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INTRODUCTION

The notions of relative projectivity and relative injectivity have been
extensively developed during the last years and have proved to be useful in
a wide range of situations (see, e.g., [1, 2, 7, 9, 10], etc.). In this paper we
focus our attention on these two concepts in the context of the category
R-gr of all G-graded R-modules, where G is a group with identity element
1and R= @ ,.¢ R, a G-graded ring, and apply the results obtained to the
study of graded Clifford theory and the structure of gr-simple modules.

In the first part of the paper we determine, in Theorem 1.1, the
behaviour of relative projectivity and injectivity with respect to adjoint
functors. This works well in our context, since the functor
Ind: R,-mod — R-gr (Coind: R,-mod — R-gr) is a left (resp. right) adjoint of
the exact functor (—),: R-gr - R,-mod which assigns to each graded
module its homogeneous 1-component. Then, in Section 2 we use the con-
cept of a closed subcategory, i.e., a subcategory of a Grothendieck category
which is closed under subobjects, quotient objects, and direct sums, to
investigate how relative projectivity and injectivity behave via the forgetful
functor U: R-gr —» R-mod. In particular, we show that the gr-semisimple
modules M are projective in the smallest closed subcategory of R-mod
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which contains M and that they are M'-projective in R-mod for any
gr-semisimple module M'. When one adds the hypotheses of R having
finite support and M being finitely generated, then similar results hold for
injectivity. This gives, for any gr-semisimple module M, an equivalence
between the full subcategory (R|M)-mod of R-mod, whose objects are all
the modules generated by M, and a quotient category of 4-mod, where
A =End,(M)°®" is the ring of endomorphisms acting as right operators.
This equivalence is induced by the functor Hom (M, — ) and when M =2
is a gr-simple module, it reduces to the “direct Clifford theory” given by
Dade in [4, 5], i.e., to an equivalence between (R|Z)-mod and 4-mod.

The direct Clifford theorem proves to be a very powerful tool for
studying gr-simple modules. In Section 3, we pay attention to the problem
of determining the structure of these modules. Given a gr-simple module
2 e R-gr, we try to answer the following questions:

(QI) What is the structure of X as R,-module?
(QII) What is the structure of X regarded as an object of R-mod?

(QI) has been answered by Dade [5], but to illustrate our methods we
include somewhat different proofs of his results. Regarding (QII), we get
satisfactory answers for graded rings with finite support, essentially due to
the fact that in this case X is quasi-injective in R-mod. In the general case
we only find partial anwers, assuming some additional conditions on the
group G.

After this paper was written, we have received the preprint [20], where
our Corollary 2.11 is also proved.

0. NOTATION AND PRELIMINARIES

Throughout this paper, all rings R will be associative and with identity
and all modules will be left R-modules. The category of left R-modules will
be denoted by R-mod.

If G is a (multiplicative) group with identity element 1 and
R=@,.q R, a G-graded ring, the category of G-graded R-modules will be
denoted by Rgr. U M=@ ,.c M, and N=P,. N, are two G-graded
modules, then Homy_,,(M, N) consists of the R-homomorphisms f:M — N
such that f(M_ )< N, for every g€ G. As it is well known [16], R-gris a
Grothendieck category. In particular, R-gr has enough injective objects and
if M e R-gr, we denote by E%(M) the injective envelope of M in R-gr, and
by E(M) the injective evelope of M in R-mod.

If M is a graded R-module, A(M) will stand for the set of all
homogeneous elements of M, i.e., A{(M)=),.c M,~— {0} lf me M, m#0,
we can write m=Y_..m,, where m e M_; the finite set {m,|c€eG,
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m,#0} is called the set of homogeneous components of m. If
M=@;.;M, is a graded R-module and o € G, then the g-suspension of
M is defined as the graded module M(g) obtained from M by setting
M(s),=M,,. The o-suspension functor T.: R-gr — R-gr defined by
T.(M)= M(c) is an equivalence of categories.

Let M and N be graded R-modules. For each oeG we set
HOMi(M, N),={f M- N|f is R-linear and f(M,)SN,,, VieG}=
Homg. (M, N(6))=Hom, ,(M(c '), N). HOM(M, N), is an additive
subgroup of the group Hom y(M, N) of all R-homomorphisms from M
to N and HOMg M, N)=@,.c HOM (M, N), is a subgroup of
Homg(M, N) and it is, in fact, a G-graded abelian group. Clearly,
HOM (M, N), is just Homg_, (M, N). It is well known that if M is finitely
generated or G is a finite group, then HOM x(M, N)=Homg(M, N) [16].
If N=M, we denote END o(M)=HOM (M, M); then A =END g(M)°*®
is a G-graded subring of 4 = End (M )°*".

A nonzero graded module X is called gr-simple if 0 and X" are its only
graded submodules, ie., 2 is a simple object of the category R-gr. If
E=@®scc2, and x,eX, is a nonzero homogeneous element, then
Rx,=2 and so X is a finitely generated R-module. Also, a gr-semisimple
module is just a semisimple object of R-gr.

A G-graded ring R= @ ,. R, is called strongly graded if R, R, =R,
for every o, 1€ G. This is equivalent to R, R, -1 =R, for all e G. On the
other hand, R is called a crossed product if, for any o € G, R, contains an
invertible element. It is clear that in this case R is strongly graded. We refer
to [16] for all the definitions and basic properties of graded rings and
modules.

1. ADJOINT FUNCTORS AND RELATIVE PROJECTIVITY

Let .o/ be a Grothendieck category [19, Chap. 17] and U an object of
. If Me s/, then U is said to be projective relative to M (or M-projective
for short) if, for any epimorphism u: M — M’ in «, the induced
homomorphism Hom (U, M) —-Hom (U, M’) is an epimorphism.
Dually, U is injective relative to M (M-injective) if for any monomorphism
uM' - M in &/, Hom (M, U)— Hom ,(M’, U) is an epimorphism. If U
is U-projective (U-injective), then U is called quasi-projective (resp. quasi-
injective). Obviously, U is projective (resp. injective) in o/ if and only if it
is M-projective (resp. M-injective) for each object M e o.

