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Abstract

A new operation calledtree-wreathingis defined on groups of automorphisms of the
binary tree. Given a countable residually finite 2-groupH and a free abelian groupK of
finite rank r this operation produces uniformly copies of these as automorphism groups
of the binary tree such that the group generated by them is an over-group of the restricted
wreath productH �K . Indeed,G contains a normal subgroupN which is an infinite direct
sum of copies of the derived groupH ′ and the quotient groupG/N is isomorphic toH �K .
The tree-wreathing construction preserves the properties of solvability, torsion-freeness
and of having finite state (i.e., generated by finite automata). A faithful representation of
any free metabelian group of finite rank is obtained as a finite-state group of automorphisms
of the binary tree.
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1. Introduction

Automorphisms of the one-rooted regularn-ary tree have a natural interpreta-
tion as input–output automata on the alphabet{0,1, . . . , n − 1} and the automor-
phisms which correspond to finite-state automata form an enumerable groupFn

called the group of finite-state automorphisms [2]. The present paper continues
the study of the group of automorphismsA of the binary tree and especially of
its subgroup of finite-state automorphismsF [12]. For an overview of the present
situation for groups generated by input–output automata, see [8].

The identification of the elements ofF with finite automata provides a proof
that the word problem inF is solvable. Given a countable set of subgroups ofF
it is possible using the tree structure to embed their direct sum intoF . Likewise,
given a countable subgroupH and a finite 2-subgroupK of F , it may be shown
that the restricted wreath productH � K embeds intoF . In this paper,H � K
indicates the restricted wreath product obtained from the regular representation
of K. Residual finiteness of wreath products of groups is governed by Gruenberg’s
theorem: the groupG = H �K is residually finite if and only ifH,K are residually
finite andK finite or H abelian [6]. Thus, in considering the question of which
pairs(H,K) of subgroups ofF the restricted wreath productH �K is embeddable
in F , we have to consider only the second alternative in Gruenberg’s theorem and
this has been the motivation behind our work.

We define a new operation on subgroups ofA, which we calltree-wreathing.
Given a subgroupH of A and a free abelian groupK of finite rankr this operation
produces uniformly copies of these inA such that the groupG generated by them,
indicated byH –� K, is an over-group of the restricted wreath productH � K.
Indeed,G contains a normal subgroupN which is an infinite direct sum of copies
of the derived groupH ′ and the quotient groupG/N is isomorphic toH � K.
The tree-wreathing construction preserves the properties of solvability, torsion-
freeness and of having finite state. WhenH is an abelian subgroup ofF , we
obtain an embedding ofH �K in F . An application of this result is an embedding
of the free metabelian group of finite rank intoF .

The groupK is shown to be generated by a certain set{α(i) | 0 � i � r − 1}
such that the closurêK of K in A with respect to its pro-2 topology as
K̂ = ∑{〈̂α(i)〉 | 0 � i � r − 1} where eacĥ〈α(i)〉 is isomorphic to the dyadic
integersZ2. Moreover, the tree-wreath construction is extended toH –� K̂. We
find that the normalizer inA of each〈̂α(i)〉 contains a subgroupΛi isomorphic to
the group of units ofZ2. Furthermore, the groupΛ generated by theΛi ’s is their
direct sum andΛ normalizesH –� K̂.

Our construction considerably enlarges the class of known residually finite
2-groups and in particular of those which afford finite-state representations.
However, the concrete realization as finite-state automorphism groups of most
of the groups in the second alternative of Gruenberg’s theorem remains open. For
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example, doesC � (C �C) have a finite-state representation, whereC is an infinite
cyclic group?

A faithful representation of the affine groupZm
2 GL(m,Z2) for m � 1 was

obtained in [3] as a group acting on the 2m-ary regular tree. LetZ(2) be the
localization of the rational numbers at the prime 2. It was also shown in the same
paper that the restriction of the representation to the subgroupZm

(2)GL(m,Z(2))

produced a faithful finite-state representation of this subgroup. In a later work
[5] it was proven that form � 1, the group of finite-state automorphisms of the
binary treeF embeds the affine groupZmB(m,Z) whereB(m,Z) consists of
those invertible matrices(aij ) with aij even for allj > i, which is therefore of
finite index inGL(m,Z). In particular then,F embeds the free group of rank 2
and by a result of Malcev [10, Section 17.2] it also embeds any finitely generated
torsion-free nilpotent group. We note that the 2-generator free metabelian group
is not linear overZ (since it contains free abelian subgroups of infinite rank).

