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Three entropies of a state in C*-dynamical systems are introduced and their
relations and dynamical properties are studied. The entropy (information)
transmission under a channel between two dynamical systems is considered. We
find a condition under which our entropy becomes a dynamical invariant between
two systems.

INTRODUCTION

The concept of state in a physical system is a powerful weapon to study
the dynamical behavior of that system. The entropy of a state is a measure
of uncertainty or randomness of a dynamical system. After Shannon, the
concept of entropy plays an essential role in information theory as well as in
statistical mechanics. In these theories, not only entropy but also its
transmission is important. The mechanism of transmission is expressed by a
so-called channel between input sources and output receivers.

LASER physics has been much developed and its usefulness to infor-
mation theory has been recently realized. Many trials [5, 6, 8-10, 15] have
been made to find a mathematical basis of quantum information theory. In a
previous paper [15], we introduced several ergodic channels and studied
their dynamical properties.

In this paper, we mainly study the entropy transmission in quantum
systems within C*-algebraic framework.

In Section 1, we introduce three different entropies of a state in C*-
dynamical systems. We then study their relations and properties.

In Section 2, the entropy transmission through a channel is investigated.
We consider under what conditions on a channel the entropy (information)
can be transferred from an input system to an output system without any
loss. In other words, we find conditions under which the entropy of a state is
a dynamical invariant.
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1. ENTROPIES IN C*-DYNAMICAL SYSTEMS

Since Von Neumann introduced a quantum mechanical entropy around
1932, many physicists have applied it in several dynamical systems and
studied its general properties [11, 13, 14, 22].

This entropy is defined as follows: Let -# be a separable Hilbert space
with the inner product { , ) (in this paper we assume the separability of #~
for brevity) and T(#), , be the set of all positive trace class operators p
with tr p = 1. Then the Von Neumann entropy of p is defined by

S(p)=—trplogp.

In the same vein, the relative entropy between two states p and o is defined
by

S(plo)=trp(log p —log o).

These entropies play an important role in studying quantum dynamical
systems.

By several physical reasons, we had better extend the above entropies to
those of C*-dynamical systems. The program of this extension has been
almost made for the relative entropy by Lindblad, Umegaki, Araki and
Uhlmann [2, 3, 12, 19, 20]. The generalized relative entropy has turned out
to be useful to study quantum systems [I, 7, 16, 22]. In this section we
proceed with this program for entropy.

Let & be a C*-algebra with unity /, S be the set of all states on .« and
a(R) be a strongly continuous one-parameter group of automorphisms of .«".
We call this triple («, &, a(R)) a C*-dynamical system. It is known that
most physical systems can be described by this triple.

For each state ¢ € S, there exists a unique (up to unitary equivalence)
cyclic (GNS) representation {#,,n,,2,} such that ¢(4) = (Q,,n,(4) 2,)
for any 4 in 7.

Let us here introduce the following special subsets of & for the sequel
discussion: (i) I(a), the set of all a-invariant states (i.e., ¢ o o, = ¢ for every
t ER), and (ii) K(a), the set of all KMS states with respect to a, at a certain
inverse temperature f=1 (i.e., ¢ € K(a) if for any pair 4, B in &/, there
exists a bounded function F, p(z) of complex number z € C continuous on
and holomorphic in the strip 0 <Im z < 1 with boundary values F, p(¢) =
8(a(A)B) and F, ,(t + i) = $(Ba,(4)))

It is known that a KMS state w.r.t. o, is automatically a-invariant and
would be one of the most appropriate states to describe thermodynamic
equilibrium.

We denote by ex & the set of all extreme points of a weak*-compact
convex subset . of & (e.g., ¥ = I(a), K(a)).
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Now, for each ¢ € I(a), there exists a unique one-parameter unitary group
u®(R) such that n (a,(4))=uln,(4)u®, and u?2,=2, hold for any
A € .5 and all t € R. Let E, be the projection from the cyclic Hilbert space
#, to the set of all u®-invariant vectors of #,. The dynamical system
(7, a(R)) is said to be G-abelian on ¢ € /() if E 7,(/)" E, is an abelian
Von Neumann algebra.

