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It is shown how an algorithm for inverting Toeplitz matrices using O(n°)
operations can be modified to deal with a certain type of extension, named
conjugate-Toeplitz matrices. The block partitioned case is also included.

1. INTRODUCTION

It is well known that inversion of an n X n Toeplitz matrix can be
achieved using O(n”) operations. In a previous paper [3] we defined some
extensions of Toeplitz matrices, and showed how a number of properties of
the standard case still applied. In this present paper we concentrate on what
we termed conjugate-Toeplitz (CT) matrices, and obtain direct analogues of
well-known algorithms for inverting Toeplitz and block Toeplitz matrices.
The CT case is given in Section 2, with an illustrative numerical example in
Section 3, and the block CT case is covered in Section 4. The somewhat
tedious details of the verification of the recursion formulae are relegated to
an Appendix. Finally, in Section 5, we demonstrate the elementary fact that
block (conjugate) Toeplitz matrices are similar to partitioned matrices in
which each block has (conjugate) Toeplitz form.

The motivation for this work is two fold. Firstly, it is of interest
mathematically to extend the class of matrices whose inversion requires
O(n*) operations. Secondly, there are a number of problems in signal
processing where inversion of nonstandard Toeplitz-type matrices arise (e.g.
[7]) and it is hoped that the matrices discussed below may find applications
in that field.

It is necessary to establish some preliminary notation: For any complex
number x, let ¢(x) denote the complex conjugate ¥, so that in particular
c*™(x) = x, ¢*™'(x) = x for all positive integers m, and c’(x)=x. Ann X n
matrix 4 = [a;;] is conjugate-Toeplitz (CT) if

a;=c"'(a;_;), Li=1,2,.,n (1.1)
339
0022-247X/84 $3.00

Copyright © 1984 by Academic Press, Inc.
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82333162?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

340 GOVER AND BARNETT

Notice that (1.1) implies the alternative definition

@iy e1=0(ay) (1.2)
and if the a;; are all real, then (1.1) and (1.2) reduce to the usual charac-
terizations of a Toeplitz matrix. We shall use ¢"(4) to stand for the matrix
having i, element ¢"(a;;), and J to denote the “reverse unit matrix,” having
ones along the secondary diagonal and zeros elsewhere.

We note in passing, that if 4 is CT then J4 has “conjugate-Hankel” form
so there is no need to consider such cases separately.

2. THE INVERSION OF CONJUGATE-TOEPLITZ MATRICES

In [3] we showed how the algorithm to invert a Toeplitz matrix due to
Trench [8,9] could be extended to persymmetric and perhermitian CT
matrices. We now give a corresponding algorithm for any strongly
nonsingular CT matrix (i.e., all its leading principal minors are nonzero). If
A, is an n X n CT matrix as defined in (1.1), we need to introduce a related
matrix B, = [b;] as follows.

DEFINITION 2.1. B, =c""'(JALJ).

It follows immediately that B, '=c"*'(J4,"J), and hence the first row
and column of B are respectively the last column and row of ¢"*'(4, )
with the elements reversed. Note also that a,, =b,; =a,. The key idea is to
apply the bordering technique of [8] to 4, ,, and B, simultaneously.

For n > 1, define

a rr B a, e
An+l=[s0 By j’ An-:lzlf" A; ]’
n n

B . (2.2)
N |
where 4, = ad, = B,, and
Fa=(@_ 1,8 5@ )"y 8, =(c(@y), (@) c"(@0)" 23)
u, = (c(a_,), cX@_y) c™@a_))’, U, = (@, ay5 ay).

It follows (see Remark 6 in the Appendix), that the following recursive
steps generate the inverse of 4, .

Step 1. If Ay'=[x;] then
a) =Xy, By =%y, €, =8, =X fl'_—h-xzle- (2.4)

These are the initial values for the recursion.
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Step 2. For each integer i, 1 <ign—1,
vi=c B agen + (gl I,
S;=c'"Bias,, +hl It (s)],
Ei:cHl[aia—(Hl) +ef e (uy),
n=c"a;) ity +Ci+l(fir)‘]vi’

a = a;+ ¢ (Bien,) _ B+ ¢ (7,6
- yi5ici+l(3i’7i) ’ A _Binici+l(yi5i) ’

p

[ . ]
aiiei—y,-c'“ (,Biijhi)
€iv1= Qg :
X Vi |
[ 1 g it (BLJ&)
Jini=a, I i g
L —0; ]

