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In this paper we introduce and study Frobenius coalgebras. These are
coalgebras which are not only comodule isomorphic to their rational duals, but
coproper as well, i.e., coalgebras whose rational duals are dense (cf. [2]).

The structure of Frobenius coalgebras parallels that of Frobenius algebras in
many respects. In particular such a coalgebra C possesses a nondegenerate C*-
associative form; all projective comodules are injective (and finite-dimensional
injectives are projective). Moreover, from a representational point of view, C*
possess a computational structure which appears to behave like an integral for
the case of a Hopf algebra. Using these results we obtain an elementary extention
of Sullivan’s results on the dimensions of the spaces of integrals for a Hopf
algebra to Frobenius bialgebras.

We also introduce a general character theory from a coalgebraic point of
view and give applications to cosemisimple involutorial Hopf algebras to obtain
results of Larson on character relations, character formulas, and the dimension
of absolutely irreducible comodules. Finally we present several versions of the
first orthogonality relations for rational characters on Frobenius coalgebras.

1. Let & be a field and let C be a coalgebra over £ We will freely use
the notation of [11]. In particular C9 (resp. BC) will denote the unique maximal
rational left (resp. right) ideal of C* and 1: V' — V** the canonical inclusion
of a vector space in its second dual.
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1.1. ProrosITION. Let C be a coalgebra over the field k, and n: C — C*
a linear map.

(a) n is aleft (right) C*-morphism < n* o i is a right (left) C*-morphism;
(b) 7 has dense image < n* o i is 1-1;
(c) 7is 1-1 < 5* o7 has dense image.
The proof of (a) and (b) is straightforward. Parts (b) and (c) are equivalent since
n = e et

1.2. CoroLLARY. Let C be a coalgebra over the field k. Then 3 a left C*-
monomorphism v: C — C* with dense image <=3 a right C*-monomorphism
{: C— C” with dense image.

1.3. DeriN1TION. A coalgebra C over the field % is called Frobenius if either
condition of Corollary 1.2 holds.

We observe that a Frobenius coalgebra is automatically coproper. Indeed,
if n: C— C~ is a left C*-monomorphism with dense image then 3(C) C CT
and is a dense left ideal. Then CC is dense [2, Proposition 1.8]. Similarly, °C
is dense. In particular, C9 = C* - C0 = 0OCC" C OC [2, Proposition 1.1], and
by symmetry, (7 = OC.

We will find it convenient to refer to a pair (C, 7) (resp. (C, {)) as a Frobenius
coalgebra if (' is Frobenius and 7 (resp. {) is a left (resp. right) C*-morphism
with dense image.

L.4. ProposiTION. Let C be a coalgebra over the field k. Then the following

are equivalent.

(a) 3 a C*-associative bilinear form B*: C* X C° — k which is left non-
degenerate and whose restriction to CO X CU is right nondegenerate.

(b) 3 Xe C°* whose kernel contains no (right or left) ideals of the form
c*-CCic” . Bor CO-¢B, 0 #£0.

(¢) C s Frobenius.

(d) 3 a nondegenerate C*-associative bilinear form on C.

Proof. (a) — (b). Let Ag. be the functional defined on CH by setting Ag.(x) =
B*(e, ) Vxe CT. Now c¢* - CB Cker Age <> B¥(c*, CU) = 0 < ¢* = 0. Simi-
larly, C7 - = C ker dgs <= B¥(CP, ¢7) = 0 < ¢7 == 0. Thus the nondegeneracy
conditions vield the desired information about ker Ag. .

(b) = (c¢). Let : C0— C8®, C be the right C-comodule structure
on CO. Define ¢,: C¥ — C by ¢, = A @I o4 It is clear that ¢, is a left C*-
morphism. We note that
{3 ea@)) = Y M)y x> = My - %)

(@)
Vxe CO, ye C*.
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Now yeq(CH)* < (0) = {(y, e(C)> = Ay - CP). Thus v =0 and ¢,
is an epimorphism. Finally if either ¢,(x) = 0 or @,(x) e (C")- we obtain
(0) = <CT, @y(x)> == A(CP - x), so ¥ = 0. Thus g, is an isomorphism and C3
is dense.

(c) = (d). Let(C, n) be a Frobenius coalgebra and define B,: C . C — k
by B,(c, d) = {n(d), ¢>. A rapid computation shows that B, is bilinear, non-
degenerate, and C*-associative.

(d) = (c). Given a C*-associative nondegenerate bilinear form B on C
we obtain a linear mapping ng: C — C* which satisfies {ng(d), c. = B(c, d).
np 1s easily seen to be a left C*-monomorphism with dense image.

(c) = (a). Let (C, n) be a Frobenius coalgebra and define B¥: C* x
CO — C by B¥(c*, B) = {c*, p7YcP)>. B, is clearly bilinear and C*-associative.
Left nondegeneracy is equivalent to n~}(CP) = C and right nondegeneracy on
Ct x CPis equivalent to the denseness of CT, and the injectivity of 1. Q.E.D.

Exampres. (1) A finite-dimensional associative algebra is Irobenius
[3] < the dual coalgebra A* is Frobenius. In particular every simple coalgebra
is Frobenius.