It is known [18] that for any state ¢ € S, there always exists (but not
necessary unique) a probability measure 4 on & such that ¢ = | w du (i.e., ¢
is the barycenter of u). Further there exists a unique o-weakly continuous
map 6, of L*(S,u) into m,(+) such as 6,(1)=1 and (2,,0,(f)
n,(4) 2, = [ f(w) w(4) du for any 4 € =7 and f € L™(S, ). This measure
4 is said to be orthogonal if 0,(15)&(1 —15)=0 for the characteristic
function 15 of any Borel subset S of ©. When the measure u is orthogonal,
6, is a *-isomorphism and the set %, = {6,(f)|f € L*(S, 1)} is an abelian
Von Neumann subalgebra of 7,(+")’. Moreover, for a weak*-compact
convex subset .%” of & and ¢ € .7, there exists a maximal (in the sense of
Bishop—deLeeuw) measure 4 on . such that ¢ is the barycenter of u and # is
pseudosupported by ex . in the sense that u( %)= 1 for every Baire subset
B of ¥ with & >ex.¥. In this case, we write

] =£ex B w du.

This measure u is not always unique. However, it is shown [18, p. 241}, that
for every 4 €S and every abelian Von Neumann algebra & of n ()",
there exists a unique orthogonal measure x4 such as %, = %. In particular,
(i) if # is the center 2, =n, ()" N, (), then the unique orthogonal
measure 4 w.r.t. 7, is pseudosupported by the set of all factor states and it is
called the central measure of ¢, and (ii) if the dynamical system (=7, a(R)) is
G-abelian on ¢ in I(a) and % is the set 7, (%) Mu®(R)’, then the
orthogonal measure ¢ w.r.t. ¢ is unique and u is pseudosupported by ex I(a).

We now define the entropy of a state in our dynamical system as follows:
For each state ¢ in a weak*-compact convex subset .% of &, as discussed
above, there exists a probability measure ¢ pseudosupported by ex &, If this
measure g is atomic in the sense that ¢ is expressed by ¢=>",4,0,,
¢,€Eex., >, 4,=1, 1,>0, then the entropy of ¢ with respect to .% is
given by

§7(¢) = inf

_Zlnlog/l,,s,

where the infimum is taken for all possible discrete decompositions of ¢
because the measure u is not always unique. If u is not atomic, then S"”(g) is
defined to be infinite. Naturally, S”(¢) > 0 and =0 iff ¢ € ex .#.
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According to this definition, the entropy of ¢ does depend on the set .
chosen. In this paper we consider three cases . =&, I(a), K(a). Therefore
we have three entropies S®(4) (=S(¢) shortly), $'®(¢) and S***(¢), which
are different in general even for a state ¢ € K(a). The physical meaning of,
for example, §''®’(¢) is the measure of uncertainty of ¢ € I(a) among all a-
invariant states.

In this section, we study the properties of these entropies and their
relations.

We expect that the randomness of a real physical system should be finite.
Hence we extract the states with $7(¢) < co from the set .¥; %, (=.%) =
{0 € S|S7(¢) < o). Further we denote by ., the set of all states in .%
with a discrete decomposition into ex .. Since the weak *-closure of convex-
hull of ex & is .¥ itself, we have

PROPOSITION 1.1. Z" =57,

We next show that our entropy is indeed an extension of Von Neumann’s.
Let »/ be the C*-algebra generated by the set C(-#) of all compact
operators on ~# and the identity operator /. We denote this algebra
by C(#).

THEOREM 1.2. Let & =C(#) and a(d)=uAu_, by a unitary
operator u,, then for any state § €S given by ¢(4) =trpA for any A € &/
with a density operator p € T(#"), ,, we have the following:

(1) S(¢)=—trplogp;
(2) if ¢ is a a-invariant faithful state and every eigenvalue of p is non-
degenerate, then S"*(¢) = S(¢);

(3) ifé is a a-KMS state, then S¥*(¢)=0.

Proof. (1) Let p=3,Ap, be a decomposition of p into extremal
(pure) states p, (i.e, pi=p, for each k). It is well known [22] that
— 2 kA log 4, attains to the minimum value when A, is the eigenvalue of p
(the eigenvalue of multiplicity » is repeated precisely n times) and p, is the
one-dimensional projection from - to the subspace generated by a pairwise
orthonormal eigenvector @, associated with A,:p,=|®,X®,| (Dirac’s
notation). Hence, S(¢) = — tr p log p.

