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1. Introduction
1.1. Notations

Throughout the paper, let rg € (0, 1) and define D :={ze C; |z| <1}, Dy, :=19D and G :={z€C; rg < |z| < 1}. For all
r> 0, let T, stand for the circle with center 0 and radius r.
We will make use of the operators

1 - 1
0:= E(ax — lay) and 0:= E(BX + lay)

Let £2 c C be a bounded domain, p € [1, +00]. We identify R? with C, writing & = x + iy for & € C with x, y € R, and
denote interchangeably the (differential of ) planar Lebesgue measure by

dm(§) = dxdy = (i/2) d& A dg,
where dé =dx +idy and d& =dx — idy. A measurable function f: £2 — C belongs to LP(£2) if and only if

”f”fp(g) = f’f(z)’pdm(z) < +00,
2

and to L*°(£2) if and only if

esssup| f(2)| < +o0.
zef2

If p €[1,400], say that f € WLP(2) if and only if f € LP(£2) and 8f and 8 f belong to LP(£2), and set
I Fllwre oy = I flleey + 19 f ey + 10 f lp(@)-

Finally, denote by LHp{(Q) (resp. W];g‘p(Q)) the real subspace of LP(§2) (resp. W1-P(§2)) made of real-valued functions.

Say that a sequence &, € G, approaches & € dG, non-tangentially if it converges to & while no limit point of
(&n — &)/1&n — &| belongs to the tangent line to dG, at &. A function f on G, has non-tangential limit ¢ at & if f(&,)
tends to ¢ for any sequence &, which approaches & non-tangentially.

If A(f) and B(f) are two quantities depending on a function f ranging in a set E, say that A(f) ~ B(f) if and only if
there exists C > 0 such that, for all f € E,

CTAMS) < B(f) < CA().
1.2. The conjugated Beltrami equation

Let v e W]}Q{'O"(Gz) with ||[v]ec <1 and p € (1, +00). In [2], we focused on the Dirichlet problem for the conjugated
Beltrami equation:

df =vaf inD. (1)
Given ¢ € L%(Tl), we proved that there exists a solution f of (1) satisfying

Retr f =¢ onTj, (2)
with

e:jrsillp I fllLe T,y < +o0, (3)
where

27

1/p
1 Fliser,y = (% / |f(re“’)|"de> |

0
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The fact that f solves (1) and satisfies (3) entails that f has a non-tangential limit almost everywhere on T, denoted
by tr f, and the trace in (2) has to be understood in this sense. Moreover, f is unique up to a purely imaginary constant,
and if we normalize f by

21

/ Imtr f(e')do =0,

0

then f is unique and

esssup || flize(r,) < Cpll@llie(y)-

O<r<1

The space of solutions of (1) satisfying (3) is a Hardy space on D, denoted by HP (D), which shares many properties of the
classical H? (D) space. Note that, when v =0 in D, (1) exactly means that f is holomorphic and the solution of the Dirichlet
problem (2) belongs to the classical HP (D) space.

In the present work, we investigate the Dirichlet problem for the conjugated Beltrami equation in a doubly connected
domain D, with analytic boundary. For simplicity of the presentation, we will restrict ourselves to the case of the ring
Gy, ={zeC; ryp < |z| < 1}. Since any D, with analytic boundary is conformally equivalent to G, with a conformal map
continuous up to the boundary, for some unique rg € (0,1) (see [9], see also [10]), all the results of Sections 2, 3 and 4
below remain valid in D,. An important difference with the case of simply connected domains, due to the fact that the
boundary has now two connected components, is that, in the Dirichlet problem, we prescribe the real part of the solution
on one part of the boundary and the imaginary part on the other. Another difference with [2] is that we only assume that
Ve W]}{’q(Gz) for some q € (2, +o¢] instead of being Lipschitz continuous.

