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Recent advances in lithium-ion battery electrodes with huge volume changes during intercalation–dein-
tercalation cycles are calling for studies on crack nucleation under diffusion induced stresses. Here we
develop a cohesive model of crack nucleation in an initially crack-free strip electrode under galvanostatic
intercalation and deintercalation processes. The analysis identifies a critical characteristic dimension
below which crack nucleation becomes impossible. The critical size and other predictions of the model
are compared to recent experiments on silicon nanowire electrodes. The results suggest nanostructured
electrodes are highly promising for applications in high capacity batteries.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

It has been recognized that the development of damage tolerant
battery electrodes for high capacity energy storage will be a critical
step to meet the future energy needs of humanity. Lithium-ion (Li-
ion) battery cells are now the most widely used secondary battery
systems for portable electronic devices due to their high energy
density, high operating voltages, low self-discharge, and low
maintenance requirements compared to conventional aqueous
rechargeable cells such as nickel–cadmium and nickel metal
hydride (Tarascon and Armand, 2001). Li-ion batteries are based
on the classical intercalation reaction during which lithium is in-
serted into or extracted from both cathode and anode. Significant
research has been directed towards finding materials with ever
greater capacity for accommodating Li atoms to increase battery
efficiency (Thomas, 2003). Graphitized carbon, the most common
anode for Li-ion batteries, exhibits relatively small volumetric
change, stable working voltage and good cycle performance. How-
ever, the chemical compound LiC6 limits the theoretical capacity of
Li-C anodes to 372 mA h g�1 (Dahn et al., 1995), which is deemed
insufficient for high power applications (Kim et al., 2006). Com-
pared to the Li-C anodes, a variety of Li-alloy (LixM, M = Sn, Si,
Ge, Al) anodes show substantially higher theoretical capacity, high
Li packing density and safe thermodynamic potential (Kim et al.,
2006). For example, as a potential candidate for anode in Li-ion
batteries, silicon has a theoretical capacity of 4200 mA h g�1 with
ll rights reserved.
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the formation of Li4:4Si alloy (Boukamp et al., 1981), which is sub-
stantially higher than that of carbon (Laforge et al., 2008). How-
ever, Si electrodes suffer from serious irreversible capacity and
poor cyclability due to huge volume changes associated with the
lithium ion insertion/extraction processes. This volume change
compounded by high Li packing density often results in fast disin-
tegration (cracking or ‘crumbling’) of the material (Yang et al.,
1996; Winter et al., 1998; Bourderau et al., 1999). This phenome-
non, commonly referred to as ‘‘decrepitation”, has become a major
obstacle for practical applications of Si and other high capacity
materials in rechargeable Li-ion batteries. Existing strategies to
prevent decrepitation of Si have mainly focused on using compos-
ite materials and reducing the alloy particle size. In the former
approach, an electrochemically active phase is homogeneously dis-
persed within an electrochemically inactive matrix (Mao et al.,
1999; Kim et al., 2000, 2006), with the inactive phase designed
to accommodate the large strains generated by the active phase
while maintaining the structural integrity of the composite elec-
trode during the alloying/de-alloying processes. In the latter
approach, the emphasis is on reducing the size and experimenting
with the geometry of the electrode. It has been shown that crack-
ing of LixSn can be avoided in multiphase anodes with small parti-
cle sizes (Besenhard et al., 1997). Nanostructured Si and Ge thin
films exhibited superior performance during charge/discharge
cycling compared to their bulk counterparts (Graetz et al., 2003,
2004). Anodes made of Cu nanorods plated with Fe3O4 showed
an improvement by a factor of six in power density over planar
electrodes while maintaining the same discharge time (Taberna
et al., 2006). Recently, silicon nanowire electrodes of diameter less
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than 100 nm have been found to accommodate volumetric strains
as large as 400% without pulverization, while maintaining a dis-
charge capacity close to 75% of its theoretical capacity with little
fading during cycling (Chan et al., 2008). These experiments are
strongly suggesting that size reduction is an effective strategy in
creating fracture resistant, high capacity battery electrodes.

In the literature, the insertion/extraction of Li in an electrode
has often been modeled as diffusion of interstitial atoms at the
continuum level (García et al., 2005; Christensen and Newman,
2006a,b; Zhang et al., 2007; Cheng and Verbrugge, 2009). Most of
the existing studies have focused on analysis of stresses induced
by the diffusion of Li in a host particle, a subclass of problems more
broadly referred to as the diffusion induced stresses (DIS) (Prussin,
1961; Li, 1978; Yang, 2005; Zhang et al., 2007; Cheng and Verb-
rugge, 2008, 2009). Christensen and Newman (2006a,b) studied
stress generation in Li insertion into carbon anode and LiMn2O4

cathode particles. Zhang et al. (2007) performed detailed numeri-
cal studies of DIS in ellipsoidal LiMn2O4 particles under galvano-
static Li insertion and extraction, with results suggesting that
particles with smaller sizes and larger aspect ratios lead to smaller
intercalation-induced stresses. Cheng and Verbrugge (2009) have
developed analytical expressions for the evolution of stress and
strain energy within a spherical particle under both galvanostatic
and potentiostatic conditions. It has also been shown that surface
tension and surface modulus could significantly reduce DIS in
nanosized particles (Cheng and Verbrugge, 2008).

In spite of the extensive studies of DIS in structures of various
geometries, relatively few theoretical studies have explicitly con-
sidered the mechanisms of crack nucleation and propagation. Hug-
gins and Nix (2000) considered a bilayer plate structure in which
the top layer is subjected to a swelling transformation strain
while the bottom layer contains a pre-existing crack. They showed
that the swelling in the top layer causes a biaxial tensile stress in
the bottom layer and used the Griffith criterion to predict a termi-
nal thickness of the plate below which the pre-existing crack will
not propagate.

Experiments have shown that crack nucleation usually occurs
during the first intercalation–deintercalation cycle for the high
capacity electrodes. However, the condition for crack nucleation
under diffusion induced stresses in an initially crack-free electrode
has not been addressed previously. Motivated by the increasing
importance of this problem, here we develop a cohesive model of
crack nucleation under diffusion induced stresses in a thin strip
under galvanostatic charge and discharge. Compared to the Hug-
gins–Nix model (Huggins and Nix, 2000), the electrode in our anal-
ysis is assumed to be initially crack-free, and the dynamic
evolution of DIS and crack nucleation under galvanostatic (con-
stant current) charging/discharging conditions will be explicitly
modeled.

