View metadata, citation and similar papers at core.ac.uk brought to you by .i CORE

provided by Elsevier - Publisher Connector

JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 51, 243-255 (1975)

Linearization near an Integral Manifold*
KenNETH J. PALMER

Department of Mathematics, National Taiwan University, Taipei, Taiwan

Submitted by Norman Levinson

1. INTRODUCTION

Suppose the linear equation ¥’ = A(#) ¥ has an exponential dichotomy
and suppose the functions f(#, x, ¥) and g(¢, x, ¥) are continuous and small
Lipschitzian in x and y. Then the system of differential equations,

x :f(t7 X, y)r
Y =A@y + gt %, 3),

has an integral manifold given by y = 2(¢, x). In this paper, which continues
the work in [1], we show that there is a continuous function of (#, x, y) that is
a homeomorphism of the (x, ¥) space for each fixed ¢, sending the solutions of
this system onto the solutions of the linearized system

& :f(ty X, ‘Z)(t, .T)),

v = (1) y.

The stationary point and periodic orbit are included as special cases, and thus
the linearization theorems of Hartman and of Irwin [2] are generalized. Our
treatment is also more general in that the vector fields we consider are just
Lipschitzian and our equations are nonautonomous. This work also overlaps
the work of Pugh and Shub [3] and, although more general in the above-
mentioned aspects, it 1s less general in that the integral manifolds considered
are not as general as theirs.

2. STATEMENT OF THE 'THEOREM

If x1s in R™ and y 1s in R7", then we denote their norms by | x| and |y |
and, if 4 is an » X # matrix, we denote its operator norm by | A | . If &(z)
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is a continuous vector function of ¢ in R, we make extensive use of the norms

PhY = sup {] B(D)] et

i
—w b

LA lE = sup{| A(t)[ e}, | AT = sup{] A(t)] e,

>0 f<

where o > 0.
Suppose that 1(#) is a matrix function defined and continuous for all ¢
on the real line R. Then we say that the linear differential equation

v =d®y (1)

has an exponential dichotomy if it has a fundamental matrix Y (¢) such that
[ Y() PYYs)] < Kexp(—2xt —s))  fors <1,

YU P Y| < Kexp(-20s— 1) fors>t,

where P is a projection (P? = P) and K, « are positive constants,
Now we state our theorem.

THEOREM. Suppose A(t) is a continuous matrix function such that the linear
equation (1) has a fundamental matrix Y(t) satisfying (2). Suppose f(t, x, v)
is a continuous function of R X R™ X R" into R™ such that

(g, ) —F@ %, )l <@l vy — x|+ Ny — 3y 3)

Jor all t, x,,x,,%,,ys, and suppose g(t, x,y) is a continuous function of
R X R™ X R" into R™ such that

8@ %, y)| < s @
[8(8 20, 31) — gty %, ¥)l < @l vy — % |+ |91 — 32 (]
forall t, x, v, %;, %3, ¥y, vo. Then, if
@ < of4, gz < min{e?/32NK, /8K },
(i) there exists a continuous function v(t, x) of R X R™ into R" satisfying

lo(t, )l < Kpal, o2, %) — o2, %)) < 8Ka'gy |2 — x, |

Jor all t, x, x, , x, such that y = o(t, x) determines an integral manifold for the
system,

x =f(t, x,y),

. )]
Y =A@ty + gt %, 9);
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i.e., if x(t) is a solution of the equation

x" = f(t, x, (¢, x)),
then x(t), v(t, x(t)) is a solution of (5). Moreover, if x(t), y(t) is a solution of (5)
such that sUp_ 1o | 3(2)] << 00, then y(t) = v(¢, x(2)) for all t.

(ii) There exists a continuous function
H(t, %, y) = (Hy(t, x, ), Hyt, x, ¥)

of R x R™ x R" onto R™ X R" such that, if x(t), ¥(t) is a solution of (5), then
H,(t, x(2), ¥(¢)), Hy(t, x(t), ¥(2)) is a solution of the system

x = f(t, x, o(t, x)),

6
¥ = A()y. ©

For each fixed t, H(x, y) = H(t, x, y) is a homeomorphism of R™ X R»,

L(t, %, ) = (Ly(t, %, ), Ly(t, %, ) = H;(x, y)

is continuous in R X R™ X R" and, if 2(t), w(t) is any solution of (6), then
L, (2, 2(2), w(t)), Ly(t, 2(t), w(2)) is a solution of (5).

