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For each positive integer 7 > 1, let Z} be the direct product of n copies of Z,, ie.,
Z2={(ay,az, ., a)la;=0o0r 1forall i=1,2,..,n} and let {W"},., be a random
walk on Zj such that P{W;=A}=2"" for all A's in Zj and P{W} =
(a2, a3,y 8, O)| W7 = (ay, 83,0 a,)} = P{W}, | = (a2, @3, 4, V)| W] =
(ay, a5, .na,)} =4 for all j=0,1,2,.., and all (a),a,, .., a,)’s in Z5. For each
positive integer n2> 1, let C, denote the covering time taken by the random walk
W7 on Zj to cover Z4, i.e., to visit every element of Z5. In this paper, we prove that,
among other results, P{except finitely many n, ¢2"In(2")<C,<d2"In(2")} =1 if
c<l<d  © 1988 Academic Press, Inc.

For each positive integer n = 1, let Z% be the direct product of n copies of
Z,, ie, Z%={(a,a;,.,a,)]a;=0 or 1 for all i=1,2,..,n} and let
{W"},50 be a random walk on Z7 such that P{Wa=A}=2"" for all A’s
in Z3 and P{W7, =(a,, as,..,a, 0)|W;=(a, a, .., a,)} = P{W", =
(ay, a3, .., a,, 1) Wi=(a),a,,.,a,)}=% for all j=0,1,2,.. and all
(ay, a,, .., a,)s in Z5. For each positive integer n> 1, let C, denote the
covering time taken by the random walk W7 on Z3 to cover Z%, i.e., to visit
every element of Z5. In this paper, we prove that, among other results,
P{except finitely many n, 2" In(2")<C,<d2" In(2")}=1if c<1<d

In [2], Matthews studied a different random walk on Z3. His random
walk can be described as follows: Let u, be a probability measure on Z2,
for each positive integer n> 1, that puts mass p, on (0,0, .., 0) and mass
(1 —p,)/n on each of (1,0,..,0), (0,1,0,..,0),.., (0,0,.., 0,1,0), and
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(0,0,..,0,1). For each step the random walk on Z} corresponding to g,
does not move with probability p,, otherwise it changes exactly one coor-
dinate, with each coordinate equally likely to be changed. He proved that
P{(C,—2"n(2"*")) 27 "< x} —»exp(—e*) for all x if sup, p,<1. Our
result is similar to his. However, his technique does not seem applicable to
the random walk w? in this paper. A completely different method is used to
obtain our results.

For ease of presentation, we introduce the following fair coin tossing
process {X,},.», as follows: {X,}, -, is a sequence of independent and
identically distributed random variables such that P(X, =0)=
P(X,=1)=1L For each positive integer n>1, let T, denote the first
occurrence time such that (X, X,, .., X, ) contains all A’s in 7%, ie., T,=
inf{k|each 4 in Z7 appears in (X, X5, .., X} at least once}, =o0 if no
such k exists. It is easy to sec that C,=T,~—n for all n> 1. Now we start
with the following notation and definitions.

For each element 4=(a,,a,,..,qa,) in Zj, the positive integer i
(1<i<n)is called a period of 4 if (a,, as, ..., a,_;)=(a;4 1, Q14 2, -y Q).
Let t, denote the minimal period of 4 which is defined by 7,=
min{i|1<i<nand iis a period of 4}.

LEMMA 1. For any two elements A and B in 2% and any positive integer
m, P{(X,, X, .. X,) contains A}<P{(X,, X,, .. X,,) contains B} if

Proof. See page 186 of [1].

LEMMA 2. For any element A in Z% and ©,2>k, then {1—n2"*}(n+1)
x2 "< P{(X,, X3y X,,) cOntains A} <(n+1)27".

Proof. For each integer i=1,2,.,n+1, let E={(X;, X, ,.»
X,.n_1)=A}. Then P{(X,,X,, ., X,,) contains 4}=P{U7*/E;}. By
Lemma 1, we only have to consider the case when 7,=4k Now if
t,=k, then it is easy to see that E, and E; are disjoint if [i—j[<k.
Hence 37*/ P(E) > P(U;"':llEi) 21 PE)— Y cicjens1 PIE,NE))
Therefore, {1 —n2 *}Hn+ 1)27" < P{UrFtE} < (m+1)27" since
P(E))=2""and P(E,nE)<2 " *forall k+1<j<n+1.

LEMMA 3. For any element A in Z3, ((n+1)/2) 27"<P{(X,, X3, -y
X,,) contains A}y <(n+1)27"

Proof. Let Ay=(0,0,..,0) be the unit element of Z3. Then, by
Lemma 1, P{(X,, X, .., X,,) contains A4} > P{(X,, X, .., X,,) contains
Ao). Now it is easy to see that P{(X,,X,,..,X,,) contains A.}=
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((n+1)/2) 27" Therefore, ((n + 1)/2) 27" < P{(X,, X5, .., X;,) contains 4}
<(n+1)27" for any element 4 in Z%.