8iv1 :ﬂi+1 . . s
| —&; i
B! . 1 ]
Fh,-—”]iC‘H—l (;J@l)
hivi="Bi, I !
j —H; |

Step 3. If we now let 4!, =[y,], then

yll:an’ yljzlen]jél,]’ yil:[fn]i~l,15 i’j=25 35"'9n+19
yn+l,n+1:an’ yi.n+1:cn+z[hn]n—i+l,l’

o an+2
yn+1,j_c [

gn}n~j+1,1’ i’j:29 3,.,n,

y - +yi+l,1y1,j+1_yn+l,jyi,n+1
i+ j+1 = Vi

— »
yll yn+l.n+1

ij=2,3,n—1
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(2.5)
(2.6)
(2.7)
(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

The number of multiplications required using this method to determine 4/,
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is of the order 8n°, compared with O(n®) using a standard method such as
gaussian elimination.

Remark 1. 1f all a;_; are real then 4, , reduces to ordinary Toeplitz
form, and B,,, =4,,,. Thus the amount of work is halved, ¢;, n;, f;,,,
8:+1 and A, , being redundant, and we have the algorithm of [8], requiring

4n* multiplications.

Remark 2. In the Toeplitz case, Zohar [9] removes a factor a, from
A, ., in (2.2) so that the element in the top left hand corner becomes unity.
This cannot be done in the CT case as it destroys the CT pattern. The
recursion given above however, shows that this step is unnecessary.

3. A NuMERICAL EXAMPLE OF THE ALGORITHM

Consider the fourth order CT matrix

C1—i . —=1—i =2+4i
2 : 2 5
2—i0 1+ . -1+
—_ —i
5 2 2
A, = . (3.1)
3—i 241 1—1i .
10 5 2 :
4—i 340 2-—i 1+
| 1710 5 2 ]
Step 1. We have
1—i —1+7 8 —6i
_ i
2 5 5
= A7l = s 3.2
A 2—i 1+if z —4-2i T+ (3.2)
5 2 5 5
and from (2.4)
—1+7i 7—1
1= 5 5 1='_5_9
(3.3)
8§ —6i . —4 -2
e =8 =—=: Si=h= .
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Step 2. Now putting i =1 in (2.5)~(2.8) gives
. 443
hw=pa_,+gr=-2+i 0, =fa,+h s = 25 ° (3.4)
—2—11i —443i
gE=oa_ e, =——(pr—- n=a,a, +fiv;=——>— (3.5)
5 25
Hence from (2.9) and (3.3)-(3.5)
1 +3i _ 13 —-9i
“=—3 h=Tg (3.6)
Lastly in this stage (2.10) and (2.11) give
3] r —3-—i
i e 5
“= Isesi | T o1-3
|2 | | T
—~ 1 - —
_g;_y 14
= . hy= 3.7
871 545 2T -3 3.7)
. 2 . 10
These steps are now repeated for i =2, giving
5 _ : = -~ 54 3i
Va=Bra_3y+ g3 Jry =143, 0, =B84+ hyJs, = g5
= 11-27
€= 0,d_y+ & Juy=—1-3i, ’hzﬁzas‘}’fgjvz:—m’_l,
21 4 103 393 — 349¢
@y = =g By = T390 (3.8)
C 4-33i 7 - 2 ]
13 3
— 45 + 95§ 1 -7
“=[T% || ST T |
144 — 83; 6—17i
B 39 A 195
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[ —8 +19i ] - —10 4+ 15i 7]
15 13
1341 b — —1-57i
6 ’ 3 130
144 4+ 83§ 6+ 17§

| 39 | 195

(3.9)

We now have the first and last rows and columns of A,'. In fact if
A;'=[y;], then y,, occurs as both [e,];; and [ &;];,, and similarly y,, is
duplicated. The rest of the elements of 4; ' are obtained from (2.14), a single

example of which is

given below:

—2—1') —45 + 95§ —1 —57i (144+83i)
433§ ( 3 ( 26 ) ( 130 ) 39
Y= (21 n 1031') (393 — 349
78 390
=-2 41
The complete inverse matrix is
21 +103i 4-—33i —45+95i 144 —83] T
78 13 26 39
—2—1i 3—i 13—
3 2 T 6
A=
1-7i —4 + 3i 3414 —8 — 19
30 5 2 15
6 —17i —1+57i —10—15;{ 393 + 349;
| 195 130 13 390

4. THE INVERSION OF BLock CT MATRICES

A scheme for the inversion of block Toeplitz matrices using an extension
of the Trench algorithm has been devised by Akaike [1]. We now generalize
this result to the case of block CT matrices which satisfy the conditions in
Remark 7. We first make some further definitions which will be needed in

this section.
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DEFINITION 4.1.  The mn X mn reverse unit block matrix J, is defined as

0, 0, I,
: 0
J.=1 ., 4.1
= o, : (4.1)
5, 0, 0,,

where 1,, and 0,, are the unit and zero matrices of order m, respectively.
Each row and column has » blocks.