Following [1, 2], we denote

P2 (U)= {Me | Uis M-projective }
Fn Y (U)={Me /| Uis M-injective}
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We recall that an object Ue o/ is said to be small if the functor
Hom (U, —): of -» o/¢ (where /¢ denotes the category of abelian
groups) preserves direct sums.

By [1, 2], the classes 2~ {(U) and £ 1(U) are both closed under sub-
objects and epimorphic images. Also, 2. '(U) is closed under finite direct
sums and #» '(U) under arbitrary direct sums. Furthermore, if U is a
finitely generated object of .7, then 2~ '(U) is also closed under arbitrary
direct sums.

Recall now that if Fio/ ># and G:# — &/ are additive functors
between Grothendieck categories, F is a left adjoint of G (or G is a right
adjoint of F) if there is a natural equivalence:

¢: Hom 4(F(—), —) = Hom (-, G(—)).

It is well known that in this case F is right exact and G is left exact.

If 7. of —» # is a functor and € a class of objects of #, then we denote
T N 6)={MecA|T(M)e¥b}.

We begin with a general result which is rather straightforward but will
be useful in the sequel.

THEOREM 1.1. Let F.. o/ - # and G:B— o be functors between
Grothendieck categories such that F is left adjoint of G. Then the following
statements hold.

(i) If Uess and G is exact, then F(U) is Y-projective for every
YeG (2 {(U)).

(ii) If Ve® and F is exact, then G(V) is X-injective for any
XeF Y (Fn (V).

Proof. Let us prove (i). Consider an epimorphism in &, u: Y- Y".
Since G preserves epimorphisms, G(u): G(Y) — G(Y”) is an epimorphism in
/. The hypothesis Y e G~ '(#:~'(U)) says that U is G(Y)-projective and
hence the induced sequence Hom (U, G(Y))— Hom (U, G(Y"))—0 is
exact. Applying the natural transformation ¢ we get that the sequence

Hom ,(F(U), Y) - Hom 4(F(U), Y") -0

is also exact, which shows that F(U) is Y-projective.
Assertion (ii) is proved in a dual manner.

Remarks 1.2. In the situation of Theorem 1.1, if G is exact and P is
assumed to be projective in 7, one gets that F(P) is projective in 4 (since
2,7 Y(P)= /). Similarly, if F is exact and Q is injective in #, then G(Q)
is injective in /. These results are well known (see, eg., [19,
Proposition VI1.9.5]).
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CoroLLARY 1.3, With the notations of Theorem 1.1, the following asser-
tions hold:

(i) Assume that G is exact and Ue o/, If GF(U)e .~ "(U) (eg., if U
is quasi-projective and GF(U) is isomorphic to a quotient object of a finite
direct sum of copies of U), then F(U) is quasi-projective in 4.

(i1) Assume that F is exact and Ve B. Then, if FG(V)e Fn (V)
(e.g., if V is quasi-injective and FG(V) is isomorphic to a subobject of a direct
sum of copies of V), then G(V) is quasi-injective.

We now apply the above results to quasi-projective and quasi-injective
objects of R-gr. Let R be a G-graded ring. We are going to consider several
functors between R,-mod and R-gr (see [15] for the details).

For each o € G there is an exact functor (—),: R-gr - R,-mod, given by
M—-M,, where M= @ ;_; M, € R-gr. On the other hand, if M e R,-mod,
the left R-module R®pg M has the natural grading (R®g M), =
R,®r, M and the mapping M — R®g, M defines a functor Ind(—):
R -mod — R-gr, which is called the induced functor.

Since R is an R, — R-bimodule, we can consider the left R-module
M’ =Homg (R, M) for each M e R -mod. Defining, for each 6€ G

M,={feHomg(R, M)|f(R,)=0foranyo #c '}

it is obvious that M is a subgroup of M and the sum M*=Y __. M. is
direct. Since R, M, = M., M* is an object of R-gr which is called the
module coinduced by M and is denoted by Coind(M). The mapping
M - Coind(M) defines a functor Coind( — ): R,-mod — R-gr which is called
the coinduced functor.

The basic properties of these functors are given in [15, Theorem 1.1]
and can be summarized as follows: For each oG, T,-1oInd is a left
adjoint of (—), and T,-,-Coind is a right adjoint of (— ), so that, in par-
ticular, Ind is a left adjoint of (—), and Coind is a right adjoint of (—),.
Moreover, (—),>T,-1oInd =14 .0 and (=), T,-1oCoind = 14,00

COROLLARY 1.4. Let R be a G-graded ring, U € R,-mod, and 6 € G. Then
the following assertions hold.

(i) If Uis R, ®g, U-projective, then Ind(U) is Ind(U)(c)-projective
in R-gr.
(i) If U is Homg(R,, U)-injective, then Coind(U) is Coind(U)(a)-
injective in R-gr.
(i) If U is quasi-projective, then Ind(U) is quasi-projective in R-gr.
(iv) If U is quasi-injective, then Coind(U) is quasi-injective in R-gr.
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In particular, if U is a semisimple R -module, then Ind(U) (Coind(U)) is
a quasi-projective (resp. quasi-injective) object of R-gr.

Proof. (i) Since T, 1<Ind is left adjoint of the exact functor ( — ), and
Ind(U), = R, ®¢, U, it follows from Theorem 1.1(i) that in our hypotheses
(T,-1Ind)(U) is Ind(U)-projective. But, since T, is an isomorphism of
categories we see that Ind(U) is Ind(U)(o)-projective.

The proof of (ii) is similar to that of (i) using now that T« Coind is
a right adjoint of (—),. Parts (iii) and (iv) follow from (i) and (ii) taking
a =1, or, alternatively, Corollary 1.3 can be used.