To solve the Dirichlet problem in G, we first introduce two classes of Hardy spaces in G, (see Section 2). The first one,
denoted by HY(G,), is made of solutions of the conjugated Beltrami equation in G, satisfying a condition analogous to (3).
The second one, denoted by Gf‘, 5(G2), is made of so-called generalized analytic functions in G, also satisfying a condition
analogous to (3). These two classes are related to each other by a trick going back to Bers and Nirenberg. Some properties
of GﬁyB(Gz) are derived from the corresponding ones for the usual H?(G;) space (made of analytic functions). We then
solve the Dirichlet problem for generalized analytic functions in G’/;’B(Gz) and deduce the solution of the Dirichlet problem
in HY(G»).

We present the two classes of Hardy spaces in Section 2. Section 3 is devoted to the statement of the solution of the
Dirichlet problem for generalized analytic functions, while Section 4 contains the analogous statement for the conjugated
Beltrami equation. We then prove the essential properties of G 4.5(G2) in Section 5. In Section 6, the results stated in
Section 3 are established, and the solution of the Dirichlet problem for the conjugated Beltrami equation is derived in
Section 7.

Remark 1.1. We especially emphasize that the parametrization used in the present work for holomorphic functions in G;
by the real part on one boundary and by the imaginary part on the other is a very explicit representation and is only valid
for G,. To extend the main results of this paper to higher multiplicities (i.e. multiply connected domains), it is possible to
use other parametrizations of holomorphic functions in g-connected domains by potentials (see [7,8]). This will be done in
a forthcoming paper.

2. Two classes of Hardy spaces in the ring
2.1. Classical Hardy spaces

Let us first recall what the classical Hardy spaces on D and G, are ([5], Chapter 2 for D and Chapter 10 for G;). Let
p € [1, +00). Denote by HP (D) the space of holomorphic functions w in D such that

Iwllgr @) := sup [[Wlltp(T,) < —+o00.
O<r<1

An essential feature of this space is that any function w € HP (D) has a non-tangential limit almost everywhere in T1,
denoted by tr w, which belongs to LP(T7). One has

Iwllge @) = lltr WllLp(Ty)-

Moreover,

llm/‘w re’) —trw(e '9)\pd9 0.
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A function w : G — C is said to belong to HP(G>) if and only if w is holomorphic in G, and

Iwligr(cy) := sup |[Wlirr(t,) < +o00.
ro<r<1

Again, any function w € HP(G») has a non-tangential limit almost everywhere in 3G, denoted by tr w. This non-tangential
limit belongs to LP(dG5) and

Itr wllLeac,) ~ IWllHP(Gy)- @
Again, one has
- 21

lim /’w(rem) - trw(roeio)]pde =0 and lirr%/]w(reie) - trw(eig)]pde =0.
r—
0 0

r—ro

Let us also recall a classical topological decomposition of H? (G2). Denote by HP(C\roD) the space of holomorphic functions
w in C\ roD such that

”W”HI’((C\ro]I_D) = sup ||w||rp(T,) < +00.
>To
Any function in HP(C \ roD)) has a trace on Ty,, which belongs to LP(Ty,), and one defines HPO(C \ roD) as the space of

functions w € HP(C \ rgD) such that

27

/ tr W(Toeie) de =0.

0
Then, one has
HP(G2) = HP(D)|g, ® HP(C \ roD)|c, (5)

and the decomposition is topological.
Finally, we recall a generalized Hilbert transform for the ring, already obtained in [6] under slightly stronger regularity
assumptions:

Proposition 2.1.1. Let (u1, var) € Lﬁ('ﬂ‘ro) X L%(’Iﬁ). There exists a unique function g € HP (G3) such that

Retrg=uq onT;,,
{ g o (6)
Imtrg=v, onT;.
Moreover,
Igllup Gy < Cp(lurlier,y) + Ivaliecry))- (7

The operator
S(uy, vz) := (Imtrglr, ,Retrgr,)

is LE (Try) x LB (T1)-bounded.
As a corollary, one has:

Proposition 2.1.2. Let g € HP (G;). Assume that
Retrg=0 onTy,
{ Imtrg=0 onT;.
Then g =0in G,.

