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Statistical experiments possess the property of adaptivity, if the ignorance of a
nuisance parameter does not cause any loss in efficiency. In order to include a large
variety of cases, the efficiency is measured in terms of minimax bounds. It is shown
that a necessary and sufficient condition for adaptivity of translation invariant
experiments is that the parameter of interest and the nuisance parameter are as.
independent w.r.t. the posterior distributions.  © 1988 Academic Press, Inc.

1. INTRODUCTION

Many statistical models are of the following type: They contain a finite
dimensional parameter of interest e R* and a (finite or infinite dimen-
sional) nuisance parameter u. It is known that under some circumstances
the ignorance of the nuisance parameter u causes no loss in efficiency for
the estimation of 4 ie., the asymptotic properties of the best estimates are
the same both for fixed known u and for unknown u. The term “adaptivity”
is used to describe such a situation and the pertaining estimates for ¢ are
called “adaptive.” Thus an experiment has the property of adaptivity if at
least one adaptive estimate exists.
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The notion of adaptivity depends on the used measure of efficiency. If the
asymptotic distribution of the estimates is normal, then the most important
and widely used measure of efficiency is the asymptotic covariance matrix,
since by Anderson’s lemma minimizing the covariance matrix means at the
same time minimizing the risk for a large class of loss functions. For non-
normal asymptotic distributions, however, asymptotic variances need not
exist and if they do they are only related to the risk of the quadratic loss.
Therefore the concept of adaptivity will be based on the comparison of
minimax risks for a variety of loss functions:

Let {P,,: te T=R* ue U} be a family of probability measures on a
probability space (£2,2). The parameter 1€ R* is that of interest and U is
an arbitrary set of nuisance parameters. Let W(-) be a nonnegative loss
function on R* and 1(w, dy) a (randomized) estimate of ¢, i.c., a transition
from @ into the set of all probability measures in R*. The set of all these
estimates is denoted by 7. The risk of 7 is

rule bu)i= [ | W= ) (o, dy) dP, (o).
QR
(1.1) DerINITION.  The experiment (2, U, {P,,:te T,ue U}) fulfills
condition (A) (adaptivity) with respect to the loss W if for every finite
subset U, of U

(A) inf sup [sup rult*, ¢, u)— inf sup ry(7, ¢, u):l =0.
t*eF uel; LteT ted teT
Since the left-hand side of (A) is obviously always nonnegative, this notion
of adaptivity may be loosely characterized as: There is an estimate ¢*
treating u as unknown, which achieves for every u the same minimax
bound as those procedures 1 which make use of the knowledge of w.
It is easy to conclude from (A) the validity of the following condition

(B) For every finite subset U, < U,

inf sup sup ry {7, 1, u) = sup inf sup ry(z, 1, u).

1€ uel) teT uelUyted teT
Condition (B) says that if adaptivity holds then the minimax bound for the
problem of unknown u is not larger than the worst minimax bound for all
subproblems with known fixed u. Trivially the sign = in (B) is valid for
any model.

It is an important problem to characterize experiments satisfying the
condition (A). There are, however, many examples for which (A) is fulfilled
only in an asymptotic manner: Let (&,) be a sequence of experiments:

&=(Q,, N, (P :teT, ueU})and 7, the sets of randomized
estimates with risk r, (-, -, ).
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(1.2) DeriniTiON.  The sequence of experiments {&,} fulfills condition
(A,) if for every finite subset U; of U

(A,)

limsup inf sup [supr, y{tk, t,u)— inf supr,plz,, t,u)]=0.
n r:sfn uelU; teT theTn teT

Under some mild conditions it is shown in the Appendix that if {&,} fulfills
the condition (A,) and &, converges to a limiting experiment & (in the
sense of Le Cam [4]) then & fulfills condition (A). Thus a characterization
of experiments possessing the property of adaptivity is at the same time a
characterization of limiting experiments of sequences having the asymptotic
adaptivity property.

