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ABSTRACT The movement of ions in the aqueous medium as they approach the mouth (radius a) of a conducting
membrane channel is analyzed. Starting with the Nernst-Planck and Poisson equations, we derive a nonlinear
integrodifferential equation for the electric potential, +(r), a - r < oo. The formulation allows deviations from charge
neutrality and dependence of +(r) on ion flux. A numerical solution is obtained by converting the equation to an integral
equation that is solved by an iterative method for an assumed mouth potential, combined with a shooting method to
adjust the mouth potential until the numerical solution agrees with an asymptotic expansion of the potential at r - a >> X
(X = Debye length). Approximate analytic solutions are obtained by assuming charge neutrality (Lauger, 1976) and by
linearizing. The linear approximation agrees with the exact solution under most physiological conditions, but the
charge-neutrality solution is only valid for r >> X and thus cannot be used unless a >> X. Families of curves of ion flux vs.
potential drop across the electrolyte, +(oo) - +(a), and of permeant ion density at the channel mouth, nI(a), vs. flux are
obtained for different values of a/X and S = a dqldr(a). If a <XX and S = 0, the maximum flux (which is approached
when n1(a) -- 0) is reduced by 50% compared to the value predicted by the charge-neutrality solution. Access
resistance is shown to be a factor a/[2(a + X)] times the published formula (Hille, 1968), which was derived without
including deviations from charge neutrality and ion density gradients and hence does not apply when there is no
counter-ion current. The results are applied to an idealized diffusion-limited channel with symmetric electrolytes. For
S = 0, the current/voltage curves saturate at a value dependent on a/X; for S > 0 they increase linearly for large
voltage.

INTRODUCTION

Measurements to determine the conductance of an ion
channel are affected by the characteristics of the electro-
lytes in contact with the two ends of the channel. For
sufficiently low ion density or high electric driving poten-
tial, the flux of ions through a channel can be influenced
more by the electrodiffusion of ions through the electrolyte,
in the region immediately external to the channel mouth,
than by the intrinsic channel properties (Lauger, 1976;
Andersen, 1983a and b). It is therefore important to
understand the current-voltage-ion density relationships
within an electrolyte. Up to this time, this problem has not
been analyzed completely.
A great deal has been published on this subject for

various special cases in which a force affecting the ion
motion (such as density gradient or electric potential
gradient) is not included, or some approximation (such as
linearization or assumption of charge neutrality) is made.
To understand the range of validity of these results, it is
helpful to solve the complete problem and then consider the
special cases as particular limits of the general solution.
The classical treatment of an electrolyte is the Debye-

Huickel theory (1923), in which the radial distribution of
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electric potential and charge surrounding a spherically
symmetric charge is obtained by solving the linearized
Poisson-Boltzmann equation. The central charge is sur-
rounded by a cloud of opposite charge which screens the
central charge within several Debye lengths, X. The nonlin-
ear Poisson-Boltzmann equation with spherical symmetry
was later solved numerically (Guggenheim, 1959). The
one-dimensional nonlinear Poisson-Boltzmann equation
for the electrolyte adjacent to a charged planar membrane
was solved analytically (Gouy, 1910; Chapman, 1913).
Numerical solutions have been obtained for more compli-
cated geometries that include the electrolyte and channel
vestibules (Dani, 1986). The Poisson-Boltzmann equation
describes the limiting case, in which there is no ion flux, of
the present problem.

With ion current flowing radially inward from r = mo to
r = a, the electrolyte has been modeled as a spherical
ohmic conductor, to obtain the commonly used formula for
the access (or convergence) resistance (Hille, 1968;
Andersen, 1983b; Jordan, 1987). The ohmic model does
not include ion density gradients nor nonzero net charge
density, both of which affect ion flux and are significant
when all the current is carried by a single ion species. As a
consequence, we show below that the standard formula can
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lead to a 10-fold or more overestimate of the access
resistance.
A formula for the limiting ion flux has been obtained by

calculating the flux that would imply zero permeant ion
density at the capture radius, according to simple diffusion
(e.g., Andersen, 1983b). This result is valid for diffusion of
neutral particles, but ignores the effect of electric potential
gradients on the (non-neutral) ion flux, that are included in
the Nernst-Planck and Poisson formulation, and can be
important.