It is by now a well-known fact thatF embeds Burnside 2-groups with
branching subgroup structure and, as was shown more recently, it also embeds
torsion-free groups sharing such a property [4]. These groups cannot admit
faithful finite-dimensional linear representations. A comprehensive exposition on
the topic of Branch Groups is forthcoming [1].

As large as the class of finitely generated subgroups ofF may be, this group is
not as universal asA. The known argument in support of the assertion is based on
cardinality considerations. For, by a variation on a construction of Hall [9], there
exist 2ω0 isomorphism classes of 2-generated center-by-metabelian residually
finite 2-groups; yet clearly, there are only a countable number of 2-generated
subgroups inF . The class of Grigorchuk groups provides another proof; see [7].

We thank Laurent Bartholdi, Alexei Krasilnikov and Pavel Zaleskii for
exchanges on different parts of this paper.

2. Preliminaries

The binary treeT can be identified with the free monoidM = 〈0,1〉∗ of finite
sequences on 0,1, ordered byv � u providedu is an initial subword ofv. Let σ
be the transposition(0,1) whose action is extended to the tree byσ : 0u ↔ 1u.
Then a general automorphismα ∈ A can be represented asα = (α0, α1)σφ where
σφ = σ i , i = 0,1 with φ the empty word, and whereα0, α1 are automorphisms
of the subtrees headed by 0,1, respectively. As these subtrees are isomorphic to
T by simply deleting the first letter from the labels of vertices in the subtrees,
we may by using this isomorphism considerα0, α1 ∈ A. The automorphismα is
said to be active providedσφ = σ , otherwise it is inactive. Proceeding with the
development ofα, we produce the set of statesQ = {αu | u ∈ M} whereαφ = α

and the set of activities{σu | u ∈ M}.
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A subgroup ofA which fixes all the vertices outside the subtree headed by the
indexu and projects onto a groupH at the vertexu will be indicated byu ∗ H

and the elements of the latter will be denoted byu ∗h. The set{1i ∗σ | 0 � i � k}
generates a groupPk which is the 2-Sylow subgroup of the symmetric group on
the set{u ∈M | |u| = k+1} and is isomorphic to(((C2 � · · ·) �C2) �C2), thek-fold
wreath product of cyclic groups of order 2.

The following constructions preserve subgroups of bothA andF :

(i) Let {Hi | i � 0} be subgroups ofA , then the group generated by{1i0∗Hi |
i � 0} is a direct sum of copies ofHi ;

(ii) Given H a subgroup ofA and an integerk � 0, the group generated by
1k ∗ H andPk is a subgroup ofA isomorphic toH � Pk ;

(iii) Given a groupR � A, we define inductively the following subgroup ofA,
whose elements have finite support:

ν(R) = (
ν(R) ×R

) × (
ν(R) ×R

)
.

The groupν(R) is generated byu ∗ R for all u ∈ U = ({02,10}∗){01,11}.

The automorphismα has activity growthθ(n) = #{u | |u| = n, σu �= e}. Also,
α hasm-circuit type provided the length of the longest circuit in the graph
of the automata corresponding toα is m; the length of a circuit is measured
by the number of distinct vertices lying on it. If the only circuit in the graph
corresponding toα occurs at the identity elemente thenα is of 0-circuit type.
Given a sufficiently natural measure of activity growth, the set of automorphisms
with growth limited above by this measure forms a subgroup. The finite-state
automorphisms of bounded growth form the subgroupF0. Those elements of
0-circuit type form the subgroup of finitary automorphismsF0,0 = ⋃{Pk | k � 1}.
Furthermore, ifm � 1, then those which have 0-circuit type ork-circuit type
wherek dividesm form the groupF0,m; see [12].