Propositions 2.1.1 and 2.1.2 will be proved in Appendix B.
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2.2. New classes of Hardy spaces on G,

Let us now introduce two classes of Hardy spaces on G, both generalizing HP (G,). Let q € (2, +00) and v € Wﬂg’q(Gz).
Note that v € L°°(G;) by the Sobolev embeddings, and we always assume in the sequel that

Wlloo <1 (8)

and that
p>——. 9)

Let HY(G5) denote the space of measurable functions f : G, — C solving
af =vdf inG, (10)
in the sense of distributions and satisfying furthermore

esssup || flle(t,) < +o0. (11)

ro<r<l1

Equipped with the norm

If 1y Gy ==esssup || fllzecr,). (12)
ro<r<I1

HY(G>) is a Banach space. Clearly, when v =0, H>(G,) coincides with the classical H? (G,) space.
The second class of Hardy spaces we consider is made of generalized analytic functions in G, (see [11]). Let p and q as
before and A, B € LY(G>). By “generalized analytic functions”, we mean solutions of

dw=Aw +Bw inG, (13)

in the sense of distributions. Denote by Gﬁ 5(G2) the space of all measurable functions w on G solving Eq. (13) in the
sense of distributions and satisfying

esssup || W||rp(T,) < +00, (14)
ro<r<1

equipped with the norm

Iwligr (G, == esssup [Wllte(r,). (15)
AB ro<r<I1

It is also a Banach space, which is obviously equal to HP(G) when A= B =0.
Let us now summarize essential properties of these spaces. We begin with Gﬁ 5(G2):

Proposition 2.2.1.

1. Forany w € Gf\ 5(G2), there exist W e C¥Gy) foralla € (0,1 — %) and F € HP(G>) such that w = e"WF. One has W]l < C
where C > 0 only depends on A and B. Moreover, W can be chosen in such a way that Imw = 0 on 9G>.
2. Any function w € Gi 5(G2) has a non-tangential limit at almost every point & € 3G, denoted by tr w(&). Moreover, trw €

LP(3G) and, for all w € G 4(Gy),
Itrwiler o) ~ IWllge (6y)-

Finally, for all w € G} £ (G2),

2 2

lim /|w(re1'9) —trw(roe’?)|’d6 =0 and lin}/|w(rei") —trw(e')|P do =o. (16)
r—
0 0

r—r1o
3. Any function w € Gﬁ,B(Gz) belongs to LP1(G>) for all p1 € [p, 2p) and
”W”LPI (G2) < Cm ”W”GZ_B(GZ)’

4. Ifwe Gﬂ 5(G2), Retrw =00n 0Ty, and Imtrw = 0 on 9T, then w =0.
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Note that the principle of the factorization given by assertion 1 actually goes back to Bers and Vekua (see [11], see also
[3,4]). The proof of this proposition will be given in Section 5.

The link between HY and Gﬁ,B is given by a trick which originally appeared in [4]. Given v € Wﬂlx'q(Gz) satisfying (8),
define

B ov e L1(Gy)
= —— 2).
V1 =12

Then f € H)(G>) if and only if the function w defined by

) f—vf 1-v
w:= N ‘/l—i- f+‘/ Imf (17)

elongs to 0.g(L2) (see . Using the fact that 1S equivalent to = \/]——; and that v 1s continuous 1n Gy by the
bel GE 5(Ga) (see [2]). Using the fact that (17) is equival W and that v is conti in G, by th
’ -V

Sobolev embeddings, we derive from Proposition 2.2.1 the following properties of HY (G5):

Proposition 2.2.2.