(2) Let C = @ C, be a direct sum of coalgebras. We know that C is
coproper < each C, is coproper and that C9% = @ C,B. If 5,: C, — C¥ is a left
C*-morphism then 5 = ®7,: C > @ C*¥ — C* is a left C*-morphism. In
particular C is Frobenius if each C, is Frobenius. On the other hand suppose
that C is a Frobenius coalgebra and that C = D @ E, D, E subcoalgebras.
Choose A € C7* as in Proposition 1.4(b). Nowd* - DP = d* - C°Vd*e D* C C*
(C* is the ideal direct sum D* @ E*) so (0) = A |pn (d* - DP) = Md* - CO) =
d* == (. Similarly A |po (D7 - d°) = 0 = d® = 0. Thus D is Frobenius. Thus
C = @ C, is Frobenius <> each C, is Frobenius. In particular any cosemisimple
coalgebra is Frobenius.

(3) Let H be a Hopf algebra with nonzero left integral A, € f/*. The map
h —> (A, ~— h) defines a left H*-monomorphism »: H — H" [11, 5.13]. By 1.1,
(n* o )(H) C PH is dense in H*. Thus °H = (0) and since °H o~ H ) {, , H has
a nonzero right integral also. Repeating the above argument on the right, we see
that H9 is dense so H is coproper. Since [; is one dimensional, 7 is surjective
so H is Frobenius.

1.5. ProPoSITION. Let C be a Frobenius coalgebra, e an idempotent in CP.
Then

() C©-eand C - e are finite-dimensional projective and injective C*-modules.
Moreover, if {e,} is a maximal set of orthogonal primitive idempotents in C©, then
C=@®C e.
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(b) Let P be afinite-dimensional left CO-summand of C'*™). Then P is projective
and injective and there are orthogonal idempotents {e ,..., e,y C CO, {f; ..., f} C CT
with ©C-e,~ P~ PCA-f;.

Proof. (a) From [2, 2.3] we know that any CP-summand of C% is C*-
projective. Hence CO - ¢ is finite dimensional and projective. Now (C - e)* is
a finite-dimensional injective right C*-module, hence isomorphic to a right
C~-summand of C™ for some n. If {: C — UC = CUis a right C*-isomorphism
then by applying {*) we see that (C7 - ¢)* is isomorphic to a right °C-summand
of (BC)™, Again by [2, 2.3] we have that (CU - e)* is C*-projective, which
establishes the injectivity of CP - e. C - ¢ is injective {2, 2.17], hence also
projective.

For the second assertion [2] shows that C7 = @ C© - ¢,, where {e,} is any
maximal set of orthogonal primitive idempotents. If we apply (! ({: C° — C
a right C’*-isomorphism) we obtain C = @ C - ¢, as desired.

(b) Let P be a finite-dimensional left CB-summand of C™. Since C is
a direct sum of finite-dimensional injectives it is (left) C*-injective [7], hence P
is injective. By applying 7" we see that P is isomorphic to a finite-dimensional
left summand of C3; hence by [2] P is projective. By [2] we know that P =~

CT ey 5 2 CO - ¢y, where {e ,..., e,} C CD consists of orthogonal primitive
idempotents. Similarly since P* is projective, P* =~ f; - C9@® - @ f, - C,
where {fj ..., f;} CCZ consists of orthogonal primitive idempotents. Since

f, - Ct is finite dimensional it is closed in C*; therefore f, - CO = I,*, where
1, is a right coideal in C. Let {f;} be a maximal set of orthogonal primitive idem-
potents in CH containing {f; ,..., fy}. Then it is clear that I, = (f; - C9)" D
@By, C - fs. However, (f;  CH*-NC-f, =(0) so I, = PDy,; C-fz. This
implies that (f,  CO)* >~ C/I, >~ C-f,. Now P P** ~ (f, - CO* D -~
D(fe )Y =C L@ DC fr. Q.E.D.

We turn next to the internal structure of C0.

1.6. DeFINITION. A subset 4 C C* is a right TA-set if for every finite-
dimensional right C*-module N and ne N, n - a == 0 for all but finitely many
ae 4. 1f A< C° we will call 4 a right rational T'4-set.

Clearly a subset 4 C C* is a right T'd-set if N - a = (0) for all but finitely
many @ € .4, whenever N is a finite-dimensional right C*-module. We note that
nontrivial right 7.d-sets always exist. Indeed any set of orthogonal idempotents
is clearly a right (and left) 7'4-set.

Suppose that C' is a coproper coalgebra, {e,} a maximal set of orthogonal
primitive idempotents in C2 = OC. Then C° = @ e¢,Cland welet A = U A_,
where 1, is a basis for the finite-dimensional right ideal ¢,CP. It is clear that 4
is a k-basis for C%, which is a TA-set. For the moment we will refer to 4 as
a special T.{-basis for CC.
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1.7. LEemMA. Let {m,} be the projections corresponding to the decomposition
CP = Pe,lO. For BLCCO set B, ={beB|nb+#0} Then B is a right
TA-set if and only if | B, | << oo for all a.

Proof. B, ={beBle, b+#0} and since ¢,C° is a finite-dimensional
right C*-module we see that B, is finite if B is a T'4A-set. Conversely let N be
a finite-dimensional right C*-module and suppose that N - e, ==
aé¢{y ..., If b¢|JB,, then b =3 eb,, where a¢{x ..., ). Thus
N b = (0). ’ QE.D.

Note that the previous proof shows that B is a right T'4-set if and only ife - 5 =0
for almost all b whenever e is an idempotent in CT.

1.8. LEmMa. Let T: CP — CU be a k-morphism. Then the following are
equivalent.

(a) T carries a special T A-basis to an TA-set.
(b) The matrix of T with respect to a special T A-basis is row finite.
(¢) T carries TA-sets to T A-sets.