The treeT is the inverse limit of its truncations at thenth levels. Thus the group
A is the inverse limit of the permutation groups it induces on thenth level vertices.
This endowsA with a pro-2 topological group structure. An infinite product of
elementsA is a well-defined element ofA provided for any given leveln, only
finitely many of the elements in the product have non-trivial action on vertices at
leveln. LetH be a subgroup ofA. The closure of a subgroupH in the topological
groupA will be indicated byĤ . We note that ifH is abelian then

Ĥ = {
hξ

∣∣ h ∈ H, ξ a dyadic integer
}

which is also an abelian group.
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3. The tree-wreath product H –� C

3.1. The translation operator

Let α be the automorphism of the binary tree defined specifically and
recursively byα = (e, (α, e))σ . Thenα will serve from now on as the translation
operator in the construction of a tree-wreath product. We note thatα has 3 states,
has bounded growth and is of 2-circuit type.

3.2. Copying subgroups

Let H be some group acting on the tree. We seek to construct a copyH̃ of
H which will be compatible with the translationα, in the sense that̃H should
commute with all (or as many as possible) of its conjugates by elements from〈α〉.

For everyh ∈ H define the automorphism̃h of the tree recursively as̃h =
((h̃, h), (e, e)), or simply ash̃ = ((h̃, h), e). It is clear that the set̃H = {h̃ | h ∈ H }
is a group of automorphisms of the tree and thatH̃ is isomorphic toH . Also, if
H is a finite-state group then so is̃H . We note that for allh ∈ H , the element̃h
provides a partial mapping̃h :M → H from the labels of the tree intoH , defined
by (u)h̃ = e if u = 0i1, i even, and by(u)h̃ = h if u = 0i1, i odd. In this sense,̃h
has infinite support for allh �= e.

3.3. Tree-wreathing

Let G be the group generated bỹH andα. We say thatG is H tree-wreathed
by the infinite cyclic groupC generated byα and use the notationG = H –� C.

Fig. 1. The automatonα.
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Theorem 1. Let G be the tree-wreath productH –� C defined above. ThenG
satisfies the following properties:

(i) the subgroup

N = 〈[
H̃ αi

, H̃ αj ] ∣∣ 0 � i < j
〉

which is normal inG can be expressed in its action on the tree asN =
ν(H ′) = (N ×H ′)× (N × H ′);

(ii) the quotient groupG/N is isomorphic to the restricted wreath productH �C;
(iii) the subgroup ofG generated by(02m−11) ∗ H ′ and α is isomorphic to a

central extension ofH ′ �C2m;
(iv) if J is a subgroup ofH then〈J̃ , α〉, considered as a subgroup ofG = H –� C,

is isomorphic toJ –� C; in particular, if J is abelian then〈J̃ , α〉 is isomorphic
to J �C;

(v) the groupG is finite-state(solvable, torsion-free) if and only ifH is finite-
state(solvable, torsion-free).

Proof. I. DefineHi = H̃ αi
andHi,j = [H̃ αi

, H̃ αj ] for all 0 � i < j . Furthermore,
defineN = 〈Hi,j | 0 � i < j 〉 and its stratification byN0 = {e}, Ns = 〈Hi,j | 0 �
i < j < 2s+1, j − i � 2s〉 for all s > 1. We will show that

Ns is a normal subgroup ofG,

Ns = Ps × Ps wherePs = Ns−1 ×H ′,

and [
Ns,α

2s ] = e

for all s � 1. Also,〈Ns,α〉 is a central extension ofH ′ �C2s .
(i) Let h, k ∈ H and leti be any integer then

α2i = ((
αi, e

)
,
(
αi , e

))
, α2i+1 = ((

αi, e
)
,
(
αi+1, e

))
σ,

h̃α
2i = ((

h̃α
i

, h
)
, e

)
, h̃α

2i+1 = (
e,

(
h̃α

i

, h
))
,[

h̃, k̃4i+2] = [((
h̃, h

)
, e

)
,
((
k̃α

2i+1
, k

)
, e

)] = (([
h̃, k̃α

2i+1]
, [h, k]), e)

= ((
e, [h, k]), e).

It follows that

H0,2i+1 = {e},
H0,4i+2 = ({e} ×H ′) × {e} = (01) ∗H ′,
H1,4i+3 = {e} × ({e} ×H ′) = (11) ∗H ′.