(2) Since ¢ is a-invariant, the equality [u,,p] =0 holds for all t € R.
From the assumptions on the state ¢ and the eigenvalue of p, we have
[u,, p;] = O for each p, = | P, {P,|, where @, is the eigenvector of p. Thus p,
is a-invariant for every k, by which we obtain S(¢) > S"*’(¢).

Let ¢ =2, A9, be an ergodic decomposition of ¢. Then there exists
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P € T(#), , such that ¢,(4)=trp,A for any A € »/. Suppose that p, is
not pure, then we have an extremal decomposition of p, into pure states such
as p, =, uko%. Since p, is a-invariant, the state oX becomes a-invariant as
discussed before. This contradicts the fact that p, is an ergodic state.
Therefore, p, is a pure state. This deduces the converse inequality:
S(g) < 8" (9).

(3) It is known [4] that there exists a unique KMS state for a given
constant # and a(R) when &' = C(#). Thus S¥* (9) = 0. Q.E.D.

We now go back to the general discussion. We first show some relations
among S(¢), S"(4) and S*(4).

THEOREM 1.3. For any KMS state ¢ € K(a), we have

(1) §"*(g) > §%(9g),

(2) S(9)>S5*9),

(3) if our dynamical system (7, a(R)) is G-abelian on ¢, then S(¢) >
S (g) > §¥@(g),

(4) if our dynamical system (&, a(R)) is n-abelian on ¢ (i.e., lim, _
(1/T) {dt ¢(C*|afA4),B] C)=0 for any A, B, C in &), then S'(¢) =
S (g).

Proof. 1t is enough for us to prove these statements when every state y is
in %, with .¥ = &, I(a), K(a) because otherwise S (w) = oo. This remark is
always valid in all theorems of this paper.

As is mentioned before, the central decomposition of ¢ € K{(a), is unique
and orthogonal; ¢ =3, 1,9, with ¢, € ex K(a). Since ex K(a) < I(a), each
¢, can be further decomposed into ergodic states in I(a); ¢, = >, ix w, with
v, € ex I(a). We therefore obtain

Sl(a)(¢) = inf 3_ 2 ,ln,u;(' log /1,,,”: | {:UZ} :
k,n

=3"1,8"(g,) + S¥(9) > S*(g).

This is the inequality of (1). The statement (2) is similarly proved.

When the system (=7, a(R)) is G-abelian on ¢, the ergodic decomposition
of ¢ is unique and orthogonal |4|. Hence the inequality of (3) follows by
similar argument as (1).

When the system (7, a(R)) is #-abelian on ¢, the set inclusion ex K(a) <
ex I(a) holds [4], which concludes the equality (4). Q.E.D.

In the remainder of this section, we shall discuss some fundamental
properties of our entropies.
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Let us consider two states ¢ and w in .% with the following central decom-
positions: ¢ =3, .va,4, and w=>", . b, w,, where N and M are the
index sets. Since the central measure is unique and orthogonal, the central
decomposition of new state w =1¢ + (1 —4)y, 1 € (0, 1), is given by w =
D en A0, + Y e (1 —A) by, There may exist common factor states in
two parts of the above decomposition. Hence we should express the state w
as

w= 3 Aa,0,+ > {a+(1-Dbte+ X (1-1)b,y,,

s
nel, kel, mei,

where the index sets I,, I,, I, satisfy the relations I, U I,=N, [,Ul,=M
and I, NI; =@ (k#j).
In the case of ¥ =&, it is easily seen that

S(w)= 3 1a,5@,)+ > {Aa,+(1=1)b,) S,

nel, kel

+ > (1=4)b,S(y,)— > Aa,logia,
mel, nel,

- Z {Aa, + (1 — 1) by} log{ia, + (1 — 1) by}
kel,

— > (1—-4)b,log(l —1)b,,.
mely

By the concavity of —x log x, we obtain

HeN meM

— ) Aa,loga,— > (1-1)b,logb,

neN meM
=1 Z {anS(¢n)_an10gan}
neN
meM

=45(¢) + (1 = 4) S(v).