LeMMA 4. For any positive integer m and any element A in Z% such
that v, =k. Then P{(X,, X,, ... Xy 1)) contains Ay Zm(n+1)27"{1—
=k (n+ 12"~ dm(n+1)27").

Proof. For each positive integer i =1, 2, ..., m, let B, be the event that B,
occurs if (X, 1yns1s Xio1)yns2, o Xis1)n) contains 4. It is easy to see
that  P{(X,, X5, .., X(,1),) contains 4}=P{Ur,B;} =Y, P(B)—
Zi<i<jem P(B;nB)) = mP(B,)—(m~1) P(Byn By)—§(m—1)(m—2)x
P%(B,), since By, B,, .., B, are exchangeable and B, B; are mutually
independent if [i—j| > 1. Now by the lemma of [5, p. 2787 and Lemma 2,
we have Lemma 4.

LEMMA 5. For any positive integer m and any element A in Z%. Then
P{(X\, Xyy 0 Xy 1y,) contains A} Zim(n+1) 27"{1=2((n+1)2-")"2
—mn+1)27"}.

Proof. Similar to the proof of Lemma 4; use Lemma 3 in the final sub-
stitution.

For each positive integer k=1,2,..,n, let n,=card{4|4eZ% and
1,=k}. It is easy to see that n, <2*forall k=1,2, .., n.

LEMMA 6. Y, P{T,>d2"In(2")} <0 if d> 1.
Proof. X P{T,>d2"In(2")} <X Zio, P{(X), X, ., X a2Mpnam)

does not contain

Alt,=k}< Y 2"{1 —-;—1(n+ 1)277(1 = 2((n+1) 2-")"2
n=1

[d2" 1n(2)/(m+1)]
—m(n+l)2‘”}
+y 2 {1 —m(n+1)27" (1 —n27* —~((n+1)27")"2
n=1

1 [d27tn(2)/(m + 1)]
—Em(n+1)2“")} .
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It is easy to see that if kK <2 In(n), then

3 2k{1-§(n+1)2'"(1—2((n+1)2")‘/2
n=1

—mn+1)27"7)

[d27 In(2)/(m +1)]
} < 00

if md>m+ 1; it is possible since d>1. Now since n2 % -0 as n— oo if
k>2lIn(n), there exists an n, such that if n>n, and m<»n,
754 ((n+1)27")"?+im(n+1)2-"<e, where (1 —¢)d> 1. Hence

y 2" {1 —m(n+ 1)2”(1 —m27F—((n+1)2°")"?
n=1
1 [d2#In(2)/(m + 1)]
_§(n+1)z~">}

<2n0+1+ Z 2n{1_(1__8)mnz-n}[dZ"ln(Z)/(m+l)]

n>np

z2n0+1+ Z 2ne—[d(17€)mnln(2)/(m+I)]<co

n>ngy

if dl—g)ym>m+1;

it is possible since d(1 —¢)> 1. The proof of Lemma 6 now is complete.

Now we are in a position to state and prove our upper bound for the
covering time C,,.

TueOREM 1. P{C,>d2"In(2") only finitely often} =1 for any constant
d>1.

Proof. Since C,=T,—nforaln=1,2,.., 3%, P{C,>d2"In(2")} <
® , P{T,>d2"In(2")} <o if d>1. By the Borel-Cantelli lemma, we
have P{C,>d2"In(2") only finitely often} =1 for any constant d> 1.
With respect to the fair coin tossing process {X,,},, we define a new
sequence {7Y,},s, of random variables as follows: For each positive
integer m>1, Y,,=0 or 1 according to (X;, X;, .., X, ,,_2) contains
(X, Xpu+1, .y X,y n_1) or not. For each positive integer n> 1, let Sy =
2" ¥, Itis easy to see that S,n=card { W}, W7}, .., W3,_} is the number
of distinct states which the random walk W7 visited before the 2”"th step.

Lemma 7. lim,_ , E(S,n)27 "= (e—l)/e.
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Proof. To show that lim,, , , E(S,n)27" = (e —1)/e, it suffices to show
that lim, , , E(S,n) 27" 2 (e—1)/e—e for any ¢>0.

