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The governing equation of a model for imaging in photolithography is studied.
The density p of the photoactive component of the resist, which is a function of
time and position, decreases at a rate assumed proportional to the local light
intensity. It satisfies a nonlinear differential equation

dp = .
= (D =Flo()), (*)

of which an evaluation of the right-hand side requires solving Maxwell’'s equations
in a periodic 2D-configuration of dielectrics consisting of the resist and the sub-
strate. The electric permittivity of the resist is a function of position which depends
on p. The Maxwell problem is studied by applying the limiting absorption principle.
It is proved using the contraction mapping theorem that for every exposure time
and every initial density () has a unique solution which is a smooth function of
time and position when all data are smooth.  © 1989 Academic Press, Inc.

1. INTRODUCTION

The most common pattern forming technique in the fabrication of
integrated circuits is photolithography. In this technique monocromatic
UV-light is used to image a pattern of apertures in a mask into a light
sensitive film called photoresist. The light transmitted by the mask and the
optical system induces a chemical bleaching of the resist. The rate at which
the density p of the photoactive component (PAC) decreases is assumed
proportional to the local light intensity. Furthermore, the electric permit-
tivity of the resist and hence also the light intensity depend on p. The
pattern of equiconcentration surfaces (curves in 2D) of the PAC after an
exposure is commonly referred to as the latent image of the mask.

In this paper we study the governing equation of a mathematical model
for latent image formation in which the light intensity is calculated using
Maxwell’s equations. We consider a periodic 2D-configuration of a sub-
strate consisting of a number of electrically homogeneous and time-
independent layers Q,, .., €2, with the photosensitive and in general

242

0022-247X/89 $3.00

Copyright © 1989 by Academic Press, Inc.
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82340409?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

IMAGING IN PHOTOLITHOGRAPHY 243

inhomogeneous resist £, on top. The region 2, above the resist contains
the light source, the optical system and the 1-dimensional periodic mask. A
Cartesian coordinate system (x,, x,) is chosen such that the configuration
is periodic with respect to x, with period 1. In Fig. 1 one period of the con-
figuration is shown. In the following 2,, .., 2, and Q,, will always be the
intersection of the layers defined above and the region (0, 1) x R. The inter-
faces of the layers are in general not flat and they need not be representable
as functions of x; as in Fig. 1. Furthermore, unless stated otherwise, no
smoothness of the interfaces is assumed.

For simplicity we assume that the light source is coherent and that it
emits polarized light. Then, the light transmitted by the mask and the
optical system can be discribed by a single time-harmonic electromagnetic
field which we shall refer to as the incident or incoming field because it is
incident on the resist. This field should be calculated separately and is
considered to be given in this paper. The total field in the region below the
optical system and, in particular, in the resist is calculated as if the light

8,

light source,
optical system

&
mask

2

Qor 1
(0.0) P (1.0) X,

FiG. 1. One period of a periodic configuration with /=3.
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source, the optical system, and the mask are absent. Therefore, from now
on Q, will be considered to consist entirely of air.

Let the exposure begin at =0 and let &(z): (0, 1) x R — C be the relative
electric permittivity at time 7 with real and imaginary parts &'(z) and &"(z),
respectively. Then

(i) for j=1,... I e(t)lg =¢=¢; + g, where ¢; and ¢/
are constants and ¢, =1,

(i) e(t)lg, =&n(1) there €, (1) aqd s},’,(t) are bounded
measurable functions on 2, with positive infimum.

(1.1)

The magnetic permeability of all regions is equal to the value in vacuum
Uo. For simplicity it is assumed that the substrate consists of dielectrics, but
the presence of conducting layers requires only minor modifications of the
analysis.

Let x = (x,, x,) be a point of (0, 1) x R and let E‘(z, x) = Re[&'(x)e "]
be the given incoming electric field. &’ is assumed to be a 1-periodic func-
tion with respect to x,. This assumption is justified when the region
(0, 1) x R is close to the optical axis and when the light source is a point
source on that axis. In case also ¢(¢) is 1-periodic, the same will hold for
the total electric field which we shall denote by E(¢, x) = Re[&(t, x)e™"].

To a good approximation the local rate of decrease of e.m. energy per
unit volume of the resist is

Jwee, (1, x) 1E(1, X)), (1.2)

where |-| denotes the norm on C>. Let p(z, x) and j(t, x) be the densities
of the PAC and of the reaction product of the bleaching, respectively. Then

p(t, x)+ p(t, x)=p(0, x)+ 5(0, x),  Vr20,V¥xeQ,, (1.3)

and we assume that the right-hand side has a positive infimum on 2,,. We
adopt the following general relation between the electric permittivity of the
resist and p,

£ (, X) = K (x, plt, X))+ i (x, p(1, X)), VI20,VxeQ,, (14)

where #', h": 2, x (0, o), are given 1-periodic functions with respect to x,
and are such that for every s >0 there exists r > 1 with

1 1
Sk p)sr, —<H(xp)<r, Vix, p)ef, x[0,5] (1.5)

We shall be more specific about the dependence of ¢,, on p. We assume
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that for some pair of strictly increasing fucntions g, §: [0, c0)— [0, )
with g(0)= g(0)=0 and for some @ >0,

eprlt, x) = Q + glp(t, x)) + Z(A(1, x)). (1.6)

Q represents the contribution to ¢,, of the constituents of the resist other
than the PAC and the reaction product. Using (1.2) and (1.6) it follows
that ¢,, can indeed be expressed in the form A"(x, p(¢, x)) as stated in (1.4).
Note that when the resist is homogeneous at 1=0, 42" does not depend
explicitly on x.

Now the local rate of decrease of p is assumed to be proportional to
g(p(s, x))/e,(t, x) times the local rate of decrease of e.m. energy as given by
(1.2). Hence, apart from a constant positive factor

0
T LX) = =gt ) IEG X, Viz0VxeQ,,  (17)

where the total electric field &(¢, x) is at every >0, the solution of
@ poeoe(t, x) &(t, x)—curl curl £(t, x)=0 on (0,1)xR, (1.8)

where

&(1, x) is 1-periodic with respect to x,,

&(1, x) — &'(1, x) satisfies the outgoing radiation condition

for x, = + o0, (1.9)
&(t, x) vanishes or satisfies the outgoing radiation condi- .

tion for x, - —oo depending on whether Q, is lossy or
lossless, respectively,

and where &(¢): (0, 1) x R — C satisfies (1.1) for given ¢;€C, j=1, ..., /, and
£, (1): 2, — C is given by (1.4).

The outgoing radiation condition will be formulated in Section 3.
Furthermore, we remark that (1.8) is derived from Maxwell’s equations
using the quasi-static approximation.

Equations (1.4), (1.6), and (1.7) contain as a special case the well-known
relations used in Dill’'s model [2].

It will be proved in Section 4 that when ¢(¢): (0, 1) x R - C satisfying
(1.1) is specified, the momentary total field &(¢) is uniquely determined by
(1.8), (1.9). Since the ¢, j=1,..,/, are known fixed constants, it follows
from (1.4) that &(¢) can be considered to be determined by p(¢):

409/144/1-17
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Q,, = (0, 00). We shall therefore write &,,,. Then it follows that (1.7) is a
nonlinear differential equation for p(z),

dp =
E(t)—F(p(t)), =0, (1.10)

of which an evaluation of the right-hand side requires solving boundary
value problem (1.8), (1.9). For every ¢, (1.10) is an equation in some space
of functions: 2,, — R.

The following additional assumptions on the smoothness of g, #’, and h”
will be used:

(i) g: [0, 0)— [0, o) is twice differentiable,

(i) A, h": 2, x[0, c0) are continuous in (x, p) and continuously
differentiable with respect to pe[0, «©) with derivatives which are
uniformly bounded with respect to xe Q,,.