We omit the proof of the first part of the theorem since it is a well-known
result (see, for example, [4, 5]).

The basic idea of the proof of the second part of the theorem is as follows.
Given a solution x(t), 1(t) of (5), we find another solution %(¢), $(¢) of (5) on
the “stable manifold” of (5), i.e., #(#) is bounded as ¢t — 400, such that
x(2), ¥(¢) approach %(t), §(¢) exponentially as t — — 0. Then we find a solu-
tion z(t) on the integral manifold of (5) such that £(¢) approaches 2(¢) expo-
nentially as # — +-00, and we take w(?) to be the unique solution of (1) such
that @(t) — y(t) is bounded on the real line. Then

Hyt, 50, (0) = 2()  and  Hyt, x(2), (1)) = w(t).

Our basic tool in the proof is Lemma 2, which is proved in the next section.

3. LEMMas
To prove Lemma 2, we need the following.
LemmA 1. Let f(t, x), k(¢t, x) be continuous functions of R X R™ into R™

such that
| k(2 %y) — k(t, x)] <v|ay — 23] (7
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for all t, xy, x, . Suppose the equation x' = f(t, x) has a solution x(t) such that

sup{| f(#, x(8)) — k(t, x(£))} &2t} <7 .

(]
Then, if v << o, there exists a unique solution 3(f) of

A" = k(t, x) (8)
such that
supf| 2(t) — x(t)| e*t} << oc.

0

Moreover, if k(t, x) = k(t, x, ), x(f) =x(t,0), f(t,x) =f(t %, {) depend
continuously on a parameter [ in a subset of some Euclidean space such that v
tn (7) is independent of { and

sup{| f(¢, x(¢, £), {) — k{1, a(t, {), {)| e} < o0

t>0

uniformly with respect to {, then the solution z(t) = 2(t, ) found above is
continuous in (t, {).

Proof. Put
M = supf] /(t, %)) — K(t, (1) ).

Let .% be the set of continuous functions 2(t), defined on ¢ 2= 0, such that
g — x|t < o0.If 2is in &, we put

2(t) = () — | [k(s, #6) — £ x()] s,

so that
Z'(t) = k(t, 2(t)).
Then

20— s < [ v 1209 = %) + [ Ko, 56)) — F6 5] ds
L (o g — &t + o"1M) et

so that || Z — x ||t <C co. Hence Zis in &. Also, if 2, , %, , are in ¥ with Z ,
Z, corresponding to them as above, then

70) = Z(0) = — [ Th(s, m(9) — ks, 5:6)] s,

so that
| Zy — Zollt <alvllzp — 2, [%
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Hence, the mapping ¥ — Z is a contraction on %, made into a complete
metric space by d(z;, 2,) = || 2; — %, |+, and so it has a unique fixed point
2(t) which is clearly a solution of (8) and satisfies {| 2 — x ||* < oc.

Now let 2,(2) be another solution of (8) such that || 2, — x|+ << c0. Then,
if n is a positive integer,

() = #(0) + man) — a(m) — [ [h(s 326) — ks, 36)] s

|z, — 2|7 << oo so that | 2(n) — 2(n)] < |2, — 2|F e —0 as n— o0.
Hence, letting n — o0, we obtain

ait) = =) — | [k(s, 5(5) — kGs, 56)] s

(The infinite integral exists since || 2, — z||* << ©0.) Then
2 —&lit <alwllz — 2zt

which implies || 2; — 2|7 = 0 and so 2,(¢) = 2(¢) for all ¢
Suppose now k(t, x, ), f(t, %, ), x(t, {) depend continuously on . We
replace & by the set of continuous functions z(#, {) defined for all { and
t > 0 such that
sup{| 2(¢, {) — a(¢, &) et} << 0.