Let m be a fixed positive integer and ¢ = [2"/(mn)] be the largest integer
<2"/(mn). Since O0<E(Y,)<1 and is non-increasing in i, mn}y_,
E( ijn+ l) < E(Szn) <mn Z;:—-O E( ijn+ l)' Sil’lCC mn {Zj:o E( Jmn + 1)

_;'=1 E( ijn+l)} = mnE(Yl) = mn, limn—»oo 27"mn zj"-=1 E(ijn+l) =
lim, | o 27"E(Syn)=lim,_, , 27 "mn 3{_; E(Y,,, ). Hence it is sufficient
to show that lim, 2 "mn 2};0 E(Ypny1) = (e~ 1)/e—& for any £>0.

By the definition of Ys, it is easy to see that E(Y,,,.,)=
P(Yimni1=1)=2 4 2g P{UX1, X35 oy Xjpun o) does not contain A and

(Kjmn s 15 X v 20 s Xjpmman) = A} > Z,,GZnP{(X,,Xz,..., X,,..) does not
contain 4 and (Xi,,,,,+1,X,m,,+2,...,X,,,,H,,) A}=n27"2% e 277X
P{OV o DX G s 15 K= tymn 25 s ,,,,,,)doesnotcontamA]}—-an =
(1—=mn27"y —jmn2™" for all j=0,1,2,.,c. Hence ¥¢ (E(Y;,,,1)2
Tico (= mn27"yY — jn27"} = 2%mn) "' {1 — (1 — mn2" )‘“}—
n2- {c(c+1)/2} Therefore, lim,,_, ,27"mn 33¢_ o E(Y 1) 2 lim,, , o {{1—
(1 —mn2 ") "1} —(n/2) 27 "(2"/mn + 1)} = (e—l )/e — 1/2m. Since m can be
as large as possible, lim, _, ,, 27 "mn 3¢_y E(Y,,, . ) > (e—1)/e —¢ for any
¢> 0 and it completes the proof of Lemma 7.

LEMMA 8. lim, . E(S,n) 2 "< (e—1)/e.

Proof. By a similar argument used in the proof of Lemma 7, it is
sufficient to show that lim,_ . 27 "mnY¢_o E(Y,, ) <(e~1)/e+¢ for
any £¢>0. Now E(Y,.,.)=P(Y,,.\= 1)<ZAGZ;P{(X1aX2 s Xjmn)
does mnot contain A4 and (Xpwitr Ximiiroo Xjmuan) = A}<
2o m 2T PLN U G fymn s 15 X (= 1ymn+ 25 = Ximn) dO€S MOt contain
Alry=k}=37_,2""n{P{(X,, X;, .., X,,,) does not contain A}}’,
Now for suﬂic1ently large n and k> 21In(n), P{(X,, X;, .., X,,,) does not
contain A1, =k} <(1—mn2 "(1—¢)). Since n,<2, T* , n2"-0
as n—-o if k<2In(n). Hence, for sufficiently large n,
E(Y;mniy) <(1=mn2-"(1 —¢)) +& Therefore, 2 "mn 3o E(Y ey 1) <
2 "mn Yo (1=mn27"(1—¢)y +e=1~(1—mn27"(1 8))”1+8—>1—

“V=9 4 ¢ as n— oo and it completes the proof of Lemma 8.

For each positive integer k=1,2, .., let o = {W7|(k—1)2"<t<k2"},
%k—U, 1A, De=25— B, and Ek‘—dk By -

THEOREM 2. For allk=1,2, ..,
(i) lim,,,27"E{card(s)}=1-e"",
(i) lim,_ ., 2 "E{card(#,)} =1—e
(i) lim,_ 27 "E{card(2,)} =e~*.
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Proof. By the fact that card() has the same distribution as of S,n for
all k=1,2,... Now, by Lemmas 7 and 8, we have (i).

By the fact that W7 and W’ are independent if |f—¢'| >2 and (i), we
have (ii).

By the fact that 9, N B, =, Z4= 9, U #,, and (ii), we have (iii).

In order to obtain the lower bound for the covering time C,, we have to
estimate the asymptotic upper bound for the variance of card(4,) for all
k=1,2, ... We start with the following lemmas.

For each pair (i,j) of positive integers, let ¢,=0 or 1 according to
(X, X1+1’ o Xivn 1) # (X X,+1’ vy "Yj+n7 Jor (X Xt Xiyno1)=
XXt Xipnoit) For each positive integer N>n, let &(n, N)=
Zn<,< ;<nty and for each positive integer n, let ¢, =sup{N|N>n and
&(n, N)=0}. It is easy to see that {(n, N) is the number of recurrences in
N+n—1 trials and ¢, is the number of trials before the first recurrence.
The next lemma is a special case of Theorems 1 and 2 of [3].

LEMMA 9. If N— oo and n varies so that (i) (¥)27""' > A>0 and (ii)
n'N2-" =0 for all 1 <oo. Then

E{Z:"M} Sexp{MZ - 1)/(1-12)},
(2) P{1,>x2"*} »e .