Proof. (a) = (b). Let 4 ={a,,7€l} be a special Td-basis and write
Ta; = ¥ A,a, . Fixing { we want A,, = 0 for all but finitely many j. Suppose
that a, € e,CP with {q, ,..., a,} C A abasis for ¢,C". Then Ta, € (T'A), < A, = 0
for some 1 <5 < e. Thus if (T4), = {Taj1 yeens Tajn} then for j == fj ,..., Ja
Ta,¢(TA), and A, , = 0.

(b) = (¢). Let B be a TA-set, A a special right T'A-basis. For be B
write b = 3 y;{bh) a,. Let {e,} be the maximal set of orthogonal idempotents
involved with 4, ¢, C:"N A = {a,,..., a,}, and X = {a; | A,, = 0 for some
1 <7 < ¢}. By assumption, X 1s finite.

Now

T =YY v8) huar € (TB),
= Jke{l,.., € with Y v{(b) A #~ O
= djs.t.y,(d) £ 0 and Ay £ 0O
= aq;€ X  for some j involved in b.
Consequently if a; € e,CC then b € B, . Hence (TB), = U {Bs | a,€ X N ,CT},

which is finite.
(c) = (a) is trivial. Q.E.D.

The set of k-endomorphisms of CU just described is a subring of End, CB,
which contains End.(C5,) and which is stable under the left action of C*,



GENERALIZED FROBENIUS STRUCTURE 435

Let (C, n) be a Frobenius coalgebra, 4 = {a, | i€} a k-basis for C7, and
B C C* the dual functionals to the basis 4. Letting B} be the form described
in the proof of (d) = (a), Proposition 1.4, we see that BX(d;, a)) = 3,; so 4
and B are dual with respect to B¥. We call B the #-dual (or B*-dual) set ‘to 4.

1.9. ProrosITION. Let (C, ) be a Frobenius coalgebra, 4 a k-basis for CP,
and B the corresponding BY-dual set. Then B is a right (vesp. left) TA-set with
respect to rational right (resp. left) C*-modules.

Proof. Let (M, p) be a finite-dimensional rational right C*-module, D =
(ker p)-. D is a finite-dimensional subcoalgebra and yM C D @ M, ¢ the
C-comodule structure. Choose a ,..., a; s.t. DCY kp~(a,). Then it is clear
that M - b, = (0)ifj = 1,..., . A similar proof holds for rational left C*-modules

Q.E.D.

1.10. Tueorem. Let (C, %) be a Frobenius coalgebra, A ={a,|icl} a
TA-basis for CO, and B = (b, | j € I} the n-dual set. Then kB is a right ideal.

Proof. For xe C*, ¢@— xcD is a right C* morphism, and hence by the
remark following Lemma 1.8 is row finite with respect to .4. For x € C* write
x-a, =Y a;A;,(x) and compute

BX(bx —Y N (x)b, ,a) = BXbx,a)— ) A, (x) BXb,, a,)
== BX(b,,) a} (¥) — A (x) = 0.
By nondegeneracy b, - © = Y A,(x) b, as desired. Q.E.D.

Note that since B is an independent set we see that b, - x = 3 Au(x) b, <
X a, =3 apAg(x).

Before leaving this material we note that the bilinear form B* arising from
a Frobenius coalgebra (C, n) induces a k-monomorphism from C* to CO*
which is easily seen to be an isomorphism. We also note that

Bi(xv, ) = 3 Bf(x, §)<p: Gy

Va, v eck, Be (o,

I.11. THEOREM. Let (C, 1) be a Frobenius coalgebra, {a,|icl} a TA-basis
Jor CO, and {b, | jeI} the n-dual set. Let (M, p) be a finite-dimensional rational
left C*-module. Then the following are equivalent.

(1) M is projective.
(2) M is injective.
(3) IXeEnd;, Ms.t. 3 p(a,) Xp(b) = I, .
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Proof. Note that the sum in (3) is well defined since p(b,)m = 0 a.e.
(1) = (2) is standard.

(3) = (2). Let (N, o) be a left C*-module, 7: M — N a C*-mono-
morphism, and let =: N — M be any k-splitting. Set P = 3" p(a,) Xno(b;) €
Hom,(N, M). We compute

¥ P(n) =) xa; - (Xb, - n)
=) @\, (x)(X(bn))
=2 a, " (Xm(d,,(x) b; - n))
= a, (Xn(b, - x - m))
= P(x - n) Vxe C*, neN,
and
Pr(m) =3 a; - (Xm(b; - 7m))
=Y a, (X(b; - m))

= m.

(1) = (3). Let w: C*® M — M be the left C*-module structure. It
is clear that w | C2 & M is surjective. Thus 3 a C*-morphism u: M — C? @ M
such that wp = I, . We define y: CB Q) M > C* X M by setting y(c® & m) =
B(e, ¢H)e @ m and compute

Zla‘ (b, (g ©m))) = lZa, “B(e, ba)e @ m)
= Z a,B¥b, ,a)@m
= a; X m.
Thus 3,a, b, -2) ==2V2eCO @M. Set X =wyp: M ->C @M —
C* ® M — M and compute
S, X, m) =L (S a, b, o))
= Lum
=m Yme M
as desired. Q.E.D.

Note that the proof of (3) = (2) shows that Y a, - (Hom(M, N) b, C
Hom.(M, N)and that this action is reminiscent of the action of an integral in the
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case of a Hopf algebra (cf. [1]). Also the implications 1 = 2, 3,3 = 2, 1 are
valid even if M is infinite dimensional, provided one restricts attention to the
category of rational C*-modules.

1.12. Proposition. Let (C, 7)) be a Frobenius coalgebra, {a; | i e I} a TA-basis
for CB, {b; | jeI} the corresponding n-dual set, and p: C* — End M a rational
representation. Then

Z BXe a)p(b) =1,,.