Liuger (1976) presented a model of ions moving
radially inward toward the mouth of a channel, based on
the Nernst-Planck equations (which includes ion density
gradients and electric potential gradients), and solved the
nonlinear problem with the a priori simplifying assumption
that the net charge density is zero everywhere (rather than
using the Poisson equation to relate charge density to
potential). For the case of a channel with permeability
large compared to the convergence permeability of the
surrounding electrolyte (diffusion-limited channel) he
found a limiting current in a 1-1 electrolyte that was
double that predicted by simple diffusion. Assuming zero
electric field at r = a, we find the limiting current can be
any value between these limits, depending on the ratio a/X;
for nonzero field at r = a it can be outside these limits.

Levitt (1985) solved the nonlinear Nernst-Planck and
Poisson equations for an electrolyte-channel-electrolyte
system, introducing an approximation that takes advan-
tage of the smallness of the lipid/aqueous dielectric per-
mittivity ratio to reduce the spatial variation to a depen-
dence on a one-dimensional axial distance variable. The
equations were integrated numerically by a Runge-Kutta
method, to a finite distance into the electrolyte, where the
electrolyte was assumed to be well stirred. Levitt and
Decker (1988) consider a diffusion-limited channel for an
experimental situation with low permeant ion density, in
which the effect of ion flux on potential is negligible. They
calculate the potential for zero flux. It consists of a
constant field inside the channel, a Debye-Huickel potential
in the bulk of the electrolyte and a third analytic expression
that approximates the potential in a small transitional
region between the two. Then, using this potential, the
permeant ion flux is calculated from the Nernst-Planck
flux equation.

In our model, we consider permeant ions converging
radially toward the mouth of a conducting channel.
Although the motivation is to understand its effect on ion
channels, the focus in this paper is on the current-voltage-
ion density relationships of the electrolyte itself. The
electrolyte is assumed to extend from r = oc to a hemi-
sphere centered on the center of the channel mouth, of
radius a, equal to the mouth radius. The Nernst-Planck
equations and Poisson's equation with only radial depen-
dence are assumed to apply in this region. The assumption
of radial symmetry is good for r >> a and approximately
true for r = a, but is not valid for the region 0 < r < a in

which the field lines make a transition from predominantly
radial for r > a to predominantly axial inside the channel.
There also might be further deviations from radial symme-
try caused by fixed charges on the membrane surface or
from asymmetries of the geometry of the channel mouth.
By eliminating the ion densities from the equations, an
integrodifferential equation for the electric potential is
obtained. A simple analytic expression is obtained for the
potential by linearizing the equation. It is valid when the
potential drop across the electrolyte is small (compared to
kT/e = 25 mV). When the potential is not small, the
nonlinear integrodifferential equation is converted to an
integral equation that is solved numerically using an
iterative method and a shooting method. The linear solu-
tion is the generalization of the Debye-Huickel (1923)
theory to the case of nonzero radial ion flux with a flux sink
at r = a; the nonlinear solution is the corresponding
generalization of Guggenheim's (1959) solution, or, alter-
natively, it is the generalization of Lauger's (1976) results
to allow deviations from charge neutrality. Some of the
present results have been reported (Peskoff and Bers,
1987).

MATHEMATICAL FORMULATION

Nernst-Planck Equations
The flux density of the ith ion, J, (ions cm-2 s-'), is related
to the ion density, n, (ions/cm3), and the nondimensional
electric potential, b(e/kT x potential in V), by the Nernst-
Planck equation,

j = -Di (dn, + zi ni d, (1)

where Di is the diffusion coefficient (cm2/s), zi the valence,
and r (cm) the radial distance variable measured from the
center of the mouth of the channel, and it is assumed that
ion density and electric potential vary only in the radial
direction and are independent of the angular coordinates.
The equations will be derived for the case of two monova-
lent cation species, z1 = Z3 = 1, and one monovalent anion
species, Z2 = - 1, but they can be generalized to cases with
divalent ions and more than three ion species.

It is assumed that only one cation species is permeable,
that is,

= - q
2wr2

J2 = J3 = 0, (2)

where q is the total ion flux (ions/s) entering the channel at
the mouth.
The following boundary conditions are assumed. In the

bulk solution, a long distance from the mouth, at r = oc, the
potential is zero,

+(OO) = O, (3)
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and the bulk values of the ion densities are

nI(oo) = yn.

n2 (Xo) = n

n3(oo) = (1 - y)n., (4)

where y is the bulk value of the permeable cation to anion
density ratio.

