Advances in Mathematics 156, 44-76 (2000)
doi:10.1006/aima.2000.1951, available online at http://www.idealibrary.com on IDE ﬁl.

The Elliptic Gamma Function and SL(3, Z) x 73
Giovanni Felder

Departement Mathematik, ETH-Zentrum, 8092 Zurich, Switzerland
E-mail: felder@math.ethz.ch

and

Alexander Varchenko!

Department of Mathematics, University of North Carolina at Chapel Hill,
Chapel Hill, North Carolina 27599-3250
E-mail: av@math.unc.edu

iew metadata, citation and similar papers at core.ac.uk

The elliptic gamma function is a generalization of the Euler gamma function and
is associated to an elliptic curve. Its trigonometric and rational degenerations are
the Jackson g-gamma function and the Euler gamma function, respectively. The
elliptic gamma function appears in Baxter’s formula for the free energy of the eight-
vertex model and in the hypergeometric solutions of the elliptic gKZB equations.
In this paper, the properties of this function are studied. In particular we show that
elliptic gamma functions are generalizations of automorphic forms of G=SL(3, Z)
x Z3 associated to a non-trivial class in H*(G, Z). © 2000 Academic Press

1. INTRODUCTION

This paper deals with the properties of the elliptic gamma function, an
elliptic generalization of the Euler gamma function. It is the meromorphic
function of three complex variables z, 7, g, with Im 7z, Im ¢ > 0 defined by
the convergent infinite product

[°9) 1_62ni((j+1)t+(k+1)afz)

F(Z, T, 0-) = 1—[ 1 _eZni(j‘r+ko'+z)

J k=0

It is the unique solution of a functional equation involving a Jacobi theta
function: Let for z, t € C with Im 7> 0, 6, denote the theta function

— 10_0[ (1 _eZni((j+1)r—z))(1 _eZni(jr+z)).
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Then the elliptic gamma function may be characterized as follows.

THEOREM 1.1. Suppose that t,c are complex numbers with positive
imaginary part. Then u(z) =11z, 7, ) is the unique meromorphic solution of
the difference equation

u(z +0)=0o(z, 7) u(z)

such that:

(1) u(z) obeys u(z+1)=u(z) and is holomorphic on the upper half
plane Tm z >0,

(ii)) wu((r+0)/2)=1.

This theorem is proved in 3.1 below.

The elliptic gamma function was introduced by Ruijsenaars [ R]. Similar
double products appeared earlier in statistical mechanics. Probably the first
(implicit) appearance of the elliptic gamma function in this context is in
Baxter’s formula [B] for the free energy of the eight-vertex model. This
model has four parameters, which can be taken to be cg, x5, g, zp In
Baxter’s notation (to which we add a subscript B to avoid conflicts with
our notations); see [B, Egs. (D1)~(D8)]. If we set cz=c, gz=e*™,
Xp=e?™7 z,=e"" then the free energy (times the inverse temperature) is
fle,u,t,0)=—Inc—In Z(u, 7, 0) where Z can be expressed in terms of
theta and elliptic gamma functions:

Oo(od—u,2t)0y(c+u,2t) [(c—u,t,40) [0 +u, 1, 40)

Z =
5 O = (2. 20) 0u(26. 27) T30 — .. 40) (30 + 1. 7. 40)

The elliptic gamma function and similar double and even triple infinite
products appear in correlation functions of the eight-vertex model [ JMN,
JKKMW] and boundary spontaneous magnetization at corners of the
Ising model [ DP].

Our own interest in the elliptic gamma functions arose from the study of
hypergeometric solutions of elliptic gKZB difference equations [ FTV, FV].
In these solutions the role of powers of linear functions appearing in the Gauss
hypergeometric function is played by ratios of elliptic gamma functions.

In this paper, after reviewing some well-known properties of the theta
function 6,, we derive several identities for elliptic gamma functions. The
most remarkable identities are the “modular” three-term relations of
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Theorem 4.1, which connect values of I" at points related by SL(3, Z) act-
ing on the periods (7, o) by fractional linear transformations. For example,
there is a polynomial Q(z; 7, o) of degree three in z whose coefficients are
rational functions of 7, o such that

I(z/o, t/o, —1/o) =e™2E"9) [((z —0)/t, —1/1, —0/7) I(2, 1, ).

These identities have an interpretation in terms of a generalization of
Jacobi modular forms: I” may be interpreted as the value of generators of
an “automorphic form of degree 1”: just as the theta function 6, is a
“degree 0” automorphic form associated to a 1-cocycle in H'(G, M) where
G=SL(2,Z)x7Z* an M =exp 2niQ(z)[z], the elliptic gamma function
defines a “degree 1” automorphic form associated to a 2-cocycle in
H*(G, M) with G=SL(3, Z)x Z*> and M =exp 27iQ(z, o)[z]. See Section
7 for a more precise statement.

The modular identities have interesting degenerations: limiting ver-
sions relate the gamma functions at points where the periods are linearly
dependent over the rationals to the Euler dilogarithm function (Theorems
5.2, 54, 5.5). On the other hand, in the semiclassical limit ¢ — 0 the “phase
function” I(z+e, 1,2¢/p)/I(z—¢ 1,2¢/f) tends to 04z, 7)%, and the
modular identities reduce to the Jacobi modular properties of theta func-
tions, see Section 6.

One intriguing aspect of the elliptic gamma function, which is a priori
defined for periods 7, ¢ in the upper half plane, is that it may be extended,
by a simple reflection, to a function of 7, 6 € C— R in such a way that all
identities remain true. Moreover the elliptic gamma function also has a
limit as 7 or ¢ (but not both) approach, from either side, a subset X of full
Lebesgue measure of the real axis, see Theorem 3.5. This subset contains all
irrational algebraic real numbers.

The paper is organized as follows. In Section 2 we review some well-
known properties of the odd Jacobi theta function. Then in Section 3 we
introduce the elliptic gamma function: after giving its definition and its
elementary properties, we study its trigonometric and rational degenera-
tions. Then we derive a summation formula that allows us to study the
limit as one approaches the real axis. The modular properties of the elliptic
gamma function are given in Section 4. The properties of the elliptic
gamma function at special values of its arguments are studied in Section 5.
There the relation to dilogarithms appears. In Section 6 we study the semi-
classical limit, in which the identities of elliptic gamma functions reduce to
differential and difference equations obeyed by powers of theta functions.
In the last section we introduce the notion of automorphic forms of degree
I and relate the modular identities satisfied by gamma functions to these
automorphic forms and to the cohomology of SL(3, Z) x Z>.
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2. THETA FUNCTIONS

2.1. The theta function. Jacobi’s first theta function is defined by the
series

H(Z, ‘L') - _ Z eim-(j+ 1/2)2 4 27i(j 4+ 1/2)(z + 1/2)’ z,T€ C, Imzt>0.
JEZ

It is an entire holomorphic odd function such that
O(z+n+mr, )= (—1)n+ne—mm’=2mimz g - ) m,nez, (1)

and obeys the heat equation

4711'; 0(z,7)=0"(z, 7). (2)

T

Its transformation properties with respect to SL(2, Z) are described in
terms of generators by the identities:

0( -z T) = _0(25 T)a ()(Za T+ 1) = e(in/4) O(Za T)a

1 P2

T T

The square root is the one in the right half plane.

2.2. Infinite products. Let x, ge C with |g| <1. The function

n (1 —xq”)

is a solution of the functional equation

1
1—

(gx; q) = < (x; q).