Cohesive models of fracture were originally developed to re-
move crack-tip stress singularity due to cohesive interactions
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Fig. 1. Schematic illustration of crack nucleation in a strip electrode of width 2h during
the thickness direction (y-axis). The crack nuclei are uniformly spaced with period p and m
(Barenblatt, 1959) or plastic deformation (Dugdale, 1960). This ap-
proach has also been extensively used to model crack nucleation in
an initially crack-free material. For example, Needleman (1987)
developed a cohesive model to describe void formation from initial
particle debonding through complete separation to subsequent
void growth. Camacho and Ortiz (1996) have applied cohesive
models to describe dynamic fragmentation in an initially crack-
free solid subject to impact. Mohammed and Liechti (2000) devel-
oped cohesive models of crack nucleation at bimaterial corners in
aluminum-epoxy specimen under 4-point bending. In such mod-
els, a traction–separation law is assumed to act between separat-
ing surfaces and the criterion of crack nucleation is based on the
maximum surface separation within the cohesive zone reaching a
critical value. The most widely used traction–separation laws in-
clude rectangular (Dugdale, 1960), polynomial/exponential (Nee-
dleman, 1987), trilinear (Tvergaard and Hutchinson, 1992) and
triangular (Camacho and Ortiz, 1996) law. Here we will adopt
the triangular traction–separation law (Camacho and Ortiz, 1996)
in modeling crack nucleation under DIS. In this model, if the max-
imum stress in the electrode is less than the cohesive strength of
the material, there exists no cohesive zone at all. When the maxi-
mum stress exceeds the cohesive strength, the deformation in the
electrode starts to localize into an array of cohesive zones (Fig. 1).
Such localized deformation is thought to be initially reversible, and
crack nucleation is assumed to occur only when the maximum sur-
face separation within the cohesive zone reaches a critical value.
We will focus on crack nucleation under the most severely loaded
state, which will be shown to correspond to a steady state phase
after the initial transient has passed but before the maximum stoi-
chiometric solute concentration of the host material is reached.
2. Diffusion induced stress in a strip electrode

Fig. 1 shows a strip electrode with width 2h subject to insertion
and extraction of an interstitial species such as Li. The electrode
material is considered an isotropic linear elastic solid and the
deformation is assumed quasi-static. Following an analogy be-
tween DIS (Prussin, 1961; Li, 1978; Yang, 2005; Zhang et al.,
2007; Cheng and Verbrugge, 2008, 2009) and thermal stresses,
the transport of solute in the strip is modeled as a concentration
driven diffusion process along the thickness (y) direction of the
electrode (Crank, 1980),

@c
@t
¼ D

@2c
@y2 ; ð1Þ

where D is the diffusivity and c is the molar concentration of solute.
The insertion of solute atoms into host causes a swelling transfor-
mation strain Xc=3;X being the partial molar volume of solute,
which generates the following axial stress in the electrode (Timo-
shenko and Goodier, 1970),
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galvanostatic solute (a) intercalation and (b) extraction, modeled as diffusion along
odeled as cohesive zones obeying the triangular traction–separation law (Eq. (13)).



Fig. 2. Snapshot profiles of solute concentration and diffusion induced stress. (a)
Concentration during insertion, (b) DIS during insertion, (c) concentration during
extraction and (d) DIS during extraction. The concentration is normalized as
ĉ ¼ cFD=ðIhÞ during insertion and ĉ ¼ ðc � c1ÞFD=ðIhÞ during extraction (Eqs. (4) and
(8)), while DIS is normalized as r̂ ¼ 3ð1� mÞFDr=ðEXIhÞ (Eqs. (5) and (9)).
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where E is the Young’s modulus and m is the Poisson ratio of the
material.

We consider the variations of solute concentration and the cor-
responding DIS during charging and discharging. The initial solute
concentration in the electrode is assumed to be zero. Under galva-
nostatic boundary conditions as shown in Fig. 1,
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where I is the surface current density and F ¼ 96486:7 C=mol is Far-
aday’s constant, the solute concentration during insertion can be
found as (Crank, 1980)
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and the associated DIS is
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At the end of charging, the stress approaches a steady state
while the solute concentration rises steadily with time. This situa-
tion persists until the saturation limit of material is reached. The
steady state solution then acts as the initial condition for the
extraction process,
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FD
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where
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tc denoting the charging time. During extraction, the solute concen-
tration evolves as

cðy; tÞ � c1

Ih=FD
¼ �Dt

h2 �
3y2 � h2

6h2

þ 4
p2

X1
n¼1

ð�1Þn

n2 cos
npy

h

� �
exp �Dn2p2t

h2

( )
ð8Þ

with the associated DIS
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Fig. 2 plots the variations of solute concentration and the asso-
ciated DIS during the first charging and discharging cycle. Due to
the symmetry of the problem, the results are plotted only over half
of the strip width. During insertion, the solute concentration con-
tinuously rises with time (Fig. 2a) while the stress approaches a
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steady state with tension near the center and compression near the
free surface of the electrode (Fig. 2b). The peak tensile stress occurs
at the center with magnitude equal to (Fig. 2b)

rI
peak ¼ EXIh=18ð1� mÞFD ð10Þ

when reaching the steady state. During extraction, the surface cur-
rent is reversed, and the solute concentration continuously de-
creases with time (Fig. 2c) while the stress approaches a steady
state with compression near the center and tension at the surface
of the electrode. In this case, the peak tensile stress at the surface
reaches (Fig. 2d)

rE
peak ¼ EXIh=9ð1� mÞFD ð11Þ

at steady state.
To appreciate the level of diffusion induced stress in high capac-

ity electrodes, we consider silicon nanowire electrodes with an
average diameter of 89 nm. Recent experiments have shown such
electrodes can be charged to the near theoretical capacity of
4227 mA h g�1 at a charge and discharge rate of 20 h per half cycle
(Chan et al., 2008), corresponding to a surface current density of
I ¼ 0:011 A=m2. With concentration change in LixSi from x = 0 to
4.4, reaching a volume change as large as 59%, the partial molar
volume of Li can be estimated as (Zhang et al., 2007)

X ¼ 4
4:4cmax

¼ 2� 10�5 m3=mol ð12Þ

where cmax ¼ 2:0152� 104 mol=m3 is the stoichiometric maximum
concentration of Li (Boukamp et al., 1981). Other material proper-
ties are listed in Table 1. If the lower limit of Young’s modulus of
fully lithiated Si is used, the peak tensile stress is estimated to be
0.1 GPa during Li insertion and 0.2 GPa during Li extraction. For fas-
ter charge and discharge rates, the nanowire electrodes begin to
show irreversible capacity losses even during the first cycle (Chan
et al., 2008). For example, at the charge and discharge rate of 5 h
per half cycle, there is an irreversible capacity loss at the first cycle,
but the capacity is then stabilized at 3500 mA h g�1 for the subse-
quent 20 cycles (Chan et al., 2008). In this case, the surface current
density is I ¼ 0:036 A=m2, corresponding to a peak stress of
0.35 GPa during Li insertion and 0.7 GPa during Li extraction.

The above estimated peak tensile stresses are close to the
theoretical strength of pure silicon and have most likely exceeded
the cohesive strength of lithiated silicon. Why can the Si
nanowires sustain such extreme mechanical stresses without
fracture? In the following section, we consider crack nucleation
under diffusion induced stresses in an initially crack-free elec-
trode.