1. Any function f € HY(G) has a non-tangential limit at almost every point & € 3G, denoted by tr f (£). Moreover, tr f € LP(3G5)
and, for all f € HY(G»),

Itr fllee @) ~ 1 lyp -

Finally, for all f € HY(Gy),

r—r1o

27 27
1im/|f(rei9)—trf(roei9)|”d9=o and 1irr}/|f(ref9)—trf(ei9)|"d9:o. (18)
0

2. If f e HP(Gy), Retr f =0 a.e.on Ty, and Imtr f =0 a.e. on Ty, then f =0 in G,.

Remark 2.1. If, instead of (17), we define
w=f-vf,

then a straightforward computation yields that f € HY(G;) if and only if w € Gﬁ’B(Gz) with
VoV v

A=———, =
1—2 1—v2

3. The Dirichlet problem for generalized analytic functions in the ring

As in [2, Theorem 4.4.1.2], we solve the Dirichlet problem associated to Eq. (13) in Gﬁ,B(Gz). More precisely:

Theorem 3.1. Let p € (1, 4+00). Forall ¢ = (@1, ¢2) € L? R (Tre) X L? r (T1), there exists a unique function w € Gh B(G2) such that

Retrw=¢; ae.onT;,,
{ @ ro (19)
Imtrw=g¢, ae onTi.
Moreover, there exists Cp a,p.r, > 0 only depending on p, A, B and rq such that
Iwligs G,y < Cp.abro(I@rllrcry) + @2l c)- (20)

Remark 3.1.

1. Note the form of the boundary condition (19): we prescribe the real part of w on the inner circle and its imaginary
part on the outer circle. Even when A = B =0, i.e. for holomorphic functions, it is not possible in general to prescribe
the real part of w on both circles. Indeed, let u; € Lz(’]I‘rO) and u; € L2(T4) be real-valued and assume that there exists
a holomorphic function w in G, such that

Rew=u; onT,, and Rew=u; onTj.
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Writing u1(roe™) = Y, ez urarhe™, uz(e) = Y, uzne™ and w(z) = Y5 a,2", computations analogous to [6,
p. 948], yield
Utp =anl +a_nry"
and
Uppn=0n+0a_y

for all n € Z. In particular, uq 9 = uz,0. For more on this, see [8].

2. Let us point out a difference with Theorem 4.4.1.2 of [2]: in the disk, if the real part of w is prescribed on the boundary,
then the solution of the Dirichlet problem in the corresponding Hardy space is unique up to an imaginary constant.
Here, once the real part of w on the inner circle and the imaginary part on the outer one are fixed, the solution is
unique.

Theorem 3.1 will be established in Section 6.
4. The Dirichlet problem for the conjugated Beltrami equation in the ring

We conclude with the solution of the Dirichlet problem in Hﬁ(Gz):

Theorem 4.1. For all § = (@1, ¢2) € L (Tr,) x LE(T4), there uniquely exists f € Hb(G2) such that:

Retr f =¢1 ae.onT;,,
{ f=9 o 1)
Imtr f =¢, a.e.onTi.
Moreover, there exists Cp , r, > 0 only depending on p, v and rq such that:
Il e, < Cowro(1@1lI0ery) + I2lT, ) (22)

5. Proofs of the properties of Hardy spaces

This section is devoted to the proof of Proposition 2.2.1. Assertion 1 is a slightly modified version of the similarity
principle stated in [7, Theorem 2.1], in the more general context of multiply connected domains, under the extra assumption
that w € C#(Gy) for some 8 € (0, 1). We provide here a quick proof for the reader’s convenience.

Let e : G, — R be the solution of

Ae=0 inGy,
e=0 on T+,

e=1 on Ty,.

t
de
a:= / —do,
on
Try

where % stands for the normal derivative and do for the surface measure on dG,. By the Hopf lemma, a > 0. Define

Se

c:=a"1>0.
Consider the function ¢ defined on aG;, by
Y(z)=0 ifzeTy, VY@ =a ifzeTy, (23)
where o € R will be chosen later. Define also, for all z € G,
s = | AD+B@WE ifw@ #0,
ifw()=0.