¢.10

Then we prove, almost exactly as before, that the integral equation

(6,0 = o(t, ) — [ [k(s 506, 0, ) = £, 5, D), D] e

has a unique solution z(¢, {) in .. Then, for each I, 2(t) = 2(¢,{) is the
unique solution of x” = (¢, x, {) such that sup,{| 2(2) — x(2, {)] e} <
and, moreover, 2(t, {) is continuous in (¢, {) for all { and ¢t > 0. From standard
theorems on continuous dependence on a parameter and initial values, it
then follows that 2(2, {) is continuous for all { and all 2.

LevMa 2. Suppose A(t) is a continuous matrix function such that the linear
equation (1) has a fundamental matrix Y (t) satisfying (2) and suppose f and g
are continuous functions satisfying (3) and (4).

Let x(t) = x(t, &, m, 7), Y(t) = y(t, &, m, 7) be the solution of (5) such that
x(r) == &, y(r) =, and let q(t) = q(t, {) be, for each { in some Euclidean
space, a solution of the linear equation (1) such that g(t, [) is continuous in (t, {).
Then, if

¢ < of2, ¢> << minf{o/8K, o?/16NK]}, 9)
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there exists, for each fixed (&, 0, T, ) such that y(¢, £, m, 7) — q(¢, {) is bounded
in t >0, a unique solution (t) = (¢, &, n, 1, {), #(t) =5, &0, 7, ) of (5)
such that

sup(| i(t) — s(O] € << o, sup | () — q(t)] < 0.

>0 —wet.x

Moreover, &(t, £, 9, 7, L), $(t, &, n, 7, L), are continuous in (1, £, 9, 7, {), and
the inequalities

| &(t) — x(t)] < 8NKa 1| 5(s) — 3 exp(—alt —5)) i s

< < ¢,
| $(t) — ()| < 4K | $(s) — y(5)] exp(—a(t — 5)) if  s<t

(10)

are satisfied.

Proof. We first of all suppose that £, 5, 7, { are fixed. Then let .%" be the
set of all continuous vector functions =(z) such that

sup [w(f) — q(t)] < Kpa' and  JJw — y|* < co.
—oo<t<wo

If @ is in &, then according to Lemma 1, since
| 2, %(t), ¥(2)) — f(2, x(t), w(t))] < Njw— v|teot fort >0,

there exists a unique solution 2(f) of &' = f(¢, x, w(t)) such that
| 2 — x ||t < co. 2(¢) satisfies the integral equation

&(t) = «(t) — Jj [f (s, 2(5), w(s)) — f (5, 2(s), ¥(s))] ds. (11)

Now let o(t) be the unique bounded solution of

v = A(t) v 4 (2, 2(2), w(?)),

ie.,

ot) = f_:o Y(2) PY3(s) g(s, #(s), w(s)) ds
— [T YO U - P) Y9 865, 26), wlo) s,
so that | ()] <X Kpat. Finally, put

W(t) = q(t) + o(t).
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Then
| W(t) — q(t)] < Kpa™,
W'(t) = A() W(t) + g(t, 2(2), (2)),

and

ult) = W(t) — 3(t) = W(t) — q(t) + ¢(2) — ()

is bounded in z >> 0 and is a solution of

W = A u + k), (12)

where

h(t) = g(2, 2(z), w()) — (¢, x(t), ¥(1))
so that

et <glllz— x|t + 1|2 —yI|*]
Then

u(t) = Y(£) PY=10) u(0) + | " Y(t) PY-1(s) h(s) ds

— th Y1) (I — P) Y-Y(s) h(s) ds,

so that

luli* < K| u(0)] + 2Ka [ A]1*; (13)

ie., | W— y|* < . Hence, W is in &.

We make & into a complete metric space by giving it the metric
d(wy, w)) = || wy, — wy ||, well defined since |w; — w,||" < oo and
L o05(2) — wy(t)] << 2Kpat if £ <L 0. In the above, let 2, 2z,, W;, W, cor-
respond to @, , w, . Then, from (11),

5t = #alt) = — [ [ 2(6), ) — £(5, ), wfo)] s
for all ¢. So

500 = 5O <@ [ 15206) — 26| ds + Not |y — g ] .