3. Cohesive model of crack nucleation in the strip electrode

Fig. 1 shows an emergent array of cohesive zones in the initially
crack-free electrode. The cohesive zones are uniformly spaced at a
Table 1
Material properties of Si and operating parameters.

Parameter Symbol
(dimension)

Value Source

Young’s modulus
(lithiated Si)

E (GPa) 30–80

Poisson’s ratio m 0.22 Freund and
Suresh (2003)

Diffusion coefficient D (m2/s) 2� 10�18 Laforge et al.
(2008)

Stoichiometric maximum
concentration

cmaxðmol=m3Þ 2:0152� 104 Boukamp et al.
(1981)

Fracture energy C (J/ m2) 2
period of p near the center of the electrode during solute insertion
and at the edge of the electrode during solute extraction. The cohe-
sive zone is assumed to obey the triangular traction–separation
ðr� dÞ law (Camacho and Ortiz, 1996),

r ¼
rcð1� d=dcÞ d 6 dc;

0 d > dc;

�
ð13Þ

where rc is the cohesive strength of the electrode material and dc is
the maximum range of cohesive interaction. The fracture energy of
the material, C ¼ rcdc=2, is assumed to be a material constant typ-
ically on the order of surface energy in the absence of significant
plastic deformation.

The emergent cohesive zones are modeled as continuous distri-
butions of infinitesimal dislocations (Bilby and Eshelby, 1968).
During solute insertion, the cohesive zones would develop at the
center of the electrode as soon as the stress exceeds the cohesive
strength. Within the cohesive zone, the traction and the surface
separation follows Eq. (13), i.e.

rDðy; tÞ þ
Z a

�a
Pðy;gÞBðg; tÞdg ¼ rc 1� rc

2C

Z a

y
Bðg; tÞdg

� �
;

� a 6 y 6 a ð14Þ

where the first term rDðy; tÞ is the diffusion induced stress and the
second term is the stress associated with localized deformation
within the cohesive zones modeled as continuous distributions of
infinitesimal dislocations with density Bðg; tÞ satisfyingZ a

�a
Bðg; tÞdg ¼ 0: ð15Þ

The kernel function Pðy;gÞ in Eq. (14) corresponds to the axial
stress at location 0; yð Þ induced by an array of edge dislocations
of unit Burgers vector in the x-direction, located at position g along
the y-axis and periodically distributed along the x-axis with a per-
iod equal to p. The expression for Pðy;gÞ is given in Appendix A.
Similar to the Dugdale model (Dugdale, 1960), the cohesive zone
size is determined based on the condition that there exists no sin-
gularity at the tip of the cohesive zone,

lim
g!a

Bðg; tÞ ffiffiffiffiffiffiffiffiffiffiffiffia� g
p ¼ 0; ð16Þ

and crack nucleation is assumed to occur when the maximum sur-
face separation reaches dc ¼ 2C=rc , i.e.Z a

0
Bðg; tÞdg ¼ 2C=rc: ð17Þ

Finally, the spacing p between the cohesive zones will be deter-
mined by the condition that the stress everywhere in the electrode
must not exceed the cohesive strength.

During solute extraction, the tensile stress region is shifted to
the surface of the electrode while the center of the electrode is un-
der compression. Therefore, in this case the emergent cohesive
zones are placed periodically along the edge of the electrode with
governing equation

rDðy; tÞ þ
Z h

h�a
Pðy;gÞ � Pðy;�gÞ½ �Bðg; tÞdg

¼ rc 1þ rc

2C

Z y

h�a
B g; tð Þdg

� �
; h� a 6 y 6 h: ð18Þ

In this case, the size of the cohesive zones is determined based
on

lim
g!h�a

Bðg; tÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g� hþ a

q
¼ 0; ð19Þ

and the corresponding crack nucleation condition is
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Z h�a

h
Bðg; tÞdg ¼ 2C=rc: ð20Þ

Normalizing all stress variables by rc and all length variables by
h in Eqs. (5), (9) and (14)–(20), we can identify a characteristic
length scale as

‘ft ¼
Cð1� mÞF2D2

E 1þ mð ÞX2I2

( )1=3

: ð21Þ
Fig. 3. Effect of localization spacing p on the distribution of axial stress rx in the
region between two adjacent cohesive zones of length a=h ¼ 0:7. (a) At the
spontaneous localization spacing p=h ¼ 2:36, the maximum axial stress between
two adjacent localization zones is equal to the cohesive strength rc . (b) If the
localization spacing is taken to be p=h ¼ 5, the maximum axial stress between two
adjacent localization zones is seen to be greater than the cohesive strength rc . (c) If
the localization spacing is taken to be p=h ¼ 1, the maximum axial stress between
two adjacent localization zones is seen to be lower than the cohesive strength rc .
4. Localization spacing p

In the present cohesive model, the deformation in the electrode
is spontaneously localized into a periodic array of cohesive zones
along the length of the strip if the peak DIS in the electrode exceeds
the cohesive strength of material. The strain localization leads to
stress relaxation in the vicinity of each cohesive zone. Therefore,
the post-localization stress distribution depends on the localiza-
tion spacing p. If the localization spacing is too large, the stress be-
tween two adjacent cohesive zones will not be brought down to
the level of cohesive strength. Oppositely, if the localization spac-
ing is too small, the region between two adjacent cohesive zones
will be over-shielded such that the maximum stress falls below
the cohesive strength. This is illustrated in Fig. 3 with contour plots
of axial stress in the electrode for the cohesive zone length
a=h ¼ 0:7. Due to the symmetry of the problem, the results are
plotted only over a quarter of the region between two adjacent
cohesive zones. When the cohesive zones are too widely spaced,
as shown in Fig. 3b for p=h ¼ 5, the maximum stress in the inter-
mediate region between two adjacent cohesive zones is greater
than the cohesive strength. When the cohesive zones are too nar-
rowly spaced, as shown in Fig. 3c for p=h ¼ 1, the stress in the
intermediate region is over-relaxed to below the cohesive strength.
We assume that the localization process would naturally select the
cohesive zone spacing such that the maximum stress in the region
between two adjacent cohesive zones is exactly equal to the cohe-
sive strength rc . In the case shown in Fig. 3, this critical spacing is
found to be p=h ¼ 2:36 (method to determine p=h will be discussed
shortly), as can be seen in Fig. 3a.

