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For many properties P Bondy and Chvétal (1976) have found sufficient conditions such that if a
graph G +uv has property P then G itself has property P. In this paper we will give a
generalization that will improve ten of these conditions.

1. Introduction

Our notation and terminology follows Berge [1] and Harary [7]. We denote the
set of all graphs of order n by R,. The distance between vertices « and v in the
graph G =(V(G), E(G)) is denoted by ds(u, v). Let k be a positive integer. For
each u € V(G) we denote by N&(x) and M%(u) the sets of all v e V(G) with
dg(u, v) =k and dg(u, v) <k, respectively.

The k-closure of G is the graph C,(G) obtained from G by recursively joining
pairs of non-adjacent vertices whose degree-sum is at least k, until no such pair
remains.

For many properties P,
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ndy and Chvatal [2] have found sufficient conditions
such that if a graph G +uv h s property P, then G itself has property P. In

narticular it ig shown { narapnhrasing QOre’s ovroof 101 that if GeR
particuiar 1S shown paraparasing Ure’s pro pivy) that ugl\n,

uv ¢ E(G), dg(u) + dG(u) Zn and G + uv is hamiltonian, then G is hamiltonian.
Using this condition Bondy and Chvital [2] have found the following sufficient
condition for a graph to be hamiltonian: If the graph C,(G) is hamiltonian, then
G is hamiltonian. In particular, if n =3 and C,(G) = K,,, then G is hamiltonian.
It was noted in [2], that many generalizations of Dirac’s condition [6] including
those of Chvdtal [4] and Las Vernas [9], guarantee that C,(G)=K,. It was
shown in [5], that if C,(G) = K,, then |E(G)| = [(n +2)%/8].
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In this paper we will give a generalization that will improve the conditions of
Bondy-Chvital for ten properties considered in [2]. For example, we prove that
if G + uv is hamiltonian, dg(u, v) =2 and

dg(u) + dg(v) = |ME(u)| + [NG(u) N Ng(v))

then G is hamiltonian. Using this condition, we define a new closure of the graph
G, which has C,(G) as a spanning subgraph, and G is hamiltonian if and only if
this new closure of G is hamiltonian. It is shown that for every n = 6 there is
G € R, such that |[E(G)| =2n — 3 and the new closure of G is a complete graph.
These resuilts can be viewed as a step towards a unification of the various
known results on the existence of hamiltonian cycles in undirected graphs.
We will use the methods of proof that were used in [2].

2. Stability and closures
Let P be a property defined on R, and r be an integer.

Definition 1. The property P is (k, r)-stable, k=2, if whenever G + uv has
property P, dg(u, v) =2 and
dg(u) +dg(v) = IMGu)| + NG (u) N NG(v)| + 7 2.1

then G itself has property P.

Remark 1. If £ =3 and d;(u, v) =2 then (2.1) is equivalent to

do(u) + dg(v) = |\MGu)| +r
because
NEH u) N Ny(v) =6.

Remark 2. If d;(u, v) =2 then (2.1) is equivalent to

NS NS =1+ S ING@\NSw)) + 7

7
because

IMG(u)l =1+ ; ING()l,  do(w)=INc)l, ds(v)= ; ING(u) N No(v)|

and
N (u)\Ng(v) = Nig(u), N;u)NNgv)=0 forj=4.

From Definition 1 we have the following.



Stable properties of graphs 145

Proposition 1. If property P is (k, r)-stable and m > k=2, t >r, then:
(a) P is (m, r)-stable,
(b) P is (k, t)-stable.

A property P is called (n +r)-stable [2] if whenever G eR,, G +uv has
property P and d;(u) + dg(v) =n + r, then G itself has property P.

Proposition 2. If property P is (k, r)-stable, k=2 and r=—1, then P is
(n + r)-stable.

Proof. Assume G eR,, G +uv has property P and ds(u)+ds(v)=n+r.
Clearly,

do(u, v)=2 and dg(u)+ds(v)= |MEw)| + NS (W) N NEQ)| +r.
Hence G has property P which completes the proof. [

In [2], the smallest integer r(P) was found for many properties P such that P is
(n + r(P))-stable.

