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This paper deals with a generalization of the Hardy—Hilbert inequality with best
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1. INTRODUCTION

Ifa, b,>0,p>15+:=1and0<X;_,af <»,0<X;,_bf <,
then the famous Hardy—Hilbert’s inequality (Hardy et al. [1]) may be
written in the following form:
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m=0n=0 (m+n+1) Sm(w/p){n=0 } {n=0 } )
where the constant factor 7 /sin(7) is best possible.
In particular, when p = g = 2, inequality (1.1) reduces to the standard
Hilbert’s inequality
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Both inequalities (1.1) and (1.2) play an important role in analysis and its
applications. Recently, Yang [2, 3] and Gau [4] gave some improvements of
(1.1) and (1.2) by estimating the weight coefficients. Yang [5] also general-
ized the integral form of (1.1) by introducing some parameters. We
consider the weight function

- 1 @2-0,2
w/\(x)=/0 m(;) dy, XE(O,OO), (0</\S1).
(1.3)

Recently, Yang [6] gives a generalization of Hilbert’s integral inequality as

follows:
j:’/:’ f(x)g(y) dx dy

(x+y)"

sB(%,%){f:foz(x)dxfo 1) z(x)dx}l/z, (1.4)

where B(p, q) (p, g > 0) is the B function. Following the paper by Yang
[6], we introduce a parameter A and consider the weight coefficient

@=\/r
) , (1.5)

where N, is the set of nonnegative integers and n € N, (r > 1,2 —r < A
< 2).

The main objective of this paper is to formulate a new inequality related
to the double series

o 1
w(r,n) = Z

=0 (m+n+1))‘

n+
m +

Nk | NP

a,b,

Yoy i (16)

m=0n= o(m+n+1)

so that inequality (1.1) can be generalized with a best constant B((A + p
—2)/p,(A+q —2)/q). As an application, we give its equivalent form
and obtain some particular results.

2. SOME RESULTS AND LEMMAS
First, we need the following inequality (see Yang and Debnath [7]):
If for r =0,1,2,3,4, f0%(x) = 0, @ D(x) <0, f®(x) > 0, x € [0,),
and [7 f(x) dx < o, then

* o 1 1
T f(m) = [ () det S0 = 35 (0). (21)
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LEmMMA 2.1, If nEeN,, r>1,2—-r<A<2 and A >0, define the
function R,(r, n) by

1 1-A=Q@-MN/r 1 1 @-N/r
R,(r n) = (n n _) l/(2n+1)—/\(_) "
2 0 (1+u)"\u
_Grt2-4 Lp@=N/r _ o 2@N/T(22)
6r(n +1)" 12(n + )M

then R,(r,n) > 0.

Proof. Integrating by parts, we have

j‘l/(2n+l) 1 (1 )(2”/' "

0 (1+u)*\u
- ;f”(z"“) ;dul—&—wr
1—2-N/r) (1+u)

1/(2n+1)

1 1
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1-2-N/r (l+u))‘

0
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u d——
0 (1+u)

2*1+(2f)\)/r 1 1 A=1+@=-N)/r
= e
1—(2—)\)/r(n+1) 2
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1-(2-X)/r’ (1+u)**
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2-1+@-N)/r (n + %)A—H(z—)\)/r

>l—(2—)\)/r (n+1)"

A (n " %)/\—H(z—/\)/r

TN nept

Then, by (2.1), we find

R (r.n) Ir+2—-A 271 2@=N/r
r,n)>|— +
A 6r 1-@=N/r|(n+1)"
1 1 272 A 2@=N/r
-0t ’ AL
12 1-@2-N/r 2=@2-N/r|(n+1)
(2.3)

Since0 < A<2and0<(2— \)/r<1,inequality 22 — A\) + (2 — V)?/r
>0 is equivalent to —[@Br+2—-MN/6rl+[27'/ 1 -2 -N/]=0,
and inequality (2 — A)/r)* — 3((2 — M) /r) — 1 < 0 is equivalent to —;;
+[1/0-@Q2—-MN/P]-272/2 -2 — N /r) > 0. Hence, by (2.3), we
have R,(r,n) > 0. The lemma is proved.

