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It is shown that some well-known Padé approximations for a particular form
of the Gaussian hypergeometric function and two of its confluent forms give
upper and lower bounds for these functions under suitable restrictions on the
parameters and variable, With the aid of the beta and Laplace transforms,
two-sided inequalities are derived for the generalized hypergeometric function
o5 =g or p=g+ 1, and for a particular form of Meijer’s G-function.
Several examples are developed. These include upper and lower bounds for
certain elementary functions, complete elliptic integrals, the incomplete gamma
function, modified Bessel functions, and parabolic cylinder functions.

i. Basic EQUALITIES

In this section, we give certain definitions and formulas needed to derive
our main results. The notation used in [1} is followed throughout. We also
make rather free use of results given in these volumes.

The generalized hypergeometric series is formally defined as
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where
() = ala+ 1 (a+k—1)= I{a+ &)/ (1.2}

It is convenient to employ a shorthand notation and write (1.1} in the form
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In general, I'(a, + k) is interpreted as

[Tl +5: () as [1)e:  (ap+ X as ] (o s etc.

=1 j=1 =1

An empty term is treated as unity. The «;’s and p,’s are called numerator
and denominator parameters, respectively, and z is called the variable.
Where no confusion can ensue, we simply refer to (1.3) as a ,F,.

We suppose throughout the entire paper that no denominator parameter
is a negative integer or zero. The series (1.1) converges for all z if p < q.
It diverges for all z, z 5 0, if p > g -+ 1 unless one of the numerator param-
eters is a negative integer in which event (1.1) is a polynomial. If p = ¢ + 1,
(1.1) is absolutely convergent for | z| < 1. Let

Q+1

=3, 04— ) p;- (1.4)
j=1 j=1

Then the series (1.1) withp =g 4 1 is

absolutely convergent for | z| = 1 if Re(y) < 0,
conditionally convergent for | z| =1, z =1, if0 < Re(y) <1, (1.5
divergent for | z| =1 if Re(y) = 1.

If p =g -+ 1, the series (1.1) can be analytically continued into the cut
plane | arg(l1 — z)} << =, and in this case we use the same notation for the
analytically continued function as for the series.

We shall need the following integral representations [2]:

o _ F(’}’) 1 ttx—l(l —_— t)y—a—l
BB =) = T T T (1.6)
Re(y) > Re(a) > 0, [arg(l 4 2)j < m; -
5, o . I'(e) Lo s oy
p+1Fq+1( , P: ”‘2) = m[o A Ul ) I (Pq “Zf) dt,
Re(e) > Re(d) >0, p <g; or p=g¢g-+1 and |arg(l + z)] <=
(L.7)

Equality (1.6) is a special case of (1.7) since

Folo; —2) =10 +2)°,  Jarg(l 4+ 2)| < = (1.8)
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Also (1.7) gives a well-known integral represeniation for .F; since
oFo(—2) = e~* Formulas like (1.6) and (1.7) are known as beta transforms.
We also need the Laplace transforms

‘1 et F, (

“0
p<g, largz| <w/2; p=gq, |argz| <w/2, |arglz — w)l <=/2;

)dt = I'e) 74y iF, (¢ Z‘p!w/z\;,

| /

{1.5)
* I'(pyy) 2 1, po
ety &y it df = o1 Gm;,lf p—1
fﬁ ? Tl(pp~1 }) P(D‘p) ? I( € QD) (1 1’\\
(1,16}
Re(e) > 0, |arg z | < /2, targy | <,

where G7'7(z), a generalization of ,F(z), is Meijer’s G-function; see [3].
Equatlons {1.9) and (1.10) hold also under some other conditions. A com-
plete description of conditions is given in the reference cited.

For the present study, we record the expansion formula

D+
G (], 2) = 3 (I — b0* T + b — ap 2 [T T, — )
bp’"l k=1 ;:Z
1+ by, | \ 131y
X o (1 +bh'_b>;+1'2 ’ (1)

where the asterisk (*) sign means that the terms involving b, — b, are to
be omitted when 2 = j. We also have the asymptotic expansion

P11 Ay . ay-1 U4 by — .
Gp v+l ( bp+1) F(l + bp+1 al) zt p+}.Fz:—1 ( 1 + a, — al i 1/2
[z]|—> o0, largz | < 3#/2 — 3, 8 > 0; (L12)

the asterisk (*) sign means that the term involving 1 + a, — 2, is to be
omitted when & = 1. A useful result for the G-function is

ap) _ ng},’: (Z a, G). (1.13}

Gy (2 b, b, + o

The special case p =1 of (1.11) gives the confluent hypergeometric
function

Yase;n) = ET@Ta+1- o6t (=] ) ) a
_ Ii—9 Te—-1_
Tata—o™ " "Im "

wy = Fi(a; ¢; 2), Wy = 21 ¢ F(l +a—¢,2 —c;2). (1.15)
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For ,F; and ,F,, the following Kummer’s transformation formulas are
useful for analytic continuvation and extension of inequalities for these
functions.

Pl By 2) = (L= 2P~ RFly — oy — %32, (116)
P Biv32) = (1= %R (my — By — ), (L17)

Fi(a; ¢; 2) = e Fi(c — a; ¢c; —2). (1.18)
Also
$la; c;2) = 22"¢(1 +a— ¢;2 — ¢; 2), (1.19)

which follows from (1.13).

