WS(¥) are frames in L,(R). Note that the pair
(WS (2; lI/),WS](@, J)) forms a pair of nonhomogeneous dual wavelet frames in (L,(R), Ly(R)) for all integers J. Thus,

for all integers J, we have

8 = Z Z(f ¢§1;k>(¢~)§!;k’ g)+ Z Z ZU ‘/’ﬁf;kx%f;k’ gl f.gela(®), (3.28)

t=1keZ j=J t=1keZ

dJ; k

with the series on the right-hand side converging absolutely. By Lemma 8 again, for f, g € L,(R), we have
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lim 37> Gl By €)=0

J—=—0
t=1keZ

Now we see that (3.27) holds. O
As a direct consequence of all the above results, we have

Corollary 10. Let d be a real number such that |d| > 1. Let ® = {@!, ..., @ "} and W = (¢, ..., ¥’} be subsets of distributions in
2'(R). Then the following statements are equivalent:

(1) FWS(@; ¥), which is defined in (1.10), is a frequency-based nonhomogeneous tight wavelet frame in Lo (R) for some integer J,
thatis, @, ¥ C L(R) and

+ZZZ| !”d JOk =27T||f||%2(R) Vi e L(R); (3.29)

l]keZ j=Jt=1keZ

(2) item (1) is true for all integers J;

(3) (FWS;(®; W),FWS(®; ¥)) forms a pair of frequency-based nonhomogeneous dual wavelet frames in the distribution space
7'(R);

(4) &, ¥ C L%’C(R) and (2.14)-(2.17) hold with & := & and ¥ := W;

(5) there exist ¢',...,¢", ¥, ..., ¥° € Ly(R) such that @' = ¢1,...,@" =¢", ¥ = y1,...,¥5 =5 and WS;({¢",...,¢");

{(yl,..., ¥ Disa nonhomogeneous tight wavelet frame in LZ(R)
r o0 N
DD+ DD YN vl =1 e Y € L@ (3.30)
t=1keZ j=J]t=1keZ

Moreover, any of the above statements implies that FWS(¥) is a frequency-based homogeneous tight wavelet frame in L, (R), that is,
¥ C LH(R) and

d,Ok :27r||f||§2(R) Ve Ly(R). (331)

JjeZ t=1 keZ

Proof. We first show that if item (3) holds, then (3.15) must be true with C =2 and t = 0. Since item (3) holds, by
definition, for all f € 2(R), we have

-1 s
: 2
lim (ZZ Vi iox) )=2””f”Lz<R>~

!
J=reo\ D kez ]]Z]keZ

Now it is straightforward to see that (3.15) must be true with C =27 and 7 =0, since || f||2— % |\f||%2(R). Consequently,

L®)
by Theorem 7, item (3) implies @, ¥ C L,(R).
Now by Theorem 7, (1), (2), and (3) are equivalent to each other. The equivalence of (3) and (4) is guaranteed by
Theorem 6. The equivalence between (1) and (5) is trivial. (3.31) is a direct consequence of Theorem 9. O

From the following result, we see that there is a natural connection between refinable function vectors and frequency-
based nonhomogeneous orthonormal wavelet bases in L, (R).

Proposition 11. Let d be a nonzero real number. Let & and W in (1.13) be subsets of Lo (R). Suppose that —— FWS;(®; W) is an

Noza
orthonormal basis of L,(R) for some integer | (this is equivalent to saying that (3.29) holds with || lLw = =10 lL,®r =
1 L® = = 1¥¥]lL,@® = /27). Denote @ := (@', ...,@" T and ¥ := (¥', ..., ¥*)T. Then there must exist r x r matrix a
and s x r matrix b of 27 -periodic measurable functions in L, (T) such that
o(dé) =a@)@E) and ¢ (d§) =bE)(E), aeéeR. (3.32)

Moreover, if |d| > 1, then J_ FWS(¥) is also an orthonormal basis of L, (R).