Notice however, that there is no converse of the theorem in the
Appendix. As a counterexample take

N((:D(i i)) it 2Un<tu<n
N<(lt4)>,<(1) ?)) if ¢ unotin [1/n, 4/n]

and for the remaining points such that the continuity assumption is
fulfilled. Then &, converges to a limit & which has property (A) but &, does
not have property (A,).

The most important limiting experiment in statistics is that of a normal
shift model. Suppose that the set of nuisance parameters is R'. The normal
shift experiment is the collection of normal distributions in R*+/ with mean
(1) and fixed covariance matrix

7! =(111 112>_[
121 122
re=(()( ) )
u Iy I
It is a direct consequence of Stein’s result [9] that this experiment satisfies
condition (A) if I,,=0.

One might conjecture that this is due to the fact that if 7,, =0 then the
experiment has a decomposition in a product form

tun =

Pt,u=Pl®Pu’
where P, = N(t, I,,) and P,= N(u, I,,).

683/24/2-5
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Another look at the problem may lead to the conjecture that the
important property for (A) is that

(/dP,,—+/dP,,) is orthogonal to (/dP,,—/dP,,) in L*(2)

for all ¢, u, 5, v. Our main theorem shows, however, that both mentioned
properties are not essential. The basic requirement for adaptivity for trans-
lation invariant experiments is the IPD-Property (see Section 2).

Stein’s condition (/,;,=0) was generalized to the case of arbitrary
nuisance parameter sets U by Bickel [3], Fabian and Hannan [4], Begun
etal [2].

The latter authors give also an explicit expression for the loss in
efficiency for experiments which do not have the adaptivity property
(“projection formula”). All cited papers treat the local asymptotic normal
(LAN) situation. Shick [8] studied adaptivity in the local asymptotic
mixed normal (LAMN) case.

2. THE THEOREM

(2.1) Assumptions on the Experiment &

(i) & is dominated by some o-finite measure v. Let
St u, w) :=(dP, ,jdv)(w).

(i) For each ueU, t—P,, is continuous for the variational
distance.

(ili) For every ue U the experiment, & = (2, U, {P,,:teR*}) is
measurable, integrable of order 1, and translation invariant.
By integrability of order 1 it is meant that

fmax(l, l2ll) f(¢t, u, ) dt < oc v-ae. for every wueU.

Translation invariance is the property that for every fixed » the Hellinger
transforms

Hty, s 1 8y s s u)=j [ty @)1 - [t th, )] d¥{),

meN; t, ., tn,eT; Ya,=1; «,>0; depend only on the differences
ty—1ty, . ty—t;. The Hellinger transforms characterize the experiment
and their pointwise convergence is equivalent to the weak convergence of
the corresponding experiments (see Le Cam [5]). Translation invariance is
a typical property of limit experiments.
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(2.2) Assumption on the Set W of Loss Functions

Let 9B be the set of all nonnegative loss functions defined on R*
satisfying
(i) W is lower semicontinuous and W(0)=0,
(i) W is quasiconvex, i.e., (W<a} is convex for all ae R,
(iii) W is inf-compact, ie., {W<a} is compact for all a <sup W.
(iv) there are constants ¢,, ¢, (possibly depending on W), such that

W) e +eafel.

Assumptions (ii}~(iv) guarantee that for every Lebesgue-density g on R*
with [ [[2]| g(¢) dr < a0 the set

arg min j W(t—s)g(t)dt
= {s:J. Wi(t—s)g(t) dt=ian. Wi(t—r)g(t) dt}

is nonvoid and compact. It is thus possible to define a Pitman estimate
T () for every u by

T.(w)=infarg minj W(t—s) f(t|u, o) dt. (1)
Here
el o) =i )

are posterior densities which exist according to (2.1)(iii) and the infimum
for a compact set S < R is recursively defined by: Let x, =inf{ y; such that
Y35 v Vi With (¥4, ¥2, <, )€ S} then

inf(S) = (x,, inf{(y2, s Yi): (%15 Y25 o Vi) ES}).