The building blocks for inequalities for the ,F, and related functions are
certain Padé approximations and inequalities for the Gaussian hyper-
geometric function ,F; , one of whose numerator parameters is unity, and
certain Padé approximations and inequalities for two forms of the incomplete
gamma function.

We conclude this section with the definition of the Padé matrix table,
and then, in the next section, we present the approximations and inequalities
noted above.

Let
E@z) = ) az*, |z|<r, (1.20)
k=0
be approximated by
Eﬂ.q(z) = Ap(Z)/Bq(Z), (121)

where A,(z) and B,(z) are polynomials in z of degree p and g, respectively.
If

B(z) E(z) — A,(z) = zPtH H, (2), H, 0) #0, (1.22)

then E, ,(2) is that Padé approximation of E(z) which occupies the position
(p, q) of the Padé matrix table. If p = ¢, we have a main diagonal Padé
approximation. The definition carries through in a formal sense if the series
in (1.20) is divergent, but asymptotic to E(z) in some sector of the complex
plane.
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1I. PADE APPROXIMATIONS AND INEQUALITIES FOR
A PARTICULAR GAUSSIAN HYPERGEGMETRIC FUNCTION

TuroreM 1. Let
E(z) = Fi(1, 05 p + 15 —2), (2.1
En(zs LZ) = SDﬂ(Z)/ffn<Z)a
@) = oF(=nmn+p+l—ao+1—a—1/z), a=0o0rl,

7} = vete 5 (YHa = )l b p - Dz h
an(é) = {ﬂ(l? + £ + 1 a)/o;)] kgﬁ oL _{)k(a - 1)[\

N —n+at+knt+p+1+%01
X aF c+1+kat+l+kprl m

R(z) = Fu(2)[f:(2),

F (Z) . (__0.)1~apa(f) 41— O'}n(Z + 1)"_‘7 ri{z — f)ﬁf?H-n—a
e (p -+ 1 — a),zn+ Jo{t - Dyrtetl-c

(2.2

di,

Re(p) >a—1 —n. 2.3
Then

E(z) = Ex(z, a) + Ry(2); (

=2

43

the approximations E,(z,a) occupy the positions (n — a, n) of the Podé
matrix table, and, if z, o and p are fixed, z == —1, | arg(l -~ 2)| < =, then

}133 R (z) =0, {2.5;

For proof and many other details concerning (2.13«2.5) including effective
asymptotic estimates of R,(z), see [4]. On p. 170 of this reference, the function
treated is the above E(z) with z replaced by 1/z.

We now establish the following

LemMa. Let

z >0, c+1—a>0, ntp-+1—a>0
Then

(—o)~2p%p + 1 — o)y

sgn R,(z) = sgn 7 p— {

Py
o
Oy

S
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Proof. Under the stated hypotheses, f,(z) is a series of positive terms
and so is positive. The integral portion of F,(z) is also positive and (2.6)
follows at once.

The following result is an immediate consequence of the lemma and is
of prime importance to our studies.

TaeoreM 2. Ifz>0,p 20,6 >0,p+1 — 0 >0, then
E(z,1) < E(2) < E,(z,0), m,n > 0. 2.7

Further, if z >0, p>20, 6 >0, p+1—0<0,and p+ 1 — 0 is not a
negative integer or zero, then (2.7) holds provided (p + 1 — o), is positive,
r=mnorr=m;butif (p + 1 — o), is negative, then (2.7) holds with reversed
inequality signs.

If z=0 or if o =0, the inequalities become equalities. In general,
throughout our work, inequalities for ,F(a,; p,; z) become equalities if
z = 0 or if any numerator parameter is zero. In the sequel, we usually omit
such statements.

Further inequalities for other choices of the parameters p, o, and a can
be readily deduced from (2.4) and (2.6). We omit details. Additional
inequalities can be obtained, when either o or p or both are less than —1
but neither is a negative integer, from the general result that, if r is a positive
integer or zero,

-1
—_ (op)z® (ap),z" ap + 1,1
Z) - = (Pq)kk! (Pq)-rr! ao+1Fq+1 (Pq trr4+ Z). (28)

For if any numerator parameter in ,F, on the left is one, the ,,F,,; on the
right becomes a ,F, and also has a numerator parameter which is one. Thus,
in the case that p =2, g = 1, and «, = 1, we can employ inequalities for
the ,F; on the right of (2.8) to get inequalities for the ,F; on the left of (2.8).
As will be seen, (2.8) is useful in extending the domain of validity of general
inequalities for the ,F,.

As previously remarked, (1.16) and (1.17) are useful in extending inequali-
ties for the ,F; . The z-range of validity of inequalities for general ,F,’s can
always be extended by use of other well-known formulas for analytic continu-
ation, and the range on the parameters can be extended by use of contiguous
relations. For a complete discussion of analytic continuation and contiguous
relations for ,Fy’s, »F;’s, and ,F,’s, see [5].
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The special case p = 0 of (2.1)~(2.4) is important for applications. In this
instance,

E(z) = (1 4 2)° = E,(z, @) + Rz}, {2.9)
where E,(z, @) and R,(z) have the same meaning as before, and

Ju@) = F(—n,n+1—a,0+ 1 —a; —1/z),

ozt vt (1 — o),
(p”(z)_(l—a) (c-+1—a),?

