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Abstract

The existence of periodic relaxation oscillations in singularly perturbed systems with two
slow and one fast variable is analyzed geometrically. It is shown that near a singular periodic
orbit a return map can be defined which has a one-dimensional slow manifold with a stable
invariant foliation. Under a natural hyperbolicity assumption on the singular periodic orbit
this allows to prove the existence of a periodic relaxation orbit for small values of the
perturbation parameter. Additionally the existence of an invariant torus is proved for the
periodically forced van der Pol oscillator. The analysis is based on methods from geometric
singular perturbation theory. The blow-up method is used to analyze the dynamics near the
fold-curves.
© 2004 Elsevier Inc. All rights reserved.

1. Introduction

Relaxation oscillations (RO), a highly nonlinear type of oscillation, are found in
many biological, chemical, physical and neuronal problems. The characteristic
feature of RO is a repeated switching between fast and slow motions. In a more
narrow sense RO often refers to periodic phenomena of this type. RO occur
naturally in singularly perturbed ordinary differential equations, which have
dynamics on (at least) two different, e.g. fast and slow, time scales. The prototypical
system describing RO in R? is the van der Pol oscillator. For more background
information and many applications of RO we refer to Grasman [§].
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In this work we study singularly perturbed systems in R* of the form
x=g(x,,z,8),
V=0(x,5,2,¢),
ez =f(x,y,z2,8), (1)

with sufficiently smooth functions ¢;, ¢,, and f and singular perturbation parameter
e<1. By setting ¢ = 0 in system (1) we obtain the reduced problem on the critical

manifold S == {(x,y,2)eR*: f(x,y,z,0) = 0}. We make the following basic assump-
tion on the geometry of S:

Assumption 1. The critical manifold S is ‘S-shaped’, i.e.

S=S, UL US,UL"USH
with attracting upper and lower branches

SE . SFUS, = {(x,y,2)€S: fi(x,»,2,0) <0},
a repelling branch
Sy ={(x,»,2)eS: f.(x,y,2,0)>0}
and fold-curves
L* LTUL™ = {(x,y,2)€S: fi(x,¥,2,0) =0, fo-(x,y,2,0)#0}.

The limiting problem on the fast time scale t = t/¢ is the layer problem

X =0,
y =0,
7 =f(x,,2,0). (2)

The critical manifold S is a manifold of equilibria for the layer problem. Vertical
lines (x,y) = const. are called fast fibers of the layer problem. Along these fast fibers
a fast transition towards or away from the critical manifold S occurs.

In order to obtain RO in a singularly perturbed system we assume furthermore

Assumption 2. The fold-curves L* are given as graphs (x* (y),y,z%(y)), yel* for
certain intervals /%. The points pe L* of the fold-curves are jump points, i.e.

()G

and the reduced flow near the fold-curves is directed towards the fold-curves.

#0 (3)

pel*
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Condition (3) is a transversality condition, called normal switching condition in
[18], for the reduced flow near the fold-curve L* and gives rise to the jumping
behavior for solutions reaching the fold-curve L*.

Let P(L*) =S, be the projection along the fast fibers of the fold-curve L* on the
opposite attracting branch S;F.

Assumption 3. The reduced flow is transversal to the curve P(L*|,.)<=S].

The above assumptions describe a natural setting for RO in system (1). In the
following we focus on periodic RO. Under Assumptions 1-3 a singular periodic
relaxation orbit I' of system (1) is a piecewise smooth closed curve I' =

Iy ul; ul'fuTl'f consisting of solutions I'y = S of the reduced system connecting
points of the projection-curves P(L¥) <= S+ and the fold-curves L*, where these slow
solutions are connected by fast fibers I'F from L* to P(L*).

Assumption 4. There exists a singular periodic orbit I" for system (1).

The main goal of this work is to show that the existence of a hyperbolic singular
relaxation orbit I" implies the existence of a hyperbolic relaxation orbit I', of system
(1). As we will see hyperbolicity in the strongly contracting z direction is already built
in, while hyperbolicity in the slow direction is an extra assumption on the reduced
flow (see Assumption 5, page 22). A typical situation for a system (1) which satisfies
Assumptions 1-4 is shown in Fig. 1.

To detect RO in system (1) near a singular orbit I" it is sufficient to study a local
Poincaré map (return map). We introduce a suitable Poincaré section X~ near the
attracting branch S, of the critical manifold containing I". A possible choice for X~
is obtained by translating the curve P(L") slightly to the right and by extending the
new curve in the vertical direction (see Fig. 1).

We show that under Assumptions 1-4 a return map IT: ¥"— X~ can be defined for
a suitable 7" < X~ and sufficiently small &. The map IT is essentially’ the composition
of three different types of maps IIs,, II; and IIy. The map IIg, describes the slow
flow near the attracting slow manifold away from the fold, IT; describes the
dynamics near the fold, and IT; the fast transition to the other attracting slow
manifold.

Outside of an arbitrary small neighborhood U?* of each fold-curve L* the
manifolds SF perturb smoothly to locally invariant manifolds Sa%g for sufficiently
small ¢>0, i.e. they are O(¢) perturbations of the unperturbed manifolds (see e.g.
[6,11]). Moreover, there exists smooth invariant foliations of the manifolds
WS(SE)n V' in a neighborhood ¥+ of the base S7,. Based on these results we

have good control of the maps IIg, and II7.

3The map 7o, is one half of the full return map IT.
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Fig. 1. Singular relaxation orbit I' and Poincaré section X~ near critical manifold S .

Due to loss of normal hyperbolicity Fenichel theory breaks down near the fold-
curves L. In Section 2 we use the recently developed blow-up technique to derive an
analytic expression for the map II;. Based on this local result we show in Section 3
the existence of a return map IT: ¥~ — 2~ of system (1) under Assumptions 1-4. Not
surprisingly the map is a discrete analog of a slow—fast flow with strongly contracting
z-direction and slow y-dynamics. These properties allow to prove the existence of an
invariant (slow) manifold with an associated invariant strongly contracting foliation
(fast fibers) for the return map. These results are fairly standard, however, some care
is needed to treat the singular e-dependence. The proof is given in Appendix A. The
dynamics on this slow manifold is described by a 1-d map which is a small
perturbation of the unperturbed ‘singular’ (¢=0) Poincaré map
Go: 7 nS; ->X NS, induced by the reduced flow on S*. Thus hyperbolic fixed
points of the ‘singular’ Poincaré map persist as hyperbolic fixed points of the return
map for ¢ small, resp. as hyperbolic periodic relaxation orbits for system (1).

An interesting type of relaxation oscillations where the return map is defined
globally occurs in the forced van der Pol oscillator. In Section 4 we show the
existence of an invariant torus for moderate forcing amplitude 4 <1 and relate the
dynamics on the invariant torus to a circle map obtained in the singular limit.