Using the identity
1—y=eXp<Z yf/j>, Iyl <1, (3)
j=1

and summing the geometric series yields the summation formula

o0

(x;q)=eXp<—_Zj(1x_qj)>, x| <1, lg| < 1. (4)
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2.3. Product representation of theta functions. Let x =e?™ and g = e?*".
Then we have the Jacobi triple product identity

0(z, T) = ie™* = (x; q)(q/x; 9)(¢; q). (5)

In particular we have €'(0,7)=2nn(r)?, with #(t)=e""?(q;q) the
Dedekind function.

From the modular properties of 8, we deduce the modular properties of
the Dedekind function: #(7 + 1) = e™'?y(7) and n( —1/7) = (—it)? 5(z) (up
to a third root of unity, which is 1, as one sees by setting t=1i).

We will also need

em’(z—r/4)
Oz, 7) =(x3 9)(gq/x; q) = —i ———0(z, 7).
(4; q)
This function obeys
OO(Z + 19 T) = 00(27 T)a
60(2 + T, T) = _672711'260(23 T)a (6)

Oo(t—2z,7)=0(z, 7).

Its modular properties follow from those of 0 and #: they are 0y(z, 7+ 1) =
Oo(z,7), and if 2’ =z/7, ' = —1/x,

em’('r/6fz)00(z’ T) — ieni( —zz'+7/6 —2") HO(Z,, ‘L" ) (7)
The summation formula (4) implies

9 2 _
0o(z, T) =exp < iy cos n(2z ~7)

>, O<Imz<Imr. (8)
o1 JsinmT

3. ELLIPTIC GAMMA FUNCTIONS

3.1. Definitions and elementary properties. Here we consider two
parameters 7 and ¢ in the upper half plane, and set g = ¢*™, r = ¢**, and
consider the function of x = e?™=,

(1—xq/r*)=(x;r, q)
0

(x;¢,7) =

Js

s
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It is a solution of the functional equations

(x;q,7) (x; q, V).

(gx; ¢, 1) = s (vgr)= 9)
R Yy I (x; q)
For |x| <1, we have the formula
(x;q,r)=exp<—z X1 —4' 1—r)> (10)
=1

It is obtained as (4) by expanding the logarithm in a Taylor series in x and
then summing the resulting geometric series.
The elliptic gamma function is

(qr/x; q,r)

F(Z, T, O')ZW

THEOREM 3.1.The elliptic gamma function obeys the identities

I(z,7,0)=11z,0,7), (11)
Iz+1,7,0)=1(z1,0), (12)
[(z+0,71,0) =0z 1) (21, 0), (13)
[(z+7,7,0) =04z 0) [(z,1,0), (14)

and is normalized by I'((t+0)/2, 7, ) = 1. As a function of z, I'(z, 7, 0) is a
meromorphic function whose zeros and poles are all simple. The zeros are at
z=(j+1)t+(k+1)a+1 and the poles are at z= —jt —ka + I, where j, k
run over nonnegative integers and [ over all integers.

Proof. 1t is obvious that 7" is symmetric under interchange of 7t and ¢
and is 1-periodic. The remaining identities follow from 9. The zeros of
(x;q,r)are at x=¢g /r=% j, k=0, 1, 2, ... This implies the statement about
zeros and poles. |

Proof of Theorem 1.1. It remains to prove uniqueness. The point is that
u(z)=1I1(z,7,0) has no zeros in the strip 0 <Imz<Imo+e¢, for some
e>0. If v(z) is another 1-periodic solution, holomorphic in the upper half
plane, then v(z)/u(z) is a doubly periodic function with periods 1 and o. It
is holomorphic in the same strip and thus, by periodicity, a bounded entire
function. By Liouville’s theorem, v/u is thus constant, which implies our
claim. ||
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Finally, we mention some elementary identities, which may be thought
of as the analogues of the classical formula I'(1 —z) I'(z) =n/sin(nz):

ProrosITION 3.2.

1
F(Z,‘C,O')F(O’—Z,T,O')ZHO(Z’O_),
Izt 0) I p—

z,t,0) (7 Z’T’J_Ho(z,r)’

Iz,t,0)[(t+0—z1,0)=1.

3.2. Trigonometric and rational limit. We have the trigonometric and
rational limit of the theta function:

00(0-53 T) T — {00 1 _e27zia's o—0
: s.
040, 7) 1 — 2
Let I be the function
I(s,1,0)= ((r; r)) Oo(o, 7)1 =5 I(os, 1, 0), q=e*", F = e,
q; 4

Then u(s) =11s, 7, o) is a solution of the functional equation

u(s—i—l):%)()(::":))u(s).

The normalization was chosen here so that u(1)=1. As 7 — ico we recover
F. H. Jackson’s q-gamma function,

(s,0)= lim I(s,7,0)=(1 _r)l—sﬂ

T—ioo (VS;V)'

I

Tig

This function obeys the functional equation Iy (s + 1, 0) == T . (s, 0),

- 1 — g2mic

and degenerates to the Euler gamma function [ 'gy.(s) = SS‘” e dt:

hm Ftrig(sa 0-) = FEuler(S)'

ag—0

See [ A] for an account of the properties of the g-gamma function.
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3.3. The summation formula. From (10) we get

B i & sin(zj(2z —7—0))
Iz, t, a)—eXp<—2 ) Jj sin(mjr) sin(nja)>'

j=1

(15)

The region of absolute convergence of this series also include points where
7 or ¢ do not have positive imaginary part. If 7, € C — R, then the series
converges absolutely if and only if

IIm(2z — 7 — o) < |Im(7)| + |Im(0)). (16)

Whenever both sides of the equations are in the region of convergence of
this series we then clearly have

Iz, —t,0)=1(c—2z,71,0), I(z,7, —o)=I(t—2z1, 7).

These formulae can be used to extend the definition of the elliptic gamma
function for g, 7e C — R, as we do in the next subsection.

3.4. Extending the range of parameters. Since many operations we per-
form do not preserve the upper half plane, it is important to extend the
range of values 7 and o can take. We set

1 a1 — 1 . -1y _ 1 17
o P man T ) gy

(x;q7 ") =

These formulae define a unique extension of the functions (x; ¢), (x; ¢, r) to
meromorphic functions on {(x, ¢, r)| |¢q| #1#|r|} obeying 17. It is clear
that the functional relations

1 1
(qxs q) =7 _ (X, q)’ (qxs q, V) =T (X; q, V),

1—x (x;7)
still hold in this larger domain. Correspondingly, we extend the definition
of 0, and the elliptic gamma function by using the same formulae in terms
of the infinite products. We obtain:

1
Oyfzs —1) =
o2 =7) Oo(z+1,7)
Nz —t,0) 1
zZ, —1,0)= —————
T Iz+71,1,0)
Nzt —o) 1
2,1, —0)= ——.
> I(z+o0,1,0)

A straightforward check gives the following result:
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THEOREM 3.3. The identities (6) for 6, hold for all te C—R. The iden-
tities of Theorem 1.1 and Prop. 3.2 for I' and 6, hold for all zeC,
7, a € C — R whenever both sides are defined. The summation formula (15) is
valid for all ze C, t, 5 € C — R such that the sum converges absolutely.

However, the statements about the position of zeros and poles are no
longer valid.

3.5. Approaching the real axis. Here we notice that the series (15)
actually also converges for certain real values of 7 or . Indeed let, for any
a>1, X, denote the set of real numbers 7 such that min,_, |jr—k|>j ¢
for all but finitely many integers j> 0. By Khintchin’s theorem (see, e.g.,
[C, Chapt. VII]), X,, and therefore also X={J,.; X, is the complement
in R of a set of Lebesgue measure zero. The set X contains in particular all
irrational algebraic numbers. For 7 € X, one has, for some o > 1, the bound
|sin(zjz)| = j~* for all sufficiently large j. Therefore, the series is also
absolutely convergent if

te X, Im(2z —0)| < |Im o],
or, by symmetry, if
gEe X, [Im(2z —7)| < |Im 7|.