Fa—san+1;14a—o; —1/z),

\

. (,__G.)I—a(l — O')n(Z + I)_U »E (Z—-—* r)%znwa ; . e aan
F(2) = TR JO (T n=a (20D

Thus from the first statement of (2.7), we can deduce

ToeorREM 3. If z>0, 0 <o <1, and r is an integer, thenm, with
E(z, @) = 9u(2)[ful2) as in (2.10),

(I+2yE,(z. D) <{l+ 2y < (1 + 2\E,(z, 0), m, n, > 0, {2.12)

(1+z)
E(z, 1)’

(1 +zy
En(z,0)

< (1 - 2+ <

m,n >0, {2.13}

Another inequality for o > 1 follows from the second statement of
Theorem 2. Further inequalities follow from (2.6) and (2.9), and from the
discussion surrounding (2.8). If o = 1/2, the polynomials f,(z) and P.{5}
are related to Chebyshev polynomials of the first and second kinds, respec-
tively. For details, see [6].

III. PADE APPROXIMATIONS AND INEQUALITIES FOR
INCOMPLETE GAMMA FUNCTIONS

There are two forms of the incompiete gamma function. First, we have

H{y, z) = vzve¥y(y, zei™)

Ly
.
St

nZ
= pzve~* J etr—1 ds, Re(y} > 0 {3.
0

= v+ 1; —z). 3.2)
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THeoreM 4. Let

Hn(Va Z, a) = A, Z)/Bn(vv Z):
B.(v, 2) = F(—n; —2n + a — v; z)

= (n+yj_1_a)n.zFo(—n,n—}—v—l—1—a;—1/z, a=0orl,
_[uan+v)1© " "l la—mpn v Dy
An(, Z)_[ z ] i tv+l—a, 5 0+ Dl Fay
—n+t+at+knt+v+1+k1
% oF ( SN [—1/2), (3.3)

(—1)pt-aly + 1) z—%e
Iren+v+1—a)

Po(v, 7) = f 0 (z — f)retniva df,

Re(r) >a—1—n. (G.49
Then
H(v,z) = Hy(v, z, @) + Vi, 2), (3.5)

the approximations H,(v, z, @) occupy the positions (n — a, n) of the Padé
matrix table, and, if z and v are fixed,

lim Vv, 2) = 0. (3.6)

For the proof and other developments concerning (3.2)~(3.6) including
an efficient asymptotic estimate for V,(v, z), see [7]. Except for certain
normalization factors introduced in A,(v, z) and B,(v, z), (3.2)—(3.5) follow
from (2.1)-(2.4) by confluence. That is, in the latter equalities, put p = »,
replace z by z/o and let ¢ — co. The analog of (2.7) is

THEOREM 5. Ifz >0 andv > —1, then
H,(v,z, 1) >(<) H@, 2) >(<) H,(v, 2, 0), m>n>0 B. 7

where the >(<<) sign pertains if both m and n are odd (even). Further, if z > 0,
v < 0, but v is not a negative integer,m +v+1—a>0,n+v+1—a>0,
and v << —v <r - 1, where r is a positive integer or zero, then (3.7) holds
where the >(<) sign pertains if both r -+ n and v - m are odd (even).

The proof is much akin to that of Theorem 2 and is omitted.
If >0 and z= —x, x >0, then from (3.4), P,(v, —x) is positive
{negative) if n is even (odd). Thus additional inequalities can be written
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once the sign of B,(v, —x) is determined. It is known (see [8]) that if v and »
are fixed and restricted as above, B, (v, —x)} is positive provided # is suffi-
ciently large.

If v is negative but not an integer, further inequalities follow from (3.7)
and the relation

. 81 (_,)kzk (M)szs o .
H(, z) = }Eo . -} T Hy + s, 2). (3.8)

Next we consider the complementary incomplete gamma function

N

I, 2) — f Cpletdi = ') — plv,2),  Re(z)>0. (3.9
We have the further integral representations

T, 2) = e | T et + tytdr,  Re(z) >0, (.10}

8
___eF P it -1 { 311
F(}Mv)foe (1 - 1)1df, Re(z) >0, Re()<1. {3.11)
Also

’ 1
ZY} == pPoF . 7Y = g% F1v o 1 2.1 z £
Iy, z) = e (13 1 4 v; 2) = e [227T(1 — )7 G { %;,zmy}-

{3.12;
THeOREM 6. Ler
P,,(V, z, a) = E'n(ya Z)/Fn(va z),

Fv,z) = F{~n2—a—v, —z) a=0 orl,
_ (. nz T (a = mll — v 13 17y
EE(vj Z) - (I - Z) kgﬂ (2 - V)k(I + a)k (Jsxj}

—n -+ a-t+ k1 |
X2F2(2-v+k,l+a+kl—“)°
Tn(V: Z) = Sn(”a Z')/Fn(V, Z)s
Sulv, 2) = (v — Di-eztve [ (1 — zyreotne i,

z #= 0, |arg z | << = {3.14)

Then
2e (v, z) = P,(v, z, @) + 1o, z), (3.15)
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the approximations P,(v, z, @) occupy the positions (n — a, n) of the Padé
matrix table, and if v is fixed, z bounded and bounded away from the origin
and | arg z | <<, then

lim T,(v, z) = 0 (3.16)

except possibly in the neighborhood of zeros of F,(v, z).