Remark 1. Similar results on the existence of RO can be found in [2,17-19]. In these
works the method of matched asymptotic expansions is used. The resulting
asymptotic expansions are rather complicated containing fractional powers as well
as logarithms of ¢. It was shown in [7,13] that at fold points of planar problems the
complicated form of the expansions is caused by a resonance phenomenon. As
shown in [7] asymptotic expansions can be derived rigorously by means of the blow-
up method. In this work we do not try to compute these expansions but focus on the
essential geometric features of RO with two slow and one fast variable.
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Remark 2. In this work we do not consider phenomena caused by canard points at
the fold-curves L* (Assumption 2) and/or nontransverse reduced flow at the
projection-curves P(L*) of the fold-curves (Assumption 3), although it is possible to
obtain very interesting relaxation oscillations of more complicated types in such
systems [8—10,14-16]. However, the methods developed in this paper are a step
towards a rigorous, geometric analysis of these more complicated phenomena.

2. Blow-up analysis near the fold-curves L*

We study the transition of the flow of system (1) near the fold-curve L~. The
analysis near the other fold-curve L™ is completely analogous. We start with a
preliminary transformation which brings system (1) in a form suitable for blowing-
up near the fold-curve L~.

Lemma 3. Under Assumptions 1 and 2 there exist a smooth change of coordinates
which brings system (1) locally near the fold-curve L™ to

X' =eg1(x,y,z2,¢),

Y =ega(x,p,2,¢),

Z=x+22+ 0P, xpz, ¥’z ¢),

g =0, (4)

with gi(x,y,z,¢) = 1 +g11(x,»,z,¢) where ¢11(0,»,0,0) =0 and ¢»(0,y,0,0) =
0, yel. Here' denotes differentiation with respect to the fast time © = t/e.

Proof. We rectify the fold-curve along the y-axis. Taylor-expansion of the function f
with a sequence of linear and near identity transformations gives

with §(0,7,0,0)>0, Vyel. The transversality condition (3) implies ¢ (0, y,0,0) =
0, Wel Let §i(x,7,7.¢) = g(¥) + gu(¥,5,2,¢) with g(¥) = 41(0,7,0,0)>0 and
A 2
g11(0,7,0,0) =0, Vyel In a last step we stretch the coordinates X = ¥ ¢3(y) and
I
7 = Zzg3(y) to obtain
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—/ 1

Y :8g§g2(x7.)77238)7
1
Z=g(x+2+ 07, 557, %2,2)),

1
where y = y. By the operation of local division we divide out the common factor ¢3
(rescaling time) and obtain the assertion by skipping the bars and extending the
system by ¢ = 0. For details of the proof we refer to [24]. O

System (4) can be viewed as a canonical form for a regular fold. We denote the
fold-curve of (1) and the fold-line of (4) by the same symbol L~. We distinguish
between the two objects by the notion curve and line. Fenichel theory implies the
existence of an attracting center-like manifold M, and a repelling center-like
manifold M, of the extended system (4) for sufficiently small ¢<1 away from the
fold-line L™. Note, the slow manifold S, resp. S; is obtained as a section ¢ = const.
of M resp. M;. Near the fold-line L~ Fenichel theory breaks down and we are using
the blow-up technique to desingularize the flow near the fold-line. For details on this
method we refer to [4,5,13] where planar folds are treated. The extension of slow
manifolds near regular folds in three-dimensional problems by means of the blow-up
method is treated in [24]. The existence of various types of canard solutions at points
where the transversality condition (3) is violated is shown in Szmolyan and
Wechselberger [21].

We focus our attention on S, and investigate how solutions on S, as well as
nearby solutions behave as they pass near the fold-line L~. We expect that close to
the fold-line a transition from slow motion along S, , to a fast motion almost parallel
to the unstable fibers occurs. In the following analysis we need the notion of
exponentially small functions.

Definition 2.1. Let R(u,¢)eR be a function with ue RF and parameter £ < 1. We call
R(u,¢) an exponentially small function if (|R|+ [|[VR]||)<exp(—c/¢) for a fixed
positive constant ¢, where VR is the gradient of R with respect to ue RF.

For small positive p>0 and suitable rectangles J;, J>eR? let
A" = {(=p*,p,2): (v,2)e]i}
be a section transverse to S, and let
A = {(x,p,p): (x,y) €2}
be a section transverse to the fast fibers (see Fig. 2). Let IT;: A" —A°"! be the

transition map for the flow of (4). The following theorem is the main result for a two-
dimensional regular fold.
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Fig. 2. Projection of critical manifold and sections.

Theorem 1. For the regular fold written in the canonical form (4) there exist p >0 and
&0>0 such that for e€(0,¢&):

(1) There exists a suitable interval I°"* such that for y € I°" the manifold S, , intersects
A" in a smooth curve which is a graph, i.e. x°"* = hS"(y°U! ¢).
(2) The section A™ is mapped to an exponentially thin strip around Sy, A", i.e. its

width Ry, in x-direction is O(e~/*) where c is a positive constant.
(3) The map M : A™— A°™ has the form

HL(y) _ (hi“‘(GL(y,z, 8),¢) + RL(y,278)>’

z Gr(y,z,¢) )

where hS"(GL(y,z,¢),e) = O(e3), GL(y,z,¢) = GLo(y) + O(elne), and the
function Ry(y,z,¢) is exponentially small. The function Gro(y) =y + O(p®) is
induced by the reduced flow on S7 from A™ 10 the fold-line L.

The theorem is an extension of results in [24], where the geometric properties 1 and 2
have been proved. Here we obtain additional information on the slow dynamics
encoded in the function Gy, which is needed for the analysis of relaxation
oscillations.

We define the blow-up transformation @ : B = S? x R*>—»R*

X=F% y=7y, z=7F &=FPG (6)

This leads to a blow-up manifold B = S?> x R* with (%,%,2)eS?, i.e. the fold-line is
blown-up to a cylinder S? x I with yel.
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Remark 4. The rescaling used in [1,17,19] in the analysis of a regular fold point
(located at the origin) corresponds to a blow-up

x=rP% y=rFy, z=F &=TFPFE,
which treats the y-variable differently then (6). This inclusion of y in the blow-up
means that a single point on the fold-line is blown-up.

For the analysis of the blown-up vector field we need three directional charts,
for the incoming flow, obtained by ¥ = —1, x; for the flow on the cylinder, obtained
by & = 1, and x5 for the outgoing flow, obtained by Z = 1. For the blown-up vector
field we obtain special solutions (in the classical chart x;) which can be viewed as
extensions of the reduced flow on the critical manifold under consideration. The
additional charts k; and k3 are used to connect the unbounded branches of these
special solutions with the reduced problem (backward time) resp. with the fast fibers
(forward time). The blow-up is shown in Fig. 3 for fixed y = const.

We start our analysis in chart xk; where we obtain the extension of the critical
manifold M, near the blown-up fold-line L~.