Applying Theorem 4.5 in [7] with the function v given by (23) yields a function W e C%7 (G;) for some y <1 — % (this
follows from [11] and holds whenever w is measurable) such that w =e"F where F is holomorphic in G,

Imw=0 onT;

and
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Imv~v=oz+coe/2—Zdo—4lm/fg(§)3e(§)dif\df

Ty, G»

=2a—4lm// g(0)de(¢)de Adc onTy,.
G

Choosing « appropriately therefore gives ImWw = 0 on 9G,. Finally, since w satisfies (14) and w is bounded in G, by a
constant only depending on A and B, F also satisfies (14). O

Assertion 2 follows at once from assertion 1 and the fact that W is continuous in G,. For assertion 3, in view of
assertion 1, it is clearly enough to establish the conclusion for functions in HP(G,). But this follows from (5) and the
fact that the corresponding property holds for functions in HP (D) (Lemma 5.2.1 in [2]) and therefore also for functions in
HP(C \ roD), since

weHP(C\rD) < zr—>w<%0>er(D).

Finally, let w € Gﬁ 5(G2) satisfy the assumptions of assertion 4. Write w = e"F as in assertion 1. Since W is real-valued
on 3Gy, an easy computation shows that F satisfies the assumptions of Proposition 2.1.2. As a consequence, F =0 and
w=0. O

6. Solving the Dirichlet problem for generalized analytic functions

The proof is divided in two steps: we first solve a different Dirichlet type problem, prescribing the analytic projection of
the trace of the solution, from which we derive the conclusion of Theorem 3.1.

6.1. The analytic projection

We consider here a version of the analytic projection adapted to the case of the ring (see [5]). Given @ = (@1, ¢2) €
LP(Ty,) x LP(Ty), define, for all z € G»,

§01(§)d n 1 ©2(2)

2m -z 2m -z
Try T

C(@) @) =

dg,

where, in the first integral, Ty, is described clockwise and Ty is described counterclockwise.
The function C(¢) is holomorphic in G, and actually belongs to the Hardy space HP(G>). It therefore has a non-
tangential limit at almost every point of 9G,, and we set

P4 (@) = (trC(@)Im, . trC(@)Im ).

Note that P is LE(Ty,) x L& (T1)-bounded.
6.2. The Dirichlet problem for generalized analytic functions with prescribed analytic projection

Our first step towards Theorem 3.1 is the solution of the Dirichlet problem for generalized analytic functions with pre-
scribed analytic projection:

Theorem 6.2.1. Let p € (1, +00). For all g € HP (G>), there exists a unique w € Gf\’B(Gz) such that

Py (trw) = (trg|r,,, trgit,)- (24)
Moreover,
1Wllgr 6y < Collgltrcy- (25)

Proof. The argument is inspired by the one of Theorem 4.4.1.1 in [2]. Consider the operator T defined, for all w € LP(G>)
and all z € G by

Tw(z) := //%d;/\da
Gy
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Define also, for all f € LP(C) and all ze C,
P —f/@dwd;

We claim:

Proposition 6.2.1.

1. The operator T is bounded from LP (G,) to W1-P(G5) and compact on LP (G,). Moreover, for all w € LP(G3),
A(Tw)=w. (26)

2. The operator T is bounded from LP(C) to W,OC (©).

3. Let w € LP(Gy) and g € HP(G;). Assume that
w=g+T(Aw + Bw).
Then there exists pg > 2 such that Aw + Bw € LP9(G;) and
AW + BW|| oG, < ClEIHP(Gy)- (27)

4. The operator w — w — T(Aw + BW) is an isomorphism from LP (G) onto itself.
5. Forall w € G 5(G2),

w=C(trw)+T(Aw + Bw), a.e.inGy. (28)
6. Ifwe Gf‘.B(Gz) and P (trw) =0 a.e. on 3Gy, then w(z) =0 for all z € G».
The proof of this proposition will be given in Appendix A. Relying on the conclusions of Proposition 6.2.1, let us conclude
the proof of Theorem 6.2.1. Proposition 6.2.1, assertion 4, yields a function w € LP(G>) such that
w=g+T(Aw + Bw).