When ¥ =K(a), S¥*(4,)=S**(y,)=0. Hence, again by the
concavity of —x log x, we obtain the desired inequality:

SK@ (@) > ASK() + (1 - 1) SK@ ().

Finally, when % = I(a), we have two cases: If ¢ is a KMS state w.r.t. ¢,
or, more generally, if the center 2, =n, ()" N7 () is pointwise
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invariant under the canonical extension d&, of «, (i.e., &,(Q)=u’Qu?*,
QEn, ()" and 4,(Q) = Q for any Q in .Z,), then the resulting factor states
{¢,} are a,invariant. By this fact, when ¢ and w satisfy one of the above
conditions, we can prove the concavity

§1 (@) > 15" (@) + (1 — 1) " (y)

by the same way as S{w). The second case is when our dynamical system
(', a(R)) is G-abelian on both states ¢ and y. We can prove the above
inequality by using the unique ergodic decomposition instead of the central
decomposition.

Let us summarize these resuls as

THEOREM 1.4. For two states ¢ and v in S, define w =210+ (1 — )y
Sor some A € |0, 1|. Then

(1) S(w)>48(9) + (1 =) S(w).

(2) if ¢, ¥ € K(a), then S¥(w)> iS¥*(¢) + (1 — 1) ¥ (y) and
S'@ > 15"@(g) + (1 = 2) S" (),

(3) ifo,w € I(a) and if the centers .7, and 7, are pointwise invariant

under @, or the dynamical system (7, a(R)) is G-abelian on both ¢ and v,
then S (w) > AS"® () + (1 — 1) " (y).

We next consider the “additivity” of our entropy S (¢). Let .«/ and .# be
two C*-algebras with unity and @ = o ®.% be the injective C*-tensor
product of = and .# |18, p. 207). For any ¢ € S() and y € S(%), a
state ¢ ® y € S(¥) is defined by ¢ ® w(4 ® B) =¢(4) w(B) for any A € &
and B € .%. The time evolution automorphism of # is given by y,=a, ® 7,
for all +&€ R. Then the question to be studied is when an equality
ST @R y)=8" () + SV (y) is satisfied.

LEMMA 1.5, (1) If ¢€exS(¥) and yCexS(#), then ¢RwE
ex S(%).
(2) If ¢ €exK(a) and w € ex K(1), then ¢ ® v € ex K(y).
(3) IfoEexI(a)and y € ex I(1), then ¢ ® w € ex I(y).

Progf. Since n,(«)" = B(#,) for a pure state ¢, the (1) follows from the
equalities 7,y (%) =7n,(%)" ® n,(#)" and B(#,y,)=B(#,®#,)=
B(#,) ® B(-#,) (18, p. 413]. The statement (2) is due to .2, o, = %, ® 2,
|18, Corollary 5.11]. Let us show (3): We first define three Von Neumann
algebras N, = {7,(¥)Vu’R)}", R,={1,(F)Ju’(R)}” and N =
{n (Z)Ju“(R)}”, where u(R) is a one-parameter unitary group associated
to each state. The equality y, = a, ® 7, implies u“() = u®(f) ® u*(t), hence
N, =N, ON,. Since ¢€exl(a) and yEexlI(r), N,=B(#,) and
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N, =B(#,) hold. We thus have RN, =B(#,)® B(#,)=B(#,), which
concludes the result. Q.E.D.

Let a triple (¥(a), (1), ¥ (7)) be one of the following three: (K(a),
K@), KO)), (@), I(), 1(7)) and (€(), S(5), &(%)).

We now suppose that every state in .%°(y) is uniquely decomposed into
extreme states in .¥(y). Then any state in .¥(a) or .%’(r) has a unique
extremal decomposition. Indeed, if a state ¢ € .%(a) has two distinct
extremal decompositions such as ¢ =>, 1,4, and ¢ =3, u,9., then a state
w=¢® v with ¥ € ex .¥(r) also has two distinct extremal decompositions
due to Lemma 1.5. This contradicts the assumption. Under this assumption,
let =5,4,6,and y =3, 4, v, be extremal decompositions of ¢ € > (a)
and y € .%(r). By Lemma 1.5, we have a unique extremal decomposition of
the state w = ¢ ® w such that w =), , A, 4,8, ® y,,. Therefore we obtain

S(V(Y)(w) = z A‘n:um lOg in:um

n,m

=—> A,logd,—> u,logu,

m

=57 @(g)+ 57 (y).