Proof. Let ¢ = 7"YC) = @ kep(a;) and if we identify kp(a;)* with kb, we
see that ¢* — I1{c*, pa,> b, is a k-isomorphism between C* and ITkb; . If (M, p)
is a rational C* module then pb; = 0 a.e. so the indicated sum makes sense.

Now let m € M and writing i,,m = 3 m; & ¢a, (i, , the comodule structure
map) we compute,

Z Bn*(G, ai)b; Tm = Z {e, ‘P(a¢)><bl ’ ‘Pa,> m,
== z e, p(a,)> m,
= m. Q.E.D.

1.13. ProrosiTioN.t Let (A4, n) be a Frobenius bialgebra. Then the space of
left (resp. right) integrals is 1-dimensional.

Proof.

[ = trean iy = G Lpxvyeds,
1

71 J‘L:{aeA[y-a:<y,1A>aVyeA*}

={aecd|da=a® 14
=kl,. Q.E.D.

Note that the existence of an integral in the infinite-dimensional case does not
guarantee that A is a Hopf algebra as is the case for certain finite-dimensional
cases [5]. Indeed if S is an infinite semigroup then 4S is a Frobenius bialgebra
and hence has a nonzero integral. But &S is a Hopf algebra < § is a group.

2. In this section we construct one automorphism of CP and derive
some of its properties.

1 As pointed out by the referee, Proposition 1.13 is far more general. If g€ GC and
L, ={xeC*|yx = {(y,g>xVy € C*}, then L, is a two-sided ideal. If (C, ) is Frobenius
thenpiL, = {ceCly -¢c="3,g0cVyeC*} = {ceClsc =c g} = kg.

481/62/2-13
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2.1. Lemma. Let (C, n) be a Frobenius coalgebra over k and {e,| € N}
a maximal set of primitive orthogonal idempotents in CO. Then
(1) C - xis finite dimensional Vx € C".
(2) Themap v: C° — CU defined by 7(x) = Y, n{p(e,) - x), where p = n71,
is an algebra morphism.
Proof. (1) Since no: is a right C* isomorphism between C and CT,
¥ o (C-x) =n*o(C) & = CP-xis fd.
(2) It is clear that {@(e,) x| ¢(e,) - x # 0} is linearly independent.
By (1) this set is finite and so 7 is well defined and linear.
Now g(x - 7(y)) = Zap(x - n(p(er)  3)) = Lo pl3es) "y = (%) "y Vx € CP
since >, & - €, = #[2]. Therefore 7(x) 7(y) = n(p(7(x) - 7(3)) = n(e(r(x)) - ) =
7p((x))  ¥) = WXo ple) - xy) = (xy). QE.D.

2.2. Lemma. Let (C, n) be a Frobenius coalgebra, and t the algebra endo-
morphism of 2.1. Then ¢ - 7 is a right C* isomorphism between CT and C.

Proof. (por)(xy) = 2Laples) %y = (po7(x)) "y, so @or is a right
C*-morphism. Q.E.D.

We have already seen (Proposition 1.1 that n* o . is a right C*-morphism
between C and CD and we now claim that (»* o )~ = ¢ o 7. It suffices to show

that @ o 7 is a right inverse to n* o «.
For ¢, de C, it is evident that (n™* o (c), d> = {(5(d), ¢>. Thus

(o o ), 4 = <u(d) g e 76> = (@) L oled) - )

= (le, L 9l(@) - € 3) = o, 0(d) - 5>
= ee,d-xy = {x, d). Q.E.D.
These two lemmas yield the following:

2.3. THEOREM. Let (C, m) be a Frobenius coalgebra, v as before. Then + is an
algebra automorphism.

2.4. COROLLARY. 7 is independent of the choice of idempotents {e, | o € A}.
Proof. 7 =mo(np*o)™L, Q.E.D.

Suppose that H is a Hopf algebra and A e H* is anonzero left integral. Let
n: H— HO be defined by n(h) = A — h, (cf. Example 3). For A, ke H,
o o (), By — Ca(R), By — A — By by — A, BS(R)> = & — by S(R)> —
{S*(A — h), k> and so n* o (k) = S*(A — k). Now if x€ H” and ¢ = 7! as
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before, then 7Y(x) = (¥ o) 7Y (x) = (97 o (p(x))) = S*(A — ¢(x)). Without
loss of generality we may take @(d) = 1y and so 771(}) = S*(A — 1) =
S*(A). S* is surjective (S is injective) so S*(A) is a right integral for H, and
nonzero since S*(A) = 77YA).

We conclude this section with the following useful fact.

2.5. LemMa. Let (C, n) be a Frobenius coalgebra. Let z,(CP) = {x € C° | yx =
xr(v) Vv e CF), and let x(C) = {ce C | dc = T dc}; then n(x(C)) =- 2,(C).

Proof. cex(C) = ¢* ¢ = ¢ c¢*Ve* e C*. Then n(c) 7(y) = n(c - y) =
7y - ¢) = yy(c). Thus n(c) e Z(CT). Conversely, if xe Z(C7) and ye CP,
then y1(¥) — 77X(3%) — 1~ Yr(3)) = 7 (((E 77(e,) ) = 77 1) v. Now
C" @ CY is dense in C* QC* and (4 — T4) v Yx)e(CP & C9)*". Thus
4 — T4y 5 Yx) e (C* ® C*)* so (4 — Td) nY(x) = 0. Q.E.D.

3. This section serves as an introduction to character theory for co-
algebras. We begin with a basic view of characters for associative algebras [2].