Since g is holomorphic in G, assertion 1 in Proposition 6.2.1 shows that dw = Aw + Bw. Moreover, since g € HP(Gy),
it follows from item 3 in Proposition 6.2.1 that Aw + Bw € LP° for some po > 2 with estimate (27), and therefore
T(Aw + BW) € WIPo(Gy) C L®(Gy), with

| TAW + BW) | o c,, < ClIglIHP G-

As a consequence, W € Gﬁ,B(GZ) and (25) holds. Formula (28) now shows that g = C(tr w) and therefore (trglr, , trglr,) =
P (tr w). Uniqueness of w follows from assertion 6 in Proposition 6.2.1.
6.3. Solution of the Dirichlet problem for generalized analytic functions

Let us conclude the proof of Theorem 3.1, arguing as for the proof of Theorem 4.4.1.2 in [2]. Define 7 : Gﬁ’B(Gz) —
L (Try) x L (T1) by

Tw= (Retrwhrro,lmtrwhr]).

The operator 7 is bounded from Gp 5(G2) to L2 (Tro) X L%(’Ih), and the conclusion of Theorem 3.1 exactly means that 7 is
an isomorphism from G? B(G2) onto L? r(Tr) X L? r(T1).

In order to establish this fact, we define an operator S from L% r(Try) X L2 r(T1) to Gh a.g(G2) in the following way. For all
V=W, v) e LF (Tyy) x LE(T1), Proposition 2.1.1 yields the unique function g € HP(GZ) such that

{ Retrg =1 onT;,
Imtrg=1vy, onTy,
with
IglHr Gy < C(I¥1lleery) + IW2lieTy))- (29)

Define now w := S(¥1,¥2) as the unique function w € Gi,B(GZ) (given by Theorem 6.2.1) such that P4 (trw) =
(trgl,,, trglr,). Recall also that

Iwligr ¢,y < CliglIHP G- (30)
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Thus, (29) and (30) show that S is continuous. It is plain to see that S is one-to-one on LHp{(’]I‘ro) X L%(Tl). Moreover, let
we Gf‘ 5(G2). If g=C(trw), one has g € HP(G2) and P, (trw) =trg. Setting ¢; = Retrg|r, and ¢, = lmtrghy], one has
S(p1, ¢2) = w, which shows that S is onto. Therefore, S is an isomorphism from LP r(Try) X LP r(T1) onto Gh 4.3(G2). To
check that 7 is an isomorphism from G 5(G2) onto LD%(’]I}O) X L%(TQ, it is therefore enough to check that A:=7 oS is
an isomorphism from L% r(Tr) X L? r(T1) onto itself.

The operator A is L r(Try) X L2 (’]1‘1) bounded. Moreover, formula (28) yields that, for all @ el? r(Try) X L2 r(T1), one has

AY =Y +BY

where

By := (Retr(T(Aw + BW)) |5, ,Imtr(T(Aw + BW))|;. )

Iy

and w := S(ﬁ). If g:=C(tr w), (28) shows that w = g+ T(Aw + Bw) and item 3. in Proposition 6.2.1 therefore yields that
Aw + Bw € LPo(G;) for some pg > 2 and

AW + BW||po(G,) < CllglnrGy) < C(IW1lleer,y) + 1¥2llLecTy))
so that T(Aw + Bw) € WI-Po(G;) and
IT(Aw + Bw) ”W“’O(Gz) < (Il eryy) + 12l ery))-