These results may be summarized as follows.

PROPOSITION 34. Let X=) -1 {teR|ming ., |jt—k|[> "% V> 1}.
Then N =R — X has Lebesgue measure zero and the series appearing in (15)
converges absolutely for all t,c € C— N and z € C obeying

[Im(2z — 7 —0)| < [Im(7)| + |Im(o)|.

A more precise result is the following “wall crossing theorem”, which
shows that the values of Iz, 7, o) for real t are obtained as suitable limits
from either side.

THEOREM 3.5. Let X be the subset of the real line of Prop. 3.4. and sup-
pose that 1€ X and |Im(2z —o0)| <|Im a|. Then, as a function of ¢€R,
I(z, t+ g, 0), as given by the convergent series (15) is continuous at ¢ =0.

Proof. We need to estimate the terms in the sum (15) uniformly in e.
Let us assume for definiteness that ¢ > 0. The case ¢ <0 is treated in the
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same way. If |Imx|>6>0, we have c¢(J)exp(|/Im x|)<|sinx|<
exp(|Im x|), with 0 < ¢(5) =1 —e 2% < 1. This implies the bound on the jth
term of (15):

7j(|Im(2z — o) —¢| — |Im o)

sin(nj(2z —t—ie—a)) e

< Ima|)~! -
Tsin(n(c 1)) sin(o) | < €% tmal) Jsin iz + ie)

Let a, N be such that min, _, |jt —k| > j~% Vj>= N. The next step is to find
a lower bound for sin 7j(7 + ig) for j > N. This is done in two different ways
depending on whether je is small or large.

(a) If sinh mje < j~"e™, the triangle inequality can be used in the
form

it —mej

e —7itj + n£j|

|sin 7j(t + ie)| =1 |e

> 1 |em‘rj_ e—m‘rj| ensj_ % |e7zsj_ e—nsj
= |sin nzj| €™ — sinh mej. (18)

Let k€ Z so that |zj — k| < 1/2. By using [sin x| =2 |x| for —1/2<x<1/2,
we get |sin 77j| = |sin w(tj — k)| = 2j % Thus

|sin 7j(t + ig)| = 2j ~ %Y —sinh ngj = j~* .

(b) If sinh mje > j~* ¢™, the triangle inequality implies

|sin 7L'j(‘[ + l£)| :% |em‘rjfnej_ efnirj+1zsj|
> % (|ef7zirj+m:j| _ |enirj7n:sj|)

—a el

=sinh wej = j %

In both cases (a) and (b) we get the lower bound

sin wj(t + ig)| = j %™,
7 J

for all j = N. Therefore we have the uniform bound on the jth term of the
series

sin(nj(2z —t—ie—a))
Jj sin(7j(t + ig)) sin(wjo)

< C(7T Im o.)—ljoc—lenj(llm(Zz—a)l—llmal)

for all j=N. The sum over j of this expression converges if
[Im(2z —0)| < |Im o|. So our series is bounded, for all & by a single
absolutely convergent series. It follows that the sum is a continuous func-
tion of &.
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4. MODULAR PROPERTIES

We consider the transformation properties of the elliptic gamma function
under modular transformations of ¢ and 7. We have the identities

THEOREM 4.1. Suppose that t,0,0/t,7+0€C —R. Let

2 t40-1, t*+0°+3t0—3t—30+1
— z° 4+ z

2z 0) " 3w 210 610
1 —1, -1
+E(T+O'*1)(T +o 7 —1).
Then
Iz, t+1,0)=1(z,7,0+1)=1(z 1, 0), (18)
A
I(z,t+0,0)= (2, 7, 0) (19)

I'z+t,t,0+71)
I(z/o, t/o, —1jo) =™ (2 —a)/t, —1/1, —0/t) [(2,7,0), (20)
[(z/t, =11, 0/1) =™ CE" I [((z —1)/0, —1/0, —1J0) [(2, 7, 0). (21)

Proof. We give the proof of these identities in the domain where the
second and third arguments of all gamma functions have positive
imaginary part, so that the gamma functions are defined by the product
formula. The general case is reduced to this case by inserting the definitions
of 3.4, as a straightforward check shows. The first two identities are
obvious, the third follows from the identity

(x5 qr, r)(gx; g, qr)=(x;q,71),

which is easy to check. The last identity is obtained from (21) by exchang-
ing 7 and ¢ and using the symmetry (11).

To prove (21), we show that the ratio between the two sides of the equa-
tion is a triply periodic meromorphic function and is therefore constant,
and determine the constant by evaluating the ratio at a special value.

Let A(z; 7, o) be the ratio
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We have

0 <Z f>
Az—1;t,0) Ne’ o

A(z; 7, 0) 0 (z —0 (7>
0 s T

T T

V4 g
00 <, B >
— l'eni( —1/60 + z/o — /6T — z/t — Z2/70) T T

z—a6 @
0, , ——
=exp(niP(z; 1, 0)), ! !
with
z? g t© 1
P(z,7,0)= —;+Z(T71 +071)—a—&—§=1)(2, o, 7).
Similarly, we find
A ;T ,
LT exp(aip(z: —1.))
A .
Mzexp(m’P(z; 7, —1)).
Az, 0)

The polynomial Q is designed to compensate for these terms. This is most
easily seen by setting Q(z; 7, g, p) = Q(—z/p; —1/p, —a/p) which is sym-
metric in 7, g, p and obeys

O(z+t,1,0,p)=0(z; 7,0, p) + P(z; 0, p).

By using this identity for permutations of 7, g, p, with p = —1, we deduce
that 4e ™2 is a triply periodic meromorphic function of z and is thus con-
stant. To compute this constant, we set z= (7 + ¢ — 1)/2. Then all gamma
functions are equal to one, and Q(z; 7, 0) =0. Thus the constant is one. []

5. SPECIAL VALUES

Here we consider the degeneration of our three term relations when the
periods 7, o are linearly dependent. The simplest case is when 7 =¢. Then
we can write the gamma function as

e—27uzq]+2 Jj+1
- - __ p2mit
Z T T n < 2mij > b q=e .
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To express the result we need to recall a simple property of the dilogarithm
function.

PROPOSITION 5.1. Let Liy(x)=37, (x//j?) be the dilogarithm and let
for Imt <0,

Y(t)=exp <t In(1 —e_z””) _ZL' Liz(e—Znit)>’

Tl

where the branch of the logarithm is determined by In(1 —x)= —> x7/j,
(|x] <1). Then Y(t) has an analytic continuation to a meromorphic function
on the complex plane. It has a zero of order n at t =n and a pole of order
natt=—n(n=1,2,..) and no other zeros or poles. Moreover  obeys the
functional equation

Y(r+1)=(1—e ) y(1),
and the estimate
Y(1)=140(|Im 7] e =27 =),

as Imt— —oo.

Proof. Tt is clear that the Taylor series defines a holomorphic function
on the lower half plane obeying the functional equation. The singularities
on the real axis can be studied using the integral representation of the
dilogarithm:

W(1) =exp <2m‘f o >
P e —1

This well-known formula may be checked by expanding the geometric
series in the integrand and integrating term by term. From this formula we
see that the only potential singularities of the argument of the exponential
function are at integer values of 7. At =0, however, the function is regular
(¥(0)=exp in/12). The functional equation then implies the statement
about zeros and poles. In particular  is single-valued at the singularities,
so that the integral representation defines a meromorphic function with no
other zeros or poles.