In this paper we will find for ten of these properties P the smallest integer
k(P) =2 such that P is (k(P), r(P))-stable.

Definition 2. Let G e R,, H € R, and let H be a supergraph of G. We shall say
that H is a (k, r)-closure of G, k=2, if

dp(u) + du(v) <|MEu)| + INg () O Ny(v)| +r
for all uv¢ E(H) with dy(u, v)=2 and there exists a sequence of graphs

H,...,H, such that H =G, H,=H and for 1sism—1 H,,,=H;+ u,v,,
where dy (u;, v;) =2 and

du () + du(v) = | M5 ()| + ING Y(w) N Ny(v)l+r.

A (k, r)-closure of a graph is certainly not unique. For example, the graph G in
Fig. 1 has two (2, 0)-closures, namely G + uv and G + uw.

It is not difficult to see that if = —1 then C,.,(G) is a subgraph of each
(k, r)-closure of G, k =2.

From Definition 1 and 2 we have the following.

Proposition 3. If P is (k, r)-stable, k=2 and some (k, r)-closure of G has
property P, then G itself has property P.

Fig. 1.
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3. The hamiltonian property
Lemma 1. Let GeR,, n=3. If uy, uy,...,u, is a hamiltonian path of G,
dG(ul, u,,) = 2, and
dg(uy) + dg(u,) = IM5u)| + ING(u,) N NE(u,)| (3.1)

then there is a m such that2<m<n -2, u\u,,,, € E(G) and u,u,, € E(G).

Proof. Let Ng(u)) = {wiy, . . ., ;). If u,u;_, ¢ E(G) for every j, 1sj=<t, then
ING(u1) 0 N§ ()| + (NG(u1) N Ng(u,) < IME(u)] — do(uy).
But then

di(u,) < IME(u,)| + ING(u) N Ng(u,)| — dg(uy)
because

3
dg(u,) = 2, [Nlo(u1) N N&(u,)l.
j=1
This contradicts (3.1) and completes the proof. []
Theorem 1. The property of containing a hamiltonian cycle is (2, 0)-stable.

Proof. Let GeR,, n =3, ds(u, v) =2 and
do(u) + dg(v) = |M%(u)| + ING(u) N NG(v)l.

Suppose that G + uv is hamiltonian, but G is not. Then, G has a hamiltonian
path uy, u,, . .., u, with 4, =u, u, =v. From Lemma 1, there is an integer m
such that 2sm=n -2, u,u,, € E(G) and u,u,,., € E(G). But then G has the
hamiltonian cycle w,u;, - - W, U U,y * * * U, 1U4;. This contradicts the hypothesis,
and completes the proof. [

From Theorem 1 and Proposition 1 it follows that the property of containing a
hamiltonian cycle is (3, 0)-stable. Hence, from Remark 1 we have the following.

Corollary 1. Let GeR,, n=3. If dg(u, v)=2, d(u) + ds(v) = |ME(u)| and
G + uv is hamiltonian, then G is hamiltonian.

Remark 3. If the (2, 0)-closure of G has the hamiltonian cycle C, then, by using
Lemma 1, one can transform C into a hamiltonian cycle in G in exactly the same
way that the hamiltonian cycle in C,(G) was transformed into a hamiltonian cycle
in G (see [2]).

From Theorem 1 and Proposition 3 we obtain the following.
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Corollary 2. Let GeR,, n=3. If K, is the (2, 0)-closure of G, then G is
hamiltonian.

Theorem 2. For every n =6 there is G € R, such that |[E(G)|=2n—3 and K, is
the (2, 0)-closure of G.