2.1. Dynamics in chart k|

We consider transformation (6) with ¥ = —1, i.e. we consider a directional blow-
up ¢ : R*>R* given by

B (r1,p1,21,81) = (=11, 01,7121, 1781). (7

After transformation of system (4) and a local division by the factor
r hl(rl,yl,zl,sl) where h](rl,yl,Z],Sl) =1+ O(I"]) we obtain
, 1

= —gnen

Fig. 3. Blow-up of fold-line for fixed y = const.
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¥ = O0(rie1),
/ 2 1
zy=2z7—1 +52181 + O0(r),
3
&) :Es%. (8)

System (8) has two invariant subspaces, namely the hyperplanes r; = 0and ¢; = 0. In
the invariant hyperplane ¢; = 0 we obtain a normally hyperbolic surface S,; of
equilibria emanating from the line L,; = (0,y;,—1,0) and a normally hyperbolic
surface Sy of equilibria emanating from the line L, ; = (0, y;,1,0). For r; small this
follows from the implicit function theorem. Actually, S, and S;; are precisely the
branches S, and S; of the critical manifold S, this also explains the notation. Along
the surface S, | the nonzero eigenvalue is negative and close to —2 for small ;. Along
S;1 the situation is similar, however the nonzero eigenvalue is positive and close to 2
for small r;. We have gained normal hyperbolicity at the lines L, ; and L, ; due to the
blow-up (see Fig. 4).

In the invariant hyperplane r; = 0 we recover the lines of equilibria L, ; and L,
and one additional zero eigenvalue due to the third equation. Hence there exist two-
dimensional center manifolds C,, C;; containing the lines L., L;;. Note, &
increases in these manifolds (away from the lines).

In the following we restrict our attention to the attracting objects S, 1, L. and
C, and to the set Dy = {(r1,y1,z1,&1): 0<r<p, 0<e; <9, y1el}.

ry =0 : ’equator’

<1

K

— T

Sa.l

Fig. 4. Invariant manifolds S, resp. Sy in hyperplane ¢ = 0.
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Proposition 2.1. For p and 6 sufficiently small the following assertions hold for
system (8):

(1) There exists an attracting three-dimensional center manifold M, of the line of
equilibria L, | = (0,y1,—1,0), y) €I, containing the surface of equilibria S, | and
the center manifold C,;. In D the manifold M, is given as a graph z; =
hai(r1,1,61). The branch of Cy in ri =0 is unique.

(2) There exists a stable invariant foliation Fy with base M, and one-dimensional
fibers. For any positive ¢ <2 there exists a choice of positive p and d such that the
contraction along Fy is stronger than e~“".

Proof. For system (8) the equilibria of the line L, ; with y; e/ =R are nonhyperbolic
with triple eigenvalue zero. The nonzero eigenvalue is given by A= —2. The
assertions follow directly from invariant manifold theory. [

Remark 5. The center directions of the equilibria in the r{ = 0 hyperplane are given
by (y1,z1,61) = (1,0,0) and (y1,z1,€) = (0,1, —4).

We now define the following sections

Z‘iln :{(r17ylazla81)€D1: r = p},

20 ={(r1,y1,21,81)€D1: & = 6},

with p and ¢ sufficiently small. Let R be a rectangular box in Ziln defined by
|1 4+ z;| < f for sufficiently small 5. The constants p,  and f§ can be chosen such that
M, ;A XM R, Let IT; : X" — XU be the transition map defined by the flow of (8).
The map I1, is well defined on R" for p, § and  small enough.

We are mostly interested in the evolution of the variable y; in M, ;. By substituting
21 = hy 1 (r1,31,61) = =1 — &1 /4 + O(ry,¢}) into system (8) and rescaling time we
obtain the flow on the center manifold M, given by

1
r/l = _Erlv
y/l = 0(}’?)7
3
8/12581. 9)

The transition time of solutions from Ziln to 29" for system (9) (in M, ) is given by

T, = In(3/e)*" (10)
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with ¢ =¢(0). We estimate the evolution of y; by integrating )| =
p* exp(—3¢/2)O(1) and obtain

(T = yi+p (1 =2/3(e:/9))O(1) = yi + O(p*) + O(e;) = : Gi(yi,p,e) (1)
with y; = 1(0).

Remark 6. The function G (y;, p,0) = y; + O(p*) describes the flow on S, ; from Ziln
to the line L, ;. In the original problem (4) this corresponds to the reduced flow from

A™ to the fold-line L.

Proposition 2.2. The transition map IT; : R = X — XU defined by the flow of system
(8) has the following properties: IT\ (R is a three-dimensional wedge-like region in
0" More precisely, the transition map is given by

p pler/0)"V?
Hl Y1 — Gl(ylapagl)
o hg,u]t(P(Sl/(s)maGI(J/179781)75) + Ri(y1,21,¢1)
€1 S
with hg}lll(p(el/é)l/37 Gl (y17.0781)75) =-1- 5/4 + 0(52) + 0(p(8]/5)l/3) =

-1+ 00) + 0(8}/3) and Ry (y1,z1,€1) is exponentially small.

Proof. Integrating equation &, = 3/2¢} gives the transition time 7 = O(1/¢;) of a
solution of system (8) from Py = (p,y1,z1,¢1) e R to IT,(Py)eX™. The assertion
follows from Proposition 2.1 and from (11). O

The results concerning the dynamics in chart x; are illustrated in Fig. 5. The center
manifold C, in the hyperplane r; = 0 can be viewed as the extension of the critical

manifold S,; on the blown-up cylinder which will be further studied in charts x>
and K3.

2.2. Dynamics in the classical chart K,

We consider transformation (6) with € = 1, i.e. we consider the directional blow-
up ¢, : R*—>R* given by

®5(x2,2,22,12) = (13X2,2,1222,73). (12)

This transformation is just an e-dependent rescaling of the variables (x,z) since
r, = ¥/e. After transformation and local division by r(1 + O(r,)) we obtain the
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/
in Vi
Ry* € Xj

Fig. 5. Dynamics in chart k| projected to y; = const.

following blown-up vector field:

¥ =0(r3),
Zy=x3+ z% + O(rp),
ry =0. (13)

This blown-up system is still a family of vector fields with parameter r,. Setting
ry = 0 gives the unperturbed problem where the slow variable y; is constant and does
not affect the dynamics. In chart x; the essential dynamics takes place in the (x2, z2)
variables. The unperturbed system restricted to the (x»,z>) space is a well known
Riccati equation, which is of crucial importance for the regular fold (see e.g. [13,17]).

Lemma 7 (Mishchenko and Rozov [17]). There exists a unique solution y for the

unperturbed system of (13) restricted to the (x3,z3) space with the following asymptotic
expansions

1 _ .
2m) = = ()2 (1 ()P 4 0(x) 7). o =
B(n) =R () +0(57), n-on,

i.e. y is asymptotic for x,— — oo to the lower branch of the parabola x; + z3 = 0 and
converges to 2>0 for z; > 0.
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22

out
Z]2

Fig. 6. Solutions of the Riccati equation.

The assertion of Lemma 7 is illustrated in Fig. 6. Notice that y exists for all y; in a
suitable neighborhood I of the origin. Thus y x [ is a manifold of solutions for the
unperturbed system of (13) with y, e /. We connect the flow in the classical chart with
the flow in the directional charts ;. For this we need to change the coordinates
between these charts.