Assumption (i) and g(0) =0 imply that

G(p)= g_(;_) has a continuous derivative on [0, ). (1.11)

Let po: Q,, — (0, o) be the density of the PAC at the beginning of the
exposure:

p(0, x)= po(x), VxeQ,,. (1.12)

Then, using the definition of G, (1.7) and (1.12) imply

plt, x) = po(x) exp [ - IO' G(p(s, x)) (&, (X)) ds]. (1.13)

We shall prove that when the incident field is TE-polarized, ie., &' is
everywhere orthogonal to the (x,, x,)-plane, then for every exposure time
t.>0 and every continuous p,: 2, — (0, c0) which is 1-periodic with
respect to x,, there exists a unique 1-periodic p which is a solution of
(1.10), (1.12). Furthermore, when the interfaces between the resist and the
adjacent layers are smooth, the functions g, A, 4", and p, are smooth;
then p is a smooth function of both time and position.

The existence proof for initial value problem (1.10), (1.12) requires a
thorough analysis of boundary value problem (1.8), (1.9), in particular
with regard to the qualitative dependence of the electric field on the electric
permitivity of the resist for the study of which we apply the limiting
absorption method. This method is studied in a general, abstract context in
[7]. In [8] Wilcox studies scattering theory for a periodic geometry
similar to ours but consisting of homogeneous materials. The contradiction
type argument which we use in order to obtain estimates for the field goes
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back to Eidus [4]. Although the existence proof for (1.10), (1.12) given
below is valid only for the case of TE-polarized fields, the study of the
boundary value problem is carried out for the general case.

Finally, some remarks about the assumptions for the incoming field are
given. ‘Because any real light source is extended, the effect of partial
incoherence can not be neglected in general. The correct approach is to
divide the light source into point sources and to solve at each time ¢
boundary value problem (1.8), (1.9) for all incoming fields corresponding
to all point sources. Instead of |£(t)| one should then use on the right-
hand side of (1.7)

f |&5(1)|? ds, (1.14)

source

where & is the field in the resist-due to point source s. For point sources
which are not on the optical axis the incoming fields are quasi-periodic
rather than periodic. This means that the boundary conditions for these
fields differ from those in (1.9). However, the analysis required for this
more general case is essentially the same as that for (1.8), (1.9). Further-
more the existence proof for p can be easily generalized to the case of
integration over point sources as that in (1.14). We shall therefore retain
the assumptions stated above and limit the analysis to the case of a single
incoming field which is 1-periodic.

When the light used is unpolarized, the intensity of the light emitted by
point source s is:

{5 1> +185ml?),
where &% and &1\ are the total fields corresponding to a TE- and TM-
polarized incoming field, respectively. However, as mentioned above, the
existence proof for p given below applies only to the TE-component.

Results of numerical simulations for the case of partial incoherent
TE-polarized incoming fields are described in {6].

2. NOTATIONS

We shall use the Cartesian coordinate system (x,, x,, x;) where the x,-
and x,-axis are as in Fig. 1. {e,, e,, e;} is the corresponding orthonormal
basis. For f, ge C* we write

3 3
f=ije,» g= ge,
j=1 ji=1

3 2
j=1 j=1
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where the bar denotes complex conjugation. Furthermore, A will be the
vector product and x will be a point (x,, x,)€ (0, 1) e R.

We shall next explain the notations used for some Sobolev spaces (see,
eg, [1, 3, 5])

For open Q< (0, 1) xR and me N, H™(Q2) is the space of functions u:
Q — C having derivatives of order <m which are in L*(2). The norms of
L*(Q) and H™(Q) are denoted by | ||§ and || ||, respectively.

Bold type letters are used for spaces of vector fields u: 2 — C°. For
example, H"(Q2)= H™(Q)x H™(2)x H™(2). For u=(u, u,, u3)e H"(Q)
we define |[u&={3>’_, (lu;|2)*}"? as the norm on H™(R).

For — o0 £a<b £ o we introduce

H'(curl; (0, 1) x (a, b)) = {ue L2((0, 1) x (a, b));
curl ue L*((0, 1) x (a, b))}

equipped with the norm

b 1 1/2
ot 0237 ® ={ [ [ o+ eurtuf? v, s

1,curl
a *0

H2(curl; (0, 1) x (4, b)) = {ue L2((0, 1) x (a, b));
curl curl ue L*((0, 1) x (a, b))}

with the norm

b 1 1/2
||u||(°’“>‘(“’b)={f j(|u|2+|curlcurlu|2)a’xldx2} .

2,curl
a Y0

Let S' be the unit circle in the complex plane and let &: [0,1]xR —
S!x R be the map

D(xy, x;)= (e™, X5).

When —o0 <a<b<oo then €°(S'x [a,b]) and €=(S'xR) are the
spaces of all infinitely differentiable ¢: [0, 1] x [a, b] = C, respectively, ¢:
[0,1]xR - C, such that ¢ and all its derivatives are 1-periodic with
respect to x,. The notation €*(S'x [a, b]) is motivated by the fact
that, using the map @&, the space of smooth periodic functions
[0,1]x [a, b] - C can be mapped 1-1 onto the space of smooth functions
defined on the cylinder S' x [a, b]. For —c0 <a<b< w0, 2(S'x(a, b)) is
the space of all ¢ e ¢ (S"'x [a. b]) of which the support is a compact
subset of [0, 1] x (a, b).

For —oo <a<b< oo, H*(S' x (a, b)) is the closure of €*(S' x [a, b])
in H™((0,1)x (a, b)) and H™(S'x(a, b)), H'(curl;S!x(a, b)), and
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H%(curl; S' x (a, b)) are the closures of ¥*(S' x [a, b]) =

;=1 €*(S'x [a,b]) in H™((0, 1)x (a, b)), H!(curl; (0, 1) x (a, b)), and
H?(curl; (0, 1) x (a, b)), respectively. Furthermore, H™(S'xR) is the
closure of 2(S'xR) in H™((0, 1) x R) and H™(S! x R), H'(curl; $! x R),
and H?(curl; S' xR) are the closures of 2(S'xR)=TT;_; 2(S'xR) in
H™((0, 1) x R), H'(curl; (0, 1) x R), and H?(curl; (0, 1) x R), respectively. It
should be remarked that when a=—oc and b= +oc0 we have
H?(curl; S' x (a, b)) = H'(curl; S! x (a, b)), but that when a> —oo or
b < oo this inclusion is false.

There holds in particular

Jw jl curl curl u-¥ dx, dx,

—w Y0
0 1
=_[ f curl u - curl v dx, dx,,
—w Y0
Yue H*(curl; S* x R), V¥ve H!(curl; ! x R).

All Sobolev spaces introduced above are Hilbert spaces. When a= — o0
and b= oo we shall write || ., | Il1,cun> @nd || ||2,cun for the norms defined
above. For —o0 £a<bh< o0,

H(S'x(a,b))={ue2'((0, 1)x (a, b)); Ve, de Rwitha<c<d < b:
Ul 0,1)x (c;d) € H™S"x (¢, d))},
where 2°((0, 1) x (a, b)) is the space of distributions on (0, 1)x (a, b).

H7, (S'x(a, b)) is equipped with the Fréchet topology generated by the
seminorms:

I(O,l)x (¢,d)
m s

([ c,deRwitha<e<d<b.

The space HJ” (S x (a, b)) is defined analogously.
Form=1,2and —c0 Za<b=< o we put

H7 (curl; S' x (a, b)) = {ue 2'((0, 1) x (a, b)); V¢, de R witha<c < d < b:

Ul 0, 1)x (c.a) € H™(curl; S'x (e, d))}
equipped with the Fréchet topology generated by

]| 1) xte.d) ¢, deR,a<c<d<b.

m,curl

Let X and Y be Fréchet spaces with {p,} and {g;} as fundamental
systems of seminorms. Then B(X, Y) denotes the space of all continuous
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linear maps L: X — Y equipped with the Fréchet topology generated by the
seminorms:

ry(L)=sup 4,(L(x))

xeX pi(x)
x#0

L will be called an isomorphism when L is a linear and topological
isomorphism.

3. PRELIMINARY LEMMAS

In the present and the next section we shall study boundary value
problem (1.8), (1.9). In the sequel ¢ will always be a function e:
[0, 1] x R — C which is 1-periodic with respect to x, and satisfies

(i) s|gj.=‘8j=£j+isjf’ for j=1, .., where the. g are
positive constants and the ¢ are nonnegative con-
stants with, in particular, ¢, = 1.