As a consequence, and since W1Po(G,) c C%Y(G,) with y :=1 — 2, the operator B is bounded from L? r(Tre) X L? r(T1)

to CO Y (Tyy) X C%Y(Ty), and is therefore compact on LP r(Tr) X L2 (’11‘1) Since, by Proposition 2.2.1, assertion 4, 7, and
therefore A, are injective on L% r(Trg) X L? r(T1), it follows that A is actually an isomorphism from L%(Tm) X LR(Tl) onto
itself. Thus, 7 is an isomorphism from G2 B(GZ) onto L2 r(Try) X L2 r(T1), which yields the existence and the uniqueness
of w. Finally, (20) follows from the boundedness of 7-'. O

7. Solution of the Dirichlet problem for the conjugated Beltrami equation

We establish now Theorem 4.1. Define
_ 1—v
T 140’

and note that, because of (8), there exist 0 < ¢ < C such that ¢ < o(z) < C for almost every z € G,. Set V1 = 10
LY (Ty,) and v, = 920 ~1/2 € LB (Ty). Theorem 3.1 yields the unique function w € G} 0.5(G2) such that

[ Re(trw) =1 a.e.on Ty,
Im(trw) =vy» ae.onT;.
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If f:= W+"W , then f e H)(G,) and, as in the proof of Theorem 4.4.2.1 in [2], satisfies (21) and (22). Uniqueness of f

follows from Proposmon 2.2.2, assertion 3.
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Appendix A. Proof of the properties of some operators

Proof of Proposition 6.2.1. The proofs of assertions 1 and 2 are identical to the corresponding ones in the case of the disk
(see assertion 4 in Proposition 5.2.1 in [2]).

Let us now turn to point 3 We first check that Aw + Bw € LP%(G,) for some pg > 2. The Holder inequality yields that
Aw +BW e L"(Gp) with 1 =1 +

Assume first that p > — In that case, r > 2, and we are done.
q—z, so that r = 2. Then T(Aw + BW) € W12(G,) C LY(G>) for all ¢t < 400. As a consequence
since g € L5(G>) for all s € (1,2p) (Proposition 2.2.1, 1tem 3) w € L%(Gy) for all s € (1,2p). Since hms_,zp 7t ; = E + E =

1 ;—p < 1, there exists s € (1,2p) such that pl 1 + < 1. Thus, Aw 4+ Bw € LPo(G>).
Assume finally that p < quq, so that r < 2. Then T(Aw + Bw) e WIT(Gy) C L™ (Gy) with :—* = % — % Since furthermore

p > % by assumption (9), one has r* > 2p, so that again w € LS(Gz) for all s € (1,2p). Therefore, for all s € (1,2p), if

% 1 + 1 one has Aw + BW € LP(G5). Since % + 21_p L — L + < 1, one concludes as before.

Assume now that p =
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We will now establish (27) and assertion 4 simultaneously, making use of the following notation: for any function u
on G, denote by 1 its extension by 0 outside G».

Define T1(w) := T(Aw+Bw) for w € LP(G3), and observe first that T; is compact on LP(G>). Indeed, since A, B € LI(G>)
and w € LP(G3), Aw+ Bw € L"(Gy) with r= ppqq It follows from assertion 1 that T; is bounded from LP(G;) to W17 (G»),

and this space is always compactly embedded in LP(G;). Indeed, this is immediate when r > 2, and if r < 2, this follows
from the fact that p <r*:= 5% since q > 2.

To prove that I — Tq is an isomorphism from LP(G;) onto itself, it is therefore enough to check that it is one to one.
Let w € LP(G3) such that w = Tyw = T(Aw + BW). Assertion 3 shows that Aw + Bw € LP°(G,) for some pg > 2. Set now
u=T(Aw + BW) e W P°(O).

It holds in the sense of distributions that

du=Aw + Bw = Au+ Bii ae.inC. (31)

In addition, u(z) clearly goes to 0 when |z| goes to +o0. It now follows from the generalized Liouville theorem [1, Proposi-
tion 3.3] that u =0, therefore w =0.