Thus we verify in the first stage of generation ofN ,
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N1 = 〈H0,2,H1,3〉 = P1 × P1,

P1 = {e} ×H ′,[
N1, α

2] = {e},N1 � G

and〈(01) ∗ H ′, α〉 is a central extension ofH ′ �C2.
(ii) Let n = 2sm, s � 1,m odd. Then for allh, k ∈ H ,

c = [
h̃, k̃α

n] = [((
h̃, h

)
, e

)
,
((
k̃α

n/2
, k

)
, e

)] = (([
h̃, k̃α

n/2]
, [h, k]), e) = · · ·

= ((((
(e, . . .), [h, k]), e), [h, k]), e).

Therefore,c is defined as a partial mapping onM by(
0i1

)
c =

{ [h, k] for all i odd and 1� i � 2s − 1,
e for all i even and 0� i � 2s − 2,(

02s)c = e;
also,

c = [
h̃, k̃α

n] = [
h̃, k̃α

2s ]
,

[
c,α2s ] = e.

Inductively, we produce(0i1) ∗ H ′ for all i odd and 1� i � 2s − 1.
(iii) Let P = ⋃

Ps . Then,N = P ×P , P = N ×H ′. The elementsc of Ns are
partial mappings from the monoidM intoH ′, defined on the sequences of length
2s in ({

02,10
}∗){01,11}

and as such have finite support. Therefore, all elements ofN have finite support.

II. We will now show thatG/N is isomorphic toH �C. It is clear that the coset
representatives ofN in G can be chosen as expressions having the form

w =
(
h̃α

2i1
1 h̃α

2i2
2 · · · h̃α2is

s

)(
k̃α

2j1+1

1 k̃α
2j2+1

2 · · · k̃α2jt+1

t

)
αm

with distinct integersi1, i2, . . . , is , distinct integersj1, j2, . . . , js andm = 2m′ +ε

with ε ∈ {0,1}. Let l(m) be the 2-valuation ofm. We call semi-normal a form for
w having(l(m), s + t) minimal under lexicographical ordering. The elementw

can be developed in its action on the tree asw = (u, v)σ ε where

u =
(
h̃α

i1
1 h̃α

i2
2 · · · h̃αis

s αm′
, h1h2 · · ·hs

)
,

v =
(
k̃α

j1
1 k̃α

j2
2 · · · k̃αjt

s αm′
, k1k2 · · ·kt

)
.

Supposew ∈ N is as above, in semi-normal form, andw �= e. Choosew having
these properties and being minimal with respect to the ordered pair of integers
(l(m), s + t). SinceN stabilizes the first level of the tree, we haveε = 0. Thus,
either s + t or m is different from 0. Therefore, asN = P × P , it follows that
u,v ∈ P . Likewise, asP = N ×H ′, it follows that
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h̃α
i1

1 h̃α
i2

2 · · · h̃αis

s αm′
, k̃α

j1
1 k̃α

j2
2 · · · k̃αjt

s αm′ ∈ N,

h1h2 · · ·hs, k1k2 · · ·kt ∈ H ′.

By the minimality condition,l(m′) = 0 and asαm′
is inactive,m′ is even; thus

m′ = 0.

Therefore,

h̃α
i1

1 h̃α
i2

2 · · · h̃αis

s , k̃α
j1

1 k̃α
j2

2 · · · k̃αjt

s ∈ N.

Again, by the minimality condition, we haves = 0, or t = 0. Thus, by a repetition
of this argument we reachs = 0, t = 1, or s = 1, t = 0. On conjugatingw by an
adequate power ofα we havew = h̃ = ((h̃, h), e) andh ∈ H ′. Sinceh̃ has infinite
support whereas elements ofN have finite support, a contradiction is reached.✷
Remark 1. (i) It is clear from the last part of the proof that ifh ∈ H ′ then h̃ is
an element of the topological closurêN of N in A. Therefore, the quotient group
Ĝ/N̂ is metabelian.

(ii) SinceC � (C �C) is residually a finite 2-group, we ask whether there could
exist a copy of such a group withinH –� C for some groupH . Let h1, h2 ∈ H .
Then,

h̃α1 = (
e,

(
h̃α1, h1

))
,

(
h̃2

)h̃α1 = h̃2.

Thus, there do not exist non-trivialh1, h2 ∈ H such that

〈h̃1, h̃2, α〉 = 〈h̃1〉 � 〈h̃2, α〉.
(iii) The translationα = (e, (α, e))σ has bounded growth and has 2-circuit

type. If H is also of bounded growth then the tree-wreath productH –� 〈α〉 also
has bounded growth. Furthermore, ifH is generated by automorphisms with a
bounded circuit structure thenH –� 〈α〉 also has bounded circuit structure. So,
the tree-wreath construction preserves subgroups ofF0,2, i.e., those formed by
automorphisms having bounded growth and 2-circuit type.