Proof. Note that ﬁ FWS,(@®; ¥) is an orthonormal basis of L(R) if and only if it is an orthonormal basis of Ly(R) for

all integers J. Consider the expansion of the elements ‘/’g-o o and Wg;o,o under the orthonormal basis \/% FWSo(®; ¥). By
orthogonality, we have
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%00 Zzwd00’¢10k>¢10k

Z 1keZ

and

, 1 < ,
Va00= e Z Z<¢d;0,0’ ¢€;o,k>‘?({);o,k-

{=1keZ

Noting that <p§20’0(5) = |d|'/2e? (d§) and ‘/’/i];o,k(s) =e k@t (£), we see that (3.32) holds with

o~ iké _
[a®],, 2n¢|?z¢d°°"p1 e M =1,
and
—ik.
[b('é’:)]f’ Zﬂ\/ﬁz d007(010k) lé, E=1,...,r,£’=l,...,s,
where [a(§)]y , denotes the (¢, £)-entry of the matrix a(§). Since

ZK‘P&0,0’ ‘P‘lz;o,kﬂ2 =0,
keZ

all [a]y ¢ are well-defined elements in Ly(T). Similarly, all [b], , are well-defined elements in Ly(T). O

4. Nonstationary dual wavelet frames in the distribution space

All the results in the previous sections have been mainly built on the multiresolution-like structure in (2.19) for sta-
tionary nonhomogeneous wavelet systems. Here stationary means that at scale level j the dilation is d/ and the generating
wavelet functions are independent of the scale level j. The result in Lemma 5 characterizing the multiresolution-like struc-
ture in (2.7) makes most proofs in the previous sections relatively simple. Nonhomogeneous wavelet systems are closely
related to nonstationary wavelets, which are useful in many applications since the nonstationary wavelet filter banks can
be implemented in almost the same way and efficiency as a traditional fast wavelet transform. However, except a few spe-
cial cases as discussed in [4,7,26] and some references therein, only few theoretical results on nonstationary wavelets are
available in the literature.

In this section, we shall see that the notion of a pair of frequency-based nonhomogeneous dual wavelet frames in the
distribution space is very flexible and similar results hold in the most general setting of fully nonstationary wavelets. Since
there are few theoretical results on nonstationary wavelets in the literature, it is worth our effort to provide a better picture
to understand them in this section.

Let us first introduce the notion of a pair of frequency-based nonstationary dual wavelet frames in the distribution space.
Let J € Z and {Aj}l?ozj be a sequence of nonzero real numbers. Let

o=|p',....0"), &=10p"'.....9"} (4.1)
and

W] = {'/,j,l’””'/,j,sj}’ j {'/,_, '/,j,sj} (42)
be subsets of distributions in 2’'(R) with j > J and s; € N. We say that the pair

(Fws; (@: {w7) 32 ). Fws; (&: {#7) 2 ) (43)

forms a pair of frequency-based nonstationary dual wavelet frames in the distribution space 2’ (R) if the following identity holds:

ZZ (. (0}“! 0.k %1 0.k & +ZZZ (F. V’A 0l 'ﬁi}{o,lc,g)=27r(f, g VvVige I(R), (4.4)

t=1keZ j=J t=1keZ

where the infinite series in (4.4) converge in the following sense:

1. for every f,g € Z(R), all the series > 5 (f, (pﬁj;o.k)(@ﬁj;o,k,g) and Y, (f, wi'}f/oy,)(lif)]\'}e;o,k,g) converge absolutely for
every integer j> |, £=1,...,r, and ﬂ:l,...,sj;
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2. for every f, g € Z(R), the following limit exists and

r J=15j ;
lim (ZZ(f» 95 0@ 040 8) ZZZ ok wi’ﬁo,k,g>> =27(f.g). (4.5)

’
J'=troo ( Skez =] t=1kezZ
The stationary nonhomogeneous wavelet systems considered in previous sections correspond to the case that A = d—J,
sj=s, and Wi =W for all j > J; that is, the generating wavelet functions remain stationary (unchanged) at all the scale
levels j.

A pair of frequency-based nonstationary dual wavelet frames in the distribution space 2’'(R) can be similarly character-
ized by the following result.

Theorem 12 Let ] be an integer and {)»]}O<> be a sequence of nonzero real numbers such that lim;_, ;o Aj = 0. Let @, @ in(4.1)

and ¥/, v’ in (4.2) be subsets of L"’C(]R) for all integers j > ]. Then the pair in (4.3) forms a pair of frequency-based nonstationary
dual wavelet frames in the dzstnbutlon space 2'(R), if and only if,

“"(x,g)+21 “(LjE) =0, aekeR, ke A\{0} (4.6)
i=J

(all the above infinite sums are in fact finite, since limj_, y o A jk =0 for all k € R) and