For the formation of center cohesive zones during solute inser-
tion (Fig. 1a), the maximum axial stress in the region between two
adjacent cohesive zones occurs along the axis of the strip right in
the middle of the two localization zones. Hence, in this case the
cohesive zone spacing p is determined by solving

rxðp=2;0Þ ¼ rDð0; tÞ þ
Z a

�a
Hðp=2;0;gÞBðg; tÞdg ¼ rc ð22Þ

together with Eqs. (14)–(17). The kernel function Hðx; y;gÞ corre-
sponds to the axial stress at (x; y) induced by an array of edge dis-
locations of unit Burgers vector in the x-direction located at
position g along the y-axis and periodically distributed along the
x-axis with a period equal to p. The expression for kernel function
Hðx; y;gÞ is given in Appendix A. For a given cohesive strength rc ,
we solve Eqs. (14)–(17), followed by checking Eq. (22) and employ-
ing the method of bisection to determine p.

For the formation of edge cohesive zones during solute extrac-
tion (Fig. 1b), the maximum axial stress in the region between
two adjacent cohesive zones occurs along the free surface at the
midpoint between the two localization zones. The cohesive zone
spacing p is then determined by solving

rxðp=2;hÞ¼rDðh;tÞþ
Z h

h�a
½Hðp=2;h;gÞ�Hðp=2;h;�gÞ�Bðg;tÞdg¼rc ð23Þ

together with Eqs. (18)–(20). Fig. 4a and b plot the cohesive zone
spacing as a function of the cohesive strength during solute inser-
tion and extraction, respectively.
5. Critical conditions for crack nucleation

Once the localization spacing p is determined, the critical condi-
tions for crack nucleation are obtained from Eqs. (14)–(17) for cen-
ter cracks during solute insertion and from Eqs. (18)–(20) for edge
cracks during solute extraction by a numerical scheme detailed in



Fig. 4. Localization spacing p as a function of the normalized cohesive strength for
the formation of (a) center cohesive zones during solute insertion and (b) edge
cohesive zones during solute extraction. In both (a) and (b), the cohesive strength
rc is normalized by the peak stresses rI

peak ¼ EXIh=½18ð1� mÞFD� during solute
insertion and rE

peak ¼ EXIh=½9ð1� mÞFD� during solute extraction.

Fig. 5. The critical conditions for crack nucleation expressed as relationships
between the normalized half-width of electrode, the normalized cohesive strength
and the normalized critical size of cohesive zone at nucleation. The blue lines plot
the critical dimension of electrode while the dashed green lines plot the critical size
of cohesive zone at crack nucleation as functions of the normalized cohesive
strength. (a and c) Plot the critical conditions for nucleation of center cohesive
zones of length 2a under solute insertion while (b and d) plot those of symmetric
edge cohesive zones of length a under solute extraction. In (a) and (b), the cohesive
strength is normalized by the peak stresses rI

peak ¼ EXIh=½18ð1� mÞFD� during
solute insertion and rE

peak ¼ EXIh=½9ð1� mÞFD� during solute extraction. In (c) and
(d), the cohesive strength is normalized by the size-independent reference stress
rref ¼ EXI‘ft=½18ð1� mÞFD� where ‘ft is the characteristic length scale defined in Eq.
(21).
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Appendix B. The results are shown as blue solid lines relating the
normalized width of the electrode and the cohesive strength scaled
by the corresponding peak stress in the electrode in Fig. 5a and b.
For given values of strip width and cohesive strength, crack nucle-
ation is predicted to occur along and above the blue lines in the
sense that there exist a solution with maximum surface separation
within the localization zones exceeding the cohesive interaction
range dc. If the normalized values of strip width and cohesive
strength are below these lines, crack nucleation is predicted not
to occur, not because of the absence of strain localization but be-
cause the maximum surface separation in the cohesive zone can-
not reach dc . In this case, the localized deformation within the
cohesive zone is fully reversible and material would recover as
soon as the diffusion induced stress in the strip is reduced. For gi-
ven values of the normalized cohesive strength and strip width, the
corresponding sizes of cohesive zone at crack nucleation are shown
as green dashed lines.

When the peak DIS exceeds the cohesive strength, correspond-
ing to the normalized cohesive strength smaller than unity, strain
localization occurs spontaneously as a periodic array of cohesive
zones with spacing given by Fig. 4. When the peak DIS is smaller
than the cohesive strength, corresponding to the normalized cohe-
sive strength exceeding unity, strain localization does not occur
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spontaneously. However, in this case there may exist metastable
solutions with isolated localization zones. This type of failure may
occur at locations with pre-existing defects/weaknesses. The gov-
erning equations and numerical algorithm for such metastable, iso-
lated localizations are similar to those for spontaneous, periodic
localizations, except the Green’s function kernel is replaced with
Kðy;gÞ which corresponds to the axial stress at location ð0; yÞ in-
duced by a single edge dislocation at ð0;gÞwith a unit Burgers vec-
tor in the x-direction (Fotuhi and Fariborz, 2008). The expression
for Kðy;gÞ is given in Appendix C. Fig. 5 indicates that the critical
strip width and cohesive zone size transition smoothly between
multiple localization to isolated localization regimes.

Most interestingly, Fig. 5 shows that, during both solute inser-
tion and extraction, there exists a critical electrode dimension be-
low which crack nucleation becomes impossible irrespective of the
cohesive strength of the material. This critical dimension is found to
be hI

cr ¼ 7:3‘ft during solute insertion and hE
cr ¼ 6:5‘ft during solute

extraction; see Fig. 5a and b. Therefore, crack nucleation is more
likely to occur at the surface of electrode during solute extraction,
as opposed to nucleation at the center of electrode during solute
insertion, even without accounting for any surface defects. In real-
ity, stress concentration induced by surface roughness may further
facilitate crack nucleation at the surface of electrodes during solute
extraction. Combining these results, a critical dimension for flaw
tolerant electrodes is identified as
2hft ¼ 13‘ft ¼ 13
Cð1� mÞðFDÞ2

Eð1þ mÞðXIÞ2

( )1=3

: ð24Þ

The significance of this equation is that it predicts an initially
crack-free electrode would remain crack-free below the critical
dimension. Once the electrode width exceeds this critical dimen-
sion, nucleation of surface cracks during solute extraction would
become possible.