Lemma 8. The change of coordinates between chart k| and chart i, is given by

z 1
1/27(_)@)3/2)’ X2<0, (14)

Klz(xz,y2,227rz)= Vz(—xz)l/zaym
(—x2)

—1 z
K21 (r1, 1,21, €1) = (%ayhl_}yrl‘g:ﬂ)v &1>0. (15)
€] g

Proposition 2.3. For T>0 sufficiently large the part of 112(y X I) corresponding to
Xo < — T is the unique branch of the center manifold C, .
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Proof. Using the asymptotic parametrization of y in backward time given in Lemma
7 we show that

(03~ (14300 4+ 00 ) (xR ) e (1)

is a parametrization of k12(y X {y2}), where y,eI =R is a constant. It is easy to see
that this manifold emanates from the line of equilibria L, ; = (0,y;,—1,0). Further
calculations show that x2(y x {y2}) is tangent to (0,0,1,—4) x (0,1,0,0) at L, ;.
These vectors span the tangent-space of the unique center manifold C,; (see Remark
5). We conclude that y x I is the unique center manifold C,; in the hyperplane
ry = 0. |

The importance of these special solutions y x [ is that they lead the attracting slow
manifold across the upper half of S? x I to a line from where the take-off in the
direction of the fast flow occurs.

We are interested in describing the transition map for system (13) between suitable

sections X1 and X5" of y x I defined for 0<d<1 by
I = { (2,92, 22,12) €Dt x7 = =53},
ng :{(X27y2;22772)€D23 ) = 5_1/3}7

where D, is a bounded domain. Within such a domain we can deduce properties of
the flow of (13) from Proposition 7 by using regular perturbation arguments. Note,

that under the coordinate transformation ; the section X" maps to X'. Let R be
a neighborhood of (y x I) "X and IT, : R = X1 — Z$™ be the transition map of the
flow (13).

Proposition 2.4. The transition map 11, is a diffeomorphism from R} to IT,(RY) and
has the following properties:

—5_2/3 hg}lzt(GZ(yZ; 2, 5a r2)a 53 72) + 0(22 - hgTQ(yZa 53 }’2))
GZ(y2722757r2)
1, 2 _ iy ,
z 0
15 r
where

G2(y27227 5,}’2) =)2 + 0(”;)7

h:2(y2757r2) = - 5_2/3(1 + 5/4 + 0(52) + 0(”2))7
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1/3
W8 (Ga(y2,22,8,12),8,12) =Q + 0(3') + O(r2).

Proof. Follows directly from Lemma 7 and regular perturbation theory. [

The dynamics of system (13) for the branch of y x I along which z, — oo is studied
in chart xs.

2.3. Dynamics in chart K3

We consider transformation (6) with z = 1, i.e. we consider a directional blow-up
@3 : R*>R* given by

‘1’3(9537)/3;"3,83):(V§X3»y37”37”§83)~ (16)

After transformation of system (4) and local division by the multiplicative factor
r3 h3(x3,y3,r3,83) with h3(X3,y3,r3,83) =14x3+ 0(7‘3) we obtain

Xy = —2x3 +&3(1 — x3 + O(x3)) + O(r383),

¥y = O(rjes),

ey = —3es. (17)

System (17) has a line of equilibria (0, y3,0,0), y;€I =R, which we denote by Lj.
Lemma 9. The equilibria of the line Ly = (0,y3,0,0) with y3€I =R are nonhyperbolic
with one zero eigenvalue. The nonzero eigenvalues are given by 1 = =2, 1, =1 and

3= —3.

We connect the flow in the classical chart x, with the flow in the directional
chart ;3.

Lemma 10. The change of coordinates between chart xy and chart ks is given by

X2 1
K32(X2,2,22,72) = <—2»J’2,1’222,—3), 23>0, (18)
&) )

b 1
K23(X37J/3,V3;83): <2_;37y3aﬁar38;/3>3 83>0~ (19)
& &
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Proposition 2.5. For T>0 sufficiently large the part of k3 (y X I) corresponding to
zo>T converges to L3 as zp — 0.

Proof. Transformation of y x {y»} by 3, into chart x3 gives

Q 1 1
<Z_2+O(;>7y27072_3>7 Z2€(T7OO)7
2 2 2

where we have used the asymptotic parametrization of y in forward time given in
Lemma 7. This shows that x3,(y x {y2}) approaches the line of equilibria L3 tangent
to the vector (1,0,0,0). O

We restrict attention to the set
D3 = {(x3,3,73,83): 0<r3<p, 0<e3<0, ysel}.
For the description of the flow in a neighborhood of L; we define sections as follows:

0 = {(x3,¥3,73,83) € D31 &3 = 3},

I ={(x3,y3,73,63) €D3: 13 = p},

where p and d are the same constants as in chart x;. Note, that the section 29" maps
to the section Zg“ under the coordinate transformation k3. Let IT; be the transition
map from a suitable neighborhood R < X to X$"'. Our goal is to obtain a formula
for the map IT5. To get a sufficiently precise description of the map I1; we have to
discuss the structure of system (17) in more detail. Setting r; = 0 in (17) we obtain
the system

Xy=-2x3+¢&(l —x3+ 0(x§)),

&y = —3es,

which is decoupled from y;. For this system the origin is a hyperbolic equilibrium
with the eigenvalues —2 and —3. Thus, there exist no resonant terms and we can
linearize this system by a suitable transformation x; = 1}(}63,83) — &3 where
)53»—>1Z()E3,sg) is a C* near identity transformation (see e.g. [20]). Applying this
transformation to system (17) gives

flg = —2X3 + 0(}"383),

¥y = O(r3e3),
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&y = —3es. (20)
We have the following result:

Proposition 2.6. The transition map I15 for system (17) has the form:

X3 hggt(G3(x3ay37r3,6)ar%aéap) + r% O(XS - hilrj3(y37r375))
V3 GS(XS»J/3,"375)
H3 ) = 14 )

r3 3
(5)°
P

S

with
G3(x37y3ar375) =)3 + O(Vg In }"3)
h™ (y3,73,6) = 83(Q — 6% + 0(9) + O(r3))

h;u;(Gﬁl(x%y% r3, 5),1’%,5,p) :’%0(5 + hi{f3(}’3ﬂ’3a5))

Proof. From system (20) we get immediately
r3(1) = rie,
3

e3(t) = e,

where r; = r3(0) and ¢ = &3(0). The requirement r3(7") = r, defines the transition

time T as
r()
T = — . 21
(%) e1)

Substituting the expressions for r3 and &3 into the equations for X3 and ys3 in system
(20) we obtain
£y =285+ ¢ O(ry),

¥ = 00)). (22)
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We introduce a new variable & by setting £3 = (£; + &)e~? with £ = £3(0) and derive
equations for ¢ and y;

Yy =0(r)). (23)

Therefore we obtain the estimates &(T) = O(r;T) and y3(T) = y; + O(r? T) with y; =
»3(0). Using (21) it follows that

Finally we obtain the solution in the original coordinate x3 by using the inverse

transformation of x3 = Y/(X3,¢3) — &3 given by X3 = ¥(x3,83) + &3:

x3(T) = (xi + & + O((x; + &)*)) (ﬁ)2+ 0(% In <r—”>> =rr0(x; + &),

7o I

nm) =+ o(rm(2)). 24)

i

The result follows immediately by setting x; = x3, y; =3, ri="3, Fo=p, & =90
3
and ¢, = (r3/p)’0. O

The dynamics of system (17) projected to the hyperplane y; = const. is shown in
Fig. 7.