2. RELATIVE PROJECTIVITY IN R-gr AND GRADED CLIFFORD THEORY

Let & be a Grothendieck category. A full subcategory € of & is called
a closed subcategory (see [8, p.395]) if € is closed under subobjects,
quotient objects, and direct sums. If ¥ is, furthermore, closed under
extensions, then % is called a localizing subcategory of /. It may be
easily seen that a closed subcategory of a Grothendieck category is also a
Grothendieck category.

If € is closed, then the sum ¢ (M) of all the subobjects of M € .o/ which
belong to € defines a left exact subfunctor ¢, : o — & of the identity of <7,
which is called the preradical functor associated to %.

ExampLEs. (1) If Ues#, then #» '(U) is a closed subcategory of &/
and if, furthermore, U is a finitely generated object of .o, then 2.~ (U) is
also a closed subcategory.

(2) If € is the class of all the semisimple objects of ., then € is a
closed subcategory of </, but € is not localizing in general.

(3) If Me/ is an arbitrary object, we denote by 6[ M] the class of
all the objects of .o subgenerated by M (i.e., isomorphic to subobjects of
quotient objects of direct sums of copies of M). Then e[ M] is a closed
subcategory of o/ and is, in fact, the smallest closed subcategory of .o/
- containing M.

Assume now that of = R-mod, with R an arbitrary ring. The closed sub-
categories of R-mod are also called hereditary pretorsion classes and they
are in bijective correspondence with the left linear topologies of R, ie.,
with the filters & of left ideals of R satisfying that if /e & and re R, then
(I:r)e#F (here, (I:r)={ae R|arel}). This correspondence is given by
¢ —» %, with F,={IcR|R/[e¥}, with inverse ¥ — ¥, given by
€r={XeR-mod|lg(x)eF for all xeX} (here, Ix(x)={reR|rx=0}
denotes the annihilator of x) [19, Proposition VI.4.2].
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Let R be a G-graded ring. If € is a cosed subcategory of R-gr, then ¢
is called rigid if for any M of €, M(c)e ¥ for every o € G. If moreover 4
is a localizing subcategory of R-gr, then we obtain the concept of rigid
localizing subcategory as given in [16].

Exampries. (1) If € is the class of all the semisimple objects of R-gr,
then it is clear that 4 is a rigid closed subcategory (if M is semisimple, then
M(o) is also semisimple, for T, is an equivalence of categories).

(2) If MeR-gr is graded G-invariant, ie, M = M(o) in R-gr for
every o € G, then it is easy to see that 6[ M ] is a rigid closed subcategory
of R-gr. Now, if M € R-gr, it is obvious that @ ,_; M(c) is a G-invariant
graded module and so the smallest closed subcategory of R-gr which
contains this module, 6*[M]=6[P , ., M(0)] is rigid. In fact, it is the
smallest rigid closed subcategory of R-gr containing M.

(3) There exist closed subcategories of R-gr which are not rigid. For
example, take ceGand let €,=M=P ;. M, c R-gr|M_,=0}. Then €,
is obviously a closed subcategory of R-gr (in fact, it is a localizing
subcategory) but is not rigid unless €, =0.

We denote by L(R) (L¥(R)) the lattice of all left ideals (resp. of all
graded left ideals) of the graded ring R. We will say that a nonempty subset
H of L#(R) is a graded linear topology on R it it is a filter in L#"(R) and
satisfies the following additional condition: If Te H and reh(R), then
(I:r)e H. Now, in a way similar to the correspondence between closed
subcategories of R-mod and linear topologies on R, it can be shown that
there is a bijective correspondence between rigid closed subcategories of
R-gr and graded linear topologies on R, given by

%> H,={IeL*(R)|R/Ic%
H—-%y={MeR-gr|ig(x)e Hforall xe h(M)}.

If H is a graded linear topology on R, then the set H= {Ie L(R)|3Je H,
J< I} is a left linear topology on R. Actually, it is easily seen that H is the
smallest linear topology on R such that H< A.

Let € be a rigid closed subcategory of R-gr. We denote by € the smallest
closed subcategory of R-mod such that € = €. We then have:

PROPOSITION 2.1. Let € be a rigid closed subcategory of R-gr. Then an
R-module M belongs to € if and only if there exists Ne€ such that M is
isomorphic to a quotient module of N.

Proof. Let H be the graded linear topology of R associated to 4 and
H the smallest linear topology on R such that H< A. It is clear that
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C=%g={MeRmod|lp(x)e H, Vxe M}. Now, if M e R-mod is such that
there exists an exact sequence in R-mod, N-» M — 0 with Ne &, then we
obviously have that Me%.

Conversely, assume that Me%®. Then for any xe M we have that
Ix(x) € H and hence there exists / e H such that /_< /4(x). Thus we have
an exact sequence in R-mod,

R/I = Rflg(x) -0

and, since Rx = R/I4(x), we get an exact sequence:

@ RI,» @ Rx—0.

xXeM xeM

Therefore, setting N= @ . R/I,, which obvisously belongs to €, we see
that M, being a quotient of @ .., Rx, is also a quotient of N in R-mod.

Remarks. Observe that if € = R-gr, then it follows from Proposition 2.1
that € = R-mod. Also, if Me R-gr, then it is clear that ¢¥[M] is the
smallest closed subcategory of R-mod containing M.

PrOPOSITION 2.2. Let € and € be as above and t, and it the corre-
sponding left exact preradicals. If M € R-gr, then tz(M)=1t,M).

Proof. Since € €, it is clear that t,(M)< t4(M). On the other hand,
if x€14(M), then there exists J& H such that Jx=0 and thus there exists
Ie H with I= J, so that Ix=0.If x=3%,_; x, with x,e M, then Ix,=0
for any ceG (for I is a graded left ideal) and so x,er,(M). Hence
X € t,(M) and therefore 1, (M)=1t(M).