By the application of the inf operation, the uniqueness of the the Pitman
estimate is ensured. Moreover, the Pitman estimate is always measurable,
since the argmin is determined by the values at points with rational
coordinates.

If the experiment & is translation invariant, then the Pitman estimate T°,
is also translation invariant in the sense that its distribution 2(7,|-)
satisfies

TP )=2T,~h\P,,,.)
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fgr all t, he R*, ue U. Clearly a Markov-kernel 7 (w, dy) is associated with
T, by setting

. 1 if T(w)eAd

A)=

tule, 4) {0 otherwise, (3)

Pitman estimates for translation invariant experiments are admissible and
enjoy the following minimax property which was proved by Strasser [10].

(2.3) THEOREM. Let the assumptions (2.1) and (2.2) be fulfilled. The
Pitman estimate , defined by (1) has the following properties for fixed u:

(1) rulf,,t, u)=cl(u) (constant)
(i1) ry{f,, t,w)=inf_sup, rydt, t, u)
(i) c(u)={qinf, [ge W(t—s)f(t|u, @) dt f(f,u, 0)dv(w) for all

fe R~
The proof is contained in [10, Proposition (1.6)]. The method

Proof.
for showing (ii) and (iii) uses the restricted posterior densities

_ Jhu )
f«(tlu,w)—mio,(t),

where D,:= {t| ||t|l <a}. It is shown that for any estimate

sup ryA7, 1, u)
> lim sup {f j W(t— y)tlw, dy) fo(t|u, w)dt
x— 2 7Rk
: dr dv( )}
.A(Da)[o,f(r’ u, ) dr dv(w

= lim supJ ian ) W(t—y) f(t|lu, w)dt
% X £y R

I(—ID—,) L)i f(r, u, ) dr dv(w)

> inf[ Wit — p) f(t1u, @) dt - f(é, u, @) dv(e)
Q y YRE

for all 7e R
The following slightly more general proposition may be proved along

exactly the same lines. Its proof is therefore omitted.
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(2.4) PrROPOSITION. Let u, and u, be two arbitrary elements of U. Then

infsup [ | Wlt— ) v(0, dy) 31700 11, @) +£(0, 12, 0)] ()

> inf | W= ) iy, 0) fG wr, 0)
Q v YRk

+f(t|u2’w)f(t-a Uy, CU)] dt dV((l))
for all ieR*,

We are now ready to state our main theorem. It makes use of a special
structure of an experiment, called the IPD-property.

(2.5) DeFINITION. Let & be an experiment fulfilling assumption (2.1)
and F(t|u, w) be the posterior distributions defined by

F(z|u,w)=j' f(s|u, w) ds.

& has independent posterior distributions (IPD) if there is a family of
posterior distributions F(¢|w) such that

F(tiu, w)=F(t|®) v-a.e.
for all ue U.

Furthermore we consider a denumerable subset 9B, of I, which is large
enough to guarantee that an experiment, which has the adaptivity property
with respect to this subset, also exhibits adaptivity for the larger class I:

Let W be a symmetric, strictly convex, twice boundedly differentiable

loss function from 9B. A possible choice is, e.g., W(t)=./1+ ||t|>— 1. The
set I, is defined as

Wy = {W()| W(t)= W)+ Aty —b) Lipynss
0<ieQ, beQ, yeQ}, (5)
where Q is the set of all rationals.

We are now ready to state our main theorem.

(2.6) THEOREM. Suppose that the experiment & satisfies (2.2). Then the
following statements are all equivalent.
(i) & has the adaptivity property for all We W
(i) & has the adaptivity property for all We I,
(iiiy & has the IPD-property.
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Proof. Since trivially (i)=>(ii),, we have to show that (ii)=> (iii) and
(iii) = (i).