The estimate follows from the inequalities |In(1—x)| <2 |x|, if |x| is
sufficiently small and |Liy(x)| < |x| 2 1/ if x| <1. 1
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THEOREM 5.2. Let Im1>0 and ze C—(Z +17). Then

—

7mQ(z 7,7T) T

e =) ()

The infinite product is convergent thanks to the estimate of Prop. 5.1
The following calculation is not a completely rigorous proof of this
theorem, but it is more transparent than the correct proof, which consists
of showing that the ratio between left and right-hand side is an entire
doubly periodic meromorphic function taking the value 1 at a special point.
We start from the three term relation for I

rlz lo ,
—7iQ(z; 7, @) T T e—m'Q(z; 7, o)
e 5T

z—7 1 N z 1 z 1 T\’
F 9 _75 - 60 7’ - F 7’ _7’ -
o o o o o o ¢ o

Let us take the limit ¢ — 7. The limit of the ratio of gamma function is
delicate. Set o =1(1 +¢) and introduce multiplicative variables:

Iz, t,7)=

1

NN

I'(z,7,0)=

— 27/t —2rifo 2ric/t
b b b

q1=e¢ q,=e rp=e
—2nit/o 2miz/t

r,=e , Xy =eElr x, =¥,

Then, by the summation formula,

F(Z _1 0>
In T TT z_i (qy71/x1) —x]

p<z 1 _f> 2 =g —r]

E (gara/xs)’ xé
L0

We now expand the various terms around ¢ =0. We get

2mi
q2=q1<1+s>+0( ), ri=14+2mie+ 0(e),

ry =1+ 2nic + O(&?), X, = e*™ET <1 —2711; >
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The singular terms have the expansion

1 1 1
- 1 40
1—r] 27zijs+2+ (&)
1 1 1 1

—=— ——+-+0(¢).
1—rj 2nije 27rij+2+ (&)

Inserting this in the summation formula yields
z 1loao . 1z
ri-,— - Ix7 —+- .
<‘L’ T r> 3 71 <7: r> c X

-y -

r(z 1 ‘c> T J(1—q)) T i(1—q9)

z
T

ix i P gl i _xi gJ
-y ‘h.l ;_qu. 1 j21~ﬁ+0(8).
1 T J(1—qi) T
After expanding the denominators into geometric series and exchanging the

summations, the sums over j become Taylor series for (di)logarithms. The
result is the formula of the theorem.

COROLLARY 5.3. Let t— 0 on aray {sty|s>0} with Im(ty) >0 and let
z=u+uvty with —1 <u<0, veR be fixed. Then

F(Z, T, T) :e—m'Q(z;r, 1)(1 + (Q(e—c/lmr))

for some ¢ >0 depending on z, t,.

Remark. As t— 0 along this ray, the zeros and poles of I(z,7,7) as a
function of z accumulate on the lines n + s7,, n€ Z, s € R. The assumption
on z means that z lies between two lines. One can relate this case to the
more general case of z between any two other lines by using the fact that
I(z, 7, ) is 1-periodic.

Proof of Corollary 5.3. The assumption on z implies that the arguments
of the y functions in Theorem 5.2 obey

k41 1 k— 1
mE T kb l4w)Ime, Ime— S~ (k—u)Im-,
T T T

I
Since Im(1/7) > —oo and k+1+u, k—u>0 for all k=0,1, 2, .., we can
use the estimate of Prop. 5.1 to show that the product of ratios of ¥ func-
tions tends to 1 as 7 — 0 with an error term that is smaller than ¢, e ~¥'™*
for some constants ¢;, ¢ > 0. Similarly 8, tends to one, and we are left with
the exponential of Q. |
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More generally, one can find similar formulae when the periods 7, ¢ are
linearly dependent over the rationals. The following two theorems reduce
(in different ways) this computation to the case studied above.

THEOREM 5.4. Let a, b be positive integers. Then
b—1 a—1
I(z,at,br)= ] [[ I'(z+(ar+bs) <, abz, abt).
r=0 s=0
Proof. Let g=e*", x=¢?* Then

(¢“**x~1 q% ¢")
(x5 9% q")

I'(z,at, bt)=

We first prove an identity for double products

— 1—[ 10_0[ (1 _xqa(r+bj)+b(s+ak))

If we replace x by ¢“"?x~! in this identity and change variables
rob—1—r, s—>a—1—s, we obtain

b—1 a—1

(qa+bx—l; qa,q 1_[ 1_[ —1 2ab ar — bs’q q )

r=0 s=0

Taking the ratio we get the desired identity for gamma functions. ||

EXAMPLES.
1. I(z,7,371)=1(z 37,37) I'(z+7, 37, 37) I'(z+ 27, 37, 37).
2. I(z,27,3t)=]1jcq0,2,3,457 1(z+ T, 61, 67)

3. Setting a =b and rescaling t we get

2a—1)
I(z,r,7)= || I(z+ jt,at, ar)”
j=0

—|j—a+1|



60 FELDER AND VARCHENKO

Inserting the formula of Theorem 5.2 into the formula of Theorem 5.4
yields an expression for I(z, at, bt) in terms of dilogarithms. As an applica-
tion we can compute from Corollary 5.3, the asymptotics of the infinite
products

J eZm'z

[e's} 1_ j+a+b,—2mriz\ N, ,(j)
I(z,at,br) =[] <Iqe> )
—dq

j=0

Here N, ,(j) denotes the number of ways j can be written as j=ar + bs
with r, s nonnegative integers. We have, as ¢ — 0 as in Corollary 5.3,

F(Z, ar, b‘L’) — e—m‘zf;(} Z?;OI Q(z + (ar + bs) 7; abr, ab‘c)(l + (Q(E_C/Imr)).

THEOREM 5.5. Let the greatest common divisor of natural numbers a, b
be 1. Consider the function

[} l_qj+a+be—2niz N, (D)
FZ, art, bt)= —_— ,
( ) 1_[ < 1_q162mz >

j=0

where N, 4(j) denotes the number of ways j can be written as j= ar + bs with
r, s nonnegative integers. Then

ab—1
I(z,at, br) =I(z, 7, 7) || Oo(z+kt, abr)™,
k=0
where o, = —ab+k+1 if k=ar+bs for some integers r,s>=0 and
ow,=k+1 if k cannot be represented in this form.

EXAMPLE.
I(z,27,31)° =TIz, 7, ) Oy(2, 67) 7> Oy(z + 1, 67)% Oy(z + 21, 67) 3
x 0o(z+37,67) 720, (z+47,67)7 L.

To prove the Theorem we shall use the following Lemma.

LEmMA 5.6. Let ke {0, ..,ab—1}.

1. If k=ar+ bs for some integers r, s =0, then ab —k cannot have the
form ab—k=a(i+1)+b(j+ 1) for some integers i, j = 0.

2. If k cannot be represented in the form k = ar + bs for some integers
r,§=0, then ab—k=a(i+ 1)+ b(j+ 1) for some integers i, j = 0.
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Proof of the lemma. If k=ar+bs and ab—k=a(i+1)+b(j+ 1), then
ab=a(r+i+1)+b(s+ j+1). Since a, b are relatively prime, this leads to
a contradiction. Part 1 is proved.

If k cannot be represented in the form k = ar + bs for some integers r, s >0,
then k can be represented in the form k =ar’ + bs’ where 0 <1’ < b, s’ <O0.
This gives the desired representation for ab — k, ab—k =a(b—r') — bs'. Part 2
is proved.