2.4. Proof of Theorem 1
We define the map 1, : R — X9 by

I_YL = H3OK320H20K210H1.

The map [1; is the transition map from R to X9 for the flow induced by the
blown-up vector field. R can be chosen such that the map 1 is well defined, i.e. for
small enough constants p and § and by replacing the interval I by a slightly smaller
interval /<=1. Let P, = (p,¥1,ha1(p,1,81),€1) € R, Propositions 2.2, 2.4, 2.6 and
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Fig. 7. Dynamics near L in chart k3.

Lemmas 8 and 10 imply that

p ™ (GL(y1,p, 1), 1,p) + Re(yi, 21, p, 1)
_ G
HL 1 _ L()’17P781>

Z1 p

&1 €]

with GL(y1,p,e1) =1 + O(p°) + O(e1 Ine;) and 7(G(y1, p, 1), 1,p) = O(£?).
The assertions of Theorem 1 and the formula for the map II; (5) follow by applying
the appropriate blow-down transformations with A™ = & (R"). O

3. Reduction to a Poincaré map

We are now ready to describe the Poincaré map II defined for a suitable section
¥ <X~ near S, in detail. Note that away from the fold-curves L* Fenichel theory
applies and the slow manifold ng is given as a graph over (x,y). We choose new
(local) coordinates in 2~ such that the slow manifold S, n2Z™ given as a graph

z = h; (y,¢) corresponds to the y-axis.

Theorem 2. Let X~ be a transverse section near an attracting branch of the critical
manifold S of system (1) under Assumptions 1-4. There exists an open neighborhood ¥~
of the point I' "X~ such that the Poincaré map Il : v — X~ induced by the flow of
system (1) is well defined for small &. The map is given by

H(y> - (ﬁﬁii) 25)
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where G(y,z,e) = Go(y) + O(elne). The function R(y,z,¢) is exponentially small and
the function Go(y) describes the return map induced by the reduced flow on SF.

Proof. We define the half return map I1y- == Hroll oIlg, : 7" — X" where X% is a
section of S transverse to I' (see Fig. 8).

Remember that we have obtained the local result for the transition map I1; (5)
after preliminary transformations of system (1) to system (4) by a local
diffeomorphism. Hence there exists a section A" resp. A°" in system (1) near the
fold-curve L~ which is the pre-image of the section Al resp. A°" in system (4). Note,
A™ resp. A°" is not necessary planar but is a graph over (y,z) resp. over (x,y) (see
Fig. 8).

The slow manifold S, is given as a graph over (x,y). We choose new (local)
coordinates in A™ such that the slow manifold corresponds to the y-axis. Then
Fenichel theory implies the existence of a neighborhood #” <X~ such that the map
s, v c2™ — A" induced by the flow of system (1) is given by

()= (o) &

with Gs, (y,z,¢) = Gs,0(y) + O(¢) where Gs, o(y) is induced by the reduced flow on
the critical manifold S, from X~ to Al".

Am

Fig. 8. Sections for analysing the Poincaré map IT: 7 <X~ —>X".
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From Theorem 1 follows that the intersection of the slow manifold S, with Ao is

a graph, i.e. XU = 2U(7°U ¢) = O(¢*/3). We choose new (local) coordinates in A°"
such that the slow manifold becomes the y-axis. It follows by (5) that the map

IT; - A" - A" s given by
ﬁL<y) _ ISL()/’Z;S) 7 (27)
z GL(y,Z,?,)

where G1.(y,z,¢) = GLo(¥) + O(elng) and G () is induced by the reduced flow of
system (1) from section A" to the fold-curve L.

The map II7: A" >3 is well defined under Assumptions 3 and 4. We again
choose (local) coordinates in X* such that S, .NZ" becomes the y-axis. Fenichel
theory implies that the map ITr induced by the flow of system (1) is given by

G
HT(X) _ < T(X,ya3)> (28)
Y RT(xa Vs 8)
with Gr(x,y,¢) = Gro(x,y) + O(¢) where Gro(x,y) is induced by the reduced flow

on the critical manifold S, between the base point (x,y)e P(L~) and Z*.
It follows that the half return map IIy- : ¥ — X7 is given by

Iy- (y) = ol oI5, (y) = (GH(%Z’S)) (29)
z ‘Nz Ry-(y,z,¢)
with GH— (y, z, &) = GTY()OGNL,()O GSmO (y) + 0(6 In 6) where GT700C~;L700G5_M0 (y) is induced
by the reduced flow from 2~ to L™ on S; and from the projection-curve P(L™) on
St to 2T,
In a similar way we define a map g+ : ¥t =X+ - X~. The analysis of this map is

completely analogous to the preceeding analysis and the assertions of the theorem
follow for the full return map Il = [l y+-Ily-, i.e.

(1)~ (w20)
with G(y,z,¢) = Go(y) + O(elne). O

Note that in the limit ¢ —» 0 the map (25) contracts 2~ immediately to the invariant
manifold S; n2~. Hence we call such a map a singularly perturbed map (SPM).
Properties of such a SPM, i.e. existence of an invariant manifold with associated
invariant foliation, are shown in Appendix A.

We are now able to state one of our main results.

Theorem 3. Consider the Poincaré map Il from Theorem 2. There exists a compact
neighborhood A =V of I'nS; such that the map |, has a one-dimensional



90 P. Szmolyan, M. Wechselberger | J. Differential Equations 200 (2004) 69—104

attracting slow manifold @, which is C' and locally invariant. Furthermore there exists
a stable invariant foliation. The slow manifold @, is given as a graph z = ¢(y,¢),yel.
The dynamics of the restriction of I to &, is governed by the one-dimensional map

I-1, y—>G(y,0(y,e),8) = Go(y) + O(cIne).

Proof. By standard modifications outside of 2#" the map IT can be extended to a map
IT: R*> > R2. This map IT satisfies the assumptions of Theorem A.1 and the existence
of the slow manifold @, and its properties follow. Note that the slow manifold is in
general not unique. [

Since the dynamics on the invariant fibers is strongly contracting, the study of the
map IT can be reduced to the study of the restriction of IT to @, which in turn is a
O(elneg) perturbation of the map Gy(y). Thus robust dynamical properties, in
particular hyperbolic fixed points of Gy persist under perturbation by ¢, i.e. they exist
for sufficiently small ¢ for the 2-d map II.

Thus, we assume additionally that the singular periodic orbit I" is hyperbolic for
the reduced dynamics, i.e.

Assumption 5. The singular periodic orbit I is hyperbolic, i.e. Gj(y)# 1, where y is
the y-coordinate of I'nX™.

This assumption can be checked based on the linearization of the reduced flow along
I'. The following result on the existence of periodic relaxation oscillation is an
immediate consequence of the above.

Theorem 4. Assume that system (1) satisfies the Assumptions 1-5. Then there exists a
locally unique, hyperbolic relaxation orbit of system (1) close to the singular orbit I" for
sufficiently small values of e.

Clearly, the relaxation orbit is asymptotically stable for |G{,(y)| <1 and of saddle
type for |Gj(y)|> 1.