By an elementary Gronwall lemma-type argument, this implies

| 21(2) — 25(0)] < N(a — gy) oy —wp|le! forallz.
Thus

2, — 2 || <2Na | wy — w0, .

Now u(t) = W,(t) — W,(t) is the unique solution of (12) such that |} u || <C oo,
where

h(t) = g(t, (1), wi(?)) — (8, 2:(1), wy(1))
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so that
Thit e goflimy — =yl - Loy — wy ] <0 go(l + 2Na ) ooy — a1
We have
»f >
u(t) = | Y(t) PY~(s) h(s) ds — J Y(t) (I — P) Y-'(s) h(s) ds
—x t
and, hence,

lu]] << 2Katgy(l + 2Na ) || 2w, — w0, )«
Thus,

| W1 — Woll < bl —wy .

That is, the mapping w — W of ¥ into itself 1s a contraction and so has a
unique fixed point §(¢). Then

[ $(t) — q(8)] < Kpa™,
and

(&) = A@) 5(2) + (2, 2(2), (1)),
where () is the unique solution of

() = [(8, ¥(), 5(1))

such that || & — & || < 00. So &(t), $(2) is the required solution of (5).

Now we prove uniqueness. Let x;(£), 3,(t) be another solution of (5) such
that || &) — x[[T < o0 and sup_gqcs [ M(f) — g(2)] < 00. Then x,(2), 3 (2)
and %(2), §(f) are two solutions of (5) such that

% —&" <oo  and sup | y(t) — ()] < .

—x <t
Now u(t) = »,(t) — #(¢) 1s a bounded solution of

W = A(t)u + k(t) + F(t, u),

where
h(t) = g(t, xy(2), 31(2)) — (¢, &(2), y:(1))
so that
(b)) < gallm — Sl i 20
and
F(t, u) = g(t, 3(2), 9(2) + ) — £(2, X(2), $(2))
so that

|t u)l <golul.
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Hence, by a slight generalization of Theorem 13 in [6, p. 80],
| v(t) — 3] = w(®)] <2K{ w(0)| -+ 207t [ BT} et if >0

Then, as in the uniqueness in Lemma 1, we can show that

0() — 8(1) = — | [f(s, 2(9), 32(9) — (s, £(5), $(5))] .

t
Also, u(t) = y,(¢) — P(t) is the unique bounded solution of

W = A 1+ glt, (D), 32(8)) — g(t, 51), ).

Thus, almost exactly as in our proof that the mapping was a contraction, it
follows that [Jx, — %| << o0, ||lu||<oo and | % — #| <2Na1|u|,
Nu| < 2Kqua [ 2, — & + | #|]]. These imply | x; — &|| =[l«| =0 and
hence the uniqueness.

We now prove the inequalities (10). Writing

11l = sup{| A(2)] exp((z — $))}
t>s
for fixed s, it follows again from the slight generalization of Theorem 13 in
[6, p. 80] that, if s < ¢,
| () — ¥(®)] < 2K[| () — ¥($)] + 2qp07 | & — x || [] exp(—aft — s)).
So
19— >l <2K19(s) — ()| + 4Kgpa ' | & — ], - (14)
Now
&0 = () — [ 1w &), 5) — f (), 5)] d
Thus,
2 —xl <alg | & — xlly + NaH|F — y ;. (15)
Combining (14) and (15), we obtain
| # — 2l <8NKa [ H(s) —x(s), (19— »lls <AK[F(s) — y() s

and hence the inequalities.

Finally, we prove the continuity of £(¢, &, 4, 7, {), 9(t, €, v, 7, {). We choose
any bounded subset # in the (£, 5, 7, {) space. Then ¢(0, {) — y(0, &, 4, 7) is
bounded in #Z. We let & be the set of vector functions w(, &, 9, 7, {), con-
tinuous in R X &%, such that

| ZU(t, g; M Ty C) - q(t; c)] < K,u,oc_l

sup sup{| w(?, &, m, 7, ) — y(t, &, 3, 7)| et} < 0.
B tx>0

and
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If @ is in ., we define 5(f) = 2(t, £, 1, 7. {), for each fixed (&, 7, 7, {), as the
unique solution of