3.1. DerintTiON. Let C be a coalgebra over k. A character y of C is simply
a cocommutative element. If A is an associative algebra over k then a character
on A is simply a character on A% The space of characters on 4, char 1, is thus
(4, A1* n A4°.

A character on C* is called rational if it lies in (C) C C**. We will always
identify a rational character on C* as a character of C.

3.2. ExampPLE. Let A be an associative algebra and (4, p) be a finite-
dimensional A-module, Then y = y,, = trop is a character on 4. We will
also say that y is afforded by M in this case; similarly for characters afforded by
comodules.

Let (M, p) be a finite-dimensional rational C*-module, {m,} a basis for M.
Set m, == > m, ®c,, . Then xp =2 ¢,). Thus the character associated
to a rational module is rational.

Conversely let (M, p) be an absolutely irreducible finite dimensional C*—
module whose character is rational. Then M is rational. Indeed let {m,} be
a basis for M and choose ¢f; € C* with p(c}) = E,, . Set ¢* - m, ==Y m,f,(c*),
where f,, € C**, and let x5, = 1(¢). Then f,, = 3 {cf5, cq)> e €¢(C) and M
is rational.

3.3. PROPOSITION. Let y be a character of the coalgebra C, M a simple comodule.
Then y is afforded by M < y generates Suppc(M).

The character x,, is called irreducible, absolutely irreducible, etc., if M is
irreducible, absolutely irreducible, etc., and characters in general are class
functions since [xg~1, g] = & — gxg! for any unit in 4(C*). Also characters
afforded by representations are clearly additive “in M.” The following results
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also hold for coalgebra characters and are obtained by considering rational
A = C*-modules.

3.4. PropositioN. Let (M,, p)i = 1,2 be absolutely irreducible finite-
dimensional A-modules, x; the corresponding characters. Then

My =M, <y, = xs-

Proof. y; = x5 = kerp, = kerp,, for p, is surjective and ker p, =
{x | xi(xa) = 0,Vaec A}. Thus 3 an isomorphism 6: End M; — End M, s.t.
p10 = po . If 0 is realized as conjugation by the isomorphism 7: M, — M, then
the last equation states that 7T is a module morphism. Q.E.D.

3.5. ProposITION. Let (M, ,p,) 1 = 1,..., t be inequivalent absolutely irre-
ducible finite-dimensional A-modules, x, the corresponding characters. Then
X1 1> Xz @re linearly independent.

Proof. Let x, = 3,55 3,x, be a dependence relation. Then (), ker p, C
ker p, . Thus 3 a morphism @, End M, — End M, s.t.

A
oy ®o, commutes.

End M|, —————————— @5, End M, . This = M, ~ M; somej > 1.

3.6. ProPOSITION. Let A be a s.s. algebra with min-r over an a.c. field k.
Then char(A) is spanned by irreducible characters.

Proof. Let f e char(A) and let I be a cofinite ideal in ker f. 4 = A/I is finite
dimensional, s.s. over an a.c. field. Thus 4 = End M, @ --- @ End M, , where
(M;, p;) are irreducible representations of 4. Then p;: A — 4 — End M, are
irreducible representations of 4. f induces a functional f on 4 and f =¥ fp, ,
f. = | End M; . Now ker f; 2 [End M, , End M,] so f; = 2; trgnarr, , 2: € k.

Now:

fla) =fla+ 1)
— 7(Z A+ D)
=Y fipa + )
=Y % trggam,pila + 1)
= z 3, trgnampi@)

= Z 2ixm(@)- Q.E.D.

We turn next to some character aspects of coalgebra theory.
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Let C be an arbitrary coalgebra. We set coco(C) = ker(d — T4) = {co-
commutative elts} and note that coco(@ Cy) = @ coco Cp .

3.7. ProposITION. coco(C) = [C*, C*]-,

Proof. cecoco(C), a*, b*eC* = (a*b*, ) = (a* Qb* Ac) = (a* ®
b*, TAc» = (b* ® a*, Ac> = (b*a*, c>. .".c € [C*, C*]1. The reverse inclusion
is similar. Q.E.D.

3.8. ProposiTION. Let C be a coalgebra. Then 3 minimal coideal | with
I(4 — T4)C J ® J. Furthermore, J*- = center(C*). Call ] the cocenter of
C(cocen(C)).

Proof. Let {¢;} be a basis for C and write (4 — TA)c =3 my(c) D ¢; -
Let J = span(my(c) | 7, c¢) and choose ¢} € C* with {cf, ¢,) = §,;.
For c* € center C*,

0= (f¢* ¢, 0)
= (X @ cf, Ay — {cf @ c* A
=L{c* @cf, (4 — Ty
=) L*@cf,mlc) Dc
= {c*¥, m,(c)).
Thus center (C*) C J*.
Conversely, for c*e J*, x* e C* ceC, {Jc*, x*], > = (¥R (4 —
T4A)e> = 0, so center(C*) = J*-
Now repeat the same argument on the right to obtain a subspace J' with

center(C*) = J'*, and (4 — TAYC)C C® J'. Thus J = J is a coideal and
(4—TAO)CJRCNCR]=]J&R] Q.E.D.

3.9. Remark. C = @ C,, = cocen(C) = @ cocen(C,,).

3.10. Tugorem. Let C be a c.s.s. coalgebra over an a.c. field k of characteristic
p. Assume that (dim C,., p) = 1, V simple subcoalgebra C,,. Then

C == cocen(C) @ coco(C).