We would like to remark that theorems similar to Theorems 2 and 3 can be easily
proved by the same method whenever the singular return map is defined, e.g.
Gy : U;:l Ii— U;:1 I; with suitable compact disjoint intervals I;, j =1, ...,n. This
allows to consider ‘k-periodic’ relaxation oscillations with ke N.

4. The forced van der Pol oscillator

Relaxation oscillations were observed the first time by van der Pol [22] who
studied properties of a triode circuit. Such a system exhibits self-sustained
oscillations with an amplitude independent of the initial conditions. Furthermore,
van der Pol and van der Mark [23] investigated that relaxation oscillations get easily
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entrained by periodic inputs, i.e. the period of the relaxation oscillation is a multiple
of the forcing period (subharmonics). They also observed that for certain parameter
values two different subharmonics may coexist and there are regions where no
subharmonic could be detected (quasiperiodic). This is a transient phenomenon:
such quasiperiodic solutions stay close to a chaotic solution before locking in. Such
chaotic solutions of the forced van der Pol oscillator have been studied by many
people, see e.g. Grasman [8].

A pioneering mathematical investigation of this problem was carried out by
Cartwright and Littlewood [3] studying the van der Pol equation

Z4v(z* — 1)z + z = vb(v)k cos kt (30)

with period forcing and v> 1. We analyze this system and show the existence of
relaxation oscillations for certain parameter values. Integration of Eq. (30) and the
transformations

v=1/Ve, b=Alw, k= ew, t= /et
give the first-order system
x' =g (—z+ Acos @),
¢ =eo,

1
Z’:x+z—§z3, (31)

which is a singularly perturbed system with perturbation parameter ¢ <1 on the fast
time scale t = 7/1/e with (x, ¢,z) eR x S' x R and two-dimensional S-shaped critical
manifold x(¢,z) = z°/3 — z. Thus system (31) fullfills Assumption 1. The reduced
flow on this manifold is given by
¢ =,
(ZZ—1)2= —z+ Acos . (32)

At the fold-curves z= +1 the reduced flow is singular. The corresponding
desingularized system is

z= —z+ Acos o,
P =z —1). (33)

The phase portrait of the reduced system is obtained by changing the direction of the
flow in the phase portrait of system (33) for |z|<1.

For A <1 system (33) has no equilibrium, just an unstable cycle on the repelling
critical manifold. All points on the fold-curves z = +1 are jump points (see Fig. 9).
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z2=1 cimioiaiad ——————————————————— '''''''' = fold — line

gl IS e | [N e . P D — - fold — line

Fig. 9. Reduced flow of (32) for 4 <1, unstable cycle and jump points.

As the amplitude of the forcing increases to the value 4 = 1 two singular points
(z=1,0=0) and (z = —1,¢ = n) of system (33) are created which split up in two
pairs of singular points at (z=1,¢ = Farccos(1/4)) and (z=-1,¢ =
nFarccos(1/A4)) for A>1. These singular points are canard points for the reduced
flow, i.e. solutions pass via these canard points from the attracting to the repelling
branch in finite time. Canard points exist for the reduced system for all A>1.
Such points give rise to complicated dynamics nearby the fold-line. For
further information on local behavior of solutions nearby canard points we refer
to [21].

For 4 <2 the flow at the projection of a fold-line (at z = +2) is directed towards
to other fold-line for all peS'. For 4 =2 two points (z=2,¢ =0) and (z =
—2,¢ = n) appear where the flow is tangent to the projection fold-line. For 4>2
there are two pairs of points (z=2,¢ = Farccos(2/4)) and (z=-2,¢ =
nFarccos(2/A4)) where the flow is tangent to the fold-line. On the section of the
projection of a fold-line between these points the flow is directed away from the other
fold-line.

For A<1 the Poincaré map can be defined globally in the variable ¢, i.e. for
(p,z)eX = S' x [~9, 6], and has the properties stated in Theorem 2. Thus Theorem
A.1 applies and we conclude the existence of a slow manifold of the return map
which implies

Proposition 4.1. The forced van der Pol oscillator (31) possesses for moderate forcing
amplitude A<1 an attracting invariant torus T, (see Fig. 10).

Thus relaxation oscillations in system (31) can be found based on the analysis of
the 1-d map ¢+ G(¢) induced by the reduced flow of (32) on the attracting branches
S*. This map is a diffeomorphism which maps S' onto S', i.e. a 1-d circle map, see
e.g. [12]. The invariant torus 7¢ is destroyed for 4 >1 due to the existence of canard
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—

Fig. 10. Invariant torus of forced van der Pol oscillator with moderate forcing amplitude 4 <1.

solutions. Hence, for 4> 1 discontinuities develop in the reduced return map and the
Poincaré map IT is not globally defined anymore. To our knowledge in this situation
rigorous results on the problem of relating the return map to its reduced
‘discontinuous’ 1-d map do not exist. Nonetheless for 4>1 it is still possible that
singular relaxation orbits away from these discontinuities exists. In neighborhoods
of these singular orbits the theory developed in this paper is still applicable as
outlined at the end of Section 3.

Appendix A. Existence of slow manifolds and invariant foliations of singularly
perturbed maps (SPM)

Here we state a theorem about the existence of a slow manifold and a
corresponding invariant stable foliation for an e-dependent family of 2-d maps
which is applicable to the return map for relaxation oscillations introduced in
Section 3. What follows is the adaptation of standard techniques in invariant
manifold theory, e.g. [12] and references therein, to the specific situation, therefore
we do not give complete proofs.

Theorem A.1. We consider a family of diffeomorphisms IT,: R>* - R* r>1and e <1 by

Hl:(ya Z) = (G(yv Z, 8)7F(y7 Z ‘L'))

= (G()(y,?) + Gy (y,z, 8)H2(8)’F1 (y7278)H1 (‘c))a (Al)
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where the functions G, F or equivalently Gy, Gy and Fy are C" functions with respect to
(v, z) and the functions H; >0, i = 1,2 are C° with lim,_,o H;(¢) = 0. Assume that the
following estimates hold uniformly for sufficiently small values of e:

oG
‘ /:ula ’ y‘ L17 ‘_ <L2H2( ) (Az)
oF OF OF
T <L:H (6), S|z mH(e), |%—|<LiH\(e), A3
Sl<nmo. |5 zeme. 5 <z (A3
where w;, i=1,2, L;, j=1,...,4 are positive constants independent of the parameter

e.
Then there exist for all e€(0,¢&y) with sufficiently small <1

(1) a slow C"-manifold

D ={(y,0(,¢)) | yeR} = graph ¢

(2) and a stable foliation with C"-fibers,
¥y ={(W,(z,¢),2) | zeR} = graphy,
with ,(¢(y,€), &) = p and II(¥)) = ¥p(p)

The assumptions of the theorem imply that F(y,z,0) = 0 and G(»,z,0) = Gy(»,0).
Hence the singular map is given by IIy(y,z) = (Go(y,0),0). From now on we skip for
convenience the parameter ¢ in the notation of the map II. Note, IT is a
diffeomorphism, i.e. II is invertible. Thus

for 0<e<1 and we obtain the following upper and lower estimates:

|det| > (upy — LoL3Ha(e))Hi () = LsH (¢), (A4)

\det\<(L1L4 +L2L3H2(8))H1 (8)<L6H1 (8) (AS)

Note, that Ls is bounded away from zero for sufficiently small ¢. Since IT is a C"

diffeomorphism it follows that the inverse map IT~" exists and is also C" for 0<e<1.
Let

o' (y,2) = (g0, 2.6)./ (0, 2,¢))- (A.6)



P. Szmolyan, M. Wechselberger | J. Differential Equations 200 (2004) 69—104 95

From the implicit function theorem we obtain the following estimates for the
functions f and ¢:

’% - '(del)_l %_f‘gleHl(ﬁ)_leHz(S)v (A-8)
% - '(der)“?;—f >L Hi(e) 'y (A.10)

What follows is based on [12]. We start our proof by showing properties of the
linear maps (DIT) resp. (DIT)"".