Substituting Eqs. 2 in 1 and imposing the boundary
conditions of Eqs. 3 and 4, the first-order differential Eq. 1
may be solved for ni in terms of 0.

n1(r) = (Tn.-2:D . P kk(r)] dr') exp [-4(r)]

n2(r) = ni. exp [+(r)]
n3(r) = (1 - y)n. exp [-+(r)]. (5)

Thus n2 and n3 are given in terms of X by their familiar
equilibrium values but n1 differs from this by an integral
term multiplied by the ion flux, q. This term accounts for
the deviation from charge neutrality.

for which the diffusion equation applies (e.g., a < a). Thus
6 = a corresponds to the upper limit of particle flux for a
channel of radius a. That is, there is flux (or current)
saturation at q = 2raD1n<. (or 2iraD1'yn, for zy 1). It will
be seen below that the inclusion of the electric force term in
Eq. 1 (i.e., zi = 0) can increase the saturation current
beyond the value attainable for simple diffusion of neutral
particles.

Note that as a result of the cancellation of terms
containing 'y in Eqs. 5, Eqs. 6 and 7 are independent of y
and hence 4 will be independent of y.

Nondimensionalization
It is convenient at this point to nondimensionalize the
equations. The nondimensional radial coordinate is defined
as

x = rla, (10)

where a is the radius of the channel mouth. Also, we
introduce the dimensionless parameters,

a = a/X

Poisson's Equation
To determine +(r) another equation is needed. Poisson's
equation relates the Laplacian of X to the net charge
density, and in spherical coordinates with only radial
dependence it is

r P,2 (r")= - -T (n, - n2 + n3), (6)

where e is the dielectric permittivity of water.
Substituting Eqs. 5 for ni in terms of X in Eq. 6 yields a

nonlinear integrodifferential equation for determining X,

x2 d2
r d (r() = sinh +(r)

r r, expr
+ exp [-k(r)] ,expkk(r')] dr', (7)

where

d = 6/2a, (11)

and the dimensionless density,

Ni = n/n-. (12)

Using Eqs. 10 and 11 the integrodifferential Eq. 7
becomes

1 d2
2 * 2 (x+(x)) = sinh ¢(x)a;2xx dx

+ 0 exp [-+(x)] - exp [¢(x )] dx', (I 3

and the Eqs. 5 for the ion densities become

NI(x) = y - 2 f P[k(x)] dx'] exp [-(x)]

N2(x) = exp [0(x)]

N3(x) = (1 - y) exp [-X(x)].
X = (ekT/2n.e2)'"2 (8)

is the Debye length, and

a = q/2irD,n. (9)

is a quantity proportional to the ion flux, with dimensions
of length. To obtain a physical interpretation of the
distance 6, consider the simple diffusion problem of a flux q
of uncharged particles (i.e., zi = 0, y = 1 in Eq. 1) converg-
ing radially toward r = 0. The particle density n, (r) in this
case is n,(1 - b/r) and thus 6 is the radial distance at
which the predicted particle density would become zero.
Because density cannot physically become negative, in
simple diffusion 6 must be less than the smallest dimension

To solve the second order Eq. 13 for +(x), one more
boundary condition is needed in addition to Eq. 3. We will
specify the gradient of the potential (i.e., the negative of
the nondimensional electric field) at x = 1, and to be
consistent with the spherical symmetry assumed in Eq. 6,
we must assume that the electric field is constant in
magnitude and in the radial direction on the surface of the
hemisphere at x = 1. Thus we assume

(15)dx (1) = S,

where S is a constant. The electric field at r = a is then
-kTS/ea V cm-'.
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The value ofS will in general depend on the properties of
the channel itself, i.e., its current/voltage relation, perme-
ability, location of fixed charges, etc., and on the ion flux
through and ion densities at both ends of the channel. In
the present model it is assumed that the ion densities and
electric potential in the electrolyte for 1 s x < Xo are
governed by the Nernst-Planck and Poisson equations. The
influence of the channel on the electrolyte is consequently
totally specified by the electric field on the surface of the
hemisphere at x = 1. Ion densities Ni(x) and electric
potential +(x) in the electrolyte can be determined, given
the electric field at x = 1, the ion flux in the system and the
boundary values ni(oo) and +(cX). However, for a channel
between two electrolytes with, say, the ion flux through the
system given, it would be necessary to determine the
magnitude of the electric field at x = 1 that simultaneously
satisfies the electrolyte and channel models, i.e., yields
continuity of electric field at x = 1.