J-1
]/Lilzoo (12, (Ag)+ Z Iowj(kj~)> =1 in the sense of distributions, (4.7)
j=J

where A := Uj-’i][)\jflz] and

15 =) ¢ )@ € +2mk), keZ, and 1%(E)=0, keR\Z, (4.8)
=1
and
Sj .
K@= 9 ©PF € +2rk), keZ, and 1%, =0, keR\Z (4.9)
=1

Proof. Let f, g € 2 (R). By Lemma 3, we have

SO VoW o =27 [ 3 f@gET 2RI 06 ds. (410)

0=1keZ R ke[x;lZ]

Since f and g have compact support and limj_ 1 Aj = 0, we observe that there exists an integer Jfg such that
f(&)g(E +2mk) =0 for all k e [)LfZ]\{O} and j > Jgg. Therefore,

Y ¥ o g) =2 / (OFE 1, (6 dE Vi g (411)

L=1keZ

Sufficiency. For ]’ > J, define

J=15j
~j.e
5] (f.g) —sz %] 0.k %, gty D) 'h 0.k 'Pij;o,k’g>-
L=1keZ j=J] t=1keZ
Therefore, by (4.10), for J' > J, we have
s/ (f.g=2m / > f©)gE +2nl<)[ (h€) + Z ) (w} dé. (412)
R kea

Now by (4.6), for all |’ > max(]J, Jsg), we deduce that
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J=1
S| (.8 =2 / f(€)g() [19,,@ B+ Iﬁ;j(xjs)} d. (413)
R j=J
Now by (4.7) and (4.13), we conclude that lim_, S]’(f, g) =21 fR f(&)g®)de =2 (f, g).

Necessity. The proof of the necessity part is essentia{ly the same as that of Lemma 5. Since lim;_, ;o Aj =0, the set A is
discrete and closed. For any temporarily fixed & € R and ko € A\{0}, it is important to notice that dist(kg, A\{ko}) > O.

Now the same argument as in the proof of Lemma 5 leads to (4.6). Similarly, for any temporarily fixed & € R, since
dist(0, A\{0}) > 0, by (4.13), the same argument as in the proof of Lemma 5 leads to (4.7). O

For the particular case A; = d—J, the following result is a direct consequence of Theorem 12.

Corollary 13. Let d be an integer with |d| > 1 and ] be an integer. Let &, & in (4.1) and W/, lI7j in (4.2) be subsets of Ll"C(R) for all

integers j > ]. Then the pair in (4.3), with Aj =d~ J forall j > J, forms a pair of frequency-based nonstationary dual wavelet frames
in the distribution space 2'(R), if and only if, for all jo € NU {0} and ko € Z\[dZ],

Jo Sj+J .
Zga@ Ah0g)@" (0 + 2ko)) + 3 S I (aio—ig) g (@i ¢ + 2ko)) =0, (4.14)

j=0¢=1

for almost every & € R, and the following limit holds in the sense of distributions:
L — J-1 s ———~ il .
lim (Z(pé(d].)@@(d],) + Z Z'/f]’z(dfj')lli]’ (d]')> =1. (4.15)
J=too\ i3 =] =1
Proof. Since A; = d4, it is evident that (4.7) is just (4.15). Note that A = U;'»i][de] =d/Z by d e Z. For any k € A\{0} =

[d/Z]\{0}, we can write k = d/*iokq for a unique integer jo >0 and a unique ko € Z\[dZ]. Now it is easy to check that (4.6)
is equivalent to (4.14). O

As another application of Theorem 12, using a similar argument as in the proof of Corollary 10, we have the following
result on frequency-based nonstationary tight wavelet frames in L, (R).

Corollary 14. Let | be an integer and {Aj}oo be a sequence of nonzero real numbers such that lim;_, ;o Aj = 0. Let @ in (4.1) and
W in (4.2) be subsets of distributions in @/(R) for all integers j > ]. Then the following statements are equivalent:

1. FWS;(®; {lIlf}°° ]) is a frequency-based nonstationary tight wavelet frame in L,(R), that is, ®, W4 C Ly(R) forall j > J and

o0
+ZZZ| '/’x 0] :2”||f||%2(R> vfe L2(R); (4.16)

(= 1I<eZ =] {=1keZ

2. the pair (FWS;(®; {lI/f}S?i]), FWS | (®; {lIlf}joiJ)) forms a pair of frequency-based nonstationary dual wavelet frames in the
distribution space 2’ (R); ,
3. @,/ C L(R) and (4.6), (4.7) hold with & := & and ¥’ := W/ forall j > J;