Proof of Theorem 5.5. We have

—1 @ (] - qab(s+1)q—ke—27riz)abﬂk,s
Iz, ar, bt)* n l_[ g R

where ;. ;is the number of ways ab(s 4+ 1) —k can be writtenasab(s + 1) —k =
a(i+ 1)+ b(j+ 1) with nonnegative integers i, jand y,_ , is the number of ways
abs+k can be written as abs+k=ai+ bj with nonnegative integers i, j.
It is easy to see that f, ;=s+f, and y, ,=s+ 7y . By the Lemma,
Pr.o+ Vr o =1. Notice also that o, =k + 1 —aby, ,.
Thus we have
a ab(s+1)q—ke—27riz)ab(s+1)—abyk,0

b—1 oo 1 q
I(z, at, br)®
kno SH() (1 qabsqkeZmZ)abs+abyk,0

ab—1 o0 ) k+1—aby
— H <l_[ (1 _qab(s+1)q7k672mz)(l qabsqkeZmZ)>

k=0 \s=0

oo 1 qab(s+1) —k 727ziz)ab(s+1)7k71

ab—1
q e
<11

e s—o (1 qabsqkeZHIZ)abs+k+l
ab—1
=1(z,7,7) [[ Oo(z+kt, abr)™
k=0

The theorem is proved.

6. THE PHASE FUNCTION AND THE SEMICLASSICAL LIMIT

Here we introduce the “phase function”, which is the ratio of elliptic
gamma functions appearing in hypergeometric integrals [ FTV]. It obeys
identities which are direct consequences of the identities for elliptic gamma
functions. We discuss the phase function here since it has a semiclassical
limit in which the identities reduce to more familiar differential equations
and modular properties of theta functions.
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We keep the notation of 3.1 and introduce a new variable a, setting
o= e?™@ The phase function is defined as the ratio

_I(z+a,7,0) (qr/x; q,r)(x/e; g, 1)
Qulz70)= Iz—a,t,0) (xxq, r)qra/x;q,r) (22)

The following identities are direct translations of identities for gamma
functions:

Q(z+0,1,0)= Oo(z+a,7) Q,(z,1,0), (23)
Oo(z—a, 1)

Q(z4+1,1,0)= Oo(z+4,0) Q,(z,1,0), (24)
QO(Z —da, O-)

Q. (z+1,1,0)=Q,(z 1, 0). (25)

The modular properties of this function also follow directly from those of
the gamma function. In particular

Q,(z,7,0)
Q,(z, ,0)= £ , 26
o270, 0) Q(z+1,1,0+71) (26)
Qa(29 T + 1’ 0-) = Qa(za T’ 0-)’ (27)
<z o 1> . o <z—r 1 ‘c>
Q - )= em(Q(z+a, 17,0)—Q(z—a;7,0) Q _
SN\ 1 D\ ¢’ ¢ a
x Q,(z, 1, 0). (28)

The argument of the exponential function is the polynomial

R,(z, r,a)=;ﬂ(6z2—6(r+a— 1) z+2a%+ 2+ 0>+ 316 —3t—30 +1).
10
(29)
The summation formula (15) for I” implies
& cos(nl(2z—1—0)) sin(2n/a)>
Q = — 30
o2 7 0) exp< 121 ¢ sin(n/7) sin(nl o) (30)

By using this formula we can compute the semiclassical limit 6 — 0, a —> 0
with f=2a/o fixed: if 0 <Im z <Im 7 we are in the region of convergence
of the series (30) and we get
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u(z, t)=1lim Q,(z, 7, 2¢/p)
e—0

cos(n/(2z — 1))
¢ sin(n/t)

1

=04z, T)ﬁ, O0<Imz<Imrt;

cf. (8). To avoid discussing cuts we assume here that £ is an integer.

Now the identities for 2 become differential and difference equations for
the limit u(z, 7). Eq. (23) is the obvious differential equation u'(z, 7)=
P(04(z, 7)/0y(z, 7)) u(z, ), where the derivative with respect to z is denoted
by a prime. By (7) we have in the semiclassical limit

Oo(z +e, a) o2z 1)
Oo(z —¢, 0)

Then from (24), (25) we see that the semiclassical limit exists for almost all
z and has the theta function property

u(z+1,17)= —e"F2EDy(z 1), u(z+1,7)=u(z, 7).

Therefore the limit is 04 for almost all z, 7. Let us now consider the semi-
classical limit of (26). Expanding (30) yields Q. (z+7, 7, 7+2¢/f)=
1 —2mig r(z, T) + O(&?), with

o0

r(z, )= Z

/2 sin’(mje)

cos(2njz)

Therefore both sides of (27) tend to the same limit. But the terms of order
¢ reduce to the differential equation

0
a_ nipr(z, T) u.

ot
The identity (27) becomes u(z, T+ 1) =u(z, ). We now turn to (28). Let us

assume that Imo, Imo/r>0, Im7>0. Then all factors in the infinite
products (22) tend to one in the semiclassical limit and we get

‘Qa/o' <Z_T7 _la _T>_) L.
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Therefore, (28) implies in the limit the modular transformation properties
of u:

u(z/t, —1/t) =eRo=y(z, 1).

The expression R, is (see (29))

2 1o
Ro(z 1) =lim Rz 7,26 ) =mif (= —z+ -+ -2t —
&0 T T 6 2 61

in agreement with (7).

7. A COHOMOLOGICAL INTERPRETATION

Here we give an interpretation of the modular identities obeyed by ellip-
tic gamma functions. These identities may be formulated in terms of the
cohomology of SL(3, Z) x Z* and automorphic forms “of degree 1.

7.1. Automorphic forms. Let us first review the well-known theory in
degree zero. First some notational preliminaries. We write all groups multi-
plicatively unless stated otherwise. We denote by [u«] the equivalence class
of an element u in a quotient of abelian groups. If G is a group, a G-module
A is an abelian group with a group homomorphism p: G — Aut(4). The
group C/(G, A) of j-cochains is the group of maps ¢: G/ — A, such that
#(gy, ... g)=1 if some g,=1. One sets C%G, A)=A. The differential
d=0;: C/(G, A) > C/* (G, A) is defined by

0P(g1s s &i+1) =Lp(g1) P(&2> s &iv1)
J iqc_1)/t1
X 1—[ B(g1s s i&ig1s womn gj+1)(71):|( o (gys s gj)s

i=1

for j>1 and d,¢(g) =¢/p(g) ¢ for j=0. The jth cohomology group of G
with coefficients A is then H/(G, A)=Ker J;/Imd, , for j>1 and Ker J,
for j=0.

Suppose now that X is a connected complex manifold with nice action
of a group G, so that X/G is a complex manifold. Let N be the multi-
plicative group of the field of meromorphic functions on X and M be the
subgroup of nowhere vanishing holomorphic functions. These groups are
G-modules, i.e., we have homomorphisms G — Aut(N), G —> Aut(M): ge G
is mapped to the automorphism wur>u(g~'-). The group of invariants
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H(G, N) = N¢ is identified with the group of non-zero meromorphic func-
tions on X/G. Now let ¢: G — M be a 1-cocycle with coefficients M.
We define? automorphic forms of type ¢ to be functions u e N so that

u(x)=¢(g, x) u(g~'x)

or ¢ =du in CY(G, N). The l-cocycle ¢ is called the factor of automorphy
of the automorphic form u.

Automorphic forms corresponding to cocycles ¢, ¢,=¢, ), (Ye
C%G, M)) in the same cohomology class in H(G, M) are in one-to-one
correspondence via u— Yu. Thus it is convenient to consider equivalence
classes of automorphic forms modulo M, which are associated to a coho-
mology class of 1-cocycles: for each [¢]e H'(G, M), an automorphic class of
type [¢] is a class [u] € (N/M)®= H°(G, N/M) so that [du] =[¢].