LEMMA 2.2, Ifp > 1, % + %= 1,2 —min{p,q} < A < 2, and w,(r,n)
is defined by (1.5), we have

1-A

R
p 4 L 24

p ' q

1
+_
Ty

w,(r,n) <B

where n € Ny(r=p,q), B(p—2+MN/p,(g—2+N/q) = [31/(1+
WME)E=N/P gy,

Proof. By (2.1), we have

o 1 1 @2-N/r
A 1
m—o (m+n+1)"\m+3
- 1 1 @-N/r 1
< f _ - dt + ——— - 2C-N/r
o (t+n+1)"\t+3 2(n+1)
A 2—A
,2(27/\)/r T — _21+(27)L)/r

_|_—
12(n + 1) 12r(n + 1)*
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- 1 1\ 3r+2-2
— f , - dt + ————— 2@/
o (t+n+1) "\t +3 6r(n + 1)
N e (25)
12(n + 1M

Setting u = (t + 3)/(n + %), we find

@2-N/r
dt

Lo
o (t+n+1)"

1
t+3

du

1 1-2-@-M/r ~ 1 1 @-N/r
| 5

=(n+_

2
1
=—|——
T

1/@n+1) 1 1\@- v
B N LY
0 (L+u)y \u

Then, by (1.5), (2.5), and (2.2), we have

1 @-N/r 1 1-A—Q-N/r
wA(r,n)s(n+§) {(n—kz)

1/en+v (1 +u)’

du

1—/\—(2—/\)/r[ w 1 (1)(2—).)/r

o (1+u)\u

- 1 1 Q@-N/r
< el
0 (1+u)

u

du — R,(r, n)}
(2.6)

Since 2 — min{p,q} <A <2, for r=p,q, we have 2 —r < A < 2, and
A > 0. By Lemma 1.1 and (2.6), we have

- 1 1 Q2-N/r
( ) du. (2.7)

w(r,n) < (n + %)lAfo T

Since the B function has the relation (see [8, p. 117])

u

—1+u

B(u,v) =/o m

dt = B(v,u) (u,v > 0),
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and(g — 2+ N/qg+ (p—2+ A)/p = A, we have

= 1 1\Cv7p
f —/\(—) du
o (1+u)"\u
:/W$u_l+(p_2+)‘)/pdu:B(P—2+/\,q—2+/\
o (1L+u) p q

-2+ A -2+ A
—B(q P du.

= 1 1\@-v/e
- g ' p ()

fo (1+u)’

u
Hence, by (2.7), we have (2.4). This proves the lemma.

LEMMA 2.3. Ifp > 1, % + $= 1, A>2—min{p,q}, x =0, and £ > 0,
then

- 1 —e—1 u(,er)\,g)/q
J (x+ _) fl/(zm)—Adud’f:O(l) (e—>07).
0 2 0 (1 +u)
(2.8)
Proof. We have
Qe uTETATE
f o du
0 (1+u)

0

1 1 1+(=2+r-¢€)/q
=l+(1/q)(—2+)\—a)(2x+1) '

Since 1 + (=2 + A /g >0and A > 2 — min{p, g} > 0, there exists n, €
N,suchthat A/ny < 1,for0 < e < A/ny, 1+ (=24 A — &)/q > 0. Since
for a > 1 the function g(y) = 1(3)’ (y € (0,%)) is strictly decreasing, we
find

1 1 1+(=2+r-¢)/q
1+(—2+)\—3)/q(2x+1)
1 1 1+[-2+M1-1/nyl/q
= ;
T 1+ (/q)[ -2+ M1 - 1/ny)] (2x + 1)
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u(-2+A-2)/q

-1
1/@2x+1)
/ —————dudx
0 (1+u)

21+ (A/no)

=1
ST+ (L/q)[—-2+ A1 - (1/1’10))]/0 (2x+ 1

2+[-2+A1-1/nl/q
) i

1 2
= 2A/ng
’ {1+(1/Q)[_2+’\(1_(1/”0))]} '

Hence relation (2.8) is valid. The lemma is proved.

3. MAIN RESULTS

THEOREM 3.1. Ifa,, b, >0, p> 1, + ;=1,2—min{p,q} <A <2,
and 0 < Y7_o(n + 3 %P <0, 0 < X7_o(n + )b < o, then

0 o<} anbm
LY ——==
m=0n=0 (m +n + 1)
p—2+A g—2+2A

p q
A2 (e d) ] S e d) )
" - (3.1)

where the constant factor B(p — 2 + A /p,(q — 2 + N)/q) is best possible.
In particular, when A = 2, we have

© o ab 20@ 1 pl/ﬁw 1 bql/q
;0}120(,,1+n+1) < {Eo(2n+1)“"} {Z(2n+1) } '

n=0
(32)

<B

where the constant 2 is still best possible.