(i) elg, =¢, =&, +ic,,, where &, &, 2, —>(0,0), (31

are bounded measurable functions which satisfy

essinfe,, >0 and essinfe,, > 0.
2, Qpr

For the study of problem (1.10), (1.12) it is important to consider the
influence of a perturbation of the electric permittivity on the field which is
the corresponding solution of (1.8), (1.9). Since only ¢, and ¢,, are time
dependent, only ¢,, and ¢,, will be perturbed whereas the ¢; are considered
fixed throughout the rest of this paper.

For general ae L®((0, 1) x R) we define operator 4,: H*(curl; S' x R)
- L%((0, 1) x R) by

A,u=au—curl curl u.
A, is clearly continuous. Furthermore, it is easy to see:
LEMMA 3.1. When A,: H?*(curl; S! x R) = L2((0, 1) x R) is 1-1, then the
image of H*(curl; S' x R) is dense in L((0, 1) x R).

We shall next formulate a sufficient condition for « in order that A4, is
an isomorphism. Put «'=Rea and «”"=Ima We have for every
ue H?(curl; ! x R)



IMAGING IN PHOTOLITHOGRAPHY 251

2

2 oo 1
=“ j {a |u|*—|curl u|?} dx, dx,
—oo Y0

=(ﬂ |cur1u|2>2—2<ﬂ o |u|2>
(ﬁ |cur1u|2>+<ﬁa' |u|2>2
+<”a” |u|2>2

=& 2at +a* + b, (3.2)

f jol i A, (u) dx, dx,

where we have written ¢= [ [curlu|?, a=[fa’|u|’, and b=([a" |u]>.
Furthermore, we put 7= [{ |u]%.
Suppose &> 0. Then for every 4 satisfying 0 < A < b%/((n+ a)* + b?)

E—=2at+a*+b*Z AME+)™ (3.3)

Now, suppose L=essinfy . gz 2" >0. Then

b2 - L2 >1 L )2 (34)
(+a)?+6°~ (1+ o) + a3 =2 < 1+ el / '

Hence, when we choose 4 equal to the right-hand side of (3.4), inequality
(3.3) is satisfied.
We conclude therefore that when L >0 and 5> 0,

'fio Jolﬁ-Aau

But 5=0 and L >0 imply u=0 and then (3.5) is evidently also true; hence,
(3.5) holds for all we H?*(curl; S'xR). Using (3.5) and curl curlu=
ou— A,(u) it follows, furthermore, that

(3.5)

1 L
g__—(”u" curl 2'
T+, MMhe)

2 (14 ||afl o )?
ol 5 {1 +\e{m‘1f—”a)} 4., VueHX(cur; ' <R). (36)
0, 1)x R

This estimate and Lemma 3.1 imply:

LeMMA 3.2. When ae L™((0,1)x R) satisfies essinfi ). g 2" >0, then
A H(curl; S' x R) - L*((0, 1) x R) is an isomorphism.

Because ¢ =¢"|p, =0, ¢ does not satisfy the hypothesis for o in
Lemma 3.2, and we will show that A, is 1-1 but not onto.
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We shall first formulate the outgoing and incoming radiation condition.
Let v(¢, x) =u(x)e " be a vector field which is 1-periodic with respect to
x,, of which the amplitude ue L _((0, 1) x (b, o)) and which satisfies the
wave equation A(8%v/0t*) —Av=0 on (0, 1) x (b, o), where be R and 1e C
with Re 4 >0 and Im A= 0. Then u satisfies

w?u+4u=0 on (0, 1)x(b, ). 3.7)

By substituting a Fourier series u(x,, x,)= i(n, x,)e*™ 1 it follows

that for some a,, b, € C°, T
w1
li(n, x,) =a,e %2 4 b, o2 when n* 5‘é4 2 (3.8)
i(n, x;)=a,x, +b,, , @k '
when n°=-—,
4r
where
k, = (0 —dnn?)2, (39)

Here and henceforth, the branch of the complex square root is used for
which the cut is along the negative real axis, £/2>0 and (—¢&)Y? = + "2
for £>0.

Now, let Im A=0. Then k, >0 for n®><w?i/4n* and k, =i |k,| when
n*Z w?i/4n’. We require that the vectors fi(n, x,) are bounded for x, — .
Then, a, =0 when n? = w?4/4n>. Furthermore we define v(z, x) = u(x)e **
as an outgoing wave for x, — + oo when for some ¢, € C* and for (x,, x,) e
(0, 1)x (b, o0)

u(x,, x,)= Y ¢, (3.10)

n=—oc

and the amplitude u for which (3.10) applies is said to satisfy the outgoing
radiation condition (orc) for x, — + 00. ¥(t, x) is called an incoming wave
for x, = + o0 and u is said to satisfy the incoming radiation condition (irc)
for x, - + 0o when for some ¢, e C? and for (x,, x,)€ (0, 1) x (b, )

u(xl , xz) — Z cne2ninx1 — iknx2 + Z cneZninxl + ik,.xz. (31 1 )
n< Lz)2/1/4n:2 n? > w?2)/4n?

Next, consider the case Im A>0 which means that (0, 1)x (b, o) is
lossy. In this case we have Im &, >0 for all n, and since we require that the
vectors ii(n, x,) are bounded for x, — + co, it follows that u must satisfy
(3.10). For brevity we shall again say that u satisfies the orc for x, — + oo
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when (3.10) holds, although in case Im A >0, u decreases exponentially
when x, — 0.

Analogously, when v(t, x)=u(x)e ™' satisfies the wave equation
A(0*v/0t*)— 4v=0 on (0, 1) x (— o0, —b), then u is said to satisfy the orc
for x, » — oo when (3.10) applies with x, replaced by — x,. This terminol-
ogy will again also be used when Im 4>0. In case Im 21 =0, u is said to
satisfy the irc for x, - — oo when (3.11) holds with x, replaced by —x,.

Now let b> 0 be a number sufficiently large in order that

(0,1)x(b,0)cQ, and (0, 1)x(—o0, —b)cQ, (3.12)

Let weH] (curl; S'xR) satisfy A,u=0 on (0,1)x(h 0)uU
(0, 1)x (=00, —b). Then

g,u—curlcurlu=90 on (0,1)x(b, o),

gru—curlcurlu=0 on (0,1)x(—o0, —b).

Since ¢, and ¢, are constants, divu=0 on (0,1)x (b, 0)u(0,1)x
(—oo, —b); thus, using the identity, curl curlw= —Aw+ grad divw, it
follows that

giu+du=0 on (0,1)x (b, ), } (3.13)

gu+Adu=0 on (0,1)x(—o0, —b).

For the case where u satisfies the orc for x, = + o0 we shall derive two
useful formulae. According to the definition of the orc, there exist ¢* (),
¢~ (n)e C? such that

o]

u(x;, x;)= Y et(m)erm ke Y(x,, x,)e(0,1)x (b, ), (3.14)

u(x,, x,)= i ¢ (n)e>minxi—iky X2, (x,, x,)€ (0, 1) x (— o0, —b),
T (3.15)
where
ki =(e —4n’n®)'2, k] =(g —4n’n®)'

Now, (3.13) implies in particular that u is smooth on {(x,, x,); x, € [0, 1],
|x,] > b}. Because

curlu—%e —?—l&e +<% %)e
Tox, ' 0xy ° 0 \0x, 0xy)
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we have

Ou, Ouy\ _  Ouy _
(e; ncurlw) i=(——— )i, —— i,

Ox, 0x, 0x,

Hence, for |x,| > b,

1 -
J‘ (e, A curlul{xy, x5))-u(x,, x,) dx,
0

t _ Ou; _ Ouy Ou,
_jo <—u16x2+u16x1*u36 )dxl

1 dii
- <—a,%_u2—‘fi 7,0 )dxl
0 Ox, 0x, 0x,
1 _ Ouy Ju, Ju
— . =1 316
JO ( u; 6x2+u2 ox, — iy 8x2> dx,, ( )

where we used the periodicity of u and divu=du,/0x, + du,/dx, =0 for
|x,| > b. By substitution of (3.14) into (3.16) we obtain

1 ——
[ (e2 A curl u(xy, x2)) -uGxr, %) dx,
0

Yo (k) lef Mk lef P +k) e ()2}

x e2RetikT )y S p (3.17)

By substituting (3.15) into (3.16) we find

l —_—
f (e, Acurlua(x,, x;))-u(x, x,) dx,
0

Z (ko ey )P +k, ley ()12 + k] |es ()]}

n= —o0

xefzke(ik,,_xz), sz < —b. (318)

LEMMA 33. Let ueH (curl; S'xR) satisfy A,u=0 on (0,1)xR.
Suppose u=0 on Q2,,; thenu=0 on (0, 1) xR.

