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Abstract

In this paper we show that there is a mapping D : M — DM on means such that if M is a Fibonacci mean so is DM, that if M
is the harmonic mean, then DM is the arithmetic mean, and if M is a Fibonacci mean, then lim;,_, oo D" M is the golden section
mean.
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1. Introduction

In this paper we shall discuss a variety of “mean” M (x, y) where x > 0,y > 0 and relations among them. Of
particular interest is the family of “Fibonacci means”

_alx+y)+2bxy

M(xv ) -
Y et bty
2 .
where M (x, x) = % = x provided 2a + 2bx # 0.
Particular cases area > 0,06 =0, M(x, y) = %, the average (arithmetic mean),a = 0,b > 0, M(x, y) = fxTyy,
the harmonic mean, and if g = #, My(x,y) = ‘%H—;ﬁzyx)y, the golden section mean. Hence the harmonic mean,

the arithmetic mean and golden section mean are special cases of the Fibonacci mean.

We shall show below that there is a mapping D : M — DM on means such that if M is a Fibonacci mean
so is DM, that if M is the harmonic mean, then DM is the arithmetic mean, and if M is a Fibonacci mean, then
lim,,— oo D" M is the golden section mean. We shall refer to DM as the derived mean of M, e.g., the derived harmonic
mean is the arithmetic mean. We refer to [1,2] for general information.
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2. Derived mean

Definition 2.1. If M is a mean, then DM is defined by the functional equation:

1 1 1
T = M ) (1)
1+DM(x,y) 1+x 1+y
We say that DM is the derived mean of M.

For example, if M (x,y) = ,/xy is the geometric mean, then DM (x,y) = /(1 +x)(1 4+ y) — 1 is the derived
geometric mean. Indeed, from the functional equation the conclusion follows immediately.

1 _ 1
+DM(x,y) — JA+x)(1+y)’
Note that in this case DM (x, y) > M(x, y). Indeed, if x = m? — 1, y = n? — 1, then ((/xy)?> = (m* — H)(n* — 1) =

m2n? 4+ 1 — (m?+n?) < Wm2n2 = )2 = m?*n® + 1 — 2mn, since m? + n® > 2mn, i.e., (m — n)* > 0.

Definition 2.2. Let M; be means where i = 1,2. We define M; < M, provided M(x,y) < M>(x,y) for any
x,y > 0.

Proposition 2.3. If M| > My, then DM < DM>.

> My(——, L) = so that

Proof. I Mi(x,y) > Ma(x,), then ppoy = Mi(gs s T

1
) W -
L+ DMi(x.y) < | + DM(x, y) and DMy (x. y) < DMs(x.y). U
Hence if D?M (x, y) = D(DM(x, y)), M(x,y) = /Xy, then D*M(x, y) < DM(x, y) for example, where we

2 _ 2J/04+0) 49—/ C+0) 2+y) .
find that D“M (x, y) = (e Ea e R m Y FEs Ty , in this case.

1
1+DM;(x,y)

Theorem 2.4. The derived harmonic mean is the arithmetic mean.

Proof. If M(x,y) = 29 then HD[&,(X » and hence 1 + DM(x,y) = (2 4+ x + y)/2, so that

x+y’
DM(x,y) = )% O

2
24x+y

We note that if M(x, y) = L8040 han DM (x, y) = GOV Hopee if ¢ = 0 then DM (x, y) =

2a+b(x+y) ° 2(a+b)+a(x+y)
(x 4+ y)/2 as we have already seen. Starting from My(x, y) = %, we let D¥M 1My = D(D*My) and
D¥Mo(x, y) = DT o that we obtain an iteration system ag41 = ax + by and by41 = ax. Combining these

2a;+br (x+y) : X ) >
results, we have axy1 = ax + ax—1, bx+1 = ax—1 + ax—2 = bx + bi_1, so that the iterations are of the Fibonacci type,
thus our terminology “Fibonacci means”.
3. Inverse derived mean

Definition 3.1. Given a mean M (x, y), the inverse derived mean D~'M (x, y) is given by the formula:

1 1 1
SN —1M< —> )
1+ M, y) 1+x 14y

If M(x, y) = /Xy, then a computation yields D™ M (x, y) = %

Theorem 3.2. Given a mean M(x,y), M(x,y) = DD™'M(x,y) = D"'DM(x, y) for any x, y > 0.