In the next section we will derive an analytic expression
for 4 in the special case when charge neutrality is assumed
by setting the left-hand side of Eq. 13 equal to zero. This is
the solution found previously by Lauger (1976). Then we
will obtain a linearized solution valid when the ion flux and
electric field at x = 1 are both small. After this we obtain
an asymptotic expansion of 0 valid for large values of x,
x », , and x >> 1/a (or r >> 6/2 and r >> X), and find that the
charge-neutrality solution is the first two terms of this
expansion. Finally, we convert the integrodifferential Eq.
13 to an integral equation and solve it numerically using an
iterative procedure for a given o(1) and a shooting method
to determine the correct c(1).

APPROXIMATE SOLUTIONS

Charge Neutrality Solution
In most physiological models, it is permissible to assume
charge neutrality, i.e., the net charge density is precisely
zero everywhere. This is true when all distances of interest
are large compared to the Debye length defined in Eq. 8. In
the present case, it will be seen that charge neutrality
occurs for r >> X, but not for r - X. To see clearly the
relationship of the approximate charge neutrality solution
to the other solutions of Eq. 13 to be described, we will
derive this approximation starting from Eq. 13. The a
priori assumption of charge neutrality is equivalent to the
right-hand side of Eq. 6, 7, or 13 being equal to zero, so
that Eq. 13 becomes

0 = sinh +(x) + e3exp[xp[0'(x )] dx'. (16)

Multiplying Eq. 16 by exp [+(x)], rearranging terms, and
differentiating with respect to x yields the differential
equation

exp [X5(x)] d= 2- (17)
dx x

0.0

-0.2 Linear

-0.4Xo // Numerical

CD -0.6-X2 -0.6Charge Neutrality

-0.8 -
Asymptotic Expansion

-1.0 I
0 1 2 3 4 5

Radial Distance, x = r/a

FIGURE 1 The electric potential, X, as a function of the nondimensional
radial distance, x = r/a, for ' = 0.5. The four curves are the linear
approximation of Eq. 21 for a = 2 and S - 0, the exact numerical solution
of Eq. 39 also for a = 2 and S = 0, the charge-neutrality solution of Eq. 18
and the four-term asymptotic expansion of Eqs. 25 and 31. The latter two
are independent of a and S.

The solution to Eq. 17 subject to the boundary condition of
Eq. 3 is

+(x) = In (1 - ,8/x). (18)

This is the solution found by Lauger (1976). In Fig. 1, the
curve labeled "charge neutrality" is the potential 0 in Eq.
18, for f3 = 0.5 (6 = a), as a function of position x, with x 2
1. Substituting the potential X from Eq. 18 in Eqs. 14 yields
for the ion densities

N,(x) = 1 - :/x-(1- )/(1-:/x)

N2 (x) =1I-d/lx
N3(x) = (1 -)/(l -/x). (19)

Note that the charge neutrality condition N1 - N2 + N3 =
0 is true for Eq. 19 for all x, which was the initial
assumption in Eq. 16 for this approximate solution. The
permeant ion density, NI, for 'y = 1 and 1 = 0.5 in Eq. 19 is
the curve labeled "charge neutrality" in Fig. 2.
The maximum flux (or maximum ,B) possible according

to the charge neutrality approximation is obtained by
setting N1(1) = 0 in Eq. 19, yielding (3m = 1 - (1-) /.

1.0r
.W 0.8
cn

= 0.6
0 c

0.4

i3 0

L 0.4

n
1 2 3 4
Radial Distance, x = r/a

5

FIGURE 2 The nondimensional permeant ion density, NI, as a function
of x. The numerical solution, linearized solution and charge-neutrality
solution for the same cases as in Fig. 1.
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This agrees with the result of Lauger (1976) that (in the
present notation) (3m = 1 for y = 1 and (3m = y/2 for y -- 0.
It should also be compared to the result for simple diffusion
of neutral particles described in the paragraph following
Eq. 9, which in dimensionless variables is (3m = y/2 for
all 'y.
On the x = 1 hemisphere capping the mouth of the

channel, according to Eq. 18, d4/dx(1) = (3/(1 - (3).
Consequently, it is not possible for the charge neutrality
solution, Eq. 18, to satisfy the boundary condition, Eq. 15,
imposed by the channel except in the special case ( = SI
(1 + S). One cannot, from this derivation, determine the
range of validity of Eqs. 18 and 19. It will be seen in Eqs.
25 and 31, however, that the argument of the logarithm in
Eq. 18 is the leading two terms of an asymptotic expansion
and Eqs. 18 and 19 are valid only if x >> 1/a and x >> # or,
in physical units, r >> X and r >> 6/2. It also will be seen from
the numerical solution of Eq. 13 that the potential and ion
densities at the mouth of the channel, which are crucial for
determining the current that flows through a channel, can
differ significantly from what would be predicted by
assuming that the charge neutrality solutions, Eqs. 18 and
19, are valid everywhere.