Proof. We have

eu—curlcurlu=0 on (0,1)xR.
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Let 2, be a layer adjacent to £,,. Since ¢; =¢|p, and u vanishes on Q,, it
follows that
g;u—curlcurlu=0 on Q,uUQ,

Hence, since ¢; is constant, divu=0 on Q,, U, and thus
gu+du=0 on Q,uQ,

This implies that u is analytic on 2, U £;, hence, u=0 on 2, UQ2,. By
repeating this argument until all regions are dealt with it follows that u=0
on (0, ) xR.

LemMA 34. Ler ue HZ (curl; S' x R) satisfy A,u=0 on (0, 1)x R and

the orc for x, - + 00. Then u=0 on (0,1) xR.
Proof. Let b>0 satisfy (3.12) and let a>b. We have

a 1
J J{—|curlu!2+curlcurlu-1'1}dx,a'x2
—a Y0
1 —
=J (e, A curlu(x,, a))-u(x,, a) dx,
0

—jl (e, A curl u(x,, —a))-ul(x, —a) dx,. (3.19)
0

By substituting curl curl u=¢u into the left-hand side of (3.19) and the
series (3.17), (3.18) into the right-hand side, one obtains

a 1
j fo{—|cur1u12+s|u|2}arx,arx2

=—i Y {kSlef mIPHEF lef ()P +k} |ef (n)|?) eXRelikr )
—i Z {k, |Cf(n)|2+E|C{(n)|2+k; ey (n)|?}e—2Relikr al,

(3.20)

Because ¢” 20 and Re k7 =0, Re k7 >0 for every n, the imaginary part of
the left-hand side of (3.20) is nonnegative whereas the imaginary part of the
right-hand side is nonpositive. Hence ¢” |u|?>=0 on (0, 1) x R which in view
of essinf, &” >0 yields

u=0 on £,.

Then Lemma 3.3 implies u=0 on (0, 1) x R.
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Remark. In the proof of Lemma 3.4 the property essinf, ¢” >0 is used.
In fact, it suffices for the conclusion to remain valid that there is some lossy
region. When all regions are lossless, i.e, when ¢”=0 on (0, 1) xR, then
Lemma 3.4 is false in general.

Lemma 3.4 implies in particular that A4.: H?¥(curl; S'xR)—
L2((0, 1) x R) is 1-1. Indeed, when ue H?(curl, S' x R) satisfies 4,u=0,
then u decreases exponentially for |x,| — o0; hence, u satisfies the orc for
Ix,| = c0. Therefore, by Lemma 3.4, u=0.

However, A4,: H2(curl; S'xR) - L2((0, 1) x R) is not onto. To see this,
choose me N U {0} such that 4n°m* <¢, and define

g(x1, Xy) =€ Eakte, for (xy, x5)€(0, 1) x (b, 0),

where b satisfies (3.12) again. Then 4,g=0 on (0, 1) x (b, c0). Extend g to
a smooth periodic vector field u: (0, 1) x R — C such that u vanishes on
(0, 1)x (=00, —b). Then f=A4,(u)eL?((0,1)x R). Suppose there exists
ve H?(curl; S' x R) such that 4,(v)=f Then u—veH} (curl; ' x R) and
u—v satisfies the orc for |x,| » oo. Hence by Lemma 3.4, v=u. But
u¢ H?(curl; S' xR); hence, we have a contradiction. Therefore, A4,:
H2(curl; ! x R) - L?((0, 1) x R) is not onto.

Put Y= A,(H?*(curl; S!xR)). According to Lemma 3.1, Y is dense in
L%((0, 1) x R). The inverse A ': Y- H?*(curl; S'xR) is of course not
continuous. However, according to Lemma 3.2 the mapping A;;:
L2(0, 1) x R) » H?(curl; S' x R) is continuous for every A>0. It will be
proved in the next section that when L;((0, 1)x R) is the space of all
fe L2((0, 1) x R) with f(x,, x,})=0 for all |x,| 25 and when the operators
A}, are restricted to L((0, 1) x R), then the limit lim, o 4}, exists in
B(L((0, 1)x R), H} (curl; S' x R)) for every b. In this way a continuous
inverse of A, is obtained.

We conclude this section with a derivation of two useful identities
involving certain Green’s functions of the operator { + 4, where { € C with
Im{=0.

Let R* =(0, ©), R~ =(—o00,0). There exist Green’s functions G :
((0,1)xR*)*> C and G : ((0, 1) x R~ )* - C of the operator { + 4; ie.,

chi(x, }’)'*'Angi(X, .V)=5(X_J’)’ Vx:(xlaXZ)e(O’ I)XRi;
Vy=(y:1, y2)€(0, 1)xR*,
such that

(a) x; > GFE(xy, Xy, 1, ¥,) is 1-periodic;
and if we write
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~ 1 .
Ggi (n’ X2s V1» ,V2)='[0 G(i(xl’ X25 V1s yz)e—anxl dxl and

kn = (C—47r2n2)1/2, (3213)
(b) V(yy, y2)e(0,1)xR* and VneZ,

x2— o

. d 4 .

lim {a GE(n xp, y1, y2) Fik,GE(n, x2, vy, }’2)} =0. (3.21b)
2

(c) VneZ, ¥x,eR?* and uniformly in y, € (0, 1),

, o 4 T A
lim {ﬁ G (n x5, y1, o) F ik, G (n, x5, 1, )’2)} =0
2

y2—+

(3.21c¢)

: 2 4 _. 0 4
im0 0 1 v Tk 3 G (s i, 3} =0

(d) VY(x;,x,)e(0,1)xR*, Vy,eR*:
1 . ~
J, G (e s, ya, y2)e ™ dyy = GE(=mxa, i, y). (3214)

(¢) For every pair of disjoint subsets K,, K, c
(0, 1) x R* the set of functions {{ - G* (x, y);
xeK,, yeK,} is equicontinuous on the upper
half of the complex plane including the real
axis. The same holds for derivatives of G with
respect to x,, X,, y;, and y,.

(3.21e)

Formulae for the functions G are given in the Appendix. Now, let ue
H2(S'(b, ©)) satisfy {u+Adu=0 on (0,1)x (b, o). Then u decreases
exponentially for x, - + co. Hence, if a > b, then for every y=(y,, y,)€
(0, 1)x (a, 0),

uy)=]" jol u(x) 4,G7 (x, y) dx, dx,
_f‘” Ll Au(x) G (x, y) dx, dx,

1 du .
=] o k@) G (x1 a3, o) dx,
0o 0X,

! 0
—[ux, @)= G (v a )y (322)
0 X2
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Analogously, if ue H*(S' x (— o0, — b)) satisfies {u+ du=0 on (0,1)x
{(— o0, —b), then for a> b and every y = (y,, y,)€(0, 1) x(— 0, —a),
! d
u()=[ ulx,, —a) == G (x1, = yi, 2) dx,
0 X5

1 Ju
| A @ Gl ey )y (323)
X2

4. THE LIMITING ABSORPTION METHOD

We consider the limit lim; |, 4,;,. For every 1> 0 the mapping 4,;;:

€+l/

L2((0, 1) = H?(curl; S! x R) is continuous, and using (3.6) it follows that

2(1 1?2
||A6+11(f)’|2cu,|_{l+f( +t|j||w+ )}

x Iflg,  ¥feL2((0, 1)x R). (4.1)

The mappings 4_},,, 4> 0, are evidently also continuous: L*((0, 1) x R) »

HZ (curl; S' x R).