Let U: R-gr - R-mod be the forgetful functor. Whenever we want to
emphasize the distinction between M and U(M), we shall write U(M)= M,
but if there is no danger of confusion we will also write U(M)= M in order
to make the notation less cumbersome. U has a right adjoint F (cf. [16,
p. 4]) which is defined as follows: If M € R-mod, then F(M) is the additive
group @, . “M (where each “M is a copy of M, °M = {°x|x e M}), with
the R-module structure given by ax°x = "“(ax) for ae R,. Obviously, the
gradation of F(M) is given by F(M),=°M, 6 €G, and if fe Hom g(M, N),
then F(f)e Hom_ ., (F(M), F(N)) is given by F(f}(°x)=°f(x). We remark
that F is an exact functor. Note also that U(F(M)) need not be a direct
sum of copies of M, since the component “M is not an R-submodule of
F(M), but just an R,-submodule. On the other hand, it is easy to see [17,
Lemma 3.1] that if M e R-gr. then FIM)= @ ,.c M(A).
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ProOPOSITION 2.3. Let 6 be a rigid closed subcategory oj_" R-gr, and € the
smallest closed subcategorv of R-mod containing €. If M €€, then F(M)e%.

Proof. Since Me%, by Proposition 2.1 there exists Ne% and an
epimorphism N — M — 0. The exactness of F gives an exact sequence in
R-gr, F(N)— F(M)— 0. Since N e R-gr, we have that F(N)= P ,.; No)
and the fact that % is rigid entails that F(N)e €, so that F{(M)e € too.

U MeRgr, M=® ,.; M,, we recall that the support of M is the set
Supp(M)={ceG|M,#0}. If Supp(M) is finite, we say that M has finite
support and we write Supp(M) < =c.

One of the main results of this section is the following.

THEOREM 2.4. Let € be a rigid closed subcategory of R-gr and € the
smallest closed subcategory of R-mod such that € €. Then the following
statements hold:

(i) If Pe R-gr is a projective object of the category €, then P is a pro-

Jective object of the category €.

(i) Assume that R has finite support. If Q € R-gr has finite support
and is an injective object of €, then Q is an injective object of E.

Proof. (i) By Proposition 2.3 we have functors U': 46 - %, F: % — &,
where U’ (F") is the restriction of the functor U (resp. F). Since F' remains
a right adjoint of U’ and, moreover, F’ is exact, it follows from 1.2 that P
(= U’'(P)) is projective in .

(ii) Let E*(Q) be the injective envelope of Q in R-gr. From [15,
Theorem 2.17] it follows that E3(Q) is, in this case, also injective in R-mod.
By Proposition 2.2 we have that 1(E*(Q)) = t,(£%(Q)) and if we call this
module Q’, then it is clear that Q' is injective in € and also in €. Since
Qe%, we have Q< Q' E%(Q) and as Q € Q' is an essential extension we
get that Q0 = Q' and so Q is injective in €.

Remarks. 1f € = R-gr, then 4 = R-mod and so part (i) of Theorem 2.4
reduces to the well known (and easy) result that if Pe R-gr is projective in
R-gr, then P is projective in R-mod (see [16, Corollary 1.2.3]). Similarly,
part (ii) gives that if R has finite support and Q € R-gr is injective in R-gr
and has finite support, then @ is injective in R-mod (see [15,
Theorem 2.17]).

The following corollary will be very useful in the sequel.

COROLLARY 2.5. Let R be a G-graded ring and M€ R-gr. Then the
Sfollowing assertions hold:
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(1) M is projective in [ M] if and only if M is projective in 65’ [ M ].

(it) If M is finitely generated, then M is quasi-projective in R-mod if
and only if M is M(o)-projective in R-gr for each o€ G (in particular, M is
quasi-projective in R-gr).

(iii) Assume that R and M have finite support. Then the following
conditions are equivalent:

(a) M is quasi-injective in R-mod (i.e., M is injective in 6 M]).

(b) M is M(o)-injective in R-gr for each o € G (in particular, M is
quasi-injective in R-gr).

(c) M is injective in 65 [ M].

(iv) If M is gr-semisimple, then M is projective in 6¢[M] (in par-
ticular, M is quasi-projective in R-mod) and, furthermore, M is M'-projective
in R-mod for every gr-semisimple module M'. If moreover R has finite
support and M is finitely generated, then M is M’-injective in R-mod and, in
particular, M is quasi-injective in R-mod.

Proof. (i) The sufficiency follows from Theorem 2.4, since ¢*'[M]=
o¢[M7]. Conversely, if M is projective in [ M], consider the diagram in

R-gr,
/g - ’ J s

{/
@ Mo)—— M ——0

where (0;), is any family of elements of G. Since M(o,) =M as R-modules,
we see that there exists an R-homomorphism g making the diagram
commutative. Now, Lemmal2.1 of [16] entails the existence of
g € Hompg_ (M, @, M(s,)) such that uog’=f and hence M is projective in
e¥[M].

(ii) As it is well known, if M is finitely generated, M is quasi-projec-
tive in R-mod if and only if it is projective in 6[ M]. Similarly, since M is
in this case a small object of ¢ [M], the class 2: '(M)<o®[M] is
closed under direct sums and so M is M(e¢)-projective in R-gr for every
6eG if and only if it is projective in ¢*" [ M]. Therefore, assertion (ii)
follows from (i).

(iii) The implication (a)=>(b) follows in a way similar to the proof
of the necessity in (i). (b)=(¢) is a consequence of the fact that the class
Fn" Y (M) of 65 [M] is closed under direct sums, subobjects, and quotient
objects. Finally, (¢)= (a) follows from Theorem 2.4.
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(iv) If M is gr-semisimple, it is clear that all objects of 6* [ M] are
gr-semisimple and so M is projective in 65" M ]. Now (i) entails that M is
also projective in 6 M ] (and, in particular, quasi-projective in R-mod). On
the other hand, if € is the rigid subcategory of R-gr consisting of all the
gr-semisimple modules, it is obvious that M is both projective and injective
in . Then it follows from Theorem 2.4 that M is projective in € and
so we see that M is M'-projective in R-mod for each gr-semisimple
module M.