Proof. By Holder’s inequality, we have
o0 oo anbm

)»

m=0n=0 (m +n + 1))\

=0n= o(m+n+1)'\/p

n+

N[ NI-

)(2 N/pq

m +
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2-2
b /P4

m

(m+n+1)“q

1
m+ 3

1
n+ 3

- 1/p
2—-A
© 0 a{: n_’_% ( )/‘1
B m=0n=0(m+n+1)/\ m+%
2—
o o bm +; @=M/p
X Z A 1
m:On:O(m+n+1) n+3
_ /p
2
0 0 a? +% @2-M/q
1
n=0m= 0(m+n+l) m+ 3
- 1/q
2
X X 3 ;
m=0n=0(m+n+1) I’l+§

0 Ur | = 1/q
= { Z a)/\(q,n)a,’;} { Z w)L(le)b;Z} .

n=0 m=0
Then, by (2.4), we have (3.1).
For 0 < &< A/ny, <1, setting a, = (n + HA 272/ p = (m
+ 3)A7272)/4 then

1 1-A 26‘
(n+—) bl = — +0(1) (e —>0").
&
(3.3)
Since 0 < 2 — min{p, g} < A < 2, by (2.8), we have

ZZ a,b,

m=0n= 0(m+n+1)

L\A-2=2)/p (4 L\A"27e)a
) (y 2) dy dx

>f0w(x+5

o (x+y+1t
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“l-e[ uA=2-¢)/q
f ——du|dx
1/@x+1) (1 +u)
- 1 —1-¢ w u(A*Zfs)/q
T Rt
0 2 o (1+u)
0 2 0 (1 + u))‘
2¢& 30u()\727£)/q

= : o mdu—()(l)

Since we have

w ur=2-¢e)/4q
lim ——du =B(
-0+ 70 (1 +u)

p—2+XA g—2+2A
p  q

o uhm27e)/4a pP—24+X g—2+A )
——du=B8B , +0(1) (e—>0"),
o (1+u) p q
we find
=<} =<} ab
Z n-m

0n=0 (m+n+1))‘

m

2° p—2+A g—2+A
> —|B , +o0(1)| — O(1)
€ p
2° —24+AX g—2+2A
= —[B(p ,q +0(1)}, (3.4)
€ p q

where 0 < K<B({(p—2+MN/p,(g—2+ AN/g). Putting >0 (<
A/ny < 1) small enough so that

> K,

+ o(1)

2¢ p—2+A g—2+A
2+ £0(1) p ' q
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we have, by (3.3) and (3.4),

ii a,b,

—0n= 0(m+n+l)

>K(2: + 0(1))

= K{éo(n + %)1Aa,’j}l/p{n§0(n + %

It follows that the constant factor B(p — 2 + A)/p,(g — 2 + A /q) in
(3.1) is best possible.

Since k,(2) = B(1,1) = 1, by (3.1), inequality (3.2) is valid. It is obvious
that the constant factor 2 in (3.2) is still best possible. The theorem is
proved.

When p = 2, we have the following:

COoROLLARY 3.1. If 0<Yr_s(n+ ' %2 <o and 0<XTo_y(n+
D Mb2 < », where 0 < A < 2, then

n

1-x /4
bq} .

ii a,b,,

—0n= 0(m+n+l)

R[S IR A P T e

<B
22 n=0

where the constant factor B(A/2, A/2) is best possible.

In particular, for A = 2, we have

- 1/2
nZO (2n+1)“’21 L (2n+1) 2} ’
(3.6)

B

a,b,, i 1
—<
0n 0(m+n—|—l)

where the constant 2 is still best possible.