Fig. 5a and b shows that the critical dimension for flaw tolerant
electrodes corresponds to the minimum width of the electrode re-
quired to prevent crack nucleation irrespective of the cohesive
strength of the material. This is a ‘‘fail-safe” or ‘‘design for robust-
ness” concept. If the cohesive strength of the material is known,
the critical dimension of the electrode for crack nucleation may
be higher than that predicted by Eq. (24). The plots in Fig. 5a and
b are based on cohesive strength normalized by the peak tensile
stresses during solute insertion and extraction. Since these peak
stresses also depend on the electrode size, as shown in Eqs. (10)
and (11), it is difficult to see from Fig. 5a and b the actual critical
dimension for crack nucleation as a function of the cohesive
strength. In order to decouple the effect of electrode size and cohe-
sive strength, we introduce a size-independent reference stress
rref ¼ EXI‘ft=18ð1� mÞFD and replot the results of Fig. 5a and b in
Fig. 5c and d based on a new normalization of the cohesive
strength with respect to rref . Fig. 5c and d indicate that the critical
dimension for crack nucleation increases almost linearly with
cohesive strength at large values of rc=rref . It is interesting that
the critical dimension also increases at small values of rc=rref . This
is because, under the assumption of constant fracture energy
C ¼ rcdc=2, the cohesive interaction range dc increases as rc de-
creases. The ‘‘fail-safe” electrode size defined in Eq. (24) corre-
sponds a specific combination of dc and rc ¼ r�c that is most
susceptible to crack nucleation. When rc > r�c , the electrode be-
comes more resistant to cracking due to higher strength of the
material. In contrast, when rc < r�c , the increasing resistance to
cracking is due to higher interaction range dc , which makes it dif-
ficult to separate cohesive surfaces. In this sense, crack nucleation
can be referred to as ‘‘strength-controlled” in the range rc > r�c and
‘‘separation-controlled” in the range rc < r�c .
Take the material parameters listed in Table 1. For silicon nano-
wires electrodes to be charged to near theoretical capacity at a
charge–discharge rate of 20 h per half cycle without fracture, the
critical dimension for flaw tolerant electrodes, 2hft , is estimated
to be 413 nm. The nanowire electrodes adopted in experiments
by Chan et al. (2008) indeed fall in this range. At faster charge–dis-
charge rates, this critical dimension scales with increasing surface
current density according to I�2=3. For the nanowires of 89 nm in
diameter adopted in experiments (Chan et al., 2008), we estimate
that crack nucleation would occur at the surface of the nanowire
at the charging–discharging rate of 2 h per half cycle. Indeed, the
voltage profiles at different power rates show that significant
capacity loss begins at the charging/discharging rate between 5
and 10 h per half cycle (Chan et al., 2008). While the reason for
such capacity loss is not completely clear, the observation would
be more or less consistent with our analysis if the formation of sur-
face cracks during discharging is assumed to be a significant cause.
Earlier experiments have also shown that decrepitation was sup-
pressed in amorphous Si films about 100 nm in thickness (Graetz
et al., 2003) and in amorphous Ge films around 60–250 nm in
thickness (Graetz et al., 2004), leading to superior charge/discharge
cycling performance compared to the bulk materials. The broad
agreement between experiments and our analysis for the critical
electrode dimension for crack nucleation points to the fact that
crack nucleation can indeed be suppressed in nanostructured elec-
trodes and design of fracture resistant electrodes can greatly im-
prove the cycling performance of Li batteries.

6. Summary and discussions

In this paper, we have developed a cohesive model of crack
nucleation under diffusion induced stresses in an initially crack-
free strip electrode under galvanostatic solute intercalation and
extraction. Our analysis shows that nanoscale size is indeed a
key to suppress crack formation under large diffusion induced
stresses in high capacity battery electrodes such as Si. The most
important result of our analysis is that there exists a critical length
scale

Hft ¼ 13
Cð1� mÞF2D2

Eð1þ mÞX2I2

( )1=3

ð25Þ

for the electrode to become flaw tolerant. When the characteristic
dimension of the electrode is below this length scale, crack nucle-
ation becomes impossible irrespective of the cohesive strength of
material. This is not because the peak stress in the electrode re-
mains smaller than the cohesive strength, rather it is because the
maximum surface separation within an emergent cohesive zone
in the electrode cannot reach the cohesive interaction range. In this
case, the localized deformation in the cohesive zones is fully recov-
erable once the diffusion induced stresses are reduced.

Our results significantly extends and generalizes the previous
analysis by Huggins and Nix (2000) who considered a bilayer plate
structure in which the top layer is subjected to a swelling transfor-
mation strain eT while the bottom layer contains a pre-existing
crack. They showed that the swelling in the top layer causes a biax-
ial tensile stress in the bottom layer and used the Griffith criterion
to predicted a critical thickness

Hh�n ¼
23
p

3KICð1� mÞ
EeT

� �2

ð26Þ

of the plate below which the pre-existing crack will not propagate.
Here KIC is the fracture toughness of the plate. Using the relation
KIC ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EC=ð1� m2Þ

p
, we can rewrite the Huggins–Nix critical length

as
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Hh�n ¼
207
p

Cð1� mÞ
Eð1þ mÞe2

T

: ð27Þ

Comparing Eq. (27) and our result in Eq. (25), we can see some
qualitative similarities. Both models predict that the critical elec-
trode dimension for fracture resistant electrode should scale with
the ratio between the fracture energy and Young’s modulus of
the material. However, the scaling is linear in the Huggins–Nix
model while it is non-linear with a power index of 1/3 in our mod-
el. Furthermore, our model shows that the critical length scale for
flaw tolerance should scale inversely with the density of charging
current. The faster the charging, the higher the stress and the more
likely the crack will be nucleated. This is consistent with experi-
mental observations. Our model suggests that a potential design
criterion for flaw tolerant electrode is

I2=3H 6 crit; ð28Þ

where I is the operating current and H is the dimension of electrode.
For a ‘‘fail-safe” design of electrode, one might first determine the
allowable value of I2=3H by a standard testing protocol and then de-
sign the actual electrode dimension and current density according
to the scaling relation in Eq. (28).

We note that the concept of flaw tolerant electrodes at nano-
scale is reminiscent of biological nanocomposites such as bone in
which evolution may have selected the basic structural units to
be at nanoscale for flaw tolerance (Gao et al., 2003). One therefore
wonders if some of the material construction strategies in nature
might also help build fracture resistant electrodes in the future.
For example, the self-similar hierarchical structures of bone-like
materials have inspired the concept of multiscale flaw insensitivity
via structural hierarchy (Gao, 2006; Yao and Gao, 2007). It has been
shown that hierarchical material design could allow the nanoscale
structural units to extend their flaw insensitivity properties to
macroscopic size scales. Such ideas might be effectively utilized
to form macroscopic electrodes based on their nanostructured
units. A hierarchical composite structure similar to that of biolog-
ical nanocomposites might allow electrochemically active materi-
als to be organized at different hierarchical levels through
appropriate cross-linking with soft matrices to accommodate huge
volume expansions of the electrode at different scales. Current
manufacturing sophistication and the encouraging performances
of nanowire electrodes (Taberna et al., 2006; Chan et al., 2008) sug-
gest that hierarchically nanostructured battery electrodes might be
feasible in the foreseeable future as a promising solution to decrep-
itation problems in Li-ion batteries. On the other hand, chemical
degradation issues may favor electrodes with minimal interface
area with an electrolyte in order to minimize the formation of a so-
lid electrolyte interface (SEI) which tends to remove active lithium
ions from the charge–discharge process and contributes to capacity
fading. An optimal architecture of electrodes must strike a balance
between mechanical and chemical degradations.