Proof. C = @ C,, therefore it suffices to establish the result for C simple.
In this case C* o~ k, for some n and our hypotheses imply that (n, p) = 1.
It is trivial to see that k, = kI @ [k, , k,], hence C ~ (center k,)* @
[k, , k,]* =~ cocen(C) @ coco(C). Q.E.D.
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3.11. AprrricaTiON. Let G be a finite group with (| G|, p) = 1. Then
A = kG = center(4) @ [4, A] and # inequivalent absolutely irreducible
representations < dim center(Ad) = # conjugacy classes in G. For arbitrary
finite G we always have # inequivalent absolutely irreducible representations

<« dim center(kG/[rad(kG)).

3.12. Remark. We shall see that the above result holds for c.s.s. Hopf
algebras.

Let (M, p) be a rational left C*-module. D = D,, == (ker p)* is the unique
minimal subcoalgebra of C with $(M)C D ® M, D is called the cosupport
of M, and we observe that M is a faithful rational D*-module. Fix m* e M*.
Then M — M & C —""%' k(& C — C is a comodule morphism, and hence
M is isomorphic to a subcomodule of C*. In particular every simple C-comodule
is isomorphic to a minimal right coideal.

Let A be a minimal right coideal in C, and set H(A) = >{\' CC | X =~ A}
Let {A, | b€ B} be a representative collection of minimal right coideals. Then
corad(C) = @ H(A,), and H(),) is a simple subcoalgebra. If A is an absolutely
simple right coideal of dimension d, then H(A) =~ @ A.

3.13. ExamprLE. Let L be a split s.s. Lie algebra over a field of characteristic
0, U == u.c.a. (L), {V; | te T} a representative collection of irreducible finite-
dimensional L-modules. Then each V, is absolutely irreducible and {V, | ¢t T}
is a representative collection of simple U®-comodules. This implies that U°
is the direct sum of simple subcoalgebras H, = @% V, (as U%-comodule).

3.14. ProposiTioN (Larson’s coordinatization [S]). Let M be an absolutely
stmple right C-comodule, D the cosupport. For each choice of basis {m;} for M,
there is a basis {d;,} for D s.t.,

(a) l)[lml.‘ == Z mg ® de >
(b) Adu = 2 d?k ) dlcj ’ e(di]) - 82‘) .

If M is a rational left H*-module, A a Hopf algebra, then End M inherits an
H*-module structure which is characterized by (A* — T)m) = 3 (A* — mqy))

T(m@) [1]-

3.15. THEOREM. Let H be a c.s.s. Hopf algebra with S® =1, (M, p) an
absolutely irreducible rational H*-module, and X a nonzero idempotent in |, .
Then (dim M, char k) == 1 and

1
A= p(h*) = g7 Xu(R)L.
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Proof. We know that A — End M CEnd yM = kI, so A— T = y(T)L.
Computing A — E;, , we see that

(A - Ez])mk = Z A= dsk . Ei}ms
= A—=dymy
= Z mr<)\ - d}k sl
=3, m<A, d,;Sd;).
Since A — E,; is diagonal we see that

N, d,Sd;y = 0 if r£k
= y(E,) if r=~r

Thus (A, d,,;Sd;;> = y(E;;). Summing over k yields

<>\, z dkiSdiIc> = dim My(E,;)

or

tr(E;;) = 8,, = €(d,,) = dim My(E,;).

Thus tr(7T") = dim My(T) for all 7€ End M. In particular, 1 = tr(E,;) =
dim My(E;;) so (dim M, char k) = 1. We thus see that A — T = (1/dim M) -
tr(T) for all T e End M. Q.E.D.

Let H be a c.s.s. Hopf algebra with S? = I,

3.16. CoroLLARIES. (i) H = cocen(H) @ coco(H) and H* = center H* @
[H*, H*].
(i) H* has at most dim(center H*) inequivalent irreducible representations.
(i) H s f.d. < coco(H) is f.d. < center H* is f.d.
As a final observation we see that if y is a character of a coalgebra C, then

B(c*, d*) == {c*d*, x> defines a symmetric bilinear form on C* (which is
nondegenerate precisely when x generates C).

4. Let (C, n) be a Frobenius coalgebra and (M, p) an irreducible left
C*-module. Recall that socley,(C*) = Y {left ideals I C C* | I ~ M} is a two-
sided ideal of C*. If M is a rational module then socle, (C*) C CT, socley (C*) =
socle, (CP), and is a finite-dimensional simple ideal. Furthermore

7~ Y(soclep(C7)) = suppc(M) = (ker p)".
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4.1. ProrosiTION. Let (C, n) be a Frobenius coalgebra, (M, p) a rational
irreducible left C*-module. If ¢ € supp(M) then (ker p) - n(c) = (0) and for any
left C*-module N, C*x(c) - N C socley,(N).

Proof. The first part is clear since kerp-¢ = 0. For the second part
ker p - C¥x(c) - N =(0) so C*y(c) - N is a module for the finite-dimensional
simple algebra C*/ker p. As such it is a direct sum of irreducibles isomorphic
to M.

4.2. ProrosiTioN. Let (C, m) be a Frobenius coalgebra and let (M, p) be an
irreducible rational left C*-module. Then socley(CP) is a nonzero simple two-sided
tdeal. Moreover the following are equivalent.

(a) socle,(CP) is a block of C°.
(b) (socley (C))* 7 (0)-
(c) M s projective.