The basic properties of automorphic classes can be expressed as follows:
to any short exact sequence 1> M —> N—-> N/M—1 of G-modules is
associated the long exact sequence of cohomology groups

. = H/(G, M) % H/(G, N) 25 H/(G, N/M)->% HI*\(G, M) ...,

The image of a class [«] by the connecting homomorphism J,, is obtained
by viewing any representative u as a cochain ue C/(G, N), and setting
5, Lul="[ou],

In our case, with j=0, the set of automorphic classes of type
[p1e H(G, M) is 6 ;'[¢] = H(G, N/M). Exactness at H'(G, M) tells us
that the factors of automorphy [¢] for which there exist automorphic
forms are those in the kernel of i, and exactness at H%(G, N/M) implies
that the group H°(G, N) of non-zero meromorphic functions on X acts
transitively on d'[¢].

For example, take G to be the free abelian group on two generators ¢, ¢,
acting on X=C by t;,z=z+1, t,z=z+1. Then H% G, N) is the group of
non-zero elliptic functions, 0, represents a class of H°(G, N/M) and
[¢]1=0,[0,] is the class of the 1-cocycle

5,12 Do
olz—1—mrt

More generally, let H be the upper half plane and let G =SL(2, Z) x Z?, the
“Jacobi group”, act on X=CxH by ((* %), )z 1)=((z+n;+n,1)/
(ct+d), (at+b)/(ct +d)). Then one has

O(y)=¢(g, ) 0s(g""'y), yeCxH, geG.

2 We consider meromorphic invertible automorphic forms. In particular 0 is not considered
as an automorphic form and the additive structure is disregarded.
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The factor of automorphy is defined on generators f,,7, of Z> and
S=(° &), T=(} }) of SL(2, Z) by

¢([2’ z, T) — e—ni(2z—2‘r+1)’ ¢(S, z, T) — eni(—zz/‘c+z—z/‘r—‘r/6—1/6‘c+1/2)’

and ¢(t,, z,7) =@(T, z, ) = 1. The value of ¢ on arbitrary group elements
is then uniquely determined by the cocycle relation.

Thus 6, is a representative of an automorphic class of type
[¢]1e H'(G, M).

Let us review the proof that [¢] (and thus [0,] € H°(G, N/M)) is a non-
trivial cohomology class by showing that the corresponding first Chern
class is non-trivial. The first Chern class ¢;([¢]) is the image of [ ¢ ] under
the connecting homomorphism H'(G, M) — H*(G, 2rniZ) in the long exact
sequence associated to 0 — 27iZ — O(C x H) 2> M — 1. Here O(X) is the
additive group of holomorphic functions on X. Then one checks that
c¢i([¢]) is non-trivial by showing that it is sent to a generator of
H*(7% 2niZ) ~7 by the map H*G,2riZ)— H*(Z? 2riZ) induced by
inclusion. We do this calculation explicitly in degree 1 below.

7.2. Automorphic forms of degree 1. There is an obvious generalization
of these constructions one degree higher: so for G-modules M < N consist-
ing of certain classes of functions on an G-set X we consider the piece

H'(G, N) 25 H\(G, N/M)-2> H*(G, M) H*(G, N)

of the long exact sequence. A degree 1 automorphic class of type [¢] e
Ker(i,: H*(G, M) —> H*(G, N)) is then a class in 5, '[ ¢]. Elements of these
equivalence classes we call degree 1 automorphic forms. Degree 1 auto-
morphic classes of type [¢] are acted upon transitively by H'(G, N).

We wish to show that 6,, I" are values on generators of a degree 1
automorphic form for certain modules M, N over SL(3, Z) x Z3. As above
let us start by considering the translation subgroup Z°.

ProrosiTioN 7.1, Fix a,t in the upper half plane. Let G be the free
abelian group on three generators tq,t,,ty acting on C by tiz=z+1,
tyz=z+0, t3z=z+71. Let N be the group of non-zero meromorphic func-
tions on C, and M the subgroup on nowhere vanishing holomorphic functions.
Then

u(ty 1515, 2) = [ | Oo(z — jo. 7)
j=1

represents a non-trivial class [u] in H'(G, N/M). It corresponds to the class
d.[ule H* G, M) of the cocycle

¢(lll I'ang, tll' trzn’ lg" Z) — em'(nm’(22+ 1)—m'n(n+1) t—nm'(m’ + 1+ 2m) o’).
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Proof. We need to compute

ou(th e, 1y, z)

172, 0oz —1—mo —nt— jo, 1) [ 17, Oo(z — jo, 7)

m+m'
Jj=1

Oo(z — jo, 7)

Using the transformation properties of 6, under translations by Z + tZ we
see that this coboundary is in M, so that u represents a class in
H'(G, N/M). The class of éu in H*(G, M) is 6 ,[u] and is easily computed
to give the above expression.

To show that the class of u is non-trivial it is sufficient to show that [¢]
is non-trivial. To this purpose we compute the analogue of the first Chern
class: let @(C) denote the additive group of holomorphic functions on C.
To the short exact sequence 0— 27iZ — O(C)Z> M -1 of G-modules
(with trivial action on 2ziZ) there corresponds a long exact sequence and
in particular a connecting homomorphism

c,: HN(G, M) — H*G, 2niZ) ~ 7.

We claim that [¢] is mapped to a generator under this homomorphism
and thus is non-trivial. The calculation goes as follows: if we write
d(g1, g2, 2) =exp(R(g1, &2, 2)), with R the polynomial appearing in the
exponential function above, then, according to the rules of homological
algebra,

()81, &2, 83) = —R(g2, 3. &1 '2) + R(g1 &2 €3, 2)
—R(g1, g2283,2) + R(g1, g2, 2).

If gj=tllft2"ft§f, we then obtain c¢(¢)(g, g,, g3) =2mil,n,m; which is
indeed the class of a generator of H>(G,2niZ) (see [MacL] Section

VL6). 1

Let us now give a similar interpretation for the elliptic gamma function.
By an invertible analytic function on a complex manifold X we mean an
equivalence class of pairs (f, D) where D = X is a dense open subset and f
is a holomorphic, nowhere vanishing function on D. Two pairs (f;, D),
(f», D,) are equivalent if f; = f, on D; n D,. Invertible analytic functions
form a group with respect to the pointwise product (f;, D;)-
(f2, D2) =(f1/2, D1 0 D).

It is convenient to pass from affine coordinates 7, ¢ to homogeneous
coordinates x;, X,,X;. Let G=SL(3,Z)xZ*® act on X=CxC? by
(A, 71)(z, X)=(z+7i- X, AX), AeSL(3,Z), ii=(ny, n,,n3) €2 xeC? zeC.
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The group G has generators e; ;, 1<i, j<3,i#jand #;, 1<i<3. The
elementary matrix e, ;is the element of SL(3, Z) which differ from the iden-
tity matrix by having the i, j matrix element equal to 1. The ¢, are the
canonical generators of the Z* subgroup.