Proof. Let ¢ be the integer part of the number n/2. Consider a sequence of
graphs Gy, . . ., G, suchthat G, =K, V(G)={wy, up, . . . , u,},i=1, ...,
t and
E(Giks1) = {u; | 2k —1=<i<j=n}
U {loi_1lhyi, Uni—Uis1, Unildaivr, Unilhoisz | i=1...,k—1}

for every k, 2< k=<t (For n =8 the graphs G,, G,, G; are shown in Fig. 2.)
Clearly
IE(G)l=2n-3 and |E(G,_; )| —VE(G i s))=2n—4k+1,k=2,...,t
We shall show that G, is a (2, 0)-closure of G,. For each k, 2=<k =<¢, define
Hi.o, Hy 1, . .. Hion—ake1 to be a sequence of graphs such that Hy o= G, 4,
Hy 20 —ax+1= G,—i+2 and

(1) if k=t n=2tthen H, , = G,=G, +u,u,_s,

(2) if k<torn=2t+1 then
Hk,,»+u,,_,-u2k_2 f0ri=0, 1, e vy n—2k—1,
H+uy oy -z fori=n—2k,...,2n—4k.
It is not difficult to verify that if 2<k=<¢ 0=i<2n—4k+1 and H, ., =
H; ; + u,u,, then

de’,-(upy ur) = 2

Hiv= {

and
dp, (Up) + dp, (u) = M3, (u,)] + NG, (4,) N N, ().
Hence G, is a (2, 0)-closure of G, and this completes the proof. [

4. Other properties
By C, and P, we mean a cycle and a path on s vertices, respectively.

Theorem 3. Let n, s be positive integers with 4 <s<n. Then the property of
containing a C, is (2, n — s)-stable.
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Proof. Let GeR,, ds(u, v)=2 and

dg(u) +dg(v) = IM&(u)| + ING(u) N No(v)l +n —s. (4.1
From Remark 2 we have that (4.1) is equivalent to

INS(w) N NG()| =1+ INs(u)\Ng(v)| +n —s. (4.2)
If G + uv contains a C, but G does not, then G contains a path u,, u,, ..., u,
with u, =v, u, =u. Let H be the subgraph of G induced by {u,, u,, ..., u}.
Then H + uv is hamiltonian but H is not. Clearly, v € N5(u)\Ng(v) and

IN&(u) N NG(v)| < IN4(u) N Ny(v)l +n —s. (4.3)

From (4.2) and (4.3) we have |Np(u) N N}(v)| =1, and so dy(u, v) =2. Now
from Theorem 1 and Remark 2, it follows that

INk(u) N Nig(v)] <1+ [N3(u) \Np(v)l. (4.4)

It’s clear, that |[N%(u)\N4(v)| < |N%(u)\Ng(v)|. From (4.3) and (4.4) we can
deduce that

ING() N NE@)] < INE@) N N()] + 1= “s)
<|NL(u)\Ng(v)| + n —s < |NLu)\N5(W)| +n —s.
This contradicts (4.2) and completes the proof. O

Theorem 4. Let n, s be positive integers such that s is even and 4 <s <n. Then the
property of containing a C, is (4, n —s — 1)-stable.

Proof. Let GeR,, ds(u, v)=2 and

do(w)+ds(v)=|MEW)| +n—s—1. (4.6)
From Remark 2 we have that (4.6) is equivalent to
4
IN&(u) N N6@)|=n —s + 2, ING(u) \N5(v)|. “.7)
j=2
If G + uv contains a C; but G does not, then G contains a path u, u,, ..., u
with u, = v, u;, = u. Let H be the subgraph of G induced by {u;, u,, . .., u,}. As

in the proof of Theorem 3, we have (4.5). It’s clear, that (4.5) and (4.7) imply
ING()\Ng(v)l = IN§@)\Ng(v)| =0,

IN}H() N Ni(v)] = INZ(u) \N3(v)] = INGu) \NG ()|, (4.8)
and
IN&(u) N Ng(v)| = IN}(u) N Np(v)l +n —s.
Since n > s, u and v have a common neighbour w.
Clearly,

(k|2<k<s-2, uu € E(G), s € E(G)} =46, (4.9)
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because in fact if wu,u, € E(G) and wuu;,,€ E(G) for some k, then
Uiy Ugllg_q - Uiy 18 C; In G

In addition we have u,u; ¢ E(G), for otherwise u,usu, - - - u,wu, is a C, in G.
Similarly, we have wu,_, ¢ E(G) for otherwise u,u, - - - u,_,u,wu, is a C, in G.