Linearized Solution
Before solving Eq. 13 numerically, we will linearize the
equation and obtain a solution, valid when the potential
drop across the electrolyte (from x = cc to x = 1) is small.

For small 4, letting sinh 4 - 4 and exp (±4) 1, Eq.
13 reduces to

2 2 (X) = (20)a xdx2X )+ x

The solution to Eq. 20 satisfying the boundary conditions
of Eqs. 3 and 15 is

(x - S)exp[a(l - x)] _ ,B (21)
OW =

(I1+a)x x
(1

The curve labeled "linear" in Fig. 1 is the potential 4 of Eq.
21 with ( = 0.5, S = 0, and a = 2. The right-hand side of
Eq. 21 consists of two parts. One part is the potential
induced by the ion flux, the terms proportional to (3. This
contains a term that decays as an exponential divided by x,
and a less rapidly decaying -,/x term. The potential does
not become zero at any finite x but falls off as -,8/x as
x-m00 to be consistent with the radially inward ion flux.
The other part is induced by the electric field emanating
from the channel, the term proportional to S. It is the
familiar Debye-Huickel (1923) potential surrounding a
spherically symmetric charge in an electrolyte. For an
uncharged channel, this electric field is the continuation of
the field within the channel that can be the force driving
the ions through the channel; for a charged channel there is
also a contribution from the field lines originating on the
charge (see Levitt, 1985). For simplicity we have assumed

that at x = 1 this electric field is constant and directed
radially, although this is obviously an approximation to the
true situation. The true situation, if known, would require
the solution to a much more complicated mathematical
problem.
Note that Eq. 21, the linearized solution, has the same

behavior for large x as Eq. 18, the charge-neutrality
solution. This is seen by dropping the exponential term in
Eq. 21 and by expanding the logarithm in Eq. 18 in a
Taylor series so that ln (1- 3/x) - - ,B/x as l/x - 0.

For A 2 0 and S 2 0 (# 0 and S < 0), corresponding to
ion flux and electric field in the negative (positive) x
direction, 0(x) in Eq. 21 has a maximum magnitude of
(aI13l + ISI)1(1 + a) at x = 1 and is negative (positive). For
,B and S of opposite signs the maximum magnitude is
smaller and occurs at x > 1. We now consider under what
conditions +(x) is sufficiently small for the linearization of
Eq. 20 to be valid. To obtain Eq. 20 from Eq. 13 two
approximations were made: replacing exp (±4) = 1 ± 4 +
02/2! ± ... by 1 in the second term on the right-hand side
of the equations, which is valid if 14)1 << 1, and replacing
sinh 4 = 4 + 43/3! + . . . by 4, which is valid for the less
restrictive condition /2 << 6. Therefore, Eq. 20 is certainly a
good approximation if 141 << 1. However, if aIl(3/(l + a) is
very small but ISI/(1 + a) is not so small, the second term
on the right-hand side of Eq. 20 has a relatively small
effect on the solution in Eq. 21 and therefore it is less
important that exp (4) is approximated well by 1 than it is
that sinh 4 is approximated well by 4. Consequently, Eq.
21 will be valid if 141 << 1, or also under the less restrictive
conditions a1j#j/(I + a) << 1 and )2 << 6. To put this in
physical terms, the linear approximation of Eq. 21 will be
valid for somewhat larger magnitudes of 4 when 4 is
dominated by the electric field at the mouth (S >> alll =
161/2X) and the ion flux is small (aj13/(1 + a) = 16l/2(X +
a) << 1) than when the ion flux is itself large enough to
cause a significant potential. Thus, the linearized solution
of Eq. 20 is valid if

(at11 + lSl)/(l + a) << 1 (22a)

or if

alfll/(1 + a) << 1 and S2/(1 + a)2 << 6. (22b)