Finally, if R has finite support and M is finitely generated, then M has
finite support too [15, Proposition 2.17] and, using again Theorem 2.4, we
get that M is injective in €; ie., M is M'-injective for every gr-semisimple
module M'.

Remarks. While the implications (a)=>(b) and (b)=>(c) in part (iii) of
the above corollary are true even if the graded ring R does not have finite
support, the implication (c)=>(a) does not hold in general. For example,
conider the Z-graded ring R=k[X, X '], where k is a field and X an
indeterminate. Then R is an injective object in R-gr but is not quasi-
injective (= injective) in R-mod.

COROLLARY 2.6. Let R be u G-graded ring and X a gr-simple module.
Then X is X'-projective in R-mod for any gr-simple module X' and if, further-
more, SUupp(R) < o, then X is X'-injective in R-mod.

CoroLLARY 2.7. Let R be a graded ring and Ne R,-mod. Then the
following assertions hold.

(i) If N is finitely generated and R, ® p, N-projective for every o € G,
then Ind(N) is quasi-projective in R-mod.

(ii) If R has finite support and N is Hom g (R,. N)-injective for every
o € G, then Coind(N) is quasi-injective in R-mod.

Proof. 1t is a direct consequence of Corollary 1.4 and Corollary 2.5.

We will use the following classical result of B. Mitchell [8, 19]. If &7 is
a Grothendieck category with a small projective generator U, then & is
equivalent to the category of modules 4-mod, where 4 =End (U)%".

CoOROLLARY 2.8. Let R be a G-graded ring, € a rigid closed subcategory
of R-gr, and € the smallest closed subcategory of R-mod containing €. If €
is equivalent to a module category, then so is €.

Proof. Assume that € is equivalent to 4-mod for some ring A4; ie., there
exists an equivalence of categories T: 4-mod — 6. Then, calling U= T(,A)
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we see that U is a small projective generator, so that U is a finitely
generated R-module. Now, using Proposition 2.1 we see that U is a
generator of € and from Theorem 2.4 it follows that U is projective in €.
Thus the aforementioned theorem of Mitchell implies that € is equivalent
to B-mod, where B=End ,(U)"".

Remarks. Observe that, in general, B# A4, for A=End,(U)°*°=
End, ., (U). Also, taking ¢ = R-gr, we have that € = R-mod. Since as it
is well known, R-gr is not in general equivalent to a category of modules
[12, Remark 2.4], we see that the converse of Corollary 2.8 does not hold.

An object N of a Grothendieck category o/ is said to be M-generated
(where Me.o/) if it is a quotient of a direct sum M"Y of copies of M. If
each subobject of M is M-generated, then we say that M is a self-generator.
It is easy to see that M is a self-generator if and only if, for any subobject
M'< M, there exists a family (f}),., of elements of End_ (M) such that

M =%, fi(M).

PROPOSITION 2.9. Let M be a graded R-module and assume that M is
projective in 68 [ M. Then the following conditions are equivalent:

(i) Every graded submodule of M is @ ,.; M(c)-generated in R-gr.

(i1 If M' is a graded submodule of M, then there exists a family
(f:)ies of elements of END g(M) such that M’ =3, ., fi(M).

(ili) @D, M(o) is a projective generator of 65" [ M].
(iv) M is a projective generator of s[M].

Proof. (i)<= (ii) follows in a straightforward way from the definitions.
Now, bearing in mind that the s-suspension functor induces an equivalence
of e¥[M] with itself, it is clear that in our hypotheses @ ,.; M(c) is
projective in 6 [M] and so the proof of (i)= (iii) is the same as that
of [7, Lemma22]. On the other hand, (iii)=>(i) is clear. Now,
since of[M]=0o[M], (iii)=(iv) follows from Proposition2.1 and
Corollary 2.5. Finally, if F denotes the right adjoint of the forgetful functor
U: R-gr - R-mod, then by [17, Lemma 3.1], FUM)x P ,.c M(s) and
using this, together with the exactness of F, it is easy to see that (iv) = (iii).

If M e R-gr, we denote as in [5] by (R| M)-mod the full subcategory of
R-mod whose objects are all the R-modules lying over M, ie., all the
modules which are M-generated in R-mod. If 4=End. (M) and M is
projective in [ M], then the class €,, = {X € 4-mod| Ml (x)=M for all
xe€ X} is a localizing subcategory of 4-mod [9, Theorem 1.3]. The quotient
category of 4-mod modulo %,, will be denoted by A4-mod/€,,.

481/141/2-17
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THEOREM 2.10. Ler Me R-gr be projective in 62 [M] and such that
every graded submodule of M is @ ,.; M(o)-generated in R-gr. Then
(R|M)-mod is a closed subcategory of R-mod and if A =End z(M)°, there
are inverse equivalences of categories:

Hom (M, —): (R| M)-mod - A-mod/€,,
M® ,—: 4-mod/€,, — (R| M)-mod.

If moreover M is finitely generated, then A-mod[€,,= A-mod, so that
Hom gx(M, — ). (R| M)-mod — A-mod is an equivalence of categories.

Proof. By Proposition 2.9 we have that M is a projective generator of
6[M] and (R{M)-mod=e{M]. Now, the result follows applying [9,
Theorem 1.3].

As a consequence of Theorem 2.10 we obtain the following extension of
the “direct Clifford theory” given by Dade in [4, 5].

COROLLARY 2.11. Let M be a gr-semisimple module. Then (R| M)-mod
is a closed subcategory of R-mod and if A=Endg(M)°?, there is an
equivalence of categories Hom zx(M, — }: (R| M }-mod — A-mod/%,,.

Proof. It is clear that if M is gr-semisimple, M is projective in ¥’ [ M]
(for all the objects of this category are semisimple) and also every graded
submodule of M is M-generated, so that we are in the hypotheses of
Theorem 2.10 and the result follows.