Proof. By applying (1) and (2) we obtain

1 1 1
=D! , ——
1+ DD 'M(x,y) (1+x l+y>
1
14+ M(x,y)
and DD™'M(x, y) = M(x, ). Also 30 = D™ DM (5 1) = M(
M(x,y),x = lL;l”, y = 1%” proving the theorem. [

llﬂ, ljr—v) and thus D~'DM(x, y) =



230 H.S. Kim, J. Neggers / Computers and Mathematics with Applications 56 (2008) 228-232

By Theorem 3.2 we may continue with negative “powers” DM,k = 1,2, ... so that for k,1 € Z, we have a
general rule D*D'M = D**' M.

Theorem 3.3. The inverse derived Fibonacci mean is also a Fibonacci mean.

_alx+y)+2b -1 1 1 _ 2a+b(x+y) 1 1
Proof. If M (x, y) = %, then D M(m, m) = 2a+(a-T—b)(x)f|—y)))+2bxy' If we let u == Thxe V= s then
b 2(a —b
DM, vy = 2TV T2l = huv 3)
2b+ (a—b)(u+v)
and the conclusion follows. [
If we start a table with ag = 0, by = 1, Mo(x, y) = ffy, then we generate a table:
k ar by,
—4| -3 5
-3 21 =3
-2 -1 2
—1 1] -1
0 0 1
1 1 0
2 1 1
3 2 1
4 3 2
5 5 3
6 8 5
7 13 8
8 21 13
. _ _ 2b_ 60y ae
For example, since a_3 = 2,b_3 = —3, we have D3 My(x, y) = azZiii)j(x +3y);y = 25:‘_ J%)C va’;’ . Similarly,
8(x+y)+10xy . )+2b
DOMy(x, y) = %m. In fact, if we let M (x, y) = %, then by (3) we get
b 2(a —b
D' M(x, y) = (x +y) +2(a — b)xy @

2b+4(a—b)(x+y)
Subsequently

i _(a=b)(x +y)+22b—a)xy
D M(x,}’)— 2(a_b)+(2b—a)(x+y) N

and

D3M(x, y) = (22b —a)(x +y) +2(Qa — 3b)xy
(2b —a) + (2a — 3b)(x + y)

(6)

If weleta := 0,b := 1 in (4)=(6), then we obtain D™ M(x, y) = S22 D=2p1(x, y) = L&ty opg

5 6 2—(x+y) > —24+2(x+y)°
D3M(x,y) = %m = D73 M (x, y), as already noted above.

4. Fibonacci mean and golden section mean

The golden section mean M, (x, y) is defined by M, (x,y) = % where ¢ = 1+T‘6, and we define
My« (x,y) by % where ¢g* = #, which is called a conjugate golden section mean.

Theorem 4.1. Let M(x,y) = %m be a Fibonacci mean. If M(x,y) = DM (x, y), then either M(x,y) =

My(x,y) or M(x,y) = Mg (x, y).
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Proof. If M (x,y) = DM (x, y), then

a(x +y)+2bxy (a+0b)(x+y)+2axy
2a+b(x+y)  2a+b) +ax+y)

Hence (a> — ab — b*)(x — y)?> = 0 for any x, y > 0, and thus a*> —ab — b*> = 0anda = (b + /5 | b))/2. If
b > 0, then either a = bg or a = bq™. Hence either M (x, y) = My (x,y) or M(x,y) = My«(x,y). If b < 0, then
a=0bFV5] b|)/2, and hence this is the same as the case for b > 0. [

Proposition 4.2. Let M(x,y) = % be a Fibonacci mean. If M (x, y) = D*>M(x, y), then either M (x, y) =

My(x,y) or M(x,y) = My(x,y).
Proof. Similar to Theorem 4.1. O

Theorem 4.3. If M(x,y) = % is a Fibonacci mean, then lim,_, oo D" M is the golden section mean.