For 5> 0 let L2((0, 1) x R) be the space of all fe L*((0, 1) x R) for which
f(x,, x,)=0 when |x,| 2 5. L}(0, 1)x R) is equipped with the L*-norm
I llo. It will be proved that lim;, o4, exists in B(L;((0, 1) xR),
H2 (curl; S' x R)) and that this convergence is uniform for ¢ in the set

loc

E = {s € L=((0, 1) x R); ¢ satisfies (3.1) and

{ 1
;gs’(x)gr, ;gs”(x)§rfor a.e. er,,,}, (4.2)

where 1 <r < oo. We prove first:

THEOREM 4.1. Let b>0 satisfy (3.12). Then for every r>1 and 7> 0,
the mappings

(L2((0, xRy > H2 (curl; S'xR), &€k, 0<Aig],

::+1}.

are equicontinuous, that is, Ya>0 3C, >0, independent of ¢€ E, and of
A€ (0, 17, such that

A7 O e S Culflo,  VEe L3((0, 1) x R).

2,curl
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Proof. Suppose (3a>0)(Vme N)(3¢,, € E,) (34,, € (0, 1])(3f,, € L((0,1)
x R)) such that

1
I llo = (4.3)
ALY i, (B o 4P = 1. (44)

We shall show that this assumption leads to a contradiction.
Without restricting the generality we may assume a>b. Let us write

u,=A4_", (f,). Then u, € H*(curl; S' x R) and

m

(& +iAy,)u,, —curlcurlu,, =1, on (0,1)xR. (4.5)

We prove first:

LEMMA 4.2. There exists a subsequence {u,, }_, andue H}, (curl; ' x
(—a, a)) such that lim, _, . u,, =u in L} ((0,1)x (—a, a)). Furthermore,
u=0o0nQ,.

Proof. Because ¢,, € E, we have ¢, + 4,, 2 ¢,, 2 1/r. Hence

[ marrsr(] e+ i)

Pr Qpr

o) 1
<rim | [ (e +ily) Iu,, 2
—o0 Y0
o 1
=rlmf J‘ {(¢y +id,) u,,|* —|curl u,,|?}
—o0 YO0
b 1 r
=,-Imj J fm mé; ||“m||8°’“x‘_“’“), (4_6)

—b*0

where in the last equality we used a>b. Now (4.4) implies in particular
that {u,,}®_, is bounded in L((0, 1) x (—a, a)). Hence (4.6) yields

lim ﬂg lu, |>=0. (4.7)

m— 0

Let H)S'x(—a,a)) be the closure of 2(S'x(—a,a)) in
H'(S'x(—a,a)) and let y,, € Hi(S" x (—a, a)) satisfy

f_ folvwm.vq,:[ L]“m'VfP, Voe Hy(S'x(—a,a)). (48)

Then, for some constant C, >0 independent of m,

(179 e dein O 1 (4.9)
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Hence {,,}%_, is bounded in H o(S'x(—a, a)) and thus there exists a
subsequence {zp,,,k}k ,and Y e HO(S1 x (—a, a)) such that lim,_ . ¥, =y
weakly in H(S'x(—a,a)). Because H(S'x(—a,a))s L*((0,1)x
(—a, a)) is compact we also have

11m Ve =Y in L*(0,1)x(—a, a)). (4.10)

Let v, =u, —Vy, on (0,1)x(—a,a). Since by (48), 4y, =V-u,,
there holds V-v,, =0; hence, 4v, = —curlcurly, = —curlcurlu, =
f, — (e, +il,)u,, on (0, 1)x (—a, a). Therefore, {v,.}_, and {4v,}>_,
are bounded in -L2%((0, 1)x (—a,a)); hence, {v,}s_, is bounded in

H2(S'x(~a ). Because Hi(S'x(-a,a)5H(S'x(~aa)) is
compact, it follows that there exist ve HL (S'x(—a,a)) and a sub-
sequence such that

lim v, =v in H!}

ko o loc

(S'x (—a, a)). (4.11)

Without restricting the generality we may assume that for the indices
{m,}Z_, both (4.10) and (4.11) apply.

Choose a,, a, such that b<a, <a, <a, and y € Z(R) such that y(x,)=1
when |x,]| < a,, x(x,)=0 when |x,| = a,. Then, using

V. [(8,,, + lj'm) V(‘l’m - l//n)]
=V. (fm _fn) ~V. [(Sm + M’m)(vm —vn)]
+V. [(8" —Gm)ll,,] + l(ln - lm)v W,

we find
[ [} (onlo) i) ) IV ) = s
- NG AR ¥ e Ay
‘LJ Em + k) (Vi = V) - VW — W) ]
+ jw j — &), - V(W — U]
#ilhy =) [ [y V= 01]

ay 1
[t BT I VW =) Vi (412)
—az Y0
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It follows from properties (3.1) that ¢, —¢, =0 on the complement of 2,
in (0, 1)x R; hence, the third integral on the right-hand side of (4.12)
can be replaced by an integral over ,. Furthermore, since ¢, € E,,
there exists a constant p>0 such that ¢, (x)=p for ae. xe(0,1)xR
and for every m, and there exists a constant ¢ >0 such that ¢, |l <gq
for all m. Furthermore, {,}=_, is bounded in Hy(S'x(—a, a)) and
[a, || &D* (== < 1. With these remarks it follows from (4.12) that there
exists a constant C >0, depending on a,, a, but not on m and » such that

pI" [ V0w sRe [ [ e+t £ IV~

< CIf, £, o + Clg+7) {uv,, v, | @D

A, =,
u. || @ |40 — Am - (0,1)x(—a,a)}.
+|I n”O + q+1 +I|l//m '//nIIO

Without restriction of the generality we may assume that {4, } is a
Cauchy sequence. Then, using (4.3), (4.7), (4.10), (4.11), and the fact
that a, e(b,a) is arbitrary, it follows that lim,  , Vy, =Vy in
L;..((0, 1) x (—a, a)). Because u,, =v,, + Vi, we conclude that when u=
v+ VY, lim,_, o u,, =u in L. ((0,1)x(—a, a)); and, because of (4.7),
u=0 on £2,,. This proves Lemma 4.2.

We shall now complete the proof of Theorem 4.1. Because {4,,}=_, is
bounded and {s,}_, is bounded in L=((0, 1) x R), there exists a sub-
sequence {m,};>_, of indices for which Lemma 4.2 applies and, further-
more,

lim A, =4,

k— o

lim g, =¢ in the weak dual topology of L*((0, 1) x R),

k — o

for some Ae[0,7] and some e L®((0, 1) x R). It is clear that ¢ has the
properties (3.1) except perhaps essinfp, ¢'>0 and essinf,, ¢”>0 which
need not be satisfied. Furthermore, A=0 since otherwise (4.1), (4.3)
contradict (4.4).

According to (3.1) the ¢,, are constant on the complement of £, in
(0, 1) x R. Furthermore, by Lemma 4.2, lim, _, ,, u,, =0 in L*(2,,). There-
fore, limy _, o, (€, + idm )0, =cuin LZ ({0, 1) x (—a, a)). Then (4.5) yields

loc
lim, _, ., curl curlu,, =u in L} ((0, 1) x (—a, a)), hence,

lim u,, =u in H2 (curl; S' x (—a, a)). (4.13)

loc
k—

409/144/1-18
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Because f,,(x,, x,) =0 when |x,| 2 b and since b satisfies (3.12) it follows
that

£1Up + 48, =0 on (0,1)x (b, ®), } (4.14)

gu,, +4u, =0 on (0,1)x(—o0, —b),

where ¢, =¢|g, and ¢, =¢|,, are constants. Since a>b, (4.13) and (4.14)
imply

(S'x (b, a))and in H}

lim v, =u in Hj L (S'x(—a, —b));

loc
k— oo

so using a well-known trace map (see, e.g., [3]),

lim umk(xla ia2)=u(x1’ i’aZ)
k— w

in L%0,1), (4.15)
) 0 0
klin:o 6_X2 umk(xla ia2) = axz u(xl’ iaZ)

for a, € (b, a). By using (3.22), (3.23) we obtain for y, >a,
1 (3 .
“mk()’n)’z)zL éx_zumk(xl’aZ)Gsl (X1, a2, ¥1, ¥2)

0
010 02) 3 G (i ) d, (416
2

and for y, < —a,

1

0

{umk(xl’ “az)—G; (xla —a, Y1 y2)

umk(yb J’2)=J axz

0

Ju
O0x,

mi

(1 —a2) G (X1, —az, p1, yz)}dxl.