A.l. Invariant cone-families

Definition A.1. The standard horizontal y-cone at peR? is defined by
H) = {(u,0) e T,R® | [o| <ylul}.

The standard vertical y-cone at peR? is defined by
V= {(u.0)e T,R* | |ul<y

v}

By a cone-field we mean a map K : R> > TPRZ, p— K, which associates to every
point pe R? a cone K,eT, R? (H, or V, in our case). A diffeomorphism IT : R?>—>R?
acts naturally on cone fields by

(H*K)p = (DH)H*I(,;) (KH*'@))-

Lemma A.1. The horizontal and vertical cones H) and V) are invariant under the
diffeomorphism (A.1), ie.

(DIN),(H]) < Int H}

ey (DI, (V

H(p))CInZ V;f.

(see Fig. 11).
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OO
P ~

A Vi 5

H

{p)

(D), H}

Fig. 11. Invariance of horizontal and vertical cones.

Proof. We denote partial derivatives by subscripts.

(D) (u, v)eH; = |v|<ylul, W, V) = (DH)p(u7 v);
| = |(Gy),u+ (G:),0| = [u] — LoHa(e)[v] = (g — yLaHa(e))|ul
V| = [(Fy)u + (F:),v| < Hi(e)(Ls + 7La)|ul

Hi(e)(Ls +7Ls)

= | <
1 ty — 7L2Hy(e)

'] =1 @)

Hence if 7| (¢) <y then the horizontal cones H) are invariant, i.e. (u/,0) eH}’w).
But this follows immediately for sufficiently small 0<e<1.
(2) (u7 U) € ijj(p) = |M| <V|U|, (ula U/) = (DH);I(M, U);
o | = (det) ™ |(F2) gyt — (G2) vl L5 Hi(2) ™ (YLaHi (2) + LoHa(e)) o]
(V] = (det) ™| = ()it + (Gy) ol = L5 L Hi (o)™ (Lsp — LsLeHi(2)) o]

< Le(LoHy(e) + yLaH, (2))
= Lspy — yLsLeH, (¢)

= || ] = ()]

Hence if 75 (¢) <y then the vertical cones V}"](p) are invariant, i.e. («/,v') € V). But this
follows immediately for sufficiently small 0<e<1. O

Next we show that vectors in horizontal cones expand and those in vertical cones
contract.
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Lemma A.2.

| — Lo H;(e)

M)l z = o)l = @)l for (e0)e

1+y
Lg'ny — L5 Ly Hy (e)

(DI (u, v)[|, < Hie) G, w)l1y =2 A'H (&) (u 0)

for (u,v) eV’

Proof. ||/, v')||, > u/|> (1, — yLaHa(e))|ul= (1 — yLaHa(2))(1 +7) | (u,v)|l,  for
(u,v)eH".

1) = 01> (L Hy () g — L3 L) ol = (1 +9) " (Lg Hi () 'y — pL3!
Ly)||(u,v)||, for (u,v)eV?. O

These contraction and expansion rates shows that the linear map (DIT) admits a
(A'Hy(e), ') splitting which is an exponential splitting with a ‘big’ gap caused by
/' H, (e) <1 for sufficiently small 0 <& < 1. With that setting we obtain the existence of
invariant subspaces within the invariant cones:

Lemma A.3. There exist subspaces

Ef = ﬁ (DI’ H),
i=0
£, = () (om) ),

Il
<)

inside the cones H' and V7. These subspaces E;r and E, are invariant, i.e.

) — gt
(DI),(Ef) = EF,.
Proof. The cones are invariant by Lemma A.1. We have to show the invariance of
the subspaces. We define S; = (DI)’(RF x {0}) and S =lim;,,, S;. Since
(u,0)= H",Vy we have ScET. We need to show S = ET. Let (u,v)e ET. We can
split (u,v) = (u,v') + (0,v") with (u,v') € S. Furthermore let

(w,v7) = (DI ™) (u, ),

(u,v) = (DI (u, 0),
(uf,vof) = (DI)™1)7(0,0").

Because  of (1)), (wj,v;))eH’ it follows by Lemma A2 that

1G5, o)1l < W) NG, )]y and (1, o)1 < )7 (s 0Ol Sinee (], of )€ V7 we
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have by Lemma A.2 that

"< (2 Hi() 1], o)1y < (2 Hi(2) (1l 09)l ]+ 1, o)1)

g (}.’ Hi(e)
'u/

)’ ol + 11 o).

The limit j— oo gives |v”| -0 which implies (u,v) e S = E*. The argument for E~ is
completely similar using the linear map (DIT) instead of (DIT)™". [

Remark A.4. The sets {E;} and {E, } depend continuously on p which follows from
the continuity of the map (DIT).

A.2. Invariant manifold

On the nonlinear level we want to show the existence of an invariant graph under
the action of I1. Let C, be a set of functions ¢ : R— R that are Lipschitz continuous
with Lipschitz constant y. The function graph ¢ is defined as (y, ¢(y)) with ye R. We
show that the map IT acts on the space C,.

Lemma A.5. II(graph ¢) = graph ¢’ for some ¢’ € C,(R).
Proof. Let II(graph¢) = (G(y, ¢(»),¢), F(»,9(y),¢)) = (/,2'). Suppose that the

image of graph ¢ is not a graph, i.e. there exist y; #y, such that G(y1, p(»1),¢) =
G(y2, ¢()2),¢). But

|Gy, e(01),€) — G2, 0(12),8)[ = [G(y1, 0(11),8) — G(y2, (1), ¢)
—|G(y2, 0(12),8) = G(y2, 0(31), )]
= |1 = 2| = LaHa(e)|e(n1) — @(12)]

= (uy — yLaHz(e))[y1 — y2[>0

which contradicts the assumption. Hence II(graph ¢) = graph ¢'.
Next we show that |¢'()]) — ¢’ (5)|<7[¥| — ¥4|- From the previous calculation

V) = 5= (1 — yLaHa(e))|y1 — »a2l-

follows immediately.
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Similarly we obtain
19" () = @ ODIS IF1,0(n),8) = F(2, 0(0),8)| + [F (2, 9(01), ) = F(32, 9(32),¢))|
< Hi(e)(Ls +yLa)|y1 — »a|
<N =]
which proves the assertion. [
This shows the ‘invariance’ of IT acting on C, and can be viewed as the nonlinear
counterpart to Lemma A.1. Note that | (¢) is an improved Lipschitz constant under

the action of IT.
We denote by G, : R— R the y-coordinate of IT acting on graph ¢, i.e.