Proof. Consider D*My(x, y) = %m. Then by = a;_; and {ay} and {b;} are Fibonacci sequences, and

hence a,%_l — ag_oa; = (=¥ and b,%_l — by_a2b; = (—=1)*. From this we obtain
ak2br — bipaar = (=D, (7
Furthermore,
(brags2 — agby42)(x — )*
(2ak+2 + bk2(x + y)) 2ax + br(x + y))
_ (=D —y)?
Qa2 + bi+2(x + ¥))Qag + br(x + y))

so that for k even we have Dk+2M0(x, y) > DkMo(x, y), i.e., My < D2M0 < D4M0 < D6M0, and for k odd we
have Dk+2Mo(x, y) < DkMo(x, y), so that we have a chain DMy > DMS > D5M0 > ..., Next, we consider the
term D"t My(x, y) — D" My(x, y) = A with the simplified expression written as

D* Mo (x, y) — D*My(x, y) =

_ (bam@an 11 — @mbrnt1) (x — y)?
QRaz41 + bans1(x + ¥))Raym + bam(x +y))’

Now,

bom@ont1 — aamban 1 = aom—102041 — A2mazn
= aym—1(azn + azn—1) — (@2m—1 + Gom-2)az,
= A2m—1a2p—1 — A2m—202n
= (aom-2 + aom—3)axm—1 — am—2(a2n—1 + a2n—2)

= m-3a2n—1 — A2m—-202n—-2,
which turns out to be

A2(m—n)—1a41 — Am—n)A0 = A2(m—n)—1 ifm>n
a_1a; —ay =1 ifm=n
A 1@ (n—m)+1 — A0A2(n—m) = Q2 (n—m)+1 ifm <n.

Hence, A > 0, i.e., DZ"“MO(x, y) > DzmMo(x, y), for any natural numbers m, n.
For any x, y > 0 (fixed), we compute
(%)
x+y '

bryma — armb
lim [A]< lim (bomazn+1 — aombop41)

m,n— 00 m,n— 00 b2n+1b2m
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Now, since
A2 (m—n)— 1
lim |27 o fim | —| =0 ifm >n
m,n— o0 aA2nd2m—1 n—oo azn
. b2ma2n+l - a2mb2n+l . 1 .
li ={ lim |—— ifm=n
m,n—00 bony1bom n—00 | dypdop—|
ar(n— 1
lim M§lim —| =0 ifm<n
m,n—>00 | dypdyn—1 n—00 | dp
we obtain limy, y—oeo | A | = 0, L., limg o D¥M, = L exists. Notice that L is a Fibonacci mean, for which
DL = L, whence it follows that L(x, y) = % as asserted, provided we can show that D2mM0(x, y) <
L(x,y) < D Mo(x, y) forall m, n. If L(x, y) = "SI then L(x, y) = DL(x, y) = GERGEDEY 50 that

wemusthave r> —r — 1 =0,7 = (1 ++/5)/2 =g orr = (1 — 4/5)/2 = ¢*. Now
ar(x +y) + 2bgxy

2ar + br(x + y)
(@ + ) + 205y

24 (g +y)

“kl =1+1limg_ Z"—’f,i.e.,limk_)oo % — (O >1,means Q =1+ é Q2 -0-1=0,

DkMo(x, y) =

Next, consider limg_, oo
1++/5
0= 2[

g~ k— ag—1

= ¢, and thus limy_, 5 Dk My(x,y) = qg{;i{—)):rzy);y = L(x, y) as asserted. Consequently, the inequalities

D*" Moy(x, y) < L(x,y) < D¥*!My(x, y) hold and the conclusion follows.  [J
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