For proof and other properties associated with (3.9)-(3.16), see [9].
There we develop for v fixed an asymptotic estimate of the error T,(v, z)
valid, for » large, uniformly in z, z bounded away from the origin. Formally
(3.12)-(3.15) follow (by confluence) from (2.1)-(2.4) if in the latter we set
o = 1 — v, replace z by z(p -+ 1), let p — co and then replace z by 1/z.

TueoreM 7. If z > 0 then

Py, z, 1) < 227e*(v, 2) < Py(v, z,0), mon>0, ifv<l,

(3.17)
Py, z,0) < 22 (v, 2) if 1<v<2,

with equality as z — .

The proof is similar to that of Theorem 2, and we omit details. We can
obtain further inequalities for » > 1 by use of the relation

r—1

[(,2) = 27 ¥, (-1 = ® + (L =0, T —1,2). (3.18)

The incomplete gamma function is a special case of the confluent hyper-
geometric function which in turn can be viewed as a special case of the
Gaussian hypergeometric function. As in the case of ,F’s, the range of
validity of inequalities for the general ,F; and (a; c; z) functions can be
extended by use of Kummer’s formulas, analytic continuation formulas
(see for instance (1.15), (1.18) and (1.19)), and contiguous relations. See [10]
for further details and numerous other properties of confluent hypergeo-
metric functions.

TV. INEQUALITIES FOR THE GAUSSIAN HYPERGEOMETRIC
FUNCTION AND THE ,.,F,

To get inequalities for a general ,F; under suitable restrictions, we propose
to combine (1.6) with (2.12) or (2.13), as appropriate, and (2.7). Then by
repeated use of (1.7) and (2.7) we can get inequalities for a ,,F, . We shall



INEQUALITIES FOR GENERALIZED HYPERGEOMETRIC FUNCTIONS 51

not carry this process through in all generality as it becomes quite compli-
cated. Later we introduce some simplifications, but first some general useful
remarks.

it is clear from the above comments that we need to express E,{z, a) as
given by (2.2) as a sum of partial fractions. In certain applications, we shall
also want [E,(z, a)]™ as given by (2.13) in such a form. Now except for a
multiplicative factor independent of z, f,(—1/z) is the shifted Jacobi poly-
nomial R*P(Z) witha=p—ocand =9 —a. Ifa > —1, > —1, this
latter polynomial has simple zeros only and they lie in 0 <z < 1, see [11].
Thus if 0 < 6 < p + 1, the zeros of f,,(z) are simple and e in — o0 <<z << — L,
We can write

s Vo
E7lv Z’ a = VTL + ZeF 3
( ) ;Zl 1 + 2l ks
Slfad =0,  Vop— a2 e g = 1,
7 n,k. ) 7,k N,k fni(x) s n,k n,k 2
Vit Y Var =1, V=0 and Vi,=1 ifa=1 4.1

Now combine (1.6) and (2.12) with r =0, o = 8, 0 < 8 <1, and use
(4.1) with the understanding that p = 0 and o = B. Then

Gu(z, 1) < Fi(oy, B; y; —2) < Gpulz, ),
z >0, y>a>0, 0<B <, w, n >0,

where

Gn(z, a) = Vn + Z Vn,k ZFJ.(I’ O‘; '}/, "_Zﬂn,k), (43)

k=1

with equality if z= 0 or if B = 0 or 8 = 1. Next apply (2.7) to (4.2) to get
inequalities for ,Fi(a, B; y; —z) expressed as a sum of partial fractions.
{Notice that the values of m and » in (2.7), and m and # in (4.2) are not
necessarily related.) In the expressions so obtained, replace z by z¢, multiply
by 51 — #)=-%1 dt, integrate with respect to ¢ from O to 1 and use (1.6).
We then get an inequality of the form (4.2) with ,Fi{o, 8; v; —2) replaced
by 3Fy(w, B, 8; v, €; —z). lteration of this process leads to inequalities for
»iifp - Indeed in this manner we can get excellent approximations for
»11Fp by taking m and n sufficiently large without restricting the parameters
and variable to be real. Obviously such a scheme is quite complicated. If
approximations for ,F, are of main interest, then the simple developments
in [12] are very effective. To achieve rather sharp inequalities, it is sufficient
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to consider the case m — n = 1 only. We now turn our attention to this
case.
From (2.12) with r = 0 and m = n = |, followed by use of (1.6), we get

M+B:zt <+ 2*F< 11:—5_‘_ 1%5,8 [1+ (IE/B)Z]—l’
0<B<; 4.4)
(%) | =) <oms (5] )
1—-8 28 w1 1+ B)

z>0, O0<p<l, yz=za>0.