Proof. Since M is simple, suppc(M) is a finite-dimensional simple sub-
coalgebra. By Proposition 4.1 if we take 0 5 ¢ € supp(M) then 0 # %(c) e
CB - n(c) - COC socley(CP). We claim that CO%(c) - CT = socley,(CF). Indeed
let 7 C CO(c)C be a minimal left ideal (hence I ~ M) and let f: I — C® be a
left C*-morphism. Since CU is injective (Proposition 1.5) 3 a CP-morphism
g:C* - CUO st. g|; = f. Then f(I) = gI) = I - gle) C COx{c) COC° C
Cy(c) CE. Moreover this argument shows that C* (hence CF) acts transitively
(from the right) on {minimal left ideals}, and thus socle,, C is simple.

(2) = (b) follows from the fact that CU has no nil (module) summands [2]
while (a) = (c) follows from the fact that M is isomorphic to a CP-summand of
CA [2]. (b) = (c). If M is not projective, then M = I, I a bottom composition
factor of CP, for some a ({e,} 2 maximal set of orthogonal primitive idempotents)
[2]. ssut then 7 C rad(CO), so socley(CT) C rad CP C ker p.

(c) = (a). Since M is projective, M =~ CTe, for some « ({e,} a maximal
set of orthogonal primitive idempotents). Now 5 is linked to ¢, <> ¢,Ce, # (0)

so eg linked to ¢, implies that the top composition factor of CPe; is isomorphic
to M, and hence CB; =~ CCe, [3]. Q.E.D.

4.3. ProrosiTioN. Let (C,n) be a Frobenius coalgebra and M, N simple
right-comodules. Then M ~ N if either n(supps M) - N # (0) or {5(suppc M),
(suppc N)> + (0).

Proof. 'The second condition is stronger than the first for 0 % {(n(c), d>,
cesuppc M, desuppe N implies 7{c) ¢ ker py, hence 7(c) - N = (0). Now
n(suppe M) - N == (0) together with proposition 4.1 immediately establishes
M~ N. Q.E.D.
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We note that the above proof shows that n{(c) n(d) # (0) (¢, d, M, N as above)
implies M =~ N.
We conclude this section with a result on characters.

4.4, TuroreM. Let M be a simple right comodule for the Frobenius coalgebra
(C, m), and let y,, € C be the corresponding rational character (cf. (3.3)). Then
CPn(xns) = soclepy(CB). In particular M is projective < m(xp)* # 0.

Proof. By the proof of the first part of Proposition 4.2 socley(CY) =
C9q(xp) CP. However, Lemma 2.5 shows that COx(y,) CP = Cq(x) 7(C7) =
C%%y(xas) = CPn(xa) since CU is dense.

For the second part, if M is projective then (0) # (socley; CP)? = COn(xy) -
COn(xa1) © COn(xar)? 50 (xas)? # 0. Conversely n(xas)? 7= 0 implies (socle. M)? 4
(0) so M is projective. Q.E.D.

Theorem 4.4 shows that a simple comodule M is projective if and only if
1(xa) is a unit in socley; CB. This together with Proposition 4.3 shows that

(xar) 18 2 unit <= {n(xpr)y xp» 7 0.

5. 'This last section develops orthogonality relations for characters for
Frobentius coalgebras and parallels the procedure in [4].

5.1. TueoreM. Let (C, ) be a Frobenius coalgebra, M, N simple C-comodules
with characters y and xy , vespectively. If {n(xp), x> % O then M ~ N and
xm = xwn -If{a;}is a TA-basis for CV and {b,} is the B*-dual set theny , {a; , xps) -
by xwy #0 = M= N.

The proof of Theorem 5.1 follows from Proposition 4.3, Theorem 4.4, and
Proposition 3.4 and the fact that n(c) = > <(b,, ¢) a, .

5.2. CorOLLARY. If M = N theny ; {a,x, xxy><bs, x> = 0 Vx e C*.

Proof. m(xr) = 20 <bi, xm> a: s0 2, {ax, xy)<bixm) # 0 implies 0
), w2 = <xm)s % xn» so N = M (by Proposition 4.3).

If H is a Hopf algebra with nonzero left integral A, and we choose the usual
morphism 7 given by n(h) = A — A, then {n(xa), xa = A —xm, xy0 =
A xySxay. We thus obtain the following restatement of Larson’s character
formula [5].

5.3. THEOREM. Let H be a Hopf algebra with nonzero left integral A - 0, M, N
simple H-comodules with (A, x5y Sxar» =~ 0. Then M =~ N.
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We list several alternative versions of Theorem 5.3 as

5.4. CorOLLARY. Let H be a Hopf algebra with nonzero left integral A, n as
above {a,} a TA-basis for CO, {b,} the n-dual set, and set ¢, = n~ta,. Let M, N
be simple H-comodules. Then M =~ N if either

(@) X.<a;, xxy><bis x> #00r
(b) 2 A, xwSe:<b, , xp) #~ O holds.

5.5. Derinition. Let C be a coalgebra over a field &k, M a simple right
C-comodule, N an arbitrary right C-comodule. M is said to have finite multi-
plicity in N if there is a bound to the number of occurrences of M as a compo-
sition factor for finite-dimensional subcomodules of N. In the contrary case M
is said to have infinite multiplicity in V.

Clearly a coalgebra C is finite dimensional if and only if corad(C) is finite
dimensional and every simple C-comodule has finite multiplicity in C.

5.6. ProrosITION. Let C be a coalgebra and M a simple right C-comodule,
I a right coideal having M as composition factor m times. Then C*[I* has M*
as composition factor nt times.

Proof. | a composition series for I.

5.7. ProrositioN. Let C be a left coproper coalgebra, J a closed cofinite right
ideal in C*. Then C*[] and C?[] N CU are isomorphic C*-modules.