THEOREM 7.2. Let G=SL(3, Z)x Z3 act on X=C x C? as above. Let N
be the G-module of invertible analytic functions on X such that f(Jz, AX) =
f(z, X) for all 2e C—{0}. Let M be the submodule of functions of the form
exp 2nif with f€ Q(x, /x5, X,/x3)[ z/x3] a polynomial in z with coefficients in
the rational functions of X. Then the classes in N/M of the functions

—1
- I7Xy X=Xy Xy
u(el,Za Z, X):F< s s T s

X3 X3 X3
o Z Xp—X3 X3
u(e3,2a z, x):F IR s
X1 X1 X1

u(t;, z, X)=1, J#2,

extend to a 1-cocycle u: G— N/M. Its cohomology class [u] e H(G, N/M)
is independent of the choice of extension and is non-trivial. The corresponding
cohomology class [¢]=0,[u] is represented by a function ¢:G*—> M
whose restriction to (Z*)* is given by

¢([11 trzn t;, tll’ [rzn’ tg' , 2, )—C') — eni(nm’(Zz/xl +1)—m'n(n+1) x3/x; —nm'(m’ + 1 +2m) xz/xl). (3 1)

Proof. The proof is based a the presentation of G by generators and
relations. The SL(3, Z) subgroup is generated by the elementary matrices
e; ;» (i# j). The relations can be chosen [M] to be

ei,jek,lzek,lei,j’ l.;éla j;ék’
i, jC k= CikCk € js
-1 4_
(31,3 €31 61,3) =1

The relations of the generators of the Z* subgroup are t;t;=1;t; and the
relations between e, ;, 1, are
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The cocycle condition uniquely determines a 1-cocycle in terms of its values
on generators. For any functions u; ;, u, € N/M there exists a unique
l-cocycle of the free group on generators e, ;, e, such that u; ;=u(e; ;) and
u; =u(t;). This cocycle defines a 1-cocycle of G if and only if the relations
are sent to 1.

This can be checked using the identities of the functions I, 6,. Let us
consider some non-trivial examples.

The relation 1, e; ,13 =13 e; , translates to the condition

Uy(z, X) Uz o(z2 — X, X) us(z — x5, e;;)?) =u,(z, X) Uz H(z — X3, X),

which reduces to the defining functional equation for I

Z—Xy X3 Z—Xy Xp— X3 X3 Z—X3 Xp— X3 X3
60 s r T R =I R
X1 X1 X1 X1 X1 X1 X1 X1

The relation e, 3 e; ,=e; 5 €3, €; 5 translates to the condition
= 1=
U, 3(z, X) Us, 2z, 6’1,3X)
- —1= —1 —1=
=y, (2, X) Uz 5(z, €1 5 X) uy 5(z, e 5 €5 3X) mod M.

By inserting the given expressions for u; ;, we see that the condition is

, J°

mod M.
r I—Xy X1 =Xy X
( X3 ’ X3 ’ x3> (32)

Using the fact that 7" is periodic with period 1 in all its arguments, and set-
ting Z=(z—x;+x3)/(x;—x3), 0=x3/(x;—xX3), 7=(xX3—x)/(x;—xX3),
one sees that this identity reduces to

F<—Z+1, _1’ _a>
T T
T
g g o

By the last identity of Proposition 3.2 and the rules for changing signs
before Theorem 3.3, this identity reduces to one of the three-term relation
in Theorem 4.1.

To show that the class of [¢ ] =0,[u] is non-trivial, one notices that the
restriction of [¢] to Z? is given by the formula (31). So its image under the

z X,—X3 X3
F b b
r z X,— X3 X3 X=X, X1—Xy X1—X,
X

9 9
1 — X3 X3 —X3 X;—X3

mod M.

'z to)=
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map ¢,: H\(Z3 M) — H3Z3, 2niZ), which comes from the short exact
sequence

exp

0 — 27iZ — 27miQ(x, /x5, X2 /x3)[2/x3] — M — 1

is calculated as in the proof of Prop. 7.1 and is non-trivial. ||

7.3. Explicit description of the 2-cocycle. To describe the cohomology
class [¢]=0,[ule HXG, M) of G=SL(3,Z)x 7> with coefficients M
arising in Theorem 7.2, it is convenient to use the isomorphism of
H*(G, M) with the set &(G, M) of equivalence classes of group extensions

1—>M—i>Ei>G—>l

of the G-module M. The isomorphism assigns to any such extension its
characteristic class in H*G, M). It is defined as follows: choose a map
0. G — E such that poo=idg. Then a(g) a(h)=i(¢(g, h)) a(gh) for some
2-cocycle ¢ € C*(G, M) whose class, the characteristic class of the exten-
sion, is independent of the choice of o.

In our case the extension can be described in terms of generators and
relations.

Let us introduce a set of elements ¢} =exp(inL}), ¢!
¢hr=exp(inLy ), (1<), k, I, m<3) of M with

Le=explinL! ),

B X5(62% — 6(x5 +2x5) Z+ X5X; — X2+ 6X,% + 6x, X5 + x37)

L? = s
b2 6X3x (X —x1)
— 627+ 6(x) + X3+ 2X,) 2 —X3% —6X,X,
) +3x; X3 — 6X,X; — 6x,7 — x;2
L1,2: >

6x,x5

627 —6(x3+2X5) 24 62,05 4 5x,7 + 6x,7 + x37 — 5x, X3
6(x3—x;) x;

B

L3:2272x272x3+x1
2 X >

12 (22 — x,)(22% — 22X, — X2 + X1 X3 — X324+ X, )
b3 12(x3 —xq) x3(x2 — x1) '

L2 (22 — x,)(22% — 22X5 + X5 X3 — X1 % + X X3 — X52)
2 12x (x5 — x3)(x3 — xy) '

132 X5(22 — x,)(22% = 2zx,5 + Xy x5 — X357 — X2+ X, X))
b2 12x (x5 — x1) X3(x, — x3) ’

L2 _ 3,2 2_ 73
Lys=—Lys, L= —L;,
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and all other L. are zero. Let E be the group generated by ¢, ,
1<i#j<3, 1, 1<i<3 and the elements of M subject to the following
defining relations:

(a) The product of elements of M in E is the product in M.

(b) Relations with M:
& ju=ple, ;)u)é; fu=p(t;)(u) i,

ueM.

(c) Relations among the ¢, ;:

A A k14 A . .
e', 'ek,l (rbz j €k ez,jﬂ l;éla J;éka
A a1k oA
;8 k=07j 8

i,k
A A—1 A 4
(&1, 3 €31 613" =1

(d) Relations among the 7,: 7,7,= $J7.i,

(e) Relations between ¢, ; and 7;:

This group comes with a natural homomorphism M — E.

THEOREM 7.3. Let G, M, [¢] be as in Theorem 1.2. The map M — E fits
into a group extension

l-M->E->G-1,

of the G-module M, whose characteristic class in H*(G, M) is [¢] =0 ,[u]
of Theorem 7.2.

To prove this theorem we need to recall some facts about the description
of extensions by generators and relations. Let G = F/R with R a normal
subgroup of a free group F with generators (e;);.,;. The canonical projec-
tion F— G will be denoted by x+—x. Let M be a G-module and
p: G— Aut(M) the corresponding homomorphism.

Suppose that a cohomology class [¢]e HXG, M) is given. We want to
describe the middle group of the corresponding extension by generators
and relations. The relations are written in terms of a map : R — M built
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out of [¢]. We proceed to explain how to construct an extension
associated to a map y with certain properties, and how to construct
given the characteristic class [ ¢ ] of the extension.

Abstractly, the relation between iy and [ ¢ ] is that s is any inverse image
of [¢] by the surjective homomorphism H%( G, Hom(R,,, M)) - H*(G, M)
described in [ MacL], Section VIIL9. Here R,, denotes the abelianization
R/[R, R] of R,

This homomorphism can be described explicitly as follows.