In the finitely generated case we get the direct Clifford theorem:

COROLLARY 2.12. Let M be a finitely generated gr-semisimple module
(for instance, a gr-simple module). If 4 = End 4(M)°P? = END p(M)°?, then
Hom (M, —): (R|M)-mod - 4-mod and M® ,—: A-mod - (R| M)-mod
are inverse equivalences of categories.

3. STRUCTURE OF gr-SIMPLE MODULES

In order to simplify the notation we will henceforth write U(M) = M, so
that, in particular, o[ M] becomes 6[ M].

Let £=@,.sZ, be a gr-simple module, ie., a simple object of the
category R-gr. We denote G{Z'} = {6 G| Z(g) = X'}. It is clear that G(X'}
is a subgroup of G. If we set 4=Endg(X)” then, since X is finitely
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generated we have that 4 = END ,(2)°” and therefore 4 is a G-graded ring
with the grading

4,=(ENDg(2)"), =Hom (2, 2(c))

for any o€ G. Since X is gr-simple, we have that 4, =0 for any 6 ¢ G{2'},
so that 4 = @, (s, 4, Since every nonzero homogeneous element of 4
is invertible, 4 is in fact a crossed product of 4, =End,,(2)* by the
subgroup G(2).

Given a gr-simple module X, we will be concerned with the following
two questions about 2

(QI) What is the structure of 2 as an R,-module?

(QII) What is the structure of X~ when regarded without grading, i..,
as an object of R-mod?

We will start by answering question (QI). The results concerning the
structure of 2 as R,-module are known and they are due to Dade [5];
however, we present new proofs of them, making use of the functor Coind.
These results will be contained in assertions (I1)}-(14) below.

First of all, we know that if X=@,.;2, is gr-simple, then for any
ge@G, either 2,=0 or X, is R,-simple. Indeed, if 0#xe2,, then Rx#0
and therefore Rx =2, Thus R, x =X, and it follows that X', is simple as an
R,-module. Hence the first result:

(I1) X is semisimple as an R;-module.

Let now oeG{Z} and O#u,ed,. Then u,:X—-2Z(c) is an
isomorphism in R-gr and so u,(2;)=2(c),=2,,. Thus we have:

(I2) IfoeG{Z} and AeG, then X', =X, as R,-modules.

Recall that if M= @ ,.; M, is a graded module, then M is g-faithful if,
for every 0 #x. € M, we have R_,-1x #0 (see, e.g, [15]).

(I3) For any oeG such that X,#0 we have Endg(Z,)=
End,_,(2).

For the proof we will use the functor Coind: R,-mod — R-gr. By [15,
Proposition 1.2], since 2, #0, 2 is g-faithful. Further, we have a canonical
monomorphism in R-gr,

0— X %5 Coind (2,)(¢"")

which is also an essential monomorphism [15, Proposition 1.17]. Now, if
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feEnd,,(2), then f(2,)c 2. If £, is the restriction of fto Z,, then we
have the ring homomorphism

¢: EndR-gr(Z‘) i El’lde(Za), ¢(f) =.fa'

Let f, geEnd (&) such that ¢(f)=¢(g), ie, f,=g, If OFxel,,
then Rx =2 and therefore, if y € Z there exists a € R such that y = ax. Thus
f(y)=flax)=af (x)= af (x) = ag,(x) = ag(x) = glax) =g(y) and so f=g;
ie., ¢ is a monomorphism. On the other hand, if 1€ Endg(ZX,), consider
the canonical morphism /€ End . (Coind(X,)(s ~")). Since X' is gr-simple
and o is an essential monomorphism, we have that A(a(X)) S a(X). If we
denote by f the unique gr-endomorphism of X such that Aca=aof, then
we clearly have that ¢(f)=h, since Coind(X,)(s '), =Coind(X,), =
Hom, (R, Z,)=Z,.

Next we look at the isotypic components of the R,-semisimple module
2. We may write 2=@ .02, where the X2, denote the nonzero
w-isotypic components of X' as R,-module; ie., Z,=®,., 2, is the sum
of all the simple R,-submodules of 2 in the same isomorphism class w.
Then we have, denoting by | | the cardinality of a set:

(14) 11,1 =IG{Z}I, 12| <[G:G{Z}].

To see this, let {o;},., be a left transversal for G{Z'} in G. Then
2=@®oec2s=Dici Drecisy Lo By (12) we have that 3, . iry 2,,n is
contained in some isotypic component of & as R;-module. On the
other hand, if i#}, then 2, % X, . Indeed, if 2, =2, then Coind(2,) =
Coind(Z,) and hence Coind(Z,)(s; ')= Coind(Z, )(a, ')(6; '0;). Since
the canonical monomorphism

0— X - Coind(Z, )(5,7")

is essential, it follows that X~X(o, 'a)), ie, o, 'a;€G{Z}, a contra-
diction. Therefore, if X, #0, then @, s 2,4 15 exactly an isotypic
component of X as R;-module and assertion (14) is proved.

The rest of the paper will be devoted to looking for answers to question
(QI). In order to state the next result, we introduce the following nota-
tion: If M € R-mod, we denote by Specz(M) the set of (isomorphism types
(ST of) simple R-modules S such that S=P/Q, where Q< P M.
Specg, (M) is defined similarly.

ProOPOSITION 3.1. Let R be a graded ring. If £ and X' are gr-simple
modules, then the following assertions are equivalent:

(1) There exists 6 € G such that &' =2 (o).
(i) Specg(Z2) N Specg(2”) # .
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(iii) Specq(Z)=Speca(Z’).
(iv) Specg (2) N Specg (2) # .
(v) Specg,(2)=Specg,(Z").

Proof. Clearly assertion (i) implies every one of assertions (ii)-(v).
Thus it will suffice to show that (ii)= (iv) and (iv)=> (i) to complete the
proof. To prove (ii) = (iv) observe that if SeSpecg(2) Specg(Z’), then
any NeSpecg (S) belong to Specg (2) N Spec,(2') and hence condition
(iv) holds.