Here we have equalities when 8 = 0 and when 8 = 1. y = o is permitted
as in this event (4.5) becomes (4.4). Now from the first statement of Theo-
rem2, ifm=n=1,

245‘1 a, 1 _ y—a aly + 1) (¢ + 1)z 1?
[l+'y] <2F1('yl Z)<'y(oc—{—1)+'y(oc—l—l)[1+ v+ 1 ] ?
z>0, vy=a>0. 4.6)
Combining (4.5) and (4.6), we find
2af(y + 1)

afz1 o, B
p+7ﬂ <A(y+ﬂ<l—ﬂme+n

2af(y + 1) (@ 4+ DB+ 1 )z]—l
ylo+ DB+ 1) 20y + 1) ’

z >0, 0< B, y = a>0.

P+ @.7)

In (4.7), replace z by zt, multiply throughout by 41 — r)=?1di,
integrate and use (1.7). Then

s, 1

o (

af. o, B, 8 2a0B(y + 1)
—S) =m0 < s e

2aB(y + 1) @1L_@+D$+DZ)
o+ DB+ 2y + 1) ’

z >0, 0<pB<l, y=a>0, € =98 >0,

(4.8)
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Next apply (4.6) to each F; in (4.8) and so obtain

[T+ uz]l™ < F, (a’y’g’e8 l -Z) <1l —= l—; -} f—; [1+ vzl

g

L_oBs @ DE+DE+D (4.9)
T e T Xy e+ 1) °
z >0, 0 <pB<1, y=oa>0, e=6>0. |
By induction we can establish
THEOREM 8.
- g, O‘p } _ 3
[+ o021 < Py (7| —2)
200 200 (¢ + Doz ,
1 — i , 410
< (G+1)g0+(c—{—l)qa[+ 7] (4.10)
z >0, 0<o<1, pi = o > 0, i=52,.p;
here and throughout this paper we use the shorthand notation
1 a, + 2 .
6 =22 S T N =S T (@.11)
Pr ? pr+ 1 K P+ 2 /

Another general result can be found in a like manner by starting with an
inequality for ,Fi(1, a; ¢; —z) valid for z > 0 and 0 < ¢ < a which follows
from the second statement of Theorem 2; see (2.7). We have

THEOREM 9.
_alc+ 1) a(c + 1) (a + 1)0z 1% - i,4q,a,|
! c(a—§—1)+c(a+1) [1+ c+1 ] <”+2r”‘1( ¢ pn }
-1
S LA (4.12)
& P 4

z >0, 0<c<a p;=o; >0, j=1,2,.,p.

Next we consider inequalities for oFy(c, B; y; —2z) and its natural general-
ization ,.4F,, when 1 << < 2. Use (2.12) with r = —1 and 8= ¢ -+ 1.
Then

Ly v B=l g gy B
ppmy el wny ;g e S G S § ey 1§ R
28— 1) -
— =, {4.13)
@— BT + Bz2) ;
z >0, 1<B <2

640/5/1/6
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Employ the beta transform technique to obtain

g a5 =) - 0a (3 -e - v <n (3P )
<3 E g (a;/l ‘ - 2((2)8 ~/31)) 2F1( I i B %)’ @19

z >0, l<p<2 y=a>0.

The latter can be coupled with (4.6) and the entire process can be iterated
to derive

TureoreM 10.

Q=0+ 07 = S+ F = — 1 (o — gy

_ Z)

-9 2(c—1) [1 I 0‘02] 0'0
2

g, o,
< paly (2

F4

_ -1
2 —0 p — O')QD [1 {1 —]_ "PZ} ]5
z>0, 1<o<2, P; >oc,>0 j=1,2,..,p (415

In a similar fashion, starting with

I~ —{+E+Da <1+ 2~

<l1l-

oz . 20(c41) (o + 2)z }*
T ey [1—§1+~————2 § | @6

z >0, —1 <o <0,

we can derive

THEOREM 11.

el @ e <k, (72| )

b oo o -
G+Zz — 2(;++2)12) [1 — 31 +L_1L§?)iz_§ 1], (4.17)

2>0, —1<0<0, p>0>0, j=1,2,.p

i—

<1-—
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Under the hypotheses of (4.17), we can get an alternative inequality by
combining (2.8) with » = 1 and (4.10). Thus we have

THEOREM 12.
206 200 {c + Dz 11 (O 0y | Y
L eE e T [1 - 3 } Swenafpl ) T
B 3o(o + Dz 9o(0 + Do
DA R T R e o |
o o 1t (4.18)
_ oAz
x 1= (1+ =25,
z>0, —1 <o <0, pi = a; >0, J=12..,p

It is of interest to compare (4.17) with (4.18). The left-hand side of (4.7}
is less than the left-hand side of (4.18). The right-hand side of (4.18} is less
than the right-hand side of (4.17) provided

g+(_o.—'j__2)i0;7<(p+(_a.i_7}2)iﬁ. (4.19)

3

Additional inequalities follow upon application of the Laplace transform
(1.9) to (5.5)~(5.8). We have

THEOREM 13.