4. thereexist ¢', ..., ¢", i1, . WIS € Ly(R) forall j > | suchthat @' = @1,...,@" =@, il = ydil, . gisi = IS for
all j > J, and

ZZIfd) ok +ZZZ| W =1f12,c Vfel®. (417)
A ik

{=1keZ j=J]¢=1keZ
For frequency-based nonstationary wavelets with multiresolution-like structure, we have

Proposition 15. Let Jo be an integer and {A;}°
i> Jo, let Wi ¥ in(42)and

g, be a sequence of nonzero real numbers such that lim;_, ;o Aj = 0. For integers

®i:={pi, . @in), & ={g", .. ") (4.18)
be subsets of LY°(R). Then
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(Fws; (@ {wl} 7 ). Fws (@ (¥} ))) (419)
forms a pair of frequency-based nonstationary dual wavelet frames in the distribution space 2'(R) for every integer | > Jo, if and
only if,

[t k _ _
1o + 1) Ko = [ 0gn8). aeteR ke[A7'Z]U[ATLZ]. i > Jo. (4.20)
and
Tj
lim Z(ol E(hje )@ (A] )=1 in the sense of distributions, (4.21)
j—>+o<>Z 1

where Isﬂ-, k € R, are defined in (4.9) and
Tj
K@) =) @it ®@" E+27k). keZ, and IX;(E)=0, keR\Z (4.22)
=1

Proof. By the same argument as in Theorem 6, we see that the pair in (4.19) forms a pair of frequency-based nonstationary
dual wavelet frames in 2’(R) for all integers J > Jo, if and only if,

sz(",\j()k ‘/’A]owg +ZZ wx 0.l ¢i}€o,k’g)

{=1keZ =1 keZ

Tj+1
1,¢ 1,¢
=Y YRl el 8. fge2®), j= o, (4.23)
=1keZ
and
ngmZZf 0l 0@l o8l =2n (L8, fgeI®). (4.24)
{=1keZ

By Lemma 5, (4.20) is equivalent to (4.23). By Lemma 4, (4.21) is equivalent to (4.24). O

For a(§) = ﬁikl a(k)e=* with a(kq)a(ky) # 0, the degree of a is defined to be deg(a) := max(|k1|, [kz2|). We finish this
paper by the following result which connects a nonstationary wavelet filter bank obtained via a generalized nonstationary
oblique extension principle with a pair of frequency-based nonstationary dual wavelet frames in the distribution space.

Theorem 16. Let {dj}jo-il be a sequence of nonzero integers such that lim;_, ;o ]_[,]1'=1 |dn| = oo. Define o :=1 and A;j :=

(]_[f;:1 dn)~! forall j € N. Let al and 3/, j € N, be 21 -periodic trigonometric polynomials such that a/(0) = 3/(0) =1 forall j € N
and

C _ZM |deg(a’) [a’[|, ) <00 and C _deeg( )&, ) < oo (4.25)
j=1
Define
@& =] (hjar;'8) and @@ :=[]a*"(j4nr'E), &R, jeNU(0). (4.26)
n=1 n=1
Then all 9i~1, @', j € N, are elements in L' (R) satisfying
@ l@iE) =al©)pl€) and §'7@E) =3 ()@E). VEER, jeN. (4.27)
Letd1, ... 03T pil, . biSi-1 and éj’l, e (;’j’rj’l,f)ffl, ...,bISimtwithr;_1,s;_1 € Nand j € N be 27 -periodic measurable

functions in L%’C(R), Define

P E) =0 E)pIT ) and @) =" ©)@ ' ©). jeN, t=1.....rj1. (4.28)
YT (djE) = bl E)lE) and T (08) :=b”(§)¢ &), jeN, £=1,...5j1. (4.29)
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Then &7, & in (418) and W/, ¥’ in (4.2) are subsets of LY¢(R) for all j > 0. Moreover, the pair in (4.19) forms a pair of frequency-
based nonstationary dual wavelet frames in 2'(R) for every integer | > 0, if and only if, for all j € N,

@l (d;e)al €)al¢) + %Wﬁf~ﬁ<s> =0I"(#), aeteR, (4.30)
=1

O d;e)al (£)a’ (s + ZZ—]CU> +silﬂ»@—(s)ﬁf?‘ (5 + 275—}‘”) =0, aefecR, weZ\[d;Z], (431)
and .