Proof. C*/]is a cyclic rational C*-module and the canonical map 6: C* —
C*[J(ssJ**) is continuous. Then 6 |.c is surjective so C*/] = 6(C") =~
(Co+ PIJ = CoJn o Q.ED.

Recall that if C is coproper and CO = @ ¢,CY is an idempotent decomposition
for CO, and if N is an irreducible rational C*-module, then Ja s.t. Ne, 5% (0)
for some primitive idempotent ¢,, so N = Ne, C7 for some «, and hence
N~ euCD/earadCD [2, 3).

One easily obtains from [3] that the number of composition factors of ¢,C"
isomorphic to N is dim ¢,C%, = n, . Note that n, = 0 a.e.

5.8. Tueorem. Let C be a coproper coalgebra, M a simple right C-comodule.
Then M has finite multiplicity in C.

Proof. 1t suffices to produce an integer m > O such that M* appears fewer
than m times as a composition factor in C5/] for all cofinite right ideals J of CP.
Let J C CU be a cofinite right ideal. Then ¢, € Jae. Let J' =3 {,(7 | ¢, €
JyC J. J' is a cofinite right ideal and the number of occurrences of M* as a
composition factor in C2/J' ~ @ {e,C” | ¢, ¢ J}isatmost3 ng = m. Q.E.D.
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Let (C, ) be Frobenius and {M,, | u € U} a representative collection of simple
right C-comodules; {x, | p € U} the corresponding characters. Let N be a finite-
dimensional comodule having M, as constituent 4, = times. Thenxy =¥, A.x..,
and by Corollary 5.2 for fixed p,, x € C*,

)% Xy = 3, 1o(X) %) Xug>
= D, X(Xug) %5 Xuy)-

5.9. ProPOSITION. Let (C, ) be a Frobenius coalgebra, {a,} a T A-basis for CU,
{b,} the dual Bf-set, M a simple right C-comodule, and N a finite-dimensional
C-comodule. Then

o)~ % x> = haelnxss) * %, xm>
- hMZ <bl ) XM><azx! XM>

Va e C* (hyy , the multiplicitv of M in N).

Proof. n(XM) = Zl <bz ’ XM> a,, SO /\TI(XM) X, XM> = 21 <b1 ’ XM><aix) XM>
The result follows easily from this. Q.E.D.

Let M be a f.d. simple projective C-comodule, (C, ) Frobenius. We know
that socley(C) = 4 is a block so .4 ~ M,(D), where D is a division algebra
and /4 is the multiplicity of M in 4. Hence A2 dim D = h dim M. In particular,
if h -~ 0 (in &) we obtain 4 dim D = dim M.

5.10. Tueorem. (a) Let(C, n) be a Frobenius coalgebra, M a simple projective
C-comodule, N a finite-dimensional C-comodule in which the multiplicity of M is
the same as the multiplicity of M in CO. Assume that the multiplicity hy, of M
in Nisnot Oin k. Then Ix € CU s.t. {n(xy) * %, xp> # 0. Furthermore,

(b) dimy D = In(xw) % xar 7t eQnn) 2, <Oy, Xm0, " %, xar>, where {a;}
is a T'A-basis for C7, {b,} the corresponding dual set.

Proof. Since socley(CY) is a block, C7% = socle,(CT) @ (C N ker py,).
Now {socley(CT), xas - 7 (0) together with socle, (CP) = 7(x,;) CZ (Theorem
4.4 and Lemma 2.5) implies that {%(xr) CT, xas, 7 (0) so Ix € C7 s.t. {n(xa) -
x, xar- = 0. put now (plxw) - %, xare = Marlplxar) © %, xuy # 0.

Since dim 3 == ¢(x,s) we need only combine Proposition 5.9 with the observa-
tion preceding Theorem 5.10 to obtain the result. Q.E.D.

If M is not projective, then Theorem 4.4 together with Proposition 4.2 shows

that (0) - n(xa) Con(xa) = 1(xa)l(C*n(xar)- Thus Ve C*, n(xar) xn(xar) =0
50 “7(xpm) * ¥, xas> = 0. Thus a necessary and sufficient condition for a simple
C-comodule 3 to be projective is that 3 an x e C* with (5(xa) * %, xar> 7 O.
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At this point we translate Proposition 5.9 and Theorem 5.10 in terms of a
C*-associate nondegenerate bilinear form B on C.

CoroLLARY. Let (C, B) be a Frobenius coalgebra, M a simple C-comodule,
and N a C-comodule. Then B(x - xa, xn) = I B(x - xar > xar) Yx€C*. In
particular B(xas , xn) = ArB(xs > Xnm)-

5.12. CororLARY. Let (C, B) be a Frobenius coalgebra, M a simple projective
C-comodule, N a C-comodule in which the multiplicity of M is the same as the
multiplicity of M in C. Let D be the division algebra part of socley, C°. Then

dim D — — <) pe
Bloxa 1 xw) X0 X00)

for all x & C* with B(xxas , xa1) # O.

We conclude with

5.13. Tueorem (First orthogonality relation). Let (C,n) be a Frobenius
coalgebra, B = B, , and M be an absolutely simple C-comodule with (dim M,
char &) = 1. Then M is projective <3Ix € C* such that {y(xp)*, xar> = B(x -
x> Xm) = 0. For each x € C* with this property there is a A = Mx)e k, A # 0
such that for every simple C-comodule N,

dim, M
Sy.m = —’*’Xk'“‘"z <by s xmolax, Xno

= _E();L) B(xXM ’ XN)’

where {a;} is a T A-basis for C° with {b;} the dual set.
Proof. Clear.
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