(1 + 02> < ,,F, (";"‘?’ | —2) <1—6+63 + 2,
, 1%

’ (4.20)
WAe)
z >0, o >0, pi=za; >0, j=1,2..p; 7
(1 — 02)~ < puiF, (“’ *» z) <1— 0+ 61—z,
Po @215
0<z<l, >0, p=a>0  j=12.,p
@ alpz
=0 (1~ 2z~ 0 F 27
0,y | ) N oz .
<odls (07| 2) <1, 42
Z>0, G'>0, Pj>aj>05 j:I,?;,...,p;
oz a, Ay
R e i R W
/ P oloz )
<1+0‘0(1-"-§~)Z+W, (423\1

0<z<l, o >0, p; = a; >0, i=12..p.
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Numerous other inequalities for ,.,F, can be found by enlarging upon
the techniques and ideas enunciated. The theorems developed herein seem
sufficient to indicate the general nature of expected results and we do not
further pursue the subject. Similar type inequalities can be found hor hyper-
geometric functions of two or more variables, but we defer discussion on
this point to a future paper.

V. INEQUALITIES FOR CONFLUENT HYPERGEOMETRIC FUNCTIONS,
»Fp AND A PARTICULAR G-FUNCTION

In Theorem 9, (4.12), replace z by z/a and let @ — co. Then by the con-
fluence principle (see [13], or otherwise), we have

THEOREM 14,

1 (G+1) 02 -1 19061)
—_;_l— c [1+ 0'—}—1] <p+1Fp+1(0',pp

_ Z)
v} 0 pz 17t
<1—;+?p+74, (5.1)
Z>0, 0'>0, pj>06j>0, _]: 1,2,...,[7.
For ,F; , we have the following inequalities:
THEOREM 15.

Y B Y B T B D

e[t ] < (] -2)

a(c -+ 1) ac+ 1) (a+ Dz
ela -+ 1) cla 1) [1+ c+1 ] ’ G-3)

z >0, c=a>0;

R A

<1 — ~+

c+1
1l—a 2a (@ + Dz 17
<1+a+a+1b+ ] 5-4)

z>0, a <1, ¢ >0.
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Proof. (5.2) follows from (3.7) with n =1 and v = 0, using the beta
transforms (1.6) and (1.7). (5.3) results from the coupling of (5.2) and {(4.6}.
It is also a special case of (5.1) as is (5.4).

All F, inequalities become equalities if z = 0 or if any numerator param-
eter is zero.

Improved but very complicated approximations for ,F, can be obtained
by using (3.7) and the beta transforms after the manner of the discussion
surrounding (4.1)-(4.3). An attempt to get improved incqualities in this
fashion leads to serious complications since B,(v, z} {see (3.3)) has non real
zeros when n > 1. For simple and efficient approximations for 7, , see [12}.

Some further easily proved inequalities for &, are given by

TaeoreM 16.
et < ,F, (:1’ -z) <1—0+ e, (5.5)
g
e% < ,F, (;‘p z) <1— 8+ be, (5.6)
D

1— 6z (1 — % + %e‘z) <,y (zpi ~z) <1 — Gze==2,  {57)
-~ b

1 + ze>2 < F, (;‘f’
B

z >0, p; = a; >0, j=412,.,p.

z) <14 {92(1 —'22%-%@2_),
(5.8

We now consider inequalities for a G-function of the form given by {1.10).
See also (1.11)-(1.15) and (3.12). To this end, replace z by ¢ in (4.10), muliiply
throughout by r<—*e—#! dt, integrate with respect to ¢ from 0 to co and apply
{1.10) and (3.11). Then

o\ I'(p,) 42,1
—_— zfe8 (1 — 1] I 't JANNY o
(Z) ¢ ( E’Z/U)<T(U)F(E)T(ocp)uﬂT’p+ \ ge,a,o{)

208 4 200 (o + Dogj—
(c+De  (c+ Doy " 2z
z >0, 0<o<l, e >0, i =o; >0, j=1,2,.,p

= 0o

3]

<l-—

e2llote] (] — ¢, 2z/{0 + 1)),

If m = n = 1, we have from (3.17):

I el
z-4+1—vw

1—v

1—vp2 —_——
< zt el (v, z) < 1 R S

Now combine the last two inequalities to get



58 LUKE

TaroreM 17.
1— oel < I'(p,) p4+2.1 ( L py )
z+oed  I'o)lE©la,) “ " Ul e, a,
<l— oell
z +[(o + 1)(e + Def2}’
z>0, 0<0'§:.1, €>0, pj>06j>0, j:1,2,...,p.

.11

Inequalities for the G-function become equalities if z — co, and likewise
for certain values of the parameters as, for example, when » = 1 in (3.10).

Improved inequalities and approximations for the G-functions in (5.11)~
(5.17) can be obtained by using the discussion surrounding (4.1)-(4.3), and
by using (3.17) for arbitrary m and » with P,(v, z) decomposed info a sum
of partial fractions. Except for a multiplicative factor, F,(v, z), see (3.13),
is the generalized Laguerre polynomial L{(—z), a« =1 —a — v; and if
o > —1, the zeros of F,(v, z) are simple and lie in the interval —co <z <0,
see [11].