; lim ©7t1(h;) =1 in the sense of distributions, (4.32)
where

O = rimé”@), jeN. (433)

=1

Proof. We first establish an inequality on the decay of 0, which plays a critical role in this proof to show (4.21). By
al(0) =a’(0) =1 and Bernstein inequality [|[a’]'||.,,(T) < deg@)[[a’]llL.(T),

£

/ [a/] () dt

0

[1-a@)| = <@ nyle1 < (€1 deg(@)) [a] ). (434)

where [a/]’ denotes the derivative of a/. Observe a simple inequality

lz| <e™? vzeC. (4.35)

In fact, denote z=re!? for r > 0 and 6 € R. It is easy to prove that e¥" > (r + 1)2 for r > 0. Consequently, e2? > (r + 1)2 >
r2 —2rcos6 + 1 =|z — 1|2, which leads to (4.35).
Now for any my, my € NU {400} with my <mj, by (4.34) and (4.35), we deduce that

my

[T a2

n=mq

my ; my ; ;
2 1=al T () 2o A jin|deg@™™y|lalth
< eanml | A jn&)l < e|“::‘ anml [Ajn| deg( )] [lLoo (T) .

Hence, by (4.25), we have

my
1_[ alt(ng)| <e®¥l Ve e R, my,my € NU {+o0} withmy < m. (4.36)

n=mq

On the other hand, by a similar idea as in [22, p. 93] and [26, p. 932], we have

my my my
1- [[a"0gme =) ( —af+'”<xj+ms>)< [1 af+“<xj+né>>,

n=my m=mj n=m+1

where ]_[;"imz 4+1:=1. By (4.34) and (4.36), we deduce from the above identity that

my my my
1= [T a"™MGjun)| <el Y7 [1-a"MGjmé)| <eNEl D [1jimldeg(@’™™) 2l ™ .
n=my m=my m=my

That is, for all m{, my € NU {400} with m; < mjy, we have

my j+my
1— [T a0 <ellgl Y Irmldeg@@™)|a™], ., VE€R. (4.37)
n=m m=j+my

The above inequality implies the uniform convergence of [];2, al ™ j+n&) for & on any bounded set. Since e &) =
152, a/*"(%j4né), we conclude from (4.36) that @/ € L'°(R). Since 87:¢, b/t € LY(R), it is evident that all @/, y/* are

elements in L’z‘"(}R). Similarly, we can prove (i)j € ng’oc(R) and all (])M, 1/7” are elements in L’Z"C(R).
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Note that @/~'(Aj_1&) = al(A;£)@/(3;&), that is, @I~1(&) = af'(d;ls)«pf(d;lg). So, (4.27) holds. Also note that

limj_Aj =0 and @/~1(&) =0 for at most countably many & € R. Note that (4.20) with j being replaced by j —1 is
equivalent to

rj—1 ) Sjr
Y @i 10di6)@ @ +2mdk + 2mw) + Y I (djE) 9 Y (diE + 2mdjk + 21 0)
=1 (=1
LA 27w
=8(w) Zqﬂl(s)(b”(g + 271k + —) (4.38)
=1 dj

forallkeZ and w=0,...,|d;| — 1, where §(0) =1 and §(w) =0 for all w # 0. Now it is easy to directly verify that (4.30)
and (4.31) are equivalent to (4.20).
We now show that (4.21) is equivalent to (4.32). By

@ o) =[]0 jnd)

n=1
and (4.37), we have

o0

[1—@/(je)| <elgl > |Am| deg(@™)[a™ |5, € €R, jeNU{O). (4.39)
m=j+1

By a similar argument, we also have

e}

1—@/ (6| <e il 3 |Am| deg(@™)[a™ ], 5. € €R, jeNU{O) (4.40)
m=j+1

By (4.25), we infer that

o0
jEToo Z Ikmldeg(am)||3m”Lm<1r>:0
m=j+1

and

o0
lim Z |xm|deg(im)||5’"||Lmar>:O'

j—+00
] m=j+1

By (4.28), we deduce that

Y @GP (1) = 0T (15T 0,69 1j6).
=1

Now by (4.39) and (4.40), using Lebesgue dominated convergence theorem, by the same argument as in Theorem 2, we
conclude that (4.21) holds if and only if (4.32) holds. By Proposition 15, the proof is completed. O
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