THEOREM 1.6. If every state in .7 (y) is uniquely decomposed into
extremal states in . (y), then for any states ¢ €. (a) and y € .7 (1), we
have

S7 @R Y)=5"(9)+S” W)
The condition of this theorem is indeed satisfied in the following cases:

(1) For the triple (K(a), K(7), K(y)), the condition is automatically
satisfied.

(2) For the triple (I(a), I(z), I(y)), the dynamical system (%, y(R)) is
G-abelian.

(3) For the triple (S(%), ©(%), S(%)), # is separable and 7, ,(¥)’
is abelian Von Neumann algebra. (In this case, it is known [4, p. 358] that
the state ¢ ® w has a unique extremal decomposition.)

2. ENTROPY TRANSMISSION

It is important to consider the dynamical change of states in every
physical system. One of most general descriptions of this state change is
suggested in the communication theory of Shannon. In communication
(information) theory, we have to consider two dynamical systems, namely,



230 MASANORI OHYA

an input system described by a C*-algebraic triple (¢, S(), a(R)) and an
output system by another C*-algebraic triple (%, S(#), t(R)). An infor-
mation (entropy) of the input system is sent to the output system through a
channel. To investigate this transmission process is a central theme of infor-
mation theory. By classical analogy [15, 17, 21], a quantum mechanical
channel might be defined by a map A4* from S(«") to (%) such that its
dual map A: .4 — .« is completely positive (i.e., for any positive n X n-
matrix (Q, ;) with Q,; in #, the n X n-matrix (4Q; ;) is positive for all
n€N) with AI ,=1_,, where I, and I, are unities of .# and %, respec-
tively (remark that we use the same notation 7 for every unity in the sequel
discussion when no confusion occurs).

The channel provides us a mechanism of state-change appeared in several
fields of quantum physics. We often meet the following channels.

ExampPLE 1. Let X, Y be second countable compact Hausdorff spaces
and .#,, #, be their Borel fields respectively. We denote the sets of all
regular probability measures by P(X) on (X,.#,) and P(Y) on (Y,.7#,). A
map A: X X.#, > R* satisfying that (i) A(x, -) € P(Y) for each fixed x € X
and (ii) A(-, Q) is a (continuous) measurable function on (X,.7,) for each
fixed Q€ .#, is a channel (we call it a “classical” channel). Then a
probability measure u € P(X) is transferred to a probability measure
u' € P(Y) such as u'(Q) = [ A(x, Q) u(dx) (= A*u(Q)). In this case, we take
=/ and .# abelian C*-algebras of all continuous functions on X and Y,
respectively, and the mapping A is given by (Af)x)= [, f(») A(x, dy) for
any f € .7.

EXAMPLE 2. When .« =.2=C(#) and &(#)=6(2)=C(#)* ,
(> T#), ,) and {V,|1 € R} is a one-parameter isometric semigroup on -#7,
the time evolution of p € T(#), , given by A p =V, pV is a channel for
each 1 € R.

ExampLE 3. Under the same conditions of Example 2, let }°, ¢, E, be
the spectral decomposition of an operator Q in C(#"). Then the so-called
Von Neumann measurement A*p =Y E,pE, , p€ T(#), ,, is a channel.

ExAMPLE 4. Let o be an automorphism of the injective C*-tensor
product .« ® % of & and #. Furthermore, let £ be a norm one projection
from &/ ®.Z to & (= ®I). Then A =& o0 is a completely positive
map and its dual map A* defined by A*w(B) = w(&(0(B))), w € S(F), is a
channel, where we identify B with I ® B.

EXAMPLE 5. Let (X,.%#,), P(X) be those given in Example 1 and C(X)
be the set of all continuous functions on X. Further, let & be a non-
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commutative C*-algebra and &(=/) be its state space. Then a map A*
defined by A*u = [, y u(dx), u € P(X), . € &(/), is a channel from P(X)
to S(+7'). This channel is often called a classical-quantum channel (c.q.-
channel) [10]. Moreover, a quantum-classical (q.c.) channel
A*: &()> P(X) can be constructed by A*4(.)=g¢(M(-)), where
M: #, — 2/ is a positive operator valued measure such as M(4) = A(1,) for
any 4 €.%,.