Proposition 1. LetL be the normal closure of̃H in G. If H is solvable(nilpotent),
thenL andH have equal solvability degree(nilpotency class).

Proof. LetR be a subgroup ofA andν(R) = (ν(R)×R)×(ν(R)×R) as defined
previously, and̃h ∈ H̃ . Then we have[

ν(R), h̃
] = ([

ν(R) ×R,
(
h̃, h

)]
, e

) = ([
ν(R), h̃

] × [R,h], e).
In particular, forR = H ′,[

ν(H ′),L
] = ν

(
γ3(H)

)
,

[
ν(H ′),L′] = ν(H ′′).
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SinceL is the normal closure of̃H in G, clearly,L = ν(H ′)〈Hi | i = 0,1, . . .〉,
whereHi = H̃ αi

as before, and we have the following formulas for the derived
series ofL,

L′ = ν(H ′′)
〈[
ν(H ′),Hi

]
,H ′

i | i � 0
〉 = ν

(
γ3(H)

)〈
H ′

i | i � 0
〉

and forj � 1,

L(j) = ν
([
γ3(H),H ′, . . . ,H (j−1)])〈H(j)

i | i � 0
〉
.

The formulas for the lower central series ofL for j � 2 are

γ2(L) = ν
(
γ3(H)

)〈
H ′

i | i � 0
〉
,

γj (L) = ν
(
γj (H)

)〈
γj (Hi) | i � 0

〉
. ✷

4. The tree-wreath product H –� K

We determine the structure of the centralizer ofα and then choose within it
a convenient abelian free subgroupK(= K(r)) of rank r; we then consider the
topological closurêK and also the normalizer of̂K .

4.1. The centralizer ofα

Let γ commute withα. Sinceγ also commutes withγα, we may assumeγ
to be inactive; that is,γ = (γ0, γ1). Then it is direct to see thatγ0 = γ1, thatγ0
commutes with(α, e) and thatγ0 = (γ00, γ01) whereγ00 commutes withα and
γ01 is an arbitrary element ofA. We use the notation that forβ ∈ A we define
β(1) = (β,β), an element also inA. We conclude thatCA(α) has the following
decomposition in its action on the tree

CA(α) = CA
(
(α, e)

)(1)〈α〉, CA
(
(α, e)

) = CA(α) ×A.

Also, givenδ ∈ A, we defineδ′ = (δ′, δ)(1) in A. The following calculation
provesδ′ ∈ CA(α):

αδ′ = (
e, (α, e)(δ

′,δ))σ = (
e,

(
αδ′

, e
))
σ = α.

Using this last definition, we produce inductively the following sequence of
elements inCA(α):

α(0) = α, α(i) = (
α(i),α(i − 1)

)(1)
for all i � 1. DefineK(r) to be the group generated by{α(i) | 0 � i � r}.

Lemma 1. The groupK(r) defined above is free abelian of rankr.

Proof. Straightforward. ✷
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4.2. The topological closure ofK(r) and its normalizer

Lemma 2. The closure ofK(r) is the direct sum

K̂(r) =
∑{〈

α̂(i)
〉 | 0 � i � r

}
.

Proof. Straightforward. ✷
Now we produce some elements ofA which normalizêK(r). For every dyadic

unit ξ = 1+ ∑{ai2i | i � 1} with ai = 0,1, we define inA the element

λξ = (
(λξ , e),

(
λξα

(ξ−1)/2, e
))
,

and define the setΛ = {λξ | ξ a dyadic unit}. Then it is direct to verify thatλξ
conjugatesα to αξ ; i.e., αλξ = αξ . Sinceλξλµ = λξ+µ for all dyadicsξ,µ, it
follows that Aut(〈 α̂ 〉) ∼= Λ. Now define

λξ (0) = λξ = (
(λξ , e),

(
λξα

(ξ−1)/2, e
))
,

and define inductively

λξ (i) = (
λξ (i), λξ (i − 1)

)(1)
for all i � 1.