DEFINITION 4.2.  An mn X mn matrix 4,, , is block CT if

Ao A7, A—n+]
A, = c(/.‘l) c(4,) eoeld o) ’ (4.2)
" A, A,y e T HA)

(r)
ij

F(r)

where 4, = |a;] is an arbitrary m X m matrix and c(4,) = |@;]|.

DEFINITION 4.3.

B, .,=Jc" A4, )5 4.3)
It can easily be seen that
Ag (A" - "4, )
B, .= : : : . 4.4)
Anoy cdyy) - "THA)

In order to determine the inverse of 4,, (,,,,» we need to border 4

m,(n+1)3
B,, (x+1) and their inverses as follows:
4y Ry iy Y, E,
A = — A =
m,(n+1) S A s m,(n+1) F an ’
S ’ (4.5)
4; U, i z, G,
B = _ B =
m,(n+1) V,, Bm . > m,(n+1) H” Pm , 2
where
R: = (A—H"" A -n)’ S: = (C(A JT)""’ Cn(A :))’ (46)

Up=(c(d" )rc"dL),  Vi=(4y,..4,)

and Y, and Z, are m X m matrices.
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We now give the recursive steps required to obtain the inverse of 4,, . ),
corresponding to those in Section 2. The proof is given in the Appendix.

Step 1. Invert A4, and B, by some standard method, and hence
obtain Y,, Z,, E,, F,, G, and H,. These are the starting values of the
recursion.

Step 2. For each integer i, 1 <i< n— 1, determine

B=A e ZD + RITE (G, (4.7)
Si=cZI A, + HIJ,e(S), (4.8)
Ei:CHI[ATuH)YfT+CHI(U:T)J3EEJ’ (4.9)
n=c (YD AL+ FD IV (4.10)

Solve the following two bilinear equations for Y, , and Z, , using, for
example, [5]:

Yiji— ci+l(5'r) J'YHIJ"iCH]("ID =Y+ Ci“(’?iziﬁi)ra 4.11)
Z, Hl(?’;)’h +13ici+1(5ir)=2i+cHl(aiYiVi)T' (4.12)

i+1

Finally, obtain

E YT —J, T HZ Y | or
E; = ‘ B_))T l Yl?+1’
) A (4.13)
FiY;'=Jy e " NG, Z7T) 5
Fio= 3. Yivis
G.Z; " —J, " N(F, Y e
Gig= B_g_r JZITHs
A HZAX J i:l(E Y—T) (4.14)
Ly —JRC RET /T
Hy = l B_n_ 1 JZi+1'

Step 3. Determine the blocks inside the border of 4!, . ,, using

(A v)icrion = Anlwe ]y + [Fali Yo ' ER),
_Cn+l{[Gn]n_i+l T[HT]n 1+l (4 15)

where [F,]|; is the ith block in the block vector F,, |EL];, [Gulp_is1s
[HF],_;,, being defined similarly and [4,),,], is the /jth block in

Apiins 1y
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5. BLOCK PATTERN AND PATTERN BLOCK MATRICES

In the previous section we presented an algorithm for inverting a block CT
matrix, extending similar results for block Toeplitz matrices [1] and block
circulant matrices [4]. It does not seem to have been realised, however, that
“pattern block” matrices are similar to “block pattern” matrices, as we will
now show.

The result is first given for the Toeplitz case, followed by a statement of
the necessary modifications for other patterns.

DerFINITION 5.1.  The shift matrix of order n is

l 0 17,
Z:
0 0
It is easy to see that
0 I
zZ" = 0, "0” , r=1,2,..,n—1, (5.1

and it can also easily be shown that (Z")" is the Moore—Penrose inverse of
Z'". This inverse, for convenience in the following analysis, will be denoted
by Z ". Note that Z° denotes the unit matrix /,. We can now give a series
definition for a Toeplitz matrix.
If A =|a;| is a Toeplitz matrix of order n, and a,;=a,_;and a;; =a,_,,
then we can write
n—1
A= N a4 7" (5.2)

—_— r
r=—(n—1)

In a similar fashion, if & denotes Kronecker product, then

Ao A, - A~n+l
nf‘l A] AO E
L Zr®A_r= s (53)
r=—(n—1) . A
. -1
An-l Al AO

where the A; are arbitrary matrices of order m, is a block Toeplitz matrix of
order mn. Furthermore, it is easy to see that

o B, - B,
N4 ®Zi= e (5.4)

r=—(n-1) B B

m

ml mm
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is a Toeplitz block matrix, i.e., each matrix B in (5.4) is itself Toeplitz. If,
as before, we denote the r, s element of a matrix X by [X|,, then comparing
(5.3) and (5.4) reveals that

[Brs}]j:[Al—j}rs’ [Brs]il:IAi—llrs'

LemmA 5.1.  The block Toeplitz matrix (5.3) is similar to the Toeplitz
block matrix (5.4).