An element of H%(G, Hom(R,,, M)) is, by definition, a map y: R —» M
such that

Y(rs)=y(r)y(s)  and  Ylxrx™1)=p(x) Y(r), (33)

for all r,se R, xeF. The semidirect product E=Fx , M is the cartesian
product with group multiplication rule (x, u)(y, v) = (xy, up(x) v). Then the
properties of i imply that R = {(r,y(r)~") | re R} is a normal subgroup of
E. Let E=E/R. Then it is easy to show that we have an extension
1> M- E— G — 1, with the obvious maps. If R is generated by relations
r;, jeJ, then E is the group with generators (e;);c;, M and defining rela-
tions:

1. the product of elements of M in E is the product in M,
2. eu=(ple)u)e,
3. = w(rj).

iel, jeJ,u,ve M. The characteristic class of this extension is the class of
Y ou, where u(g, h) is defined by A(g) A(h) =u(g, h) A(gh), for any section
A: G — F, as can be seen by choosing the section a(g)=[(A(g), 1)] € E.

Conversely, given a 2-cocycle ¢ € C*(G, M) we may find a € H(G,
Hom(R,,, M)) mapping to [¢] as follows. Let yy: F— M be the unique
map such that

(34)
Y(xy) =d(x, §) ¥(x) p(X) ¥(y),  Vx, yeF.
Then the restriction of i to R obeys (33). For any section : G — F we have
Y(u(g, h)) y(A(gh)) =(u(g, h) A(gh))
=y(A(g) A(h))
=¢(g, h) Y(A(g)) p(g) Y(A(h)).

Thus the 2-cocycle Yo u is indeed in the same cohomology class as ¢.
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Let us apply this construction to our case. Let [u] e HY(G, N/M) be the
cohomology class described in the Theorem. Let us choose a representative
u: G — N, which on the generators coincides with the functions given in the
claim. Then a representative of the class [¢] =4 ,[u] e H*(G, M) is given
by ¢(g, h)=u(gh)/(u(g) p(g) u(h)). The generators e; are here e; ;, ;. We
need to compute the value of y on relations.

Every element #1 of F is can uniquely be written as a reduced word
Xy X, with x;ef{e®',iel}. Reduced means that x,#x; ', j=
1, .., k—1. The function y: F - M is then given according to the rule (34)
by the formula

u(Xy) TT5_, p(Xy - X y) u(X;)
u(fl o ')Ek)

>

Y(xq - xg) =

for x; e {e;, ej’l}. If x; ---x; is a relation, the denominator is equal to 1,
so to compute (r) we only need the value of u on generators and their
inverses. The value of u on inverses of generators obeys, by the cocycle con-
dition, u(x~') = (p(x~!) u(x)) ' modulo M. Since we have no generators
such that x=x"! we may choose u so that this relation holds for repre-
sentatives, not just modulo M.

We explain the calculation in the case of the relation r=
e1.3€34(€1 €3 ,€3) " For the other relations the calculation is similar.

The equation for ¢3:3=1(r) can be written as
uy 5z, X) us o(z, eféi) =Y(r, z, X) uy »(z, X) u3 »(z, efif) uy, 5(z, eféeféf)

with u; ;=u(e; ;).

Z X,— X3 X3
z X,—X X F<x Xy X=Xy X;—X
2—X3 3 - 1= Xy X1 =Xy X1 —X
F 9 2 =lp(r’Z’x) .
X;— X3 X;—X3 X]— X3 Z—X, X;—X, X;
F 737, -
X3 X3 X3

Comparing with Theorem 4.1, we see that (cf. the calculation following (32))

Z—X1+ X3 Xo—X X
bz =exp (—mig (FIE N )
X1 —X3  Xp—X3 X;—X3
This expression is easily checked to be identical to exp(niLf:%).
Proceeding in the same way with the other relations, we find that the
non-trivial values of ¢ on relations are ¢& =exp(niL5) with
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Z—X, Z—X, X3 Z—X X3
+14+F|——,— |—F ,— |,
X3 X1 X X1 — Xy X —Xp

Li’2:22x2+l_F<sz,x3>’ L%,3:—F<2xz, X1 >,

X3 X1 X

Li2=—2

Z—Xy— X3 Z—X; Xo—X3 X3—X;
I i . W L§’2=Q< - ,
xl ’

Z—X; X,—X3 X3—X z—X;+Xx X Xy —X

3,2 1.%2 3 X3 1 1 3. 3 2 1
LI,Z_Q< > H >+Q< 5 ] >

X1 X1 X1 Xp—X3 X1 —X3 X3 —X3

Here F is the polynomial appearing in the modular transformation proper-
ties of 0,:

2 1 1 1
F(z, r)=i+z<f—l>+g+2+6r

These expressions may be (preferably with a computer) simplified to give
the claim of the theorem. The proof is complete.

7.4. The restriction of the 2-cocycle to SL(3, 7). Let G, M, [¢] be as in
Theorem 7.2. We show here that the restriction [¢]e H*(SL(3, Z), M) to
SL(3, Z) = G is non-trivial (See [ S] for a description of the cohomology of
SL(3, Z)). This is proved by showing that the restriction to a D, subgroup
is non-trivial. This D, subgroup is generated by a=(e;e; ,e;1)*:
(X1, X2, X3) = (=X, =X, X3) and b=€3,1€1f;€1,3:(xl,xz,x3)l—>
(—X3, X5, x;). The defining relations of D, are a®>=»b*=1, bab=a. The
restriction of [¢] to this subgroup is the characteristic class of the exten-
sion 1 - M — D, — D, — 1, where D, is the inverse image of D, by the projec-
tion E — G. A presentation of D, is obtained by choosing lifts of generators

Py i/2(22 — A—1 A A
4= em/2(z /x1x3 — 2z/x3 + 1 + x1/6x3 +x3/6x1)(62, i ’ 1)2

S
Il

é3, 1 él_,i}} él, 3
The relations between these generators are computable from the presenta-
tion of E above, with the result

AP=b*=1, bab =ia, i=e*e M.

PROPOSITION 7.4. The pull-back i*[$] of the class [¢]e H (G, M) of
Theorem 1.2 by the inclusion i: D, — SL(3, Z)x Z3 is the characteristic class
in H¥(D4, M) of the extension 1 > M — D, - D,— 1. It is a non-trivial
cohomology class.
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Proof. It remains to prove that the class is non-trivial. If the charac-
teristic class were trivial, the exact sequence of the extension would split.
This would mean that, for suitable homogeneous functions A, Be
Q(x,, X,, x3)[2], ¥4 and e**2h obey the relations of D,. Suppose, by
contradiction, that such functions exist. Then A, B obey

Az, X)+ A(z, a7 '%) =,
B(z, X)+ B(z, b~'X) + B(z, b—2%) + B(z, b %) =s,
B(z, X)+ A(z, b7'%) + B(z, (ba) 7' X) = — 3+ A(z, %) + ¢.

for some integers r, s, t. Let A=A —r/2, B=B—s/4, then 4, B obey
A(z, ©) + Az, a—'%) =0,
B(z, %)+ B(z, b7'x) + B(z, b72X) + B(z, b 3%) =0,

_ _ _ 1 _
B(z, %)+ A(z,b'%)+ Bz, (ba) ™ §) = — 3+ A(2. %)+ t—%.

If we view Q(x,, x,, x3)[ z] as a module over the group ring ZD,, the first
two equations can be written as (14+a) A =0, (1 +b+b*+5*) B=0. This
implies that A, B are annihilated by the idempotent

2 Y g=t14+b+b2+b)(1+a)=§(1+a)(l+b+b>+b>).

g€D4

Applying P to the third equation, we get 0= —1/4+1t—s/2, t, s€ Z, a con-
tradiction. ||
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