As in usual information theory, it is interesting to analyse ergodic
properties of our quantum mechanical channels. This work has been partially
done in [15], where we introduced the following ergodic channels:

(1) A channel A* is said to be stationary (write A* € SC) if Ao 1, =
a, oA for all t ER.

(2) A channel A* is said to be ergodic (A* € EC) if A* € SC and-
A*(ex I{a)) c ex I(7).

(3) A channel A* is said to be KMS (A* € KC) if A* € SC and
A*(K(a)) = K(1).

Furthermore, we here introduce the following special channels for given
weak *-compact convex subsets (&) = S(%) and .¥(Z) = S(2):

(4) A channel A* is said to be deterministic for ¥ ()
(A* € DC(F(H))) if A* is injective on .7 (7).

(5) A channel A* is said to be perfect for a pair ¥ (/) and ¥ (%)
(A% € PC(F (), . F(B))) if A*: ()= F(B) is bijective.

If a channel is deterministic or perfect, then we can uniquely determine an
input state by observing an output state. We hence expect that when such a
channel is used, an information (entropy) of the input system would be equal
to that obtained from the output system. One of our aims in this section is to
rigorously prove this intuitive fact within our mathematical framework. More
generally, the following question is pertinent to our investigation: Under
what conditions on a channel does our entropy become an invariant between
two dynamical systems?

By answering this question, it might be possible to characterize C*-
dynamical systems according to an invariant S”(¢) under a given channel
A*. This is, however, an open question.

LEMMA 2.1. For a channel A*: &(«')— &(%F), we have
(1) A* is onto iff A iz injective,
(2) A¥* is injective iff A is onto,
(3) A* is bijective iff A is bijective.

409/100/1-16
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Proof. The statement (3) is an immediate consequence of (1) and (2),
and (2) is similarly proved as (1). So we prove the statement (1).

Suppose that AQ = AR for some Q,R in .#Z. Then A*¢(Q)=A*(R)
holds for every ¢ € S(). If A* is onto, then the set {A*¢| ¢ € S()} is
identical to &(%#), which implies Q = R.

Conversely, suppose that A* is not onto. Then there exists a state
¢ € &(#) such that ¢ & A*(S(7')) c &(.#). Define a linear functional B for
each B € % by B(¢) = ¢(B) for any ¢ € ©(#). There then exist B, and B, in
# such that B, =B, on A*(&(«)) but B () # B,(¢). Hence A* w(B, )—
A*y(B,) for any y € (), so A(B,)=A(B,). It follows B, = B, because
A is supposed to be injective. This contradicts B,(4) # B,(¢). Q.E.D.

Let us consider the question (stated before) concerning the invariance of
entropy under a channel.

THEOREM 2.2. If A* € SCNDC(S(«)) and A is a *-homomorphism,
then S*®(¢) = S¥(A*¢) for any ¢ € K(a).

Proof. As noted before, it is enough to consider the case ¢ € K(a),.
Then the state ¢ is written as ¢ =) , 4,4, with ¢, € ex K(a). From the
conditions on 4 and A*, the states 4 *¢, for all n satisfy the KMS condition
w.r.t. 7, and A*¢, # A*¢,, for n# m. Therefore we have only to show that
A*g, is extremal in K(r) for every n, equivalently, show that A*¢, is a
factor state. Put y = A*¢ and let {#,, n,, @} and {#Z,, 7, ¥} be the cyclic
representations of ¢ and yw, respectively. We here define an operator 4, ,
from the set n,(#)¥ to #, such as A4, ,7,(Q)¥=7r,40)P for any
Q € .#. We thus have

Ay (DY, 4, , 1, (D))
= (1,(1Q) P, 1,(40) P) = (P, m,(A(Q)* 4(Q)) P)
= <¢a 7[0(/1 (Q*Q)) ¢> = <7Tw(Q) ¥, ”w(Q) YI>7

where we used the condition that A is a *-homomorphism. Hence A4, , is an
isometry. Since A* € DC(S(+7)), the map A is onto from .Z to .o/ because
of Lemma 2.1. Therefore