Finally, to prove (iv)=> (i) we make use of a result fo Dade which shows
that two gr-simple modules are isomorphic in R-gr whenever there exists
some teG such that 0#2 ., =27, in R,-mod [4, p.62]. Now, if
NeSpecy (L) Spece (L), then the simple R;-module N must be
isomorphic to both a component 2, of £ and a component X, = X(g), of
2, so that 2"~ 2 (o).

Remark. 1t follows from [13, 3.8] that if the graded ring R has finite
support and S is a simple R-module, then there exists a gr-simple module
2 such that S is isomorphic to an R-submodule of 2. Now, Proposition 3.1
shows that this 2 is unique up to a o-translation, ie., if S embeds in
another gr-simple module 2", then X’ =~ 2(g) for some c€G.

A very useful tool in the study of question (QII) will be the direct
Clifford theorem. It will allow us to get a satisfactory answer when R is a
ring of finite support.

THEOREM 3.2. Let R be a graded ring such that Supp(R)< 0. If L is a
gr-simple module, then the following assertions hold.

(i) X has finite length in R-mod.
(ii) G{ZX} is a finite subgroup of G.
(iti) 4 =Endg(2)°" is a quasi-Frobenius ring.
(iv) Ifn=I|G{Z}| and X is n-torsionfree, then X is semisimple of finite
length in R-mod.

(v) If G is a torsionfree group, then X is a simple R-module.
Moreover, every simple R-module is gradable.

(vi) If SeSpecg(X), then S is isomorphic to a minimal R-submodule
of Z.

Proof. (i) Since 2 is finitely generated and R has finite support, 2 has
finite support too, ie., X=@;_, Z,, for elements ¢, .., 6,6 G. Thus X' is

an R,-module of finite length, ie, it is noetherian and artinian as
R,-module. Therefore, X also has finite length as R-module.
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(ii) This follows from (I4) and the proof of (1) above.

(iit) This follows from the known fact that a crossed product of a QF
ring by a finite group is QF, since in this case G{2'} is a finite by (ii).

(iv) If X is n-torsionfree, then n is invertible in 4. Thus, by
Maschke’s theorem [14, Corollary 2.3], 4 is a semisimple artinian ring.
Now, by the direct Clifford theorem, X' is a semisimple R-module.

(v) If G is torsionfree, then G{Z'} = {1} and thus 4=4,; ie, 4 is
a division ring. Now, by the direct Clifford theorem we have that X is a
simple R-module. On the other hand, if S is a simple R-module, then S
embeds in a gr-simple module 2. Since X' is also simple as R-module, we
get that S= 2.

(vi) By the direct Clifford theorem, if S e Specg(Z), then there exists
a nonzero morphism f: 2’ — S which must be an epimorphism. Now, since
A is a QF ring, every simple A-module is isomorphic to a minimal left ideal
of 4. Then, using again the direct Clifford theorem we see that S is
isomorphic to a minimal submodule of X.

Some of the results obtained in Theorem 3.2 can be extended without
difficulty to finitely generated gr-semisimple modules. For example, we
prove, with a technique different from the used in Theorem 3.2 and in a
slightly more general way, that 4 is also in this case a QF ring. We have:

ProrPoSITION 3.3. Let R be a graded ring and M a gr-semisimple
R-module, with A=Endz(M)®". Then the following conditions are equiv-
alent:

(i) A4 is a quasi-Frobenius ring.
(1) M is quasi-injective and noetherian in R-mod.
(iil) M is quasi-injective and artinian in R-mod.
Proof. By Corollary 2.5, M is projective in ¢[M] and by Proposi-

tion29, M is a generator of 6[ M], so that each submodule of M is
M-generated. Thus the result follows from [ 10, Corollary 2.97].

COROLLARY 34. Let R be a graded ring of finite support, M a
gr-semisimple module, and A4 =End (M)?”. Then the foliowing conditions
are equivalent:

(i) 4 is a quasi-Frobenius ring.

(i) M has finitely generated essential socle in R-mod.
(ili) M is finitely generated in R-mod.
(iv) M has finite length in R-mod.
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Moreover, if these equivalent conditions hold, then every S e Spec (M) is
isomorphic to a minimal R-submodule of M.

Proof. 1f 4 is QF, then M has finite essential socle by Proposition 3.3,
so that (i) = (ii). If M has finite essential socle, then M is a finite direct sum
of gr-simple modules, so that (ii) = (iii). Again, if M is finitely generated,
then it is a finite direct sum of gr-simple modules, so that A has finite
length in R-mod by Theorem 3.2(i). The implication (iv)=> (i) is now a
consequence of Proposition 3.3 bearing in mind that in this case M is
quasi-injective by Corollary 2.5. Finally, the last assertion is proved exactly
as part (vi) of Theorem 3.2.

We are now going to consider the general case in which R is no longer
assumed to have finite support. In exchange for this added generality we
must impose some condition on the group G. Thus we will say that G is
a poly-{infinite cyclic} group if there exists a finite subnormal series
{1}=Gy<G,<a --- G, =G, such that each factor G, /G, is an infinite
cyclic group. The number # is an invariant of G (it does not depend on the
particular series chosen) and is called the Hirsch number of G (and
denoted by A(G)).

If H< G is a subgroup of G, then

{1} =HnGy<HNG,<---<HNnG,=H

is a subnormal series of # and Hn G, ,/H n G, is canonically isomorphic

to a subgroup of G, ,/G,. Hence, either HNG,, ,/HN G;= {1} or it is an

infinite cyclic group. Therefore H is also a poly-{infinite cyclic} group.
We will make use of the following resulit:

PROPOSITION 3.5. Let R= @ ,.; R, be a crossed product such that R, is
a (not necessarily commutative) domain. If G is a poly-{infinite cyclic}
group, then R is a domain.

Proof. Let {1}=Gy<G,<a--- <1G,=G be a subnormal series of G
such that G,, /G;=Z for every 0 <i< n. We proceed by induction on ».