Let Λi = {λξ (i) | ξ a dyadic integer} and Λ(r) = 〈Λi | 0 � i � r〉. Then,
Aut(〈α̂(i)〉) ∼= Λi :

α(i)λξ (i) = (
α(i)λξ (i), α(i − 1)λξ (i−1))(1) = (

α(i)λξ (i), α(i − 1)ξ
)(1)

= α(i)ξ .

Proposition 2. The groupΛ(r) = 〈Λi | 0 � i � r〉 normalizeŝK(r) and the group
〈K̂(r),Λ(r)〉 is the direct sum∑{〈

α̂(i)
〉
Λi | 0 � i � r

}
.

Proof. (i) As λξ (i) is of typeδ′ seen above, it commutes withα and thus

λξ (i) ∈ CA(α) for all i � 1.

(ii) We compute the commutator[
λξ (0), λξ (i)

] = (([
λξ ,λξ (i)

]
, e

)
,
([
λξα

(ξ−1)/2, λξ (i)
]
, e

))
= (([

λξ ,λξ (i)
]
, e

)
,
([
λξ ,λξ (i)

]α(ξ−1)/2
, e

)) = e,

for all i � 1, and we prove inductively that[λξ (j), λξ (i)] = e for all j, i. It follows
directly thatΛ(r) = ∑{Λi | 0 � i � r}.

(iii) We compute the conjugates ofα(i) for i � 1
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α(i)λξ (0) = ((
α(i)λξ , α(i − 1)

)
,
(
α(i)λξ α

(ξ−1)/2
, α(i − 1)

))
= ((

α(i)λξ , α(i − 1)
)
,
(
α(i)λξ , α(i − 1)

)) = α(i),

and by induction onj , for j �= i, compute

α(i)λξ (j) = (
α(i)λξ (j), α(i − 1)λξ (j−1))(1)

= (
α(i)λξ (j), α(i − 1)

)(1) = α(i). ✷
4.3. The groupH –� K̂(r)

The copying process ofH used in the previous section can be iterated to remain
compatible with wreathing byK(r) as follows: define for everyh ∈ H ,

h̃(0) = h, h̃(1) = h̃ = ((
h̃(1), h

)
, e

)
,

and inductively for alli � 1

h̃(i) = ((
h̃(i), h̃(i − 1)

)
, e

)
.

Then clearly,H̃ (i) = {h̃(i) | h ∈ H } is a group isomorphic toH . Now, we prove

Theorem 2. The groupG = 〈H̃ (r), K̂(r)〉 is a tree-wreath productH –� K̂(r).

Proof. Let N(r) be the subgroup ofG generated by the commutator groups
[H̃ (r), H̃ (r)γ ] for all γ ∈ K̂(r). We need to show that the commutator quotient
G/N(r) is isomorphic toH̃ (r) � K̂(r) and thatN(r) is a direct sum of an infinite
number of copies of the derived groupH ′.

Let ξ be a dyadic integer and denote byl(ξ) is its 2-valuation. We also recall
the generators ofK(r),

α(0) = α, α(i) = (
α(i),α(i − 1)

)(1)
,

0 � i � r − 1. The following is a sketch of the proof.
(i) Let ξ = ε + 2ξ ′, ε = 0,1. Then,

αξ =
{(

αξ ′, e
)(1)

, if ε = 0,((
αξ ′, e

)
,
(
α1+ξ ′, e

))
σ, if ε = 1.

(ii) Let

ξi = εi + 2ξ ′
i , εi = 0,1,

γ = α(0)ξ0α(1)ξ1 · · ·α(r)ξr , β = α(1)ξ1 · · ·α(r)ξr .
Then,

β = (β,β ′)(1), β ′ = α(0)ξ1α(1)ξ2 · · ·α(r − 1)ξr ,
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andγ is active if and only ifε0 = 1.
Let

h̃(r) = ((
h̃(r), h̃(r − 1)

)
, e

)
, b̃(r) = ((

b̃(r), b̃(r − 1)
)
, e

) ∈ H̃ (r).

Then,

h̃(r)γ =
 h̃(r)α(0)

ξ0β = ((
h̃(r)α(0)

ξ ′0β, h̃(r − 1)β
′)
, e

)
if ε0 = 0,(

e,
(
h̃(r)α(0)

ξ ′0β, h̃(r − 1)β
′))

if ε0 = 1.