As a numerical example, let a = 0.2 nm and X = 1 nm so
that a = 0.2. Assume a channel of length Q with a potential
difference AO\ across it. Also, make the approximation
(Levitt, 1985) that the field on the hemisphere capping the
mouth (area 2ira2) is reduced to one-half its value inside
the channel (cross-sectional area ira2). Then, from Eq. 15,
S = aAO/2Q. For a = 0.2 nm, Q = 4 nm and A) = 4 (100
mV in physical units), S = 0.1. Calculating ( from Eqs. 9
and 11, for an ion current, qe = 10-12 amps, DI = 1.3 x
10-5 cm2/s and a concentration (n<. divided by Avogadro's
number) of 100 mM, (3 = 0.03, a(/(l + a) = 0.005 and
S/(1 + a) = 0.09. In this case, according to inequalities
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22b, we expect Eq. 21 to be a good approximation for the
potential.

If inequalities 22b hold but inequality 22a does not,
N,(x) is obtained by substituting the linear approximation
for X, Eq. 21, in the exact formula for N,(x), Eq. 14. If the
condition 22a holds, i.e., if 141 << 1, a linear approximation
for N,(x) can be obtained. Letting exp (±0) 1 in Eqs.
14, the linearized ion densities are

N1(x) = y[I - -(x) 2:/x

N2(x) = 1 + +(x)

N3(x) = (1 - 'Y)[I -+(WL (23)

where O(x) is given by Eq. 21. The curves labeled "linear"
in Figs. 1 and 2 are the potential, 0(x), and the density,
NI(x), of Eqs. 21 and 23 for y = 1, , = 0.5 and a = 2.
The net charge density is en., times

N, - N2 + N3 = -24 - 21/x

= -2(# - S) exp [a(1 - x)]/[(l + a)x]. (24)
According to Eqs. 21 and 23, each ion species density
varies as 1 /x for large x. However, according to Eq. 24, the
net charge density has no 1 /x term but decreases as
exp (-ax)/x with increasing x. Thus, for x >> 1/Ya, i.e., for
r >> X, the net charge density rapidly approaches zero and
charge neutrality is attained.

Note that linearization restricts 101 but there is no
corresponding restriction on Ni, which can be any value
between 0 and 1.
As an example of how Eq. 23 can be used to predict the

maximum current that can pass through a channel (the
"electrodiffusion-limited" current), assume the capture
radius is equal to the channel radius. The maximum
attainable value of ,B is then obtained by setting N,(1) = 0
in Eq. 23 with the result

A 'y(I + a + S)
2 + a(2 - a)

For y = 1, and the other values as in the above example,
,Bm = 0.6, corresponding to a limiting current of 2 x 101
amps.

If the capture radius is greater than the channel radius
the above analysis is unchanged if r = a is interpreted as
the capture radius rather than as the channel radius, and S
as the field at the capture radius. However, if the capture
radius is less than the channel radius this analysis cannot
be applied without modification because the radial symme-
try assumption breaks down at distances less than the
channel radius.

Asymptotic Expansion for Large x
It is useful to obtain an asymptotic expansion of 0(x) for
large x for evaluating the portion of the integral in Eq. 13
between some large value of x and infinity. Dani (1986)

and Levitt (1985), in their computations, impose the
condition that the potential is zero at some finite distance
for the channel. In our model, +(x) is zero at x = 00, but
using the asymptotic expansion for large x reduces the
range of x over which it is necessary to integrate numeri-
cally. The asymptotic expansion is a refinement of the
charge neutrality solution of Eq. 18 (the first two terms of
the asymptotic expansion are the two terms in Eq. 18).
Motivated by the form of Eq. 18, we transform Eq. 13 to an
equation with the dependent variable

u(x) = exp (4) (25)

rather than X,

1 d2 1 /du\2 u2 1 r u(x')dx,(6and we m akethefurther = o- d e+ aeI 2dxv , (26t

and we make the further change of dependent variable to

v(x) = u(x)-(1 -/x), (27)

and obtain the equation for v,

;2X aXi (XV) .2( x + )(x+x2)

(1= dv ) I t v(x') dx'. (28)

Substituting the asymptotic series

v(x) = ao + a1x-1 + a2x-2 + * * - (29)

in Eq. 28 multiplied by (1 - fl/x + v) and equating terms
of equal powers of x (up to x 5) on the two sides of the
equation to determine the coefficients, yields

aO = a, = a2 = a3 = 0

a4 = - 12/a2

a5 = -903/5a2 (30)

so that, from Eqs. 27, 29, and 30,

u(X) =1I-0 241+90
a2x4 ( 5x

6 62X2 96

2r 4 lOr
(31)

The sum of the four terms in the asymptotic expansion
31 is a good approximation to u(x) ifx >> , and x >> 1/a, or
in physical variables, if r >> 6/2 and r >> X. The curve
labeled "asymptotic expansion" in Fig. 1 is ln [u(x)] from
Eq. 31 with # = 0.5 anda = 2.