From these formulac and (4.15), one deduces that {u,,}= , and all
derivatives converge uniformly on compact subsets of (0, 1) x (a,, 0)u
(0,1)x(—c0, —a,). If we define u(x,,x,)=lim, , ,u,,(x,,x,) for
|x,| Z a,, then using (4.13) we conclude

lim u,, =u in H (curl; $'xR).

£ o o0 loc
By passing to the limit m, — oo in (4.5) we find

su—curlcurlu=0 on (0,1)xR,
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and since u=0 on 2,,, Lemma 3.3 implies u=0 on (0, 1) xR. But then
(4.20) is seen to contradict (4.4). Hence the proof of Theorem 4.1 is
complete.

THEOREM 4.3. Let b> 0 satisfy (3.12). For every >0 the map
0,712 4 = A7, € B(L(0, 1) x R), HZ (curl; S' x R))

is uniformly continuous, ie., (¥n>0)(Ya>0)35>0)VYi, ue(0,2] with
|4 —pl <9),
A4 0 — A7 O
<nlflo,  VieLj((0,1)xR).

Proof. Suppose (In > 0)(3a > 0)(Ym € N)(34,,, p,, € (0,2] with
| A — th| < 1/m) (I e LZ((0, 1) x R)) such that

fmllo=1, (4.17)

14 i, () — A7 ()] Sty T4 2, (4.18)

Without restricting the generality we may assume a>b. Write u,, =
s+um(f ) Aev;-liy,,,(fm)’ and W, =W, —V,. Then

(¢ +ii,)u, —curlcurlu,,=f,,

(e +iu,)v,, —curlcurly, =1, (4.19)
and
(e+il,,)w,, —curl curl w,, =i(y,, — 4,,) V- (4.20)

Note that the right-hand side of (4.20) does not have bounded support in
general Theorem 4.1 implies that {u,,}>_, and {v,,}<_, are bounded in
(curl; $* x R). Furthermore, (4.19) implies

loc
(e, +id,)u,, + Adu,, = (g, +iu,)v,, +4v, =0 on (0,1)x(b, ),

(&, + it ), + Au,, = (g, + iu,,)v,, +4v,, =0 on (0,1)x(—o0, —b).
(4.21)

Therefore, there exist u, ve HZ (curl, S'xR) and subsequences such
that lim,_ ,u,, =u and lim,_ v, =v in HL.(S'x (b, ©)) and in
HZ (S'x (— o0, —b)) and furthermore also weakly in H2(curl, S x (¢, d)),

Ve, de R with ¢ < d. Hence, when w=u—yv,

] loc( l X (b’ (x))) and
in HL (S' x (— oo, —b)) and weakly (4.22)

in H?(curl; S x (¢, d)), Ve, de R with c < d.

lim, , W, =w inH]
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Furthermore, we may assume

lim 4,, = lim p,, =4,
k - oo

k- o

for some Aq € [0, 1]. Using (4.1) it follows easily that, when 4, >0, (4.20)
contradicts (4.18). Therefore 4, =0.

Choose a,, a, with b<a, <a, <a and ye 2(R) such that x(x,)=1
when |x,| <a, and y(x,) =0 when |x,| 2 a,. Then with (4.20),

(& +id,,) W, —curl curl(yw,, )

= i(.umk - 1mk) vak + hmk’ (423)

WhCI’C mek(xn, x2)=X(X2)ka(X1,x2), vak(xlax2)=X(x2)vmk(xl’x2)9
and {h,, }_, is a sequence which converges in L*((0, 1) x R). This is easily
verified using (4.22). Hence the right-hand side of {4.23) converges in
L*((0, 1) x R), and since all these functions have support contained in
[0, 1] x [ —a,, a,] it follows from Theorem 4.1, (4.23), and (4.22) that

lim w,, =w in H} (curl; ' xR), (4.24)

k—
and by passing to the limit m, — oo in (4.20)
gew—curl curlw=0 on (0,1)xR.

In order to complete the proof of Theorem 4.3, it suffices to show that w
satisfies the orc for |x,| > oo because then Lemma 3.4 yields w=0 on
(0, 1) x R and thus (4.24) contradicts (4.18).
In order to deduce that w satisfies the orc for |x,| — oo, we use formulae
(3.22), (3.23) for u,,, and v, . This is justified by (4.21). We find for y, = a,
Wl V12 Y2) =0 (Y15 ¥2) = V{1, 32)
0

1
= .[0 {6_)62 ka(xla a,) G:fw,imk(xl, a, ¥1» ¥2)

0
_wmk(xla aZ)E G:;-%ilmk(xl’ ay, Vi, y2)} dxl
2

19
+J;) Ec—zvmk(xl’ 02){G:.+m,,,k(x1, as, ¥i> Va)
‘“G;Humk(xl, as, 1, ¥2)} dx,

! 0
= [ e @ {2 60 i a2 1 92
2

0
_EG:+i,‘mk(x1a‘12, Yis )Q)} dx;. (4.25)
2
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Because {v,,}., is bounded in HJ (S'x (b o)) and because
lim, _, . w, =win H}

L (S'x (b, ©)), it follows from a trace theorem that

mg
@

Vo X1, az)} are bounded in L2(0, 1),

k=1

0
{vmk(xla az)}zo:l and {E

2

and

hm wmk(xla x2) = w(xla x2),
k— o

0
lim ——w, (x,, x;)=7— (xl,xz)m L2(0, 1), Vx, > a,.

k—vooa 2

0x,

Then, using property (3.21¢) of G; we conclude from (4.25) by passing to
the limit £ — oo that

Wy, ¥a)= J { (xl’aZ)GeT(xlaa29 V1> 2)

i)
—w(x, a,) . G;,L (x1, az, Y1, YZ)} dx,, Vy,>a,.
2

Hence, with (3.21d) we find for all y, >a, and all ne Z,
U 1(ow A
W(n, }’2)=_[ {a (xlﬁaZ)GeT(_n’aZ,xla y2)
0 Xy

0
~ Wi, a) 3 6 (- naz,xl,yz)}dxl,

ﬁw 1 (0w J 4
( }’2)=J {_(xh az)—G;'(—n,az,xl, y2)
o (0x; 0y,

2

0x, 0y,

—Wixs, a2) ¥ (=, ay, x1, yz)} dx,.

By applying (3.21c) we derive from these two equalities

lim {j — ik, W(n, yz)} =0, VneZ,
Y2

y2—+ o0

where k, =(e; —4n*n*)"%. From this one deduces immediately that w
satisfies the orc for x, — co.
By using (3.23) instead of (3.22) we find analogously that w also satisfies

the orc-for x, - —co. This completes the proof of Theorem 4.3.
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THEOREM 4.4. Let b>0 satisfy (3.12). Then for every fe L;((0, 1) x R)
there exists a unique w, € Hi, (curl; S' x R) such that

eu, —curl curlu, =f on (0,1)xR, (4.26)

H
&
H
='1
-
e
)
~
3
I~
~
H
&
>
=
(2}
<
2]
~
~!
~
\V4
—
&
pt
QL
S
v
<o

and u, satisfies the orc for x,
there exists a number C(r, a, b) > 0 such that

lae 10, 1) x(—a,a) « ¢
1% 1} 2, curl =+

Proof. Uniqueness is implied by Lemma 3.4. Define u, =lim, , 4,.};,(f);
then Theorem 4.3 1mnl1pc that (A. 76\ holds. Furthermore. accordin

T o
hen Theorem 4.3 implies that (4.26) holds. urthermore, according
to Theorem 4.1 the set of operators {AHM, e€kE,, 0<i<i} is equi-
continuous in B(L3((O0, l)xR) H?2 (curl S'xR)). Hence if we write

4—1 -1 shn ~rEra 4—1. '\l iq alen an amitienn
1 —Ulllllo 1‘16+M l.llcll ll, lUllUWD Llldl \d ,bch” Ly abdvu all vyuiou-

tlrsluous subset of B(L((0, 1)x R), HZ (curl; S* x R)). This proves (4.27).

loc

loc

We shall now apply the foregoing to boundary value problem (1.8),
(1.9). The factor w?eyu, which appears in (1.8) will be assumed 1.