«

8= fl e wlt £ 1 L)
such that

sup{| 2(t) — a(t, & n, )l ' 2 0,
£50

where 2(¢, €, 1, 7, {) is continuous by Lemma 1, and then we put

W, &m, 7 0) = q(t, §) + ot &9, 7, 0),

where o(t) = v(¢, &, 9, 7, {) is, for each fixed (£, », 7, {), the unique bounded
solution of

2 = /.’(t) v+ g(f, z(t) £, 7 7, C)- w(t) fr /I g))’

where (¢, €, 3, 7, {) is continuous by Lemma 1 in [1]. Then we can prove ¥
is in & in the same way as before, where we make essential use of
the boundedness of (0, {} — 3(0, £, », v} in (13). Finally, we prove that the
mapping w— W is a contraction on & with the metric

d(wl ’ wz) = sug{[ wl({! 3 T T g) - wz(tr & ™7, C)! eut}'
RxHA

The fixed point of & — ¥ is, by the uniqueness in the first part, $(¢, £, 7, 7, {)
which is therefore continuous in R X %, and it also follows that £(¢, £, 4, 7, {)
is continuous in R X 4. But this holds for any bounded set # in the (¢, %, 7, {)
space. So £, § are continuous everywhere. Thus the proof of Lemma is
complete.

Remark. Let x(8) = x(t, &, m, 7), ¥(t) = (¢, £, 7, 7) be the solution of (5)
such that a(r) = ¢, y(r) = . Then

o) = YO PY0) [0 — [ ¥() PY-1() 6, 0), 56) &

is a solution of (1), ¢(¢) = q(¢, &, 7, 7) is a continuous function of (¢, £, 9, 7),
and
t

¥t —q(t) =Y(O) (I — P) Y1) »(2) + f Y(2) PY7(s) g(s, %(s), ¥(5)) ds
is bounded in t < 0. So, if the conditions (9) hold, it follows from the obvious
version of Lemma 2 corresponding to t — — oo that there exists a unique solu-
tion &(t) = #(t, £ 7, 7), H(t) = $(1, &, 1, 7) of (5) such that || & — x||- < w,
SUP_qcren | F(E) — q(2)] << 00, and &, § are both continuous in (¢, &, 3, 7).
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Now | 9(t)| <{9(F) — q(2)] 4 | ¢(¢)] 1s bounded in ¢ Z> 0 so that &(¢), 5(¢)
is on the “‘stable manifold” of (5). Furthermore, from (10), if s > ¢,

| 4(6) — »(0)] < 8NKa | §(s) — y(5)[ exp(—afs — 1),
| 90) — 30 < 4K | 5(6) — 3(5)] exp(—als — ).

Conversely, let x,(#), 3,(¢) be any other solution on the ‘“‘stable manifold”
of (5), i.e., y,(¢) is bounded in ¢ Z= 0, such that

(16)

[| 2 — ® |7 < o0, sup | 3(2) — ()] < co.
t<0

Then, if t =20, | y,(f) — q(t)] << | 3(t)] + | g(t)| , which is bounded, and, if
t <0, [ 3(f) — g(O)] < | »a(8) — (! + | ¥(2) — ¢(#)} , which is also bounded,
s0 that SUP_qcsew | ¥1(t) — ¢(t)] << 0. Thus it follows from the uniqueness
in Lemma 2 that xy(t) = 2(t), v,(f) = $(¢).

Summing up, we have proved that if x(t) = x(z, £, 3, 7), 3(2) = (¢, &, 7, 7)
is the solution of (5) such that x(v) = &, y(1) = v, then under the conditions (9)

on g, , q, there is a unique solution 5(t) = %(t, &, v, 7), $(t) = F(, &, 7, 7) of (5)
for which supg, | #(2)) << 0o such that

sup {| £(t) — 2(t)| e * < o0, sup [ F(t) — ¥(#)] < oo
i<0 0

Moreover, the inequalities (16) are satisfied and %, 7 are continuous functions

of (t, §, 7, 1').