(graph @) = I1(y,p(»)) =: (G4(»), T.p(Gy(1)))- (A.11)

We introduce a metric

(@1, ;) =max |¢,(v) — @, (V)] (A.12)

for ¢, ,€C,. Because of ¥, y, are Lipschtitz continuous this is a well defined
metric and (C,,d(-, -)) is a complete metric space.

Proposition A.1. The action of Il on C, given by
(graph @) = graph(I1..p)
is a uniform contraction map with respect to the metric (A.12).

Proof. Let ¢} = II,¢; for i = 1,2. Definition (A.12) gives

d(@), ¢5) = max |IL.g,(Gy, (y) — .gy(Gy, (»))]- (A.13)

Gy, (y)eR
[01(Gy, () = @5(Gop, WIS |01 (G, (1) = 95 (G, W) + 195(G, () — 95(Gop, ()]
<|F(y,01(0),8) = F(v, 02(y), 8)|

+ 71(e) |G, 01(¥),8) — Gy, 92(), ¢)]

< (LaHi(e) + 71 (e) LaHa(2)) 1 () — 02 (1))
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Hence
= d(¢}, ¢y) = d(IL.g\, I1.0y) < (L4Hy (e) + 71 (e) LaHa(e)) d(@y, @y) =: 91(¢) d(@y, 1)

To obtain a contraction we need 3(¢) < 1. It follows by lim,_,¢ H; = 0 that there

exists a sufficiently small <1 such that 9,(e) <9, <1 for all e€(0,¢). Hence we
have a uniform contraction for ¢€ (0, &y). The assertion follows. [

The action of IT on the space C, given by II(graph ¢) = graph (I1.¢) is called the
graph transform which is a uniform contraction with respect to the metric (A.12).
The contraction mapping principle yields a unique fixpoint for this action of II,
hence an invariant (horizontal) graph ®.

Remark A.6. The continuous invariant plane fields within the invariant cones H”
shown in Lemma A.3 are the tangent sets of the invariant graph ®. Thus, ¢ is a C!
function. Higher degrees of smoothness can be proved in the usual iterative way [12].
We have shown the first part of Theorem A.1.

We straighten the invariant manifold graph & to the y-axis by the coordinate
transformation z = zZ + @(y,¢). We omit a new notation for the map I1, (A.1) and
for the Lipschitz constants. Just keep in mind that F(y,0,¢) = 0.

A.3. Invariant foliation

Next we prove the existence of an (vertical) invariant foliation for the (horizontal)
invariant manifold. Let graph i be defined as (¥/(z), z) with ze R. First we show that
the map IT~! acts on the space G,.

Lemma A.7. IT-'(graph ) = graph ' for some ' € C,.
Proof. Let IT-'(graphvy) = (9((2),z,¢),f(Y(z),z,8)) = (V/,Z'). Suppose that the

image of graphy is not a graph, i.e. there exist z; #z, such that f(Y(z1),z1,¢) =
f(lﬁ(Zz),Zz,S). But

|f(W(z1).21,8) = F(Y(22), 22,8)| > L5 L ' Hy (e) ' (Lspy — yLsLeHy (e))]z1 — 22| >0

which contradicts the assumption. Hence IT~! (graph ) = graph /.
Next we show that [y/(z}) — ¢/'(z5)|<ylz} — z5|. From the previous calculation
follows immediately

2} = 25| = L5 L Hi(e) ' (Lspy — yLsLeH (2))|21 — 22
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Similarly we obtain
W/(2) =¥/ (25| < L Hi(e) ™ (7LaHi (2) + LoHa(2)) |21 — 22
<7(8)l7) = 2

which proves the assertion. Note that y5(¢) is an improved Lipschitz constant under
the action of IT7'. [

We denote by f : R— R the z-coordinate of II ~! acting on graph , i.e.

! (graph ) = 1171 ((2), 2) = (I, 'Y ( f3.(2)). fy (2))- (A.14)

We cannot expect that this graph transform with respect to the metric (A.12) is a
contraction, which would imply the existence of an invariant vertical manifold. But
what we expect is an invariant foliation. We introduce C,, < C, such that

Cp ={¥eC, [¥(0) =p}.

Note that the functions y€C,, are within the vertical cone V) with base point

(pa 0)€¢ and that C}, = U

er Crp- We introduce a metric

d(1,¥3), = sup (@) ~ (2]l (A.15)

eR/{0} |z]

for Y, Y, e C,,. Because of y, ¥, are Lipschtitz continuous this is a well defined
metric and (C,, . d(-, -),) is a complete metric space. This metric takes into account

the Lipschitz constant at zero. From Lemma A.7 follows that IT~' maps y € C, , to
¥ e C, y with p’ = g(p,0,¢). We introduce a map [T~ acting on C, , by

11" (graph ) = I~ (graph ) — (p' — p,0).

Proposition A.2. The action of I1™" on C,,p given by

117\ (graph ) = graph (1) = graph (IT;') — (5 = p,0)
is a uniform contraction map with respect to the metric (A.15) (see Fig. 12).
Proof. Let ¢/} = ﬁ*—l(//i for i = 1,2. Definition (A.15) gives

AW, 0 = sup I(HII*//l)(fwl(Z))'—(Ullllfz)(fw,(y))l. (A.16)
e P 70)) | fy, (2)]
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A

W) ¥

()

Fig. 12. Contraction of vertical graphs y;€ C, ,.

W1 (3, (2) = Yoo DI W3 (i (2)) = (S, )]+ WA (fi, () = W2 (s, (2))]
S 9Wi(2),2,6) = g(ha(2), 2, ¢)|
+ 1@ ((2),2,8) = f(a(2), 2, 2)]
< L5 (La+73(e) L) 1 (2) = ¥a(2)] = Ba(e) ¥ (2) — ¥a(2))-

Note that f(y,0,¢) = 0 because of the invariance of graph &. Thus

S @ =1/ W1(2),2,8) = f(¥:1(0),0,¢)]|
= |f(lﬁ](2),Z, 8) —f(xpl(z),O,s)\ - ‘f(lpl(z)70>8) —f(lﬁl(()),(),&‘”

> Hy'(e) (L7 Ly ' wy — Hi(e) L5 Lay) |2 = Hy ' (8)93(e) |2]-
Hence

92 (S)
93 (8)

= d), ), = d(ﬁ;1W17ﬁ;lW2)p<Hl () d(W1,,), = 94(e) d(y,¥2),,

It follows that there exists a sufficiently small & <1 such that 94(¢) <95<1 for all
£€(0,&9). Hence the graph transform is a uniform contraction for ¢€(0,¢p). O
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We have obtained a unique invariant graph ¥ e C, , for each base point pel.
These invariant manifolds depend continuously on the base point p. Thus we have
obtained a invariant foliation for the invariant manifold .

Remark A.8. The continuous invariant plane fields within the invariant cones V7
shown in Lemma A.3 are the tangent sets of the invariant graphs ¥,. Thus, the

family ¥, are C! functions. Higher degrees of smoothness and smooth dependence
of the fibers on their base points can be proved in the usual iterative way [12].
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