{7‘[,1,(/1(,3?)¢}7 = {nm('“/)Q}; 2’%'

It follows that A, , can be extended to a unitary operator from #, to .7,.
Moreover, for any B, Q in .Z,

Ay (BYAF 7 (AQ)D

’"Aw wnw(B)A cpm w(Q)W A¢ wnw(BQ)W
=7,(A(BQ)) P =7,(AB)7,(4Q) P,
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which implies that A, ,7,(B)A}, =n,(A4B) for any B in %. Thus it is
easily seen that

(L)Y Ny () =A, (n,(F) N nw(ﬁ);)A‘;‘"w

because the channel A* is deterministic on S(«). This concludes that if ¢ is
a factor state on ., then so is y = A *¢. Q.E.D.

We next consider the cases of §'*’(¢) and S(¢).

THEOREM 2.3. (1) If A*ESCNDCES(¥)) and A is a *-
homomorphism, then S (¢) = §'™(A*¢) for any G-abelian ¢ € I(a).

(2) If A*€ ECNPC(ex I(a), ex I(z)), then S"*(g)= S"™(A*¢) for
any ¢ € I(a).

Proof. For any G-abelian ¢ € I(a),;, we have a unique ergodic decom-
position ¢ =Y, 4,6,. Since A4 is a *-homomorphism and A* € SC, it is an
easy exercise to show that (%, 7(R)) is G-abelian on A*¢. If we can prove
that A*¢ (=yw) is ergodic for an ergodic state ¢, then the conclusion (1)
follows. The state y is t-invariant because of ¢ € I(a¢) and A* € SC. The
condition 4* € DC(&(+)) implies that an equality u? A, , =4, ,u{ holds
for all 1€ R in addition to a relation A4, ,7,(#)Ak =n, () proved in
Theorem 2.2. Let M, and N, be Von Neumann algebras generated by the
sets  {m (), u’(R)} and  {m,(#), u’(R)}, respectively.  Then
N,=4,,N,4F, holds. Hence, if ¢ is an extremal a-invariant state on .+,
then v is also an extremal r-invariant state on .%.

Let us prove (2): For an ergodic decomposition ¢ =3, 1,4, the decom-
position A*¢=3" A,4*p, is ergodic because of A*EECN
PC(ex I(a), ex I(7)). Thus we obtain

S'™(A%g) inf 1 =N 4 log 4, g = 5" (4).

S
8 n

Now, let A*¢=>", u,w, be a certain ergodic decomposition of A*¢. Since
A* is perfect for ex I(a), there exists a unique state ¢, in ex I(a) for each v,
such that A*g,=w,. Hence A*¢=A%*3, u,6,, which means that
¢=>,4,8,is an ergodic decomposition of ¢. Thus we also have $''*'(¢) <
S’ (A*¢). This concludes the result. Q.E.D.

THEOREM 2.4. If A* € PC(&(&), (7)), then S(9)= S(A*¢) for any
P ES(H).

Proof. For an extremal decomposition ¢=>,1,4, of a state
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¢ € S(s),, we have a decomposition A*¢=3" 1, 4*%¢,. Let us show that
A*¢, is a pure state for each n. Suppose that 4*¢, is not pure. Then there
exist ¥ and w in S(%) such that A*¢,=ay + (] —a)w with some
a€ (0, 1). Since A* is perfect for S(«), there exists a map = such that
A*E = EA* = identity map. We thus have ¢, = E4 %9, = aZy + (1 —a) Ew,
which contradicts the purity of ¢,. Moreover, let A*¢=>" u, vy, be an
extremal decomposition of A*¢. Then it is readily shown that the decom-
position ¢ =3, 1,59, is extremal in S(+"). These statements conclude the
result. Q.E.D.

A channel provides us a rule describing relations between events (extremal
states) of an input system and those of an output system. In the above
theorems, we rigorously proved more or less intuitive facts expected to be
formed under special channels. Moreover, the following converse problem
might be interesting and is still open: Suppose that one of our entropies is a
dynamical invariant under a certain channel. Then (1) how much can we say
about this channel? and (2) under what conditions on dynamical systems
can we determine the channel uniquely?
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