The incoming electric field & is assumed to be defined on some set
(0, 1)x (b m\r—() and satisfies Helmholtz’s e :

AV T o= bttt b " nhol q"’ * =
68 +48=0 on (0,1)x (b, 0)c,.
Then we have
THEOREM 4.5. For given incoming field & e HZ (S'x (b, 0)), where
b> 0 satisfies (3.12), there exists a unique &, e H} (curl; S x R) such that

(i) €&, —curlcurl&, =00n (0, 1) xR,
(ii) &, — &' satisfies the orc for x, — 0,

loc

(iii) &, satisfies the orc for x, » — 0.

Furthermore, for every r>1, a>0, and b' > b, there exists a number
C(r, a, b, b')> 0 which is independent of &' such that

=
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m
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where || ||V ®5) s the norm of H*(S! x (b, b')).

Proof. Uniqueness follows again from Lemma 3.4. Let y € 2(R) satisfy
x(x2)=1,VYx, 2 b, y(x,) =0, Vx, £b and define y &' and f by

X8 (x1, x2) = x(x;) E'(xy, x,) on (0, 1)x(b, ),
=0 on (0,1)x(—o0,b),
= —gx &'+ curl curl y &' on (0,1)xR. (4.29)
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Then fe L7.((0, 1) x R) and there exists a number C(r, b’ — b) > 0 independ-
ent of & such that

Ifllo < C(r, & —b) |81V, VeeE,,

where || [|2P*®%) is the norm on H?*(S!x(b,b')). Let u, be as in
Theorem 4.4; then for some number C(r, a, ') >0, C(r,a, b, b') >0,

o, 1 = S Cry a, b°) Il
SC(r,a,b,6) 1819, Veek,.

Finally, take &, =u, +y&’; then & e H} (curl; S' x R) satisfies (i), (ii),

and (iii). Furthermore, using the last estimate it is easy to see that (4.28)
also is satisfied.

THEOREM 4.6. Let b> 0 satisfy (3.12) and let fe L}((0, 1) x R). We write
A7 (f)=u, where u, e HZ (curl; S' x R) is the field satisfying (4.26) and the

loc
orc for x, » + 0. Then we have

\J E. 26— 47 (f)eH2

loc

(curl; ' x R) (4.30)

r>1

is €*-Fréchet differentiable, where \),.,E, carries the topology of
L=((0, 1) x R). Furthermore, the first derivative is given by

S[A ' (De—8)=A4"((e— &) A7), Ve,Ee | ) E,. (431)

r>1
Proof. Put u,=A_'(f). We have 4,(u, —u,) = (¢ — §)u,, hence,
U —u; =4, ((e—&)u,).

This implies that (4.30) is Fréchet differentiable with the derivative given
by (4.31). Using an induction argument it is easy to see that (4.30) is in fact
infinitely Fréchet differentiable.

COROLLARY. Let &'e H (S'xR) be a given incoming field and let &,
be the field described in Theorem 4.5. Then we have

(J E, 26—~ &, eH} (curl; S'xR) (4.32)

loc
r>1

is infinitely Fréchet differentiable with the first-order derivative given by
08,(e—8)=A7'((e—8&) A]'(f)), Ve E€E,, (4.33)

where f is given by (4.29).
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5. EXISTENCE OF p(t)

Let po: 2, — [0, 0) be the given initial density of the PAC. p, is
continuous on €, and I-periodic with respect to x,. For >0, p(t):
@2, — [0, ) will denote a continuous periodic function which satisfies
p(ta X) < ”Po “?oprs V(t, X)E [O’ OO) X Qpr'

The function &(7): (0, 1) x R - C is defined by

e(t)lg, =¢; for j=1,..,1, (5.1a)
(1, x)=¢€,(t, x)
=h'(x, p(1, x)) + ih"(x, p(t, x)), VxeQ,, (5.1b)
where the ¢, are the (fixed) constants in (3.1) and #’, h” are given functions

as in Section 1. It is clear that for every p(r) as described above, &(7)
defined by (5.1) satisfies

e(t)eE,, (5.2)

where r > 1 is such that (1.5) holds with s= ||p, | .

For given fixed incident field &' let &,,, be the total field described in
Theorem 4.5. We shall also write &, for this field, where p() and &(r) are
always related by (5.1b).

In the following we assume that the incident field is TE-polarized, i.e.,

&'(x,, x2)=‘5)i(x1, X5)e;,

where &: [0, 1] x [b, v) » C is 1-periodic with respect to x,. It is easy to
see that in this problem (1.8), (1.9) can be separated into two uncoupled
problems, one for the e,- and e,-components of the total field and the
other for the e;-component. The first problem admits only the zero
solution; hence, the total field is also TE-polarized:

Eo(x1, X3) = E (X1, x3)es.
Then evidently, div &,,, =0 and hence
A48, = —curl curl &,,,. (5.3)
Now Theorem 4.5 and (5.3) imply &,,, e H. (S x R), and for every a> 0,

8IS 4D < Clr, a, b, b) (&7 1 &), (54)

for some constant C(r, a, b, b'). In the following, r, b, b’, and the incident
field are all fixed.
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Let 6(S'x[—a,a]) be the space of continuous vector fields
[0,1]x [—a,a]— C? which are 1-periodic with respect to x,. Sobolev’s
imbedding theorem H%(S'x[—a,a])c¥4(S'x[—a,a]) implies, when
a>0 is chosen such that Q,, = (0, 1) x (—a, a),

Bl & < C N8I 91—, (5.5)

for some constant C independent of &,,.
After these preliminary remarks we now consider integral Eq. (1.13) for
p(1),

p(t, x)= po(x) exp [ - fol G(p(s, X)) |&,5(x))? ds],
120, xeQ,, (5.6)

where p, 6(6(!2—,,,) is the given nonnegative function which is 1-periodic
with respect to x, and where &, is the total field &,,, when &(s) is defined
by (5.1). Let T be the operator

T(p)(t, x) = pofx) exp [ ~ || Glots, ) 18,3 ds],

t20, xeQ,, (5.7)
with domain

Dr={pe%([0, 0)xQ,); pis 1-periodic with respect to
xy and 0 < p(t, x) < |lpo |97, V(2 x) € [0, 00) x Q,,},

where %,([0, ) xﬁ,;) is the linear space of all bounded continuous func-
tions [0, ) x 2, — R. Since G is a continuous function it is clear that T
maps D into itself.

According to the corollary of Theorem 4.6 the map E,3e— &, €
HZ (curl; S' x R) is Fréchet differentiable and, hence, using (5.3) which
holds for the TE-polarized case which we consider, it follows that E, 3
e— & eHE (S'xR) is Fréchet differentiable. From Theorem 4.4 and
(4.33) we deduce that the derivative of this map is uniformly bounded on
E,.; hence, this map is uniformly Lipschitz on E,. Then, using (5.5) we
conclude that for some L, >0,

8oy — Esn 127 S Ly lle(t) = WIS, Ve(r), &(1)eE,.  (58)

Now let &(¢) and &(¢) be related by (5.1b) to p(z), respectively j(¢). Then,
if we write &,,) and &, instead of &,,,, respectively &), it follows from
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(5.8) and property (ii) of A" and 4" (see Section 1) that for some constant
L,>0,

160y = Epn |57 S Ly lp(1) = p(ONSr, Vez0,¥p, peDyr. (59)
Furthermore, (5.4) and (5.5) imply that for some constant C, >0,
1, 15 < Cs, ¥1=20,YpeD,. (5.10)

Because G has by assumption a locally bounded derivative on [0, w0 ), we
have for some constants L,, C; >0,

1G(p(2)) — GBI
SLylp(t)—p(o)gr, V120, Vp,peDr, (5.11)
and
IG(pNITr=C V1z0,VpeDy. (5.12)
Put
q=2llpoll % (C3Ls +2C,C5 L)
and define the norm

lpl %, =max e~ | p(1)| %,
20

on the space %,([0, o) x 2,,). Then %,([0, cc) x 2,,) is a Banach space of
which D, is a closed subset. Using (5.9)—(5.12) it follows from p, pe D,
that

e~ | T(p)(1)~ T(F)ND)I %
< lpol% e~
x [ 1G((5) 16,0012 = G(p(6)) 18501 ds
S ool (C3Ly +2C,CsLy)e ™
x [ e ds max e Ip(s) = p(s)I%
0 0ssst
<tle—pla,,  Vizo.