In a similar fashion, starting with (4.12), (4.15), (4.17) and (4.18), we get

THEOREM 18.
[ — eabfc I'(c) I'(py) D+3,1 (7
z+ [da+ DOjic + D] T I@) Dy "7\

eabc
z + [(e + Dag/c]

z>0, 0 <c<a, e >0, pi=zo>0,  j=1,2.,p;

L, ¢ py )

€ 1,a, o,

<1 —

(5.12)
1— ( ) [Z + 66]—1 + “‘ﬁ——“l)— [Z "]L' (E + 1)(0‘ - 1)@]_1
_ Ty oo 1, py
T(e) I(o) T(ay) G35 (2 ., o, ap)

ol{c — 18 ecb—t 9
<TG T - g Tt o e

z >0, 1< <2, € >0, p=a; >0, j=L12,...p;
(5.13)
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I'(p,) w1 i1 Lpsy
— 02—{— 4 ~1 My m;z,4+9 7 s Py
} €0 [ (€ l l)(g + 1)@] < F(E) T(U) 1-’(&)2,} G?.Lﬂ._ ( €, o, C‘L’,{,}
el ea(oc + 1)8 4 é’ -1
< =TT etz |7+ < “)2} ’
z>0, —1 <o <0, € >0, gz, >0 j=12,.,pm
{5.14)
(e+ Do+ Do 17 I(p,) pi2a (] Lps
— eof =W et o :
=0 [z + 2 ] <T@ To) Tty CremezZ] o o )
3eo(o + Dlp  3eo(o + Dbp 1 | elo+ 2 17t
<1-Zy No & 2z 200+ O [+ =57
z >0, —1 <o <O, e >0, p; = oy >0, i=12,...,p
(5.15)

It is readily shown that the left-hand side of (5.14) is less than the left-hand
side of (5.15), and that the right-hand side of (5.15) is less than the right-
hand side of (5.14) provided

0z + (o + 2) 0/3 < @z + (o + 2) Bg/2. (5.16)

Using (4.20) and (4.22), each with (1.10), we get

THEOREM 19.
i 21(2 1) T(Pp) Grret ( ! 119:0)
T I(e) ** T(e) I'(o) I'(x ,,) o 2]
<1 =0+ Ty P(E)P(a) G (Z
Z>05 0>Os €>O’ P-j/a1>0 ]: 525 - P
{317}
1 — ecf(l — ¢/2) fop G ﬁ(Zi 1 )
z ZF(e)F(G)H erlLo+1
I'(p,) o421 1, pp \
< I'(e) I'(e) I'(xy) Ooiiaee (Z ! €, O, 0y
_ 9 2,1 zZ } \
<1 I’(e)[’(c)zGl’z( 2 s—f—},o—{—}.}’

Z>0, 0'>0, E>O, pj>O£j>0, jzi,/)..-,;}.



60 LUKE

V1. EXAMPLES

1. Consider
L
xarctan x = ,F, (1’32 i —xz). 6.1)
)
Apply (4.6). Then
2,1 2 41
(l—l—x) <x“1arctanx<g—l— [ 3x] > x>0, (6.2)

whence with x = 1, 3 << 7 < 19/6. Integrate (6.2) from 0 to x and make use
of (6.2). Then

x2 -1 . T _
= (1+—9—) <x 1J0t larctantdr < R

56 9x2
81+81[1+ 25] ., x>0 (6.3)

In particular if x = 1, the integral is Catalan’s constant which to five
decimal places equals 0.91597. For x =1, L = 0.9, and R = 2529/2754 =
0.91830.

2. Similarly, for

L1 l — (6.4)

xln(l + %) = oF, ( )

we have
X 1 37 2%y
[1+5] <xma+n<z+3[1+5], x>0 65
and so0 2/3 <In2 < 0.7. Also

—]—1 < x fx In(1 - £)dt < R
° (6.6)

s
LS e

If x = 1, the integralis #%/12 = 0.82247, L = 0.8, and R = 43/52 = 0.82692.

3. Let
1,2
— ) = (1 + 212 F, ( s —z). 6.7)

1

F(z) = oF, (

nojee

s
5
2
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Appropriate use of (4.7), (4.12) and (4.15) for the first form of F{z) vields
the respective inequalities, all for z > 0:

1+ 35 <re <J+ i+ 57

e e <
2+ e Bl <m<s-2(+ 3]
—-g [1 31 + 3752 1]. (6.8)

If z = %, we have F = F(}) = 0.88055 and from (6.8) we obtain, respec-
tively,
0.86957 < F < 0.88169,

0.86667 < F < 0.88649, (6.9}
0.86334 < F < 0.89248.

Now apply (4.6) to the second form of F{z). Then

oL 4z (4 2y (., sz 1
~Y1/2 -
a + z) [H« 5]<F(_)< = [1+14!,1+ 75 ] (6.10)
and, for z = %,
0.87482 < F(z) < 0.88182. 6.11)
4, let
11 .
G(z) = ZFI( HE mz). (6.12)
b

If z=14, G=GE)= 107799 and from (4.17) and (4.18), respectively,
we have
1.07246 < G < 1.08025,

(6.13)
1.07752 < G < 1.07803.
5. Consider the complete elliptic integral of the first kind
_ T Bl _ 7 L L3y-1/2 3,3 _ £ g
k= 3o (5 [#) = Fa i (- K)o

From (4.7) we have

2a(l — k22
4 — 3k2

(16 — 11k2)(1 — k)i
2(16 — 7k%) ’

< Kk) < 0 <k <l (615
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The complete elliptic integral of the second kind is