Proof. If we introduce the vec-permutation matrix [, ,, it is well known
[6] that for arbitrary matrices X(m X m) and Y(n X n), then
Im‘n(X® Y)In,m: Y®Xs (5-5)
where

1, .1

m.n

(5.6)

n.nm = [mn ;

I, denoting the unit matrix of order mn. Applying (5.5) to (5.3) and 5.4)
term by term shows that

(n—1) n—1
Imv" 2.. A—r®Zr)In,m= L Zr®A—r' l
‘r=—(n—1) r=-(n-1)

Remark 3. In order to replace “Toeplitz” by “conjugate Toeplitz” in
(5.2) we need to introduce an operator matrix:

DEFINITION 5.2. The operator matrix Z,. is defined by

0 ¢ 0 -+ 0
0 0 ¢

Z.=|: S B
0 O cn?
0 0 - .. 0

where x¢" = ¢"(x).

If we replace Z" by Z.Z" ' and Z " by ZIZ "', r#0, in (5.3) then it
becomes a block CT matrix, and similarly (5.4) becomes a CT block matrix.
The Lemma then applies to the CT case.

Remark 4. Toeplitz matrices can also be replaced by circulant matrices
in the above argument, by setting

a,=a_,.. r=1,2u,n—1 (5.7)
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In this case (5.7) allows the series (5.2) to be written as

n—1 n-—-1
A=a)d+ N a_(Z7+Z " M)y=ad+ Y a_,7,
r-1 r=1

where 7 = circ(0, 1, 0,..., 0), as defined by Davis [4]. This is the usual series
representation of a circulant matrix. It then easily follows that a block
circulant matrix is similar to a circulant block matrix, a fact not quoted in
[4].

Remark 5. Lemma 5.1 and its corollaries are an expanded version
of |2].

APPENDIX

The proof of the recursion steps for inverting a block CT matrix is given
below. The inversion of a CT matrix follows directly as a corollary.

We begin from Egs. (4.5). If we consider 4, . A s 1) = Lnins 1y WE
have
YIIR;II + E’IIIVZNI.H = O’ FHRZI + M’VI.II/T’"." = ]mn’ (A'l)
and so
YnilErlrz—erz/Tmln' A/[mn:/—fr;]nAFnRzA-r;ln (AZ)
Hence
M, =4, +F,Y,'E; (A3)
and substituting (A.3) into (4.5) produces
—1 Y" E?{l
Aplnin= F. A 4 F,Y'E! (A.4)
Similarly, by considering B}, , By s 1) =1, we obtain
. z, G,
Bm.l(n+n: H B v H Z'GT | (A.5)

From Definition 4.3 we have

Ar;.lmu):JBCHZ(BiT iy (A.6)

m.(nt
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and therefore from (A.5)

JyB W Jy+ 3G, Z, T H T, TG,
H,J, z,

n+2

Aplwin=c (A.7)

We now take the (i + 1,7+ 1)th block in (A.4) and the (i,j)th block in
(A.7) and obtain respectively

[Ar;.l(n+l)]i+l.j+l = [Am nlij + IF Y lb ]
= [A;:.n]ij +[F,); Y;l[En]_i’ (A.8)
(A i ly=c" By + 3G, Z, THyd gy,
IAm nlij + cn+2”Gnln—i+ lZnivlilHZl.]nm_hl}' (Ag)
The notation used in (A.8) and (A.9) was explained in (4. 15)

If we now take the conjugate of (A.9) and eliminate |4,
(A.9) we have

-in (A.8) and

mHI

IAm(n+l) i+1Jj+1 IAm(n+l) 1/+[Fn|i Y;IlErlrll
—c""[G,] Z,"|Hyl,—j1} (A10)

n—it1
which shows that the (i + 1,7 + 1)th block in 4,,},, ,, is obtained from the
(i,j)th block and the border blocks only. This establishes (4.15).