Proof. See pages 172-179 of [3].

For each positive integer k= 1, 2, ..., we define a finite sequence {1¥|1<
i<card(%,)} (probably empty) of hitting times of %, as follows: 7§ =
min{t| Wre 2, k2"<t<(k+1)2"},= oo if no such ¢ exists, and for each
j=2,3, ., card(2,), t=min{t| W€, 7j_ <i<(k+ 1)2"}, = o0 if no
such 1 exists. Let ¥, ={t%|i=1,2, .., and tf <co}. It is easy to see that
E;ﬁq— {W"klr € Vk}

IfE, . # &, we define a finite sequence {Z*|1 <i<card(E,, )} of ran-
dom variables as follows: Z* =1 and for each i =2, 3, ..., card(E , ,), Z; =0
or 1 according as Wie {W"k [1<j<i} or W"L¢{Wnkl1 <j<i}. It is easy
to check that S(Ekﬂ Z“‘“d‘ﬁ*“’ Zk=3 *,;21)31 Y, is the number of new
states which the random walk W” visited between the (k2")th step and the
((k+1)2"~ 1)th step.

LemMa 10. Var(S(E,.,))<ane 'card(E,, ) for some constant a> 0.
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Proof.
card(Ex + ()
Var(S(EkH))sVar( y Zf.‘)
i=1
card(Ey 4+ 1)
= Y Var(Z¥)+ Y Cov(Z, Z¥)
i=1 i#j
card(Ex 4+1)
= Y {P(Zi=1)-PYZF=1)}
i=1
+ Y {P{UZF=1)n(Zk=1)} - P{Zk=1} P{ZF=1}}.
i)
Since Z%, Z%, .., are 0-1 random variables, Var(Z}) <. Since the dis-

tribution W"A is independent of W”k if |i—j|=n, P{Z"—-llZ"—l}
P{Z"—llZ" 0}+n2™" (by Lemma9) as n-ow and jZi+n
Hence Yiw COVZE, ZY =X, <, CoV(ZE, ZEY+ X, j 50 COV(ZE, ZF)

< (n/4) card(E,, ;) + (n/n27") card*(E;, ;). Since card(E,,,) < 2",
Var(S(Ek 1) <ancard(E,, ) for some constant a>0 and it completes
the proof of Lemma 10.

Lemma 11. lim, .. n~'27"Var{card(%,)} <ae™* for some constant
a>0.

Proof. We will prove Lemma 11 by induction on k. By Lemma 10,
Lemma 11 holds when & = 1. Now we assume that Lemma 11 holds for all
k=1,2,.., M, and we will show that lim,_, ., 2727 "Var{card(#,,, )} <
aehM_l. Slnce '@M+l =@M+1=QMUEM+1 and '@MnEm+1=®,
Var(card(%,, , )} = E{(card(%,, , ) — E(card(By . , )))2}

=E{[card(.@M+,)——E{Card(.@M+,)|card(@M)}]2}

+ E{[E{card(%,,. )| card(#,,)} — E{card(®,,, )} 1*}
~e *Var(#y)+ E{2"—card(By)} -ane ™!
xe lane M7 4 2% Mane ' =an2"e M- (1 47"

Since Y ,e ‘=ef(e—1), by induction, we have lim,_ . n '2""Var
{card(%,)} < ae* for some constant a>0 and for all k> 1.

Lemma 12. 3=, P{T,<c2"In(2")} < for any c< 1.

Proof. P{T,<c2"In(2")} = P{TF i@y, =2"} = P{card(%. o)
= 2"} ~ P{card(&, ) — E{card(%mm,) >2" - 2"(1 - 27")} <
Var{card(gacm(m)}/f"“ ) x gn2r e — gy —nl-9) Hence

> P{T,<c2"In(2")} =¥ 2, an2 "'~ < oo since c < 1.



118 ERDOS AND CHEN

Now we are in the position to state and prove our lower bound for the
covering time C,,.

THEOREM 3. P{C,> 2" In(2") except finitely many n} =1, if c<1.

Proof. By Lemma 12 and the fact that C,=T,—n for all n>1,
e P{C,<2"In(2")} <o0o. By the Borel-Cantelli lemma, P{C,<

c2"1In(2") infinitely often}=0. Hence P{C,>c2"In(2") except finitely
many n}=1.

Combining Theorem 1 and Theorem 3, we have the following theorems.
THeoREM 4. P{lim,_  C,/(2"In(2"))=1}=1.
THEOREM 5. lim, , . E(C,)/(2"In(2"))=1.

THEOREM 6. P{y>* 2"(1-2"")"=w}=1.
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