3 PR R k2
E(k) = 2FI( 2 kz)—%(l-—kz)lll.ZFl( 2 _T?F)’ (6.16)
and
T o 4f2 X
7 @ =R [l | <E®

k*(48 — 37k%)

16(1 — k312 — 7k?) ] 0<k<l (6.17)

kU
< —

S — kel 4

From (4.21) we have

a

z (—2——)1/2 <KE) <ZT+0—k), O0<k<l (6.18)
2\ 4 ’ : .

and from (4.21) and (2.8) with r = 1, we get

Th-Lora-mem]<ewn< I -E0-A
| 0<k<1 (619)

Improved inequalities for the above complete elliptic integrals can be
obtained by first applying a Landen type transformation. Extensive approxi-
mations for the three kinds of complete and incomplete elliptic integrals
based on the Padé approximations for the square root have been given in my
recent paper [14].

6. If we apply the Kummer formulas (1.17) and (1.18) to (5.2), then
with an appropriate change of notation we get

et () <o (0]

lLa| z
7 1 ’ P —
<1 +2 2F1( ' 1), z>0, ¢>a>0. (620)

Under the latter hypotheses, the o#; on the right of (6.20) is less than the
same oF; with argument unity which can be summed provided ¢ > a | 1,
see [15]. Thus

(-1—|—z)e—le1(alz)<—c—~(i—T_1_—)a, z2>0, c—1>a>0. (6.21)
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7. The modified Bessel function of the first kind can be defined by
zj2)ye? . .
I(z) = ?((/_){_ )1F1( + &2 + 1 22} {6.22}

Application of (5.3) gives

I —2z/2

I+ 2z/2

< T+ DRy e L) < s 4 2 Dy Q3
2y + T

The left-hand inequality is very weak unless z is quite small. From (5.4),
we have

_ z v+ 1)z
[l 20 +1)][1+ 20 + 1)

1= 241 Qv+ 3)z 17t
<% 3t w3 [1+2(2y+1)]

] < I'(v + 1)Q2y e (z)

z>0, —i

A
<
N

i
=)
[\
BN

If v = 0, (6.23), and (6.24) coincide. Finally, from (5.5) we get
e < I'lv + DR/z) e 2L (z) < 3(1 -+ &%), z>0, v>—% (6.25

8. The modified Bessel function of the second kind can be expressed in
either of the forms

K(2) = 7'Pe~#2z) () + vi 1 + 2v; 2z {6.26)
or
(m[22)'/% e—*
FG+»IG—w»

K(z) = G

l\.JP-l

( ’ i ¥+ Vﬁl— - 1) 6.27

From (5.11) and (5.15), we get the respective inequalities

iz — %) V2 g2 K (5 3G =P
I e i L
z >0, 0<r<i; o
30— b 1t K — 34 +7)
4 s e < (i eR < 1 St

302 — HGER —v)
4(5/° — )z + (3 + )52 — v)/6)]°

2>0, +<v<3/2
(6.29
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Notice that (6.28) and (6.29) become equalities as z— o or if v = .
Also (6.29) becomes an equality if » = 3/2.
Taking v = 0, we have

B 2\ 16247
L(z) = 8_+1<H)_(;0 K@) <R@) =g, 2>0.

(6.30)

The utility of these inequalities is made manifest by the following table:

0.01 0.07407 0.38049 0.78166
0.10 0.44444 0.67679 0.81132
0.50 0.80000 9.85989 0.88235
1.0 0.88889 091315 0.92000 (6.31)
2.0 0.94118 0.94961 0.95122
4.0 0.96970 0.97230 0.97260
10.0 0.98765 0.98814 0.98817

Notice that for z > 4, the arithmetic mean of L(z) and R(z) approximates
F(z) to within about 2.2 9/. This is quite remarkable as K,(z) has a logarithmic
singularity at z = 0.

9. The parabolic cylinder function is given by

1—v 3
— 20—-1)[2p—(22/2) g
D(z) = 20-VPe iz (52,55 2 (632)
or
zzve—(z2/4> G2 22 1 6.3
DV(Z)ZW 1’27151&”—;. (.3)
From (5.11) and (5.15) we have the respective inequalities
WA=y e (1 — )
1+22_%V(1 —y <27 D(z) <1+ PR Y g 634
z>0, —2<v»<0; '
P(l—v) s Wl — V) + 2)
rERe e ST I e

3l —v)(2— )
4(4 — )22 + (1 — @ — /O’

z>0, O<v<l.
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Both (6.34) and (6.35) become equalities as z — oc or as v — (. Also (6.35)
becomes an equality if v = 1.

VII. OTtHER INEQUALITIES

Inequalities for the special functions appear infrequently in the literature.
Gautschi [16] (see also the references given there) has developed a two-sided
inequality for the incomplete gamma function Iy, z). More recently,
Carlson {17] has developed two-sided inequalities for a hypergeometric
function of n-variables which includes , .., as a special case. Some of
these inequalities are closely related to those presented here. Application
of the confluence principle to one of his inequalities for ,F; leads to (5.5)
and (5.6) with p = 1. Neither of the above authors makes use of transforms
to develop inequalities for other special functions. In a future paper, we
intend to investigate this aspect of the subject, and to apply our techniques
to develop inequalities for hypergeometric functions of several variables.
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