Coming back to assertion 3, if w =g + T(Aw + Bw), with w € LP(G,) and g € HP(G3) C LP(G;), one deduces from
assertion 4 that w = (I — T1)~!g, which yields

Iwlitr Gy < ClglLr(Gy)-
Estimate (27) follows. Indeed, when p > =5 > 2,
AW + BW||r G, < Cllwllrr G, < C”g”LP(Gz) CligllHpP(Gy)»

with 1 = % + %. When p = qZqu, one has, for all t < +o0,

|T(Aw + BW)| C|TAW +BW) | y12(,) < CIAW + BW 26, < Cllwllir (e, < Cliglr Gy

(Cz)
and since
lgllLscy) < Cliglnr(cy)

for all s € (1, 2p), (27) follows. Finally, when p < q 2,

IT(Aw + Bw)|

7 (Gy) S C|T(Aw + Bw) ||W1_r(62> S CIAW + BW( 16y < ClIW(ILp(Gy)s

and one concludes similarly. ~
For assertion 5, consider now w € Gﬁ 5(G2). By assertion 1, 3(w — T(Aw + Bw)) =0 in the sense of distributions, so

that the function w — T(Aw + Bw) is holomorphlc in Gy, and therefore belong to Wloc (Gp) for all r € (1, 400). Since

T(Aw + Bw) € WI7(G,), we obtain w € W (Gz) for all r € (1, +00). For all € > 0, the Cauchy-Green formula therefore
yields

1 W(C) 1 w(¢)
w(z)_z—m_ - §+2—m_ g—d{+T((Aw+Bw)X(;2é)(z) ro+e<lzl<1—g¢, (32)

Tro +e T1—¢

with
Gre={zeCiro+e<|zl <1—¢}.

Letting € — 0 in (32), and using (16) for the two first terms and dominated convergence and assertion 1 for the third one,
we obtain (28).

Finally, for point 6, assume that w € HP(G,) and P (trw) =0 a.e. on 8Gy. The function C(trw) is in HP(G;) and its
trace vanishes on dG;, which entails that it is zero in G,. Formula (28) therefore yields that w = T(Aw + Bw), which in
turn, by assertion 4, shows that w=0. O

Appendix B. Proof of some properties of functions in H? (G3)

Proof of Proposition 2.1.1. We argue similarly as in [6, Theorem 2.2]. For all k € Z, define

27 27

1 i0\ —iko 1 / 9 —ike

Ui p:=— [ uy(roe”)e do and vy :=— [ va(e’)e do.

1,k an 1(0 ) 2k 5 2( )
0 0
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The proof of Theorem 2.2 in [6] shows that, if a function g satisfying the conclusions of Proposition 2.1.1 exists, then one
has g(z) = Y ez aZ* in G, with

. r’(§u1,1< +ivak

ag := (33
k r2k 1 )

This already proves uniqueness of g.

Recall now that, according to Theorem 2.3 in [6], for all functions f; € LDZQ(’]I‘rO) and g, € Lﬁ(ﬂ}), there exists a unique
holomorphic function w in G such that Rew = f; on T;, and Imw = g, on Ty. If the operator S is defined by w =
S(f1, &2), Theorem 2.5 in [6] shows that S can be written as

S(f1.82) = (Hof1 + Afi + Bga, Hogz + C f1 + Dgy)

where Hg stands for the usual Hilbert transform and A,B,C and D are linear integral operators with analytic kernels. This
shows that S extends to an L& (Ty,) x L% (T1)-bounded operator.
Given now uq, vy € L%(Tro) X LH%(?IH), set (uz, v1) = S(u1, v2) and

¥ = (uq + iy, v +ivy).

Define now

g:=C@).
Since $ € LP(Ty,) x LP(Ty), the function g belongs to HP(G;) and the definition of $ yields that (6) and (7) hold. O

Proof of Proposition 2.1.2. it is an immediate corollary of Proposition 2.1.1. O
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