Hence,

1T(p) - TP, <3 lp =PI, Vp,peDy,
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which implies that T: D; — Dy is a contraction. We conclude that T has
a unique fixed point p. Hence we have proved:

THEOREM S.1. When the incident field is TE-polarized, there exists for
every nonnegative function p, € €(82,,,) which is 1-periodic with respect to x,
a unique solution p of (1.2), (1.9) on [0, c0) such that for every t=0 p(1):
Q,, — (0, ©) is a continuous 1-periodic function.

6. SMOOTHNESS OF THE SOLUTION

For simplicity we assume that there exists @ >0 such that (see Fig. 1)
Q,<[0,1]1x(—a,a)cQ,0Q, UQ, (6.1)

and let for keN, H*(S!x(—a, a)) be the space of all we L3((0, 1) x
(—a,a)) such that w|, € HQ,), wlq,€H*0,) with 0,=(0,1)x
(—a, a)\Q2,, and w and all its derivatives up to and inctuding order k —1
are 1-periodic with respect to x;. Analogously, (S'x [—a, a]) is the
space of all w: (0, 1) x (—a, a) - C such that w|, €%5L,,), wl,, € 6*(0,)
and w and all its derivatives up to and including order k are 1-periodic
with respect to x,. H*(S'x(—a,a)) and @*(S'x(—a, a)) are the
analogous spaces of vector fields defined on (0, 1) x (—a, a).

When the interfaces between 2, and the adjacent layers 2, and Q, are
smooth, the following result is valid:

Lemma 6.1. If fe AX(S' x (—a,a)) and ue H'(S' x (—a, a)) satisfies
Au=f on (0,1)x(—a,a), then for every a, satisfying (6.1) and a, <a,
ue A**%(S'x (—a,, a,)).

We assume again that &' is TE-polarized and for simplicity that the
density before exposure has positive infimum:

inf po(x)>0. (6.2)

x €82,

Furthermore, we assume in addition to the assumptions mentioned in
Section 1:

(i) po€€*(2,) and p, and all its derivatives are 1-periodic with
respect to x,.

(i) Ge# (0, ©)).

(iii) A, h"e€*(R2, x[0,00)) and A’, A" and all its derivatives are
1-periodic with respect to x;.

(iv) The interfaces between £2,, and its adjacent layers are smooth.
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Let p satisfy

p(t, X) = polx) exp [ ~ [ Glots, 20 16,01 ds],

120,xeQ,, (6.3)
where &, satisfies
(1) +48,,=0 on (0,1)xR, (6.4)
with
g(t, x)=h'(x, p(t, x)) + ih"(x, p(t, X)), xel,. (6.5)

Equation (6.4) follows from (1.8) when units are chosen such that
w’ueee =1 and by using the fact that for TE-polarized light, div &,,, =0.

Now, according to the existence theorem p e %,([0, o) x?Z;) and using
(6.5) it follows that &(1)&,, € L*(S' x (—a, a)). Then Lemma 6.1 implies

&,y AXS'(—ay,a,)), Va, €(0, a), satisfying (6.1), and with Sobolev’s
imbedding theorem

8, e RS x(—a;,a))"E(S' x[—ay,a,]),
Ya, € (0, a) satisfying (6.1). (6.6)

By differentiating (6.3) with respect to x;, one finds

op ' dG
(0 X)==p(6:x) [ 25 (pls )

X lé”p(s)(x)lzg—?(s,x)ds + (1, x), 6.7)

for some f: [0, o) x 2,, - R. Now, (6.2), (6.3), and (6.6), imply

inf inf p(s,x)>0

OSs=t xef2y

and, thus, using (ii) and (6.6) it follows that the kernel of the linear integral
equation (6.7) for dp/dx; is a bounded function. Furthermore, one can
show that f is a continuous function of 7 with values in L*(£,,). Then it
follows from (6.7) that 0p/dx; is continuous in 7 with values in Lz(Q,,,) and
hence p is continuous in ¢ with values in H'(£2,,). Then (6.5) implies &(¢) €
AYS'x(—a,a)), V120; thus, with (64) and Lemma 6.7, &,,,, is con-
tinuous in ¢ with values in H3(S'x (—a,, a,)) for every a, € (0, a) satisfy-
ing (6.1). Then, by Sobolev’s imbedding theorem, &,,, is continuous in ¢
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with values in €'(S! x [—a,, a,]) for every a, € (0, a) satisfying (6.1) and
from this one can deduce that ¢+ f(¢)e4(R2,,) is continuous. Then
integral equation (6.7) for dp/0x; implies that

op —_—
— Q
t»—»axj(t)e‘g( or)

is continuous; hence, t+— p(?)e¥ ‘(?2;) is continuous and by using (6.5) it
follows that 7+ &()e €'(S* x [ —a, a]) is continuous. We conclude that
p(€€'(2,,), e()eB'(S' x[—~a a]),
& €R}(S ' x(~ay,a))) "€ (S ' x[—ay,a,]), (6.8)
Va, € (0, a), satisfying (6.1),

and all these mappings are continuous in ¢
By differentiation of (6.7) with respect to x, and x,, one can deduce
analogously by using induction that for every £ = 1,

p()e® (R,,), &) (S' x[—a,dl),
&) € ﬁk+2(Sl X (—ay, al))ﬁ(gk(sl x[—ay,a]), (6.9)
Va, €(0, a), satisfying (6.1),

and all mappings depend continuously on ¢ Hence, in particular,
P(1)e$(@,,).

By using arguments similar to those used in the proof of Theorem 4.6,
one can deduce from (6.3), (6.4) that for every k<1, &, and p are infinitely
differentiable functions of ¢ with values in H**%(S' x (—a,, a,)) for every
a, as above, respectively in ‘5"(?2;). Hence,

THEOREM 6.2. When &' is TE-polarized and (6.2), (i), (ii), and (iii) hold,
then the solution p of (1.10), (1.12) is in €=([0, 0) x 2,,).

APPENDIX
The Green’s functions G, G, with the properties (3.21) are given by

0
Ggi(xla-XZ’ y19 y2)= Z Ggi(n’ x25 yl’ y2)e2mnm5

n=—o
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with

. sin(k, x,)
Gc+(”’ X3, Vi, Y2) = ‘——“k—z

e 2ninyy + ikpya

sin(k,(x2 — »))
k

X @~ 2T when 4n’n?#(,

+ H(x, — ¥,)

n

G‘;(n, X3y Yis Y2) = — X8 T4 (X, — py)
x H(x, — y,)e 2™ when 4n’n’={(,

G‘c_(n’xb Y5 Y2)=GA5+(na — X2 V1s —,Vz), VWEZ,

where k, = ({ —4n’1*)"”? and H is Heaviside’s function.

REFERENCES

1. R. A. ApaMs, “Sobolev Spaces,” Academic Press, New York, 1975.
. F. H. DiLL, A. R. NEUREUTHER, J. A. TUTTLE, AND E. J. WALKER, Modeling of projection
printing of positive photoresists, I[EEE Trans. Electron. Devices 22 (1975), 456-466.

3. G. Duvaut anND J. L. LioNs, “Les inéquations and mécanique et en physique,” Dunod,
Paris, 1972

4. D. M. Emus, The principle of limiting absorption, Mar. Sb. 57 (1962), 13-44; Amer. Math.
Soc. Transl. Ser. 2 47 (1965), 157-191.

5. J. NEcas, “Les méthodes directes en théorie des equations elliptiques,” Masson & Cie,
Paris, 1967.

6. H. P. UrBACH AND D. A. BERNARD, Modelling latent image formation in photolithography
using the Helmholtz equation, J. Opt. Soc. Am. A 6, in press.

7. R. WEDER, Spectral analysis of strongly propagative systems, J. Reine Angew. Math. 354
(1984), 95-122.

8. C. H. WiLcox, Scattering theory for diffraction gratings, Appl. Math. Sci. 46 (1984).

r