We would like to point out a number of limitations in our cur-
rent model. First, we have only considered highly idealized elec-
trode geometry. Even for such simple geometry, we have not yet
investigated the stability of the crack after it is nucleated, where
it might be necessary to consider different boundary conditions
on the newly formed crack surfaces (which are reported to form
solid electrolyte interphase and degrade the battery performance).
Second, the effect of hydrostatic stress can influence the chemical
potential (Li, 1978; Yang, 2005; Zhang et al., 2007) as well as the
activation energy for diffusion (Nazarov and Mikheev, 2004), intro-
ducing strongly non-linear terms in the governing equation and
boundary conditions. The full coupling between stress and diffu-
sion is expected to be important to model electrode in a strongly
confined environment. Once this coupling is introduced, the crack
nucleation problem will have to be treated in a more sophisticated
non-linear framework, which would substantially increase the
complexity of the problem. Third, the current formulation is
strictly valid only in the limit of dilute solutions since otherwise
the distribution of Li ions may significantly alter the physical prop-
erties of the material such as the elastic modulus. Fourth, the lith-
iation induced phase changes needs to be further studied. Although
not treated in the current study, phase changes during lithiation
are another major cause for stresses in addition to DIS. The
micrometer length of electrode is important in this context, as a
critical thickness of 2 lm is required for the crystallization of
amorphous Si to crystalline Li15Si4 (Hatchard and Dahn, 2004).
All these issues may significantly affect the electrode failure pro-
cess in some way. Nevertheless, the simple model adopted here
may serve as a first step to bring out some essential features of
an appropriate length scale and the associated scaling laws for
crack nucleation.
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Appendix A. Green’s function kernel (periodic case)

The Green’s function kernel Pðy;gÞ for the periodic array of
edge dislocations with a unit Burgers vector ð1;0Þ in an isotropic
elastic thin strip is calculated using the superposition principle as
shown in Fig. A1 The original problem is divided into two sub-
problems. In the first sub-problem shown in Fig. A1a, the stress
field of the periodic array of dislocations in an infinite isotropic
elastic plane is determined. In the second sub-problem shown
in Fig. A1b, the surface tractions r1yyðx;�hÞ;r1xyðx;�hÞ along
y ¼ �h from the first sub-problem are negated to recover the trac-
tion free boundary conditions in the original problem. The two
dimensional traction boundary value problem in the sub-problem
(b) is treated using Airy stress function approach (Timoshenko
and Goodier, 1970).

The stress field of a periodic array of edge dislocations with a
unit Burgers vector (1,0) in an isotropic elastic infinite plane is
(Hirth and Lothe, 1982)

r1x ðx;yÞ¼
E

4pð1�m2Þ �
sinhð2pðy�gÞ=pÞ

½cosh2ðpðy�gÞ=pÞ�cos2ðpx=pÞ�
þpðy�gÞ

p

(

� ½coshð2pðy�gÞ=pÞcos2ðpx=pÞ�cosh2ðpðy�gÞ=pÞ�
½cosh2ðpðy�gÞ=pÞ�cos2ðpx=pÞ�2

)
; ðA1Þ

r1y ðx;yÞ¼�
E

4ð1�m2Þ
pðy�gÞ

p2

�
coshð2pðy�gÞ=pÞcos2ðpx=pÞ�cosh2ðpðy�gÞ=pÞ
h i

cosh2ðpðy�gÞ=pÞ�cos2ðpx=pÞ
h i2 ; ðA2Þ

r1xyðx;yÞ¼
E

4pð1�m2Þ
sinð2px=pÞ

2 cosh2ðpðy�gÞ=pÞ�cos2ðpx=pÞ
h i

8<
:

� pðy�gÞ
2p

sinð2px=pÞsinhð2pðy�gÞ=pÞ

cosh2ðpðy�gÞ=pÞ�cos2ðpx=pÞ
h i2

9>=
>;: ðA3Þ

The resulting non-zero tractions along y ¼ �h are expressed in
the series form as:
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Fig. A1. A periodic array of edge dislocations with Burgers vector (1,0) located at position ð�np;gÞðn ¼ 0;1;2; . . . :Þ in an isotropic elastic strip. (a and b) Depict two sub-
problems used to calculate the stress field for the original problem by the superposition principle.
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�
r1y ðx;hÞ þ r1y ðx;�hÞ

2

	 

¼
X1
m¼1

Bm cosð2pmx=pÞ; ðA4Þ

�
r1y ðx;hÞ � r1y ðx;�hÞ

2

	 

¼
X1
m¼1

Cm cosð2pmx=pÞ; ðA5Þ

�
r1xyðx;hÞ þ r1xyðx;�hÞ

2

	 

¼
X1
m¼1

Am sinð2pmx=pÞ; ðA6Þ

�
r1y ðx;hÞ � r1y ðx;�hÞ

2

	 

¼
X1
m¼1

Dm sinð2pmx=pÞ; ðA7Þ

where

Bm ¼
E

pð1� m2Þ
pðh� gÞ

2p
m exp

�2mpðh� gÞ
p

� ��

� pðhþ gÞ
2p

m exp
�2mpðhþ gÞ

p

� ��
; ðA8Þ

Cm ¼
E

pð1� m2Þ
pðh� gÞ

2p
m exp

�2mpðh� gÞ
p

� ��

þ pðhþ gÞ
2p

m exp
�2mpðhþ gÞ

p

� ��
; ðA9Þ

Am ¼
E

pð1� m2Þ
pðh� gÞ

2p
m exp

�2mpðh� gÞ
p

� ��

þ pðhþ gÞ
2p

m exp
�2mpðhþ gÞ

p

� �

� 1
4

exp
�2mpðh� gÞ

p

� �
� 1

4
exp

�2mpðhþ gÞ
p

� ��
; ðA10Þ

Dm ¼
E

pð1� m2Þ
pðh� gÞ

2p
m exp

�2mpðh� gÞ
p

� ��

� pðhþ gÞ
2p

m exp
�2mpðhþ gÞ

p

� �

� 1
4

exp
�2mpðh� gÞ

p

� �
þ 1

4
exp

�2mpðhþ gÞ
p

� ��
: ðA11Þ

To evaluate the solution to sub-problem (b), we make use of the
following four auxiliary problems with boundary conditions and
corresponding Airy stress function /ðx; yÞ (Timoshenko and Goo-
dier, 1970) as

(i) ryðx;�hÞ ¼ cosð2axÞ, rxyðx;�hÞ ¼ 0,
/ðx;yÞ¼ cosð2axÞ
2a2 sinhð4ahÞþ4ah½ � �sinhð2ahÞcoshð2ayÞ½

þ2a ysinhð2ayÞsinhð2ahÞ�hcoshð2ahÞcoshð2ayÞf g�: ðA12Þ
(ii) ryðx;�hÞ ¼ � cosð2axÞ;rxyðx;�hÞ ¼ 0,
/ðx; yÞ ¼ cosð2axÞ
2a2½sinhð4ahÞ � 4ah� ½2ay coshð2ahÞ coshð2ayÞ