Let Npy(u)NNy(v)=A{uw,, ..., u}, ip=0and i, <---<i, if t=2. Then (4.9)
and u, € N3,(u)\N}(v) imply that for j, 0<j=<r—1, there exist r;, such that
i;<r;<ij,, and u, € N3 (u)\N}(v). We can take r,= 1.

We will now show that i, =s — 1. Suppose i, <s — 1. Then (4.9) and w,u,_,¢
E(G) imply that there exists r, such that i, <r,<s -2, uu, € E(G), uu, ¢ E(G)
and wvu, ¢ E(G). But then {u,|i=0,1,...,t} c N4u)\Ni(v) and |N%(u)\
N}4(v)| =t + 1, which contradicts (4.8). Therefore i, =s — 1.

Next, note that if 2<i=<ys — 3, then

uu, € E(G) > wuu,,, ¢ E(G). (4.10)

Otherwise u; - - * Ul U; U+ - Ug_ylq is a C, in G.
We have that

duy(us, u)<4 and NHw)\NL(v)=Ngu)\NLv)=0.

Therefore dg(us, u)<2. If dg(us, u) =1, then from (4.9) and (4.10) we have
us € Ni(u)\Np(v). This implies {us, u,, . . ., u,_} < N4(u)\Ni(v) and |[N3(u)\
N}(v)| =t + 1 which contradicts (4.8).

If dg(us, u)=2 and i;=4 then {u;, u
contradicts (4.8).

Let dg(us, u)=2 and i;,=2. Then =2 and uu, 1 ¢ E(G), j=1,...,1t

s o> U} < Ni(u)\Nj(v), which

>

because if u,u, _, € E(G) for some j, then Uil = - Uz - - uy, qupisa Coin G.
It follows from (4.10) that u, _, € N (u)\Ny(v), j=1,..., ¢

Also, i;,,—i;=2for every j=1,...,t—1, because if Ij+1— i;>2 for some j,
then

{15 - Uy, i} S NE()\NL(v) and  [NL(u)\NL(v)| =1+ 1,

which contradicts (4.8).
Therefore s =2t + 1, which contradicts the hypothesis, that s is even, and
completes the proof. O

Fig. 3 (with n = 10, s = 8) and its obvious generalization show that the property
of containing a C, with s =2p <n is not (3, n — s — 1)-stable for s = 8.

Fig. 3.
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Theorem 5. Let n, s be positive integers with 4<s<n. Then the property of
containing a P, is (4, —1)-stable.
Proof. Let GeR,, ds(u, v) =2 and

do(u) + dg(v) = |ME(u)| — 1. (4.11)

From Remark 2 we have that (4.11) is equivalent to

4

ING(u) N NG()| = 3 INGu) \NG()l. (4.12)
j=2
Suppose G +uv contains a P, but G does not. Then G + uv contains a path
Uy, Uy, ..., us with u,, =u, u,.,=v for some m, lsms=<s—1. Let N5u)N
NlG(U)= {u,-l, ceey u," ) i0= 1, i,+1 =y, l(]<ll< AR <it+l and let ik <m <ik+1'
Clearly,

{(il1<j<s, unu € E(G), Up1 144, € E(G)} =0

because if u,u; € E(G) and u,,.1u;., € E(G) for some j, then G contains a P,
where

P = {uluZ S Ul 1t Uil U If j<m,
$ u1u2 A umuiu]-_l Lo um+1u,-+1 = us lf] >m.
In addition we have w,u,, ¢ E(G) and u,u,,., ¢ E(G). Then for each j, j#k,

1<j=t, there is a u, such that i, <r,<iy,,, uu, ;€ E(G), uu, ¢ E(G) and
vu, ¢ E(G). Therefore u, € No(u)\Ng(v), j#k, 1<j<t, and