4, ProoOF OF THE THEOREM

Let x(?), »(¢) be the solution of (5) such that x(r) = ¢, y(7) = 5. Then
there exists a unique solution #(#), §(¢) on the “stable manifold” of (5) such
that || & — x ||~ < 00, supy | $(2) — ¥(t)] < co. Now, using Lemma 2 with
q(t) = 0, let 2(#), wy(t) be the unique solution of (5) such that || 2 — £ ||+ << oo,
SUP_wepcw | @y(t)] << co. Finally, take @(#) as the unique solution of the
linear equation (1) such that sup_. ;o | 2(f) — ()| << o0. Then

wt) =30 — | Y0 PY0) g65, 505, 560 ds

— [T YO U= Py Y9 g6 656 ]
so that
| (t) — (1)) < Kpa (17)
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We put Hy(r, & n) = 3(7), Hyr, &€ 1) = w(r). From Lemma 2, 2(7) is a
continuous function of (7, &(7), #(r)) and i(r), {(z) are, in turn, continuous
functions of (7, £ 7). Also, w(7) 1s a continuous function of (7, £, +). Thus
H,, H, are both continuous, and from (17) we have

Hyr, £n) — 0| < Ko,
Furthermore, it is clear from our definitions of H, , H, that
Hy(t, 5(), y(0) = 2(0),  Hylt, 5(2), y(t)) = w(t) forall

Conversely, let 5(t), w(t) be the solution of (6) such that 2(7) = &, w(r) = 7.
Then, applying Lemma 2 to z(¢), o(f, 2(¢)) as the solution of (5) and to
Y (¢) PY-(t) w(t) as the solution of (1), there exists a unique solution #(z),
@(t) of (5) such that

15— 2|t < oo, sup | (t) — Y(t) PY-Y(t) w(t)| < co.

—ac Lt

Finally, applying the version of Lemma 2 corresponding to t — — to
2(2), @(¢) as the solution of (5) and =(¢) as the solution of (1), there exists a
unique solution x(#), ¥(¢) of (5) such that

lx — 2~ << o0, sup | ¥(t) — w(t)] < co.

—x<t<or

Now we put Ly(7, £, n) = x(7), Ly(7, £, m) = 3(7). L, , L, are continuous as
H, , H, are and, moreover,

L8, 2(t), w(t)) = x(t), Ly(t, 2(t), w(t)) = v(¢) forall z.

All that remains to prove is that H = (H,, H,) and L =(L,,L,) are
inverses of each other for fixed #; i.e., Lo H, = H, < L, = the identity,
where

H(x, y) = (Hi(t, %, 3), Hy(t, %, 3))

and
Ly, 3) = (La(t, x, ), Ly(t, %, ¥)).
So let x(£), ¥(2) be a solution of (5) with
(1) = Hy(t, x(1), 3(2)),  w(f) = H(2, x(2), ¥(2))

the corresponding solution of (6). We show, first, that £(¢) = 2(¢), $(t) = @(t),
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where £(t), $(¢) comes from x(#), ¥(f) and 2(¢), €(t) comes from 2(¢), w(t) as in
the above. Since

15— £ <15 = 5l s - E

and

@) — 501 < | a() — Y() PY7(0) w(0)] + | Y(0) PY0) (@(0) — 5(0)
| ¥ PY9 865,560, 5050

+

J() — Y(2) PY()

x 430 — [ ¥ PY6) 6, 566, 56) &

so that || £ — &t < 00 and Sup_,ies | W(t) — F(t)] < 0, it follows as in
the proof of the uniqueness in Lemma 2 that %(t) = #(t), §(z) = @(¢). Now,
denoting the solution of (5) corresponding to the solution 2(z), () of (6) by

x(t) =Ly, 2(), w(t)),  3(t) = Laft, 2(t), w(?)),

we have

18— x| <UF— & 4§ — sl < oo

and

sup [ F(t) — @) < sup | ¥(t) — w(@)] + sup |w(f) — ()] < o

—o<t<0 —w<i<®o —nli<®

so that it follows again that X(¢) = x(¢), ¥{¢) = ¥(¢). This implies that L, o H,
in the identity for all . Similarly, we can prove that H, o L, is the identity
for all z. Thus the proof of the theorem is complete.
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