� sinhð2ayÞ coshð2ahÞ þ 2ah sinhð2ahÞf g�: ðA13Þ
(iii) ryðx;�hÞ ¼ 0;rxyðx;�hÞ ¼ sinð2axÞ,
/ðx; yÞ ¼ cosð2axÞ
a sinhð4ahÞ � 4ah½ � �h coshð2ahÞ sinhð2ayÞ½

þy coshð2ayÞ sinhð2ahÞ�: ðA14Þ
(iv) ryðx;�hÞ ¼ 0;rxyðx;�hÞ ¼ � sinð2axÞ,
/ðx; yÞ ¼ cosð2axÞ
a½sinhð4ahÞ þ 4ah� ½y sinhð2ayÞ coshð2ahÞ � h

� sinhð2ahÞ coshð2ayÞ�: ðA15Þ

Application of Eqs. (A12)–(A15) to the traction boundary condi-
tion given in Eqs. (A4)–(A7) leads to the solution to sub-problem
(b). Finally, combined with the solution of sub-problem (a) in
Eqs. (A1)–(A3) and removing the mean axial stress in the strip,
the axial stress component ðrxÞ at location ðx; yÞ, denoted by
Hðx; y;gÞ, is found to be

Hðx;y;gÞ¼ E
4pð1�m2Þ �

sinhð2pðy�gÞ=pÞ
½cosh2ðpðy�gÞ=pÞ�cos2ðpx=pÞ�

(

þpðy�gÞ
p

½coshð2pðy�gÞ=pÞcos2ðpx=pÞ�cosh2ðpðy�gÞ=pÞ�
½cosh2ðpðy�gÞ=pÞ�cos2ðpx=pÞ�2

)

þ
X1
m¼1

2Bm cosð2mpx=pÞ
½sinhð4mph=pÞþ4mph=p� coshð2mpy=pÞ sinhð2mph=pÞf½

�2mphcoshð2mph=pÞ=pgþ2mpysinhð2mpy=pÞsinh

�ð2mph=pÞ=pg�þ
X1
m¼1

2Cm cosð2mpx=pÞ
½sinhð4mph=pÞ�4mph=p� sinhð2mpy=pÞ½

� coshð2mph=pÞ�2mphsinhð2mph=pÞ=pf g
þ2mpycoshð2mpy=pÞcoshð2mph=pÞ=pg�

þ
X1
m¼1

4Am cosð2mpx=pÞ
½sinhð4mph=pÞ�4mph=p� sinhð2mpy=pÞ sinhð2mph=pÞf½

�mphcoshð2mph=pÞ=pgþmpycoshð2mpy=pÞ

�sinhð2mph=pÞ=pg�þ
X1
m¼1

4Dm cosð2mpx=pÞ
½sinhð4mph=pÞþ4mph=p�

� coshð2mpy=pÞ coshð2mph=pÞ�mphsinhð2mph=pÞ=pf g½
þmpysinhð2mpy=pÞcoshð2mph=pÞ=pg�

� E
2pð1�m2Þ

g
h
� 3E

4pð1�m2Þ
yðg2�h2Þ

h3 : ðA16Þ

The Green’s function Pðy;gÞ is obtained by substituting x ¼ 0
into Eq. (A16),

Pðy;gÞ¼ E
4pð1�m2Þ �2cothðpðy�gÞ=pÞþpðy�gÞcsch2ðpðy�gÞ=pÞ=p

n o

þ
X1
m¼1

2Bm

½sinhð4mph=pÞþ4mph=p� coshð2mpy=pÞ sinhð2mph=pÞf½
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�2mphcoshð2mph=pÞ=pgþ2mpysinhð2mpy=pÞsinhð2mph=pÞ=pg�

þ
X1
m¼1

2Cm

½sinhð4mph=pÞ�4mph=p� sinhð2mpy=pÞ coshð2mph=pÞf½

�2mphsinhð2mph=pÞ=pgþ2mpycoshð2mpy=pÞcoshð2mph=pÞ=pg�
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4Am
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�mphcoshð2mph=pÞ=pgþmpycoshð2mpy=pÞsinhð2mph=pÞ=pg�

þ
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4Dm
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�mphsinhð2mph=pÞ=pgþmpysinhð2mpy=pÞcoshð2mph=pÞ=pg�

� E
2pð1�m2Þ

g
h
� 3E

4pð1�m2Þ
yðg2�h2Þ

h3 : ðA17Þ
Appendix B. Numerical scheme

Here we outline the numerical algorithm adopted to solve Eqs.
(14)–(20), where the localization spacing p and the cohesive zone
size a are treated as input parameters while the corresponding nor-
malized cohesive strength and critical strip thickness are calcu-
lated as the results.

For crack nucleation at the center of electrode during solute
intercalation (Fig. 1a), the length dimension in Eqs. (14)–(17) is
normalized as

ŷ ¼ y
a
; ĝ ¼ g

a
; ðB1Þ

both defined over [�1,1] to facilitate numerical analysis. The singu-
lar nature of dislocation density at both crack-tips can be repre-
sented as

Bðĝ; tÞ ¼ Rðĝ; tÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ĝ2

p ; ðB2Þ

where Rðĝ; tÞ is a smooth function of ĝ. Integrals involving square
root singularity are evaluated using the Gauss–Chebyshev quadra-
ture as (Erdogan et al., 1973),Z 1

�1

f ðĝÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ĝ2

p dĝ ffi p
N

XN

j¼1

f ðĝjÞ; ðB3Þ

where ĝj ¼ cosððj� 0:5Þp=NÞ; j ¼ 1; ::;N are integration points. Eq.
(14) is imposed at N � 1 collocation points given by
ŷi ¼ cosðip=NÞ; i ¼ 1; . . . ;N � 1. The condition of removal of singu-
larity in Eq. (16) becomes Rð�1; tÞ ¼ 0, which can be expressed in
terms of the integration point values of R using Krenk’s extrapola-
tion formulae (Krenk, 1975),

Rð1; tÞ ¼ 1
N

XN

j¼1

sin½ðN � 0:5Þðj� 0:5Þp=N�
sin½ðj� 0:5Þp=ð2NÞ� R ĝj; t

� 
; ðB4Þ

Rð�1; tÞ ¼ 1
N

XN

j¼1

sin½ðN � 0:5Þðj� 0:5Þp=N�
sin½ðj� 0:5Þp=ð2NÞ� R ĝNþ1�j; t

� 
: ðB5Þ

For crack nucleation near an edge of electrode during solute
extraction (Fig. 1b), the length dimensions in Eqs. (18)–(20) are
normalized over [�1,1] as

ŷ ¼ 2yþ a� 2h
a

; ĝ ¼ 2gþ a� 2h
a

: ðB6Þ

The singular nature of dislocation density at the crack-tip can be
represented as