(ii)=(iii) Since v is o-finite, it is the denumerable sum of finite
measures and we may w..o.g. assume for the subsequent considerations
that v is finite itself. Let A4, = {w|[f(t, u, w)dt>0}. Choose u,; such that
v(4,,)>3sup, v(4,) and then {u,}, i>1, by

(g ) (40 )

By this construction v(4,\{J;4,)=0 for all ue U. Let B;=A4,\J,;<; 4,
and define the U-valued random variable V(w) =3, u;1z(w).
It will be shown that the posterior distributions satisfy

Ftlu, 0)y=F(t| V(w), @) v-a.c. (6)

for all ue U, which is the IPD property of Definition (2.5). Let v, be an
element of U and v, an arbitrary element of {u,}. Define for We %,

S (w, W)=arg minj W= f(t]v,, @) dr

R

and

M(w, W)=inf | W(t—s)f(t]v;, w)dt

s Y@k

Since all loss functions We W, are strictly convex, the minimal points
S{w, W) are uniquely defined. Let B= {w|S,(w, W)# S,(w, W)} and

C=Avlmsz={w’Jf(t, v,-,a))dt>0;i=l,2}.

Let further D, := {¢]|z|| <a} with volume A(D,),

1
ha(u’ CO) =A(—D_)-J.D f(t’ u,w) dt

and
C,={w|h(v,, 0)>0;i=1,2}.

Since C={J,,¢C, we may show that v(BnC)=0 by showing that
v(Bn C,)=0 for all a. Suppose the contrary. Then

a,(w) :=%ix}f i U Wit —s) f(t]v,, @) dt — Mo, W)] ho(v,, @)>0
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on B C, and therefore jaa(w) dv(w) > 0. By the adaptivity property (A),
Theorem (2.3), and Proposition (2.4) we get

0 = inf max [sup j j W= 1) (0, dy) f(1, v, 0) dv(w)

™ i=12 r VQYR

—infsupj J W(y—1t)t(w, dy) f(t,v,, w)dv(w)]
Rk

LI %
Zinfsup [ [ Wy =00, d) 311t vy, 0)+ (103, 0)] dv(0)

1
2;

}iU infj W(t—s)f(tlv,-,w)dtf(t',v,,w)]dv(w)
—1LYQ » YRk

%L infj Wi~ y)

¥ YRK

2

<| 2 el o)~ Mo, W) fli v, 00 ]t o)

i=1

for all /e R. Taking the integral (1/A(D,)) [, (-)di on both sides of the

inequality we get

0>4 J a,(w) dv(w)

for all a. This contradiction establishes v(BAC)=0 and hence that
Si(w, W)= S,(w, W) ae. on C.

Thus a.e. equality is true for all We®,. Since MW, is denumerable it
holds a.e. simultaneously for all W. Hence we may infer from Lemma (4.2)
that

Ft|v,, w)= F(t|v,, ®)
ae.on C=4, nA4,. Thus
F(t\u, w)=F(t|u;, w) ae.on A,n4,,
which implies that
F(t|u, )= F(t| V(w), w) a.e.on A4,.

This proves (6) and hence the first part of the theorem is shown.

(il)=(iii) Assume that the experiment has independent posterior
distributions

F(t|u, w)=F(t|lw).
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Define the estimate

T(w)=infarg min J W(t—s) Fldt)w)
which is for all ue U as. equal to the Pitman estimate

T,{w) = inf arg min j W= $)f(1]4, w) di.

Hence, by virtue of Theorem (2.3),

0 <infsup {sup[ fk W(t— y) ¥ (o, dv) f(1, u, @) dv(w)

™ u

“{a [ir}f jw W(t—s)f(t|u, w) dt]f(o, u, w) dv(w)}

<sup [supf W(t—T(w))f(t, u, w) do(w) —r (T, 1, u):[=0,

u t

which implies that & is adaptive.