Remark. When A =1, (3.1) reduces to (1.1). Inequality (3.1) is a
generalization of (1.1). It is obvious that inequality (3.5) is a generalization

of (1.2).
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4. SOME APPLICATIONS

THEOREM 4.1. If a, >0, p>1, - +:=1 2—-min{p, g} <A <2,
and 0 < X7_,(n + ' *a? < o, then

oo 1\ A= Dp-D[ = a, P

IS e

me0 2 noo (m+n+1)

—2+A g-2+20\]" & 1\
<82 1 y (n + —) ar,  (41)
p q n=0 2

where the constant factor [B(p — 2 + N /p,(q — 2 + N /)P is best possi-
ble. Inequality (4.1) is equivalent to (3.1).
In particular,

(i) for A =1, we have

5 & a, p - -
Eo(,&m <[W] 2 (42)
(i)  for X = 2, we have
> 4 > = p zi 4.3
L3 Lo 2L e ¢

where the constant 2 is still best possible.

Proof.  Since 0 < X2_(n + $)' *a? < =, there exists k, € N such that
forany k > ko, 0 < X5 _o(n + P %a? < oo,

We set
I\ ok a P
bk = |[m 5] T
2 noo (m+n+1)
>0 (meN, k=>kg),

and use (3.1) to obtain

k 1-2A
0< ), (m + =] bi(k)
m=0 2
k 1 A-D(p-D[ k a p
=) (m + — —”A
me0 2 no(m+n+1)
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kK k  ab (k
&b e

m=0n=0 (m +n + 1))\

—24+XN g—2+A
<B(p ’q

k 1 1-A 1/p
{ Z (n + —) a,’,’}
n=0 2

(L[ d) mn] (@t

Hence, we find

[f(m+%YAmw4

m=0

(R R

m=0 2 n=0 (m+n+1))‘

1/p

p}l/ﬁ

(E(o3) ] o

n=0

-2+ A -2+ A
<BP q

p q

It follows that 0 < X7 _,(m + ) *bi(x) < . Hence, (4.4) is valid as
k — o by (3.1); so is (4.5). Thus, inequality (4.1) holds. We have proved
that inequality (3.1) implies (4.1).

We next show that inequality (4.1) implies the inequality (3.1):

o<} o0 anbm
m=0n=0 (m +n + 1)A

* 1 i a
X 77 = -
m=0 (m+%)(1 M/ (m o+ n + 1)

1 1-1/q
+ 2 b
m 2) i

p}l/l’
p}l/P

IA
—_—
3

* 1 it a,
z:: l)(l/\)(pl)|: Z

o (m+ 3 noo (m +n+1)"

1\@-N/g a9\ 1/4
(m + —) b,
2

© 1\A-Dp=Dr = a
MX_:()( 2) [,,Z_:o (m+n+l))‘
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1-2 1/q
bq} ) (4.6)

X{i(m+% a

m=0

Since 0 < X% _o(m + 3)'"*bd < o, by (4.1), we obtain (3.1). It follows that
(3.1) implies (4.1). Since the constant factor in (3.1) is best possible, we
may show that the constant factor in (4.1) is also best possible by using
(4.6). Otherwise, there exist A (2 — min{p, g} < A <2) and K > 0 such
that K <B((p —2+ MN/p,(¢g —2+ N /g), and

) 1 A=1(p-1) © a
y (m ‘ -) [ y .
m=0

P

% 1\1-2
<KPY, (n + —) ab.
n=0 2

2 n=0 (m +n + 1))\
Then, by (4.6), we find

[} [} anbm
m=0n=0 (m +n+ 1))\

T IR R A VR I

n=0 n=0

This is a contradiction. Since B(p — 1)/p,(q — D/q) = B(;, ) =
ar/sin(ar/p), for A = 1, by (4.1), we have (4.2). It is obvious that (4.3) holds
for A = 2, by (4.1). This proves the theorem.

COROLLARY 4.1. If 0 <A <2, and 0 <Y¥:_o(n+ 3)' %% < o, then

we have
o 1 (A—1) oo a
L (m+5) [ D—
=, 2

n=0 (m+n+1)A

Y Y Pt

n=0

<

where the constant factor [B(%, %) is best possible. Inequality (4.7) is
equivalent to (3.5). In particular,

(i) for A =1, we have
<w?) a? (4.8)

i(i a,

meo\p_om+tn+1
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(i) for A = 2, we have

2 o0 2

2}

n=0

oo
n

n-o(m+n+ 1)2 (49)

£

foutt 2 (2n+ 1)’

where the constant 2 is still best possible.

Remark. Inequality (4.2) is equivalent to (1.1), and inequality (4.1) is a
generalization of (4.2), which is equivalent to (3.1). Since all the constant
factors involving the B function are best possible, we obtain some new
results.
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