Bðĝ; tÞ ¼ Rðĝ; tÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
1� ĝ
1þ ĝ

s
ðB7Þ

where Rðĝ; tÞ is a smooth function of ĝ. Integrals involvingffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� ĝÞ=ð1þ ĝÞ

p
can be evaluated using Gauss–Chebyshev quadra-

ture as (Erdogan et al., 1973),
Z 1

�1
f ðĝÞ

ffiffiffiffiffiffiffiffiffiffiffiffi
1� ĝ
1þ ĝ

s
dĝ ffi 2p

2N þ 1

XN

j¼1

1� cos
2jp

2N þ 1

� �	 

f ĝj
� 

; ðB8Þ

where ĝj ¼ cosð2jp=ð2N þ 1ÞÞ; j ¼ 1; . . . ;N are integration points. Eq.
(18) is imposed at N collocation points given by
ŷi ¼ cosðð2i� 1Þp=ð2N þ 1ÞÞ; i ¼ 1; . . . ;N. Eq. (19) representing the
condition of removal of singularity translates to Rð�1; tÞ ¼ 0, which
can be expressed in terms of the integration point values of R using
Krenk’s extrapolation formula (Krenk, 1975),

Rð�1; tÞ ¼ 2
2N þ 1

XN

j¼1

cot
ðj� 0:5Þp
ð2N þ 1Þ

	 

sin

Nð2j� 1Þp
ð2N þ 1Þ

	 

R ĝNþ1�j; t
� 

:

ðB9Þ
The triangular cohesive law (Eq. (13)) introduces non-linearity

in Eqs. (14) and (18) and we solve Eqs. (14)–(17) and (18)–(20)
iteratively using Newton–Raphson method until convergence is
achieved. In most cases, convergence is obtained within six to eight
iterations.

Appendix C. Green’s function kernel for a single dislocation in a
strip

The Green’s function kernel Kðy;gÞ for a single edge dislocation
with a unit Burgers vector ð1;0Þ in a thin strip can be obtained from
Appendix A by letting the period between dislocation approach to
infinity. An alternative form of the solution has been given by Fo-
tuhi and Fariborz (2008), which is found to be consistent with the
solution given in Appendix A. Here we list the alternative solution
by Fotuhi and Fariborz (2008):

Kðy;gÞ ¼

E
4pð1�m2Þ

1
y�gþ 1

h

R1
0 ½fxx1ð0; y;g;aÞ

� f1xx1ð0; y;g;aÞ�da g 6 y 6 h;
E

4pð1�m2Þ
1

y�gþ 1
h

R1
0 ½fxx2ð0; y;g;aÞ

� f1xx2ð0; y;g;aÞ�da � h 6 y 6 g;

8>>>>><
>>>>>:

f1xx1ð0; y;g;aÞ ¼
E

4pð1� m2Þ 2� aðy� gÞ
h

	 

exp

�aðy� gÞ
h

� �
;

f1xx2ð0; y;g;aÞ ¼
E

4pð1� m2Þ �2� aðy� gÞ
h

	 

exp

aðy� gÞ
h

� �
;

p
4l

fxx1ð0; y;g;aÞ ¼
1
D
�2A1bx ½sinh aðy=h� 1Þf

þaðy=h� 1Þ cosh aðy=h� 1Þ� þ 2C1bx ½2 cosh aðy=h� 1Þ
þ aðy=h� 1Þ sinh aðy=h� 1Þ�g;

p
4l

fxx2ð0; y;g;aÞ ¼
1
D
�2A2bx ½sinh aðy=hþ 1Þf

þ aðy=hþ 1Þ cosh aðy=hþ 1Þ� þ 2C2bx ½2 cosh aðy=hþ 1Þ
þ aðy=hþ 1Þ sinh aðy=hþ 1Þ�g;

A1bx ¼ L5ðL2S6 þ L5S7 þ L4S8Þ;
C1bx ¼ L5L1S7 þ L1L4S8 � L5L2S5 � L2L3S8;

A2bx ¼ �L5ðL1S6 þ L5S5 þ L3S8Þ;
C2bx ¼ L5L3S7 þ L3L2S6 � L5L4S5 � L4L1S6;

L1 ¼ ½�1� 2ag=h� 2a2g2=h2 þ 2a2�e2a

þ ½�1þ 2ag=h� 2a2g2=h2 þ 2a2�e�2a

þ ð1þ 2aÞe2ag=h þ ð1� 2aÞe�2ag=h;

L2 ¼ �e2að1þg=hÞ � e�2að1þg=hÞ þ 2þ 4a2ð1þ g=hÞ2;
L3 ¼ e2að1�g=hÞ þ e�2að1�g=hÞ � 2� 4a2ð1� g=hÞ2;
L4 ¼ ½1� 2ag=hþ 2a2g2=h2 � 2a2�e2a

þ ½1þ 2ag=hþ 2a2g2=h2 � 2a2�e�2a

þ ð�1þ 2aÞe2ag=h þ ð�1� 2aÞe�2ag=h;
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L5 ¼ a½�2� 2aþ 2ag2=h2�e2a þ a½�2þ 2a� 2ag2=h2�e�2a

þ 2aðe2ag=h þ e�2ag=hÞ;
S1 ¼ ½�1þ jþ 2að1� g=hÞ�eað1�g=hÞ

þ ½1� jþ 2að1� g=hÞ�e�að1�g=hÞ;

S2 ¼ ½1þ jþ 2að1� g=hÞ�eað1�g=hÞ

þ ½1þ j� 2að1� g=hÞ�e�að1�g=hÞ;

S3 ¼ ½�1þ jþ 2að1þ g=hÞ�eað1þg=hÞ

þ ½1� jþ 2að1þ g=hÞ�e�að1þg=hÞ;

S4 ¼ ½�1� j� 2að1þ g=hÞ�eað1þg=hÞ

þ ½�1� jþ 2að1þ g=hÞ�e�að1þg=hÞ;

S5 ¼ ½�1� jþ 2að1� g=hÞ�eað1�g=hÞ

þ ½�1� j� 2að1� g=hÞ�e�að1�g=hÞ;

S6 ¼ ½1� jþ 2að1� g=hÞ�eað1�g=hÞ

þ ½�1þ jþ 2að1� g=hÞ�e�að1�g=hÞ;

S7 ¼ ½1þ j� 2að1þ g=hÞ�eað1þg=hÞ

þ ½1þ jþ 2að1þ g=hÞ�e�að1þg=hÞ;

S8 ¼ ½1� jþ 2að1þ g=hÞ�eað1þg=hÞ

þ ½�1þ jþ 2að1þ g=hÞ�e�að1þg=hÞ;

D ¼ ðL1S2 þ L5S1 þ L3S4ÞðL2S6 þ L5S7 þ L4S8Þ
� ðL2S2 þ L5S3 þ L4S4ÞðL1S6 þ L5S5 þ L3S8Þ;

j ¼ 3� 4m:

The infinite integral in Kðy;gÞ is numerically evaluated using
Gauss–Laguerre quadrature (Press et al., 1992).
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