(2.7} Remark. The equality of the posterior distributions does, in
general, not imply the pointwise equality of the posterior densities. If,
however, the following condition is satisfied

v{w|t— f(t, u, w) is discontinuous at 7/} =0

for all fe R* and all ye U, then the IPD property may be formulated in
terms of the posterior densities: The experiment has the IPD property iff
the posterior densities have a product representation

St ulw) = g(t, ®) - h(u, w) v-a.e.

This condition can often be easily checked.

3. EXAMPLES

(3.1) LAN Experiments

The asymptotic experiment belonging to a LAN-family is the gaussian
location model described earlier: If (z, u) is the parameter vector in R**/,
the normal shift model may be defined on Q = R*+/ as probability space by

t 1, 112>_1>
P.=N ) .
’ ((U> (121 Iy
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The posterior density at o =(y,, y,); 7, € R%, y,eR'is

f(tlua (y17 y2))
= |1,,1"2Qn) "2 exp[ 3t — y, + I, Ia(y, —u))
x Iy (t =y + I3y, —u)) ]

The IPD property is satisfied iff 1,, =0. This is in accordance with Stein’s
result. More generally, if U is a Hilbert space and P, is a gaussian trans-
lation family on H=R*x U with covariance operator S then IPD is
satisfied if the subspaces R* and U are orthogonal with respect to the inner
product induced by S (see Begun et al. [2]). Moreover, by Theorem (2.3)
the minimax bounds for this experiment are:

(i) for known, fixed u,

inf sup r (1, t, 1) =j W()dnN(o, I;,');

T {

(i1) for unknown w,

infsup ric, 1, u) = [ W) AN, (1~ 1oT5' ) 7).

T tu

Thus our definition of adaptivity (1.1) coincides with the usual one
(Bickel [3], Begun er al. [2], etc.), which is based on the limiting risk for
LAN-families.

(3.2) LAMN Experiments

Many limiting experiments for dependent data are of a mixed normal
form (local asymptotic mixed normal families). For a couple of examples
see Basawa and Scott [1]. These experiments can be represented on a
measurable space R* x R'x Q,. Let u be a probability measure on 2. The
density of P,, with respect to 1, ®A,®u (with 1, being the Lebesgue-
measures on R¥) are defined as

dpP,,
A4 ®4,@ p)

e et on (N )0
21 22

where

o l(0)= (111(0)) 112((0)>

1 () I(w)
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is a measurable mapping from €, into the set of nonnegative definite
matrices on R* x R’ LAN-families are included in this model by setting
I{w) = constant. By our main theorem, a mixed normal experiment exhibits
the property of adaptivity, iff 7,,(w)=0 u-a.e. (see Schick [8] for a related
result).

(3.3) Poisson Experiments

Poisson-type experiments occur as limiting experiments for location
parameter models with densities having jumps (see Ibragimov and
Has'minskii [6]). They can be described as follows: Let S, ., be the unit
sphere in R**/ and R=Ru {oo}. Let u be a probability measure on
S, ., xR and Q a probability space rich enough to carry a Poisson process
with intensity A and a sequence of iid. random variables {s,(w), y{w)}
with distribution pu.

The probability measure on £ is denoted by P* and the jump times of
the Poisson process by {/(w)}. The experiment & = (2, U, {P,,: 1€ R
ueR'}) is given by

dpr
dP‘;,l‘ (w)=exp [ Y yiw)

{ir (Lu) -siw)>I{w))}

~2 fs fR (t, 1) -5 duls, y)],

see Pflug [7]). This is a translation invariant experiment. It enjoys the IPD
property iff the measure pu is concentrated on ((S,x {0})u
({0}*x 8)) xR, ie., on orthogonal parts of S, ,,. An an application it is
easily seen that a location/scale parameter model of uniform densities of
the form

k+1

1
gl(x, t,u)=ﬂl[,~u_,+u](x) x,LueR

does not have the asymptotic adaptivity property. In contrast the model
1
(u—1)

has this property for #, u being the nuisance.

g(X, I8 u)= l[l,u](x)

APPENDIX

In this appendix, a relation between the conditions (A) and (A,) is
shown and an auxiliary lemma is proved. Let W be a loss function from 2B.
By B we denote the set

B={VeW|V bounded and continuous, V< W}.
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Since W is lower semicontinuous, W=sup,.q V. By & we denote the
family of compact sets in R*.