We next obtain the recursive procedure for E;, F;, G, and H,. It can be
seen that we can replace n by i + 1 for 1 <ig<n—1 in Egs. (A.1)}-(A.10).
Hence from (A.2), (A.6), (A.5) and (4.6) we have

Ei+|:_A_r;.1f+nRi+|Y}IH:" {-] Bmmn-]g}R,'HY,lu (A~”)
- Z; Gl’ ‘(Alii+l))y'(
b i Bmlt +HIZ;1GII J[iRi !

[N Z) AT ;o0 + e (G IR
=—J, | NHZ DTN ZYA Gy + TG IR, Y
+c'" (B, ) JsR
Jye' TN HZY)

1 'ICHI(Z:')AI«(HU+ci+l(G;")JB Y

l Jsc'' (B, }) IR, l yr
- 0 i+l
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which from (A.11) and (4.7) becomes

Jse' T H,ZTY)

¢ VY, +

Ei+1:*|

E. .
o IY,T’Y,.TH. (A.12)

m m

Similarly, we obtain from B,, ', . ,Bu.ins 1) = Lmins1,» and (4.9)

s TEYIY oo G, -
Gio=—1" 1(1 ) EI'IZI‘I+|+| 0’ VARVAINE (A.13)
If we now consider 4,, ,,, 1,4\ n+ 1y =Lpmins1,» We Obtain in a similar way to
(A.1) and (A.11)
Fiov==Au kS Yie,
which gives, using (4.8),
J i+l GlZ.f'l' F.
Fo.,=—|"¢ @z, )‘5in+,+’ “lycty. (AL4)
IWI 0'71
Lastly, from B,, (s 1Bl )= Imn s 1y and (4.10)
Jye T WE YT H,
H. ,=—|"" ; N ‘ni2i+,+‘ 0' ‘Z,-"ZH,. (4.15)

(A.12)-(A.15) are the required formulae (4.13) and (4.14).
It remains to determine Y,,, and Z,,, to complete the recursion. From
(A.4) and (A.6) the bottom right hand block, with » replaced by i, is

IA;¥1.1<i+|) S l";fr:l.]i it IFiliYi IIE;‘I‘li:CHZ(ZiI')- (A.16)
If we omit the left hand term of (A.16) and replace / by i + 1 we obtain
Ier;.l(i+l)|i$l.i+l + IFH Ilib 1 Yi7+]l|Eil‘+l]i+l :cl'+3(Zl"l‘+l). (A17)

Conjugating the first and last terms in (A.16) and substituting in {A.17)
gives

¢ EZDH Nl YL EL =2, (A.18)
From (A.12) and (A.14) we have

El 1o ==Y and [Fisilio==0Y,
and hence

ciH(ZiT)‘i’éiYiHV.'ZC[H(ZLI)- (A.19)
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-1
mon+

c[+3(Y;r)+nizi+16f:(”f+3(yl’7+l)' (A'zo)

Similarly, using B ;) we obtain

Finally, eliminating Z,, , from (A.19) and (A.20) produces (4.11), and
eliminating Y, , from the same equations gives (4.12), which completes the
recursion.

Remark 6. The analysis is similar to that of Akaike ||, with the crucial
difference that both 4, ., and B, ,, are considered simultaneously (see
also Remark 1 in Section 2).

Remark 7. Necessary conditions for the application of the algorithm can
be given either in terms of the original matrix 4, ., , |, or its inverse. Firstly,
if all leading principal submatrices of 4,, ., ,, of order rm, r=1, 2..... n, are
nonsingular then the algorithm is valid. Alternatively, applying Schur’s deter-
minantal expansion to (A.4) with » replaced by i, gives

|Al;.l(i+l)‘ = I Yl' I’Zmll +Fl Y:IE:IV-FIY(”HE{‘: | Y1| ‘14_!71'1‘ (A'ZI)
Thus if Y, is nonsingular for /=1, 2,..,n then A;.'m ,, exists, which is
equivalent to the first condition above.

Remark 8. Equation (A.21) shows that it is possible to calculate the
determinant of 4, , ,, with only O(n) extra operations. As part of the
algorithm, Y, is obtained from (4.11) and hence we have

n . 1
oo =" 1Al [T (5)- (A22)
i | Yl
When m =1 and all the elements are real in (A.22), then this reduces to a
formula in [9].

Remark 9. If m=1 each block reduces to a single element, and we
immediately obtain the recursion steps for inversion of a CT matrix,
described in Section 2. The condition of Remark 7 reduces to strong
nonsingularity as defined in Section 2.

Remark 10. The number of multiplications required for inverting an
mn X mn block CT matrix using the given algorithm is of the order of 8m'n’
or 8m(mn)*. When m = | this reduces to 8n’ as indicated in Section 2.
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