Note that

[
h̃(r), b̃(r)γ

] =

e, if ε0 = 1,(([

h̃(r), b̃(r)α(0)
ξ ′0β]

,
[
h̃(r − 1), b̃(r − 1)β′]), e),

if ε0 = 0.

(iii) We argue by induction onr that [h̃(r), b̃(r)γ ], seen as a partial map
from the monoidM into H ′, has a finite number of non-trivial entries in places
with indices fromUr whereU = ({02,10}∗){01,11} and that all of these entries
are equal to[h,b]. The caser = 1 is argued as in part (ii) of the theorem. By
the inductive hypothesis, the second term[h̃(r − 1), b̃(r − 1)β′] in [h̃(r), b̃(r)γ ]
conforms to the assertion. Now, if the conjugatorα(0)ξ

′
0β is active (that is,ξ ′

0 is

a dyadic unit) then the first term[h̃(r), b̃(r)α(0)ξ
′
0β ] = e and[

h̃(r), b̃(r)γ
] = ((

e,
[
h̃(r − 1), b̃(r − 1)β′]), e).

On the other hand,[h̃(r), b̃(r)α(0)ξ
′
0β ] is non-trivial if and only if l(ξ ′

0) � 1 and
then in this case we repeat the argument as in the above paragraph. Ifξ0 �= 0 then
l(ξ0) = s for some finites and so this development stops after at mosts steps.

(iv) Let N(r) be subgroup generated by the commutators between thêK(r)

conjugates of̃H(r). Then,N(r) = P(r) × P(r) andP(r) = N(r) × N(r − 1),
whereN(0) = H ′.

(v) The argument for showing thatG/N(r) is isomorphic toH � K̂(r) follows
closely that of the theorem.

The coset representatives ofN(r) in G can be chosen as expressions of form

w = (
h̃1(r)

γ1
h̃2(r)

γ2 · · · h̃s (r)γs
)(
b̃1(r)

µ1
b̃2(r)

µ2 · · · b̃t (r)µt )
× (

α(0)ξ0α(1)ξ1 · · ·α(r)ξr ),
whereγ1, γ2, . . . , γs are inactive elements of̂K(r) andµ1,µ2, . . . ,µt are active
elements of̂K(r) .

Let us call semi-normal a form forw having minimal(
∑{l(ξi ) | i � 0}, s+ t).

Supposew ∈ N(r) is as above, in semi-normal form and thatw �= e. Since
N(r) stabilizes the first level of the tree, we havel(ξ) > 0. Therefore, as



A.M. Brunner, S. Sidki / Journal of Algebra 257 (2002) 51–64 63

N(r) = P(r) × P(r), it follows that w = (u, v) and u,v ∈ P(r). Likewise,
asP(r) = N(r) × N(r − 1), by considering the respective coordinates ofu,v

and the minimality ofw, we reach thatw = h(r) = ((h(r), h(r − 1), e) and
h(r − 1) ∈ H(r − 1)′. Again, we appeal to the fact that elements ofN(r) have
finite support whereas nontrivial elements ofH(r) have infinite support to reach
a contradiction. ✷
Corollary 1. The groupΛ(r) normalizes the tree-wreath productH –� K̂(r) .

Proof. First we note that for

h̃ = (
(h̃, h), e

)
and λξ = (

(λξ , e),
(
λξα

(ξ−1)/2, e
))
,

we haveh̃λξ = ((h̃λξ , h), e) = h̃ and thusλξ centralizesH̃ . Inductively, it is easy
to see thatΛ(r) centralizesH̃ (r). We conclude thatΛ(r) normalizes the group
〈H̃ (r), K̂(r)〉. ✷
Corollary 2. The free metabelian groupM of rankr has a faithful representation
as a group of finite-state automorphisms.

Proof. Let H = 〈x1, x2, . . . , xr 〉 andK = 〈y1, y2, . . . , yr〉 be two free abelian
groups each of rankr and letG = H � K. Then, using the Magnus embed-
ding of wreath products into 2× 2 matrices, it can be seen that the sub-
group 〈x1y1, x2y2, . . . , xryr〉 is isomorphic to the free metabelian groupM of
rankr [11]. Since we have produced in the previous theorem a faithful represen-
tation ofG into F , the proof follows. ✷
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