If n=1, then G=Z and hence R= P, ., R, is Z-graded. Since R is a
crossed product, for every ie Z there exists an invertible element u,c R,.
Thus Ru,=R=u;R and therefore R,=u,Ry=Ryu;. If a,beR, a#0,
b#0, we can write a=a,+a,+ --- +a,, b=b+b,+ --- +b,, where
Ay iy by, . b,,, are nonzero homogeneous elements. We may assume
that dega,<dega,< --- <dega,, degh, <degh,< .- <degb,,. The
homogeneous component of maximum degree of the product ab is a,b,,
and if dega,=r, degh,,=s, then a,eR,, b,eR, so that a, =lu,,
b,=uu, where A and yu are nonzero elements of R,. Thus
agb,,=Au pu,=Ap'u.u,, where p'€ Ry is such that u'u, =u,u, and hence
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i’ #0. Since R, is a domain, we then have that Ay’ #0 and thus, bearing
in mind that u, and u, are invertible, we see that a,b,,#0 and so that
ab #0.

The general case reduces to the case n=1 by considering the subgroup
H=G,_, and R with the grading over G/H=Z given by R ® . .¢u R.,
where R.=@ ;.. R,. Clearly, R is also a crossed product with this
grading.

If M € R-mod, then K.dim M will denote the Krull dimension of M (see
[11]). If « is an ordinal, then M is said to be a-critical if K.dim M =& and
K.dim M/M' <« for any nonzero submodule M’ of M.

THEOREM 3.6. Let R be a G-graded ring and X a gr-simple R-module. If
G is a poly-{infinite cyclic} group, then X has Krull dimension in R-mod.
Moreover, X' is k-critical, with 0 <k <h(G{Z}) < h(G).

Proof. Since G{Z'} is a subgroup of G, G{Z} is also a poly-{infinite
cyclic} group. Since the ring 4 =Endg(X)” is a strongly graded ring of
type G(ZX) and 4, is a division ring, it follows from [ 16, Theorem I1.5.24]
that 4 has Krull dimension (on the left) and K.dim 4 <#{(G{Z'}). Now, by
[11, Theorem 2.1] we have that A contains a k-critical left ideal I, with
k<h(G{Z}). Further, 4 is a domain by Proposition 3.5. Then, if 0 £ae [,
the map ¢: 4 — I given by ¢(41) = la is a monomorphism and so 4 is also
k-critical. Now it follows from the direct Clifford theorem that X is
k-critical.

Remark. Theorem 3.6 generalizes the well known fact that if R is a
Z-graded ring and X is a gr-simple R-module, then X' is either simple in
R-mod or 1-critical [ 16, Theorem I1.6.4].

Recall from [18, p. 5867 that a group G is said to be a right ordered
group or an RO-group if the elements of G are linearly ordered with respect
to the relation < and if, for all x, y, ze G, x <y implies xz < yz. By [18,
Lemma 1.6, p. 587], if the group G has a finite subnormal series

{l}=Go<G, = - <G,=G

with quotients G, /G, which are torsionfree abelian, then G is an
RO-group. Thus, in particular, poly-{infinite cyclic} groups are
RO-groups. The following result [18, Lemma 1.7, p. 588] will be very use-
ful: If G is an RO-group and 4 and B are finite nonempty subsets of G,
then there exist 4’ and " € B such that the products a,,, b’ and a,,;,b" are
uniquely represented in AB (here, a,,, and a,;, denote, respectively, the
largest and the smallest element in A4).

We will denote by J(M) the Jacobson radical in R-mod of a module M.
We have:
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THEOREM 3.7. Let R be a G-graded ring, with G an RO-group. If X' is a
gr-simple module, then J(2)=0.

Proof. Using the direct Clifford theorem, it is enough to prove that
J(4) =0, where 4 =Endg(2)*”. But 4= @ ,. >, 4, and every nonzero
homogeneous element of 4 is invertible. If G{2'} = {1}, then 4=4, is a
division ring and so J(4)=0. On the other hand, if G{Z} # {1}, then
G{ZX} is infinite since an RO-group is torsionfree. First we prove that if
ae A is an invertible element, then a is homogeneous. Indeed, assume that
there exists b € 4 such that ab=1. We can write

a=a, +a,+ - +a,, where O#a,€R, and 0,<0,<---<g,
and, similarly,
b=b,+b,+---+b,, where O0#b,eR, and t7,<71,< .- <71,

Then, if n> 2 it follows from the above cited Lemma 1.7 of [18] that the
product ab has at least two nonzero homogeneous components, which
contradicts the fact that ab=1. Therefore, we have that n=1 and a is
homogeneous.

Assume now that a is a nonzero element of J(4), so that 1 — ba is inver-
tible and hence homogeneous for any bed. If a=a, +a,,+ --- +a,, with
a, € R, then, since G{Z'} is an infinite group, there exists an homogeneous
element 0 #£be 4, with ce G{Z}, such that 1¢ {60, .., 00,} and hence
1 —ba has at least two nonzéro homogeneous components. But on the
other hand, we have seen that 1 —ba is homogeneous and this contra-
diction shows that 2 =0, so that J(4)=0.

The gr-Jacobson radical of a G-graded ring R will be denoted by J5(R).
Recall that J&(R) is the intersection of all gr-maximal left (or right) ideals
of R [16, p.52].

CoRrOLLARY 3.8. Let R be a G-graded ring with G an RO-group. Then
J(R)< JE(R).
Proof. This follows from Theorem 3.7.

COROLLARY 3.9. Let R be a G-graded ring, with G a poly-{infinite
cyclic} group. Then J(R) = J5(R).

CorOLLARY 3.10. Let R be a strongly G-graded ring with G an
RO-group. Then J(R)< RJ(R,).

Proof. We have J*(R)n R, =J(R,) (see [3]). Since R is strongly
graded, J8(R) = RJ(R,) and from Corollary 3.8 we get that J(R)= RJ(R,).
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Remark. Corollary 3.10 generalizes a classical result of Zaleskii (see

[18, Theorem 2.12, p. 6021).
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