ING(u) N N&()| < ING(u) \Ng()|. (4.13)
It follows from (4.12) and (4.13) that N5(u)\N§(v) = N&(u)\N5(v) =9 and
t = |Ng(u) N N§()| = INGu)\Ng(v)|. (4.14)

If uu, ¢ E(G) then u; € N3(u)\Ng(v). Then
{u, | j#k, 1<j<k}U{u, v} = Ng(u)\N§(v)

and [N%(u)\N§(v)| =¢ + 1. This contradicts (4.14).
If uu, € E(G), then i; >m, for otherwise

UpyiUoss, " ** Uplhylhy * * * Uy Uy iUy * * Uy
is a P, in G. Therefore

{v,4,,...,u,} = Nz@)\Ng(v) and [NHu)\Ng()|=¢+1.
This contradicts (4.14) and completes the proof. O

Fig. 4 (with n =5 =7) and its cbvious generalization show that the property of
containing a P, is not (3, —1)-stable for s =7.
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Fig. 4.

Theorem 6. Let n, s be positive integers with 4<s<n. Then the property of
containing a P, is (2, 0)-stable.

Proof. Let G eR,, d;(u, v) =2 and

dg(u) +do(v) = |MG(u)| + ING(u) N NG(v)l. (4.15)
From Remark 2 we have that (4.15) is equivalent to
ING(1) N Ng(v)l = 1+ INGu)\NgG(v)l. (4.16)

Suppose G + uv contains a P, but G does not. Then G + uv contains a path
Uy, Uy, .. ., Ug with u,, =u, u,,,.,=v for some m, 1<m=<s—1. As in the proof
of Theorem 5, we have |Ng(u) N Ng(v)| < |N%(u)\N5(v)|. This contradicts
(4.16) and completes the proof. O

Corollary 3. Let n, s be positive integers with 4<s<n. Then the property of
containing a P, is (3, 0)-stable.

Corollary 3 follows from Theorem 6 and Proposition 1. From Theorem 5,
Corollary 3 and Remark 1 we have the following.

Corollary 4. If dg(u)+ds(v)=min{|{M&w)| -1, IML(w)|}, dg(u, v)=2 and
G + uv contains a P,, then G contains a P..

Theorem 7. Let n, s be positive integers with s <n — 3. Then the property of being
s-hamiltonian (see [3]) is (2, s)-stable.
Proof. Let GeR,, ds(u, v) =2 and

do(u) + do(v) = IM&(u)| + INGu) N NG(v)| +s. (4.17)
From Remark 2 we have that (4.17) is equivalent to

ING(u) N Ng(v)| =1+ INS(u)\N5(v)| +s. (4.18)

Suppose that for some set W of at most s vertices of G, (G +uv)—~W is
hamiltonian but H = G — W is not. We have

* ING(u) N NG(u)| < INp(u) N N(v)| +3s.
Together with (4.18) this implies that
INWW)NNy)|=1 and dy(u, v)=2.
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Then from Theorem 1 and Remark 2 we have

IN}(u) N Ni(v)] <1+ N7 (u)\Np(v)l.
Hence
IN&(u) N No()| < INj(u) N Np(u)| + 5 < INF(u)\N ()] + 5
< |NLW)\N§(v)| +s.
This contradicts (4.18) and completes the proof. O

The following Theorems 8—12 are obtained by using the same arguments as in

2].

Theorem 8. Let n, s be positive integers with s <n — 3. Then the property of being
s-edge-hamiltonian (see [8)) is (2, s)-stable.

Theorem 9. Let n, s be positive integers with s <n — 4. Then the property of being
s-hamiltonian-connected (see [1)) is (2, s + 1)-stable.

Theorem 10. Let n, s be positive integers with s <n —?2. Then the property of
containing K,  is (2, s — 2)-stable.

Theorem 11. Let n, s be positive integers with s <n — 2. Then the property of
being s-connected is (2, s — 2)-stable.

Theorem 12. Let n, s be positive integers with s <n — 2. Then the property of
being s-edge-connected is (2, s — 2)-stable.
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