(A.1) THEOREM. Let &,=(2,,N,, {P . teR* ue U}) be a sequence
of experiments. If

(i) &, converges to &= (2, W, {P, :teR* ucU}) in the sense of
LeCam,

(1) for all Ve B, all finite sets U, < U and all ¢>0 there is a K.e &
such that for all compact K> K,

lim sup inf sup [supr, (¥, t, u)—infsupr, (1, {1, t, u)] <¢,

n youel; tek , 1€k

(iit) for all Ve B, all Ke K, and all ue U,

lim sup inf sup r,, (7, t, u) <infsup ry{z, 1, u)
n 1, tek T 4

then the condition (A) is fulfilled for the limiting experiment &.
Proof. Let R{u)=inf, sup, ry(z, 1, u} and
gV, K, u)y=infsup r, ,(7,, 1, u).

I ek
Define g(V, K, u) in a similar manner. We know that

R(u)=sup sup g(V, K, u).

Ve®B Ke R

Suppose that (A) does not hold. Then there exists a K,€R and a Ve 8
such that

inf sup [sup r (t*, 1, u) — R(u)] > 6> 0. (7)

™ uel; 1€k
Choose now ¢=49/4. There is a Ko K, and a V> ¥V, such that
g(V, K, u)= R(u) —e.

for all ueU,. The famous minimax theorem for weakly convergent
experiments (Le Cam [5] or Strasser [11, Corollary 62.6]) implies that

liminf g, (V, K, u)> g(V, K, u) > R(u) — . (8)
On the other hand, by (iii)
lim sup g,(V, K, u) < R(u). (%)

By (ii) there is a sequence of estimates {t*} such that

lim sup sup [supr, (t¥ t,u)— g,(V, K, u)]1 < 2g,

n wuel; tek
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which implies that for sufficiently large » and all ue U,,
Fo ATF L u)— g, (V, K, u) < 3e, te k. (10)
The sequence {r}} has a cluster point t* (see Le Cam[5] or
Strasser [11]), which by (8), (9), and (10) satisfies
rot* t,u)— Ru)<4e
for all ue U,, te K. Thus
inf sup [sup ru(t*, t, u) — R(u)] <4e =34,

™ uel; tek

which 1s a contradiction to (7).

(A.2) LEMMA. Let F be a continuous distribution function on R*, such
that | W(t)dF(ty< o for all WeW,. The function

Wi arg minj W(t—s)dF(1), Wel,

determines F uniquely.

Proof. Let Fy(x)={(,, <. dF(t). The “projections” F,, yeQ* deter-
mine F uniquely. This well-known fact is usually called the Cramér-Wold
device. Let

W, )= W(1)+ A1’y — b) | P

and
(4, y, by=argmin [ W, , (1 —s) dF(0)

s(4, y, b) is uniquely determined, since W , , is strictly convex, continuous
in A, and satisfies s(0, y, b) =s,. Since SHI .s(t—5) dF(t) is differen-
tiable, one sees that s(4, y, b) must satisfy

[ VW= 503, y.0) dF ()= =2 [1 = F(stds 3, B) -y + )1

with V denoting the gradient. Let C = | V2W(t — s,) dF(t) with V* being the
Hessian matrix. By the boundedness and continuity of VW and F it
follows that the limit §(0, y, b) :=1im; , 4 “(s(4, y, b) — $,) exists and

C-5(0, y, b)=(1=F,(soy + b)) y.
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By considering the limit » » —oo and letting y run through R*, we see that
C is determined by s(4, y, b) for all 4, be Q; y € R*. By the same argument
F (s y+b) is determined for all be Q and so is F(-).
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