Substituting u from Eq. 31 in the right-hand side of Eq.
26, or v from Eqs. 29 and 30 in Eq. 28, yields an asymptotic
formula for the net charge density for large x. It is
- en .f2/a2x4+. . ., which indicates a slower approach to
charge neutrality than the exponential approach predicted
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by the linear analysis, Eq. 24, but with a coefficient that is
normally very small (_#2) so that this would dominate the
exponential only at very large ax.

EXACT SOLUTION

Integral Equation
Eq. 13 can be written as

d2
dx [X+(X)]=f [X 0(x)]x (32)

with

f [x, +(x)] = a2x{sinh +(x) + ,B exp [-¢(x)]

exp [ Ix')] (33)

Integrating Eq. 32 once from 1 to x,

d [x+(x)] - d)l-(1) =0) Xf(xf,O(x')) dx', (34)

and integrating a second time from 1 to x, Eq. 34 becomes

[x+(x) - 0(1)] - (x - ) d (1) - 00)-dx
fXfX(x?f 4(x")) dx"dx'. (35)

Rearranging the left-hand side of Eq. 35, dividing by x,
reversing the order of integration of the double integral and
then performing the inner integration yields

k(x) =441) + (I I±)p(1)
x dx

+ I( f-((x',O(x')) dx'. (36)

Eq. 36 is a nonlinear integral equation which may be solved
numerically to determine 0(x) for a given 4(1) and
do/dx(1).

Another integral equation can be derived by letting
x = cX in Eq. 36 and using the +(Xc) = 0 boundary condition
of Eq. 3, yielding

1) = -
do

(1)-I f(x', ¢(x')) dx'dx l (37)

and then substituting Eq. 37 in Eq. 36, obtaining

= -!x dx.(i) - x +
x f (x', 4k(x')) dx'. (38)xdx ~ ~~J)

Although Eq. 38 appears to be an improvement over Eq.
36, in that 4(1) has been eliminated, the iterative computa-
tion described below for Eq. 36 does not converge for Eq.
38.

Numerical Methods
The potential +(x) has been determined numerically from
Eq. 36, using an iterative technique (Hildebrand, 1965)
that computes +(x) for given values of4(1) and d4/dx(1),
and then using a shooting method (Dahlquist and Bj6rck,
1974) that adjusts (/1) until +(x) coincides for large x
with the asymptotic expansion of Eqs. 25 and 31. This
adjustment is equivalent to imposing the +(oo) = 0 boun-
dary condition so that the solution to the two-point boun-
dary value problem with dk/dx(l) = S (Eq. 15) and
¢(oc) = 0 (Eq. 3) is obtained.
The integral from x to cc in Eq. 33 is replaced by the sum

of the integral from x to p, plus the integral from p to cc in
which +(x') is replaced by its asymptotic expansion given
in Eqs. 25 and 31. p is chosen so that Eqs. 25 and 31 are an
accurate representation of +(x) for x - p. Thus, for the
computation, Eq. 36 is replaced by

0(X) = +() + I - S + a2 x (x - x'){sinh +(x')

+ ,B exp [-+(x')] xp dx"

+p 2p2 5a2PS
I 2p)dx'. (39)

An initial guess +(°)(x) is made for +(x). The precise
functional form is not critical. We use a 0(°)(x) which
reduces to Eq. 21 when 4(1) = -(aj3 + S)/(1 + a), has
the guessed value 4(1) and the given slope S at x = 1, and
approaches the asymptote -,8/x exponentialy for x >>
1/Ya,

o(°)(x) =(-S) exp [a(1- x)] _
+ ) (1[(1(I+ a)x x

+ +a/3 + S][I1-a(1 x)] exp [a(1 - x)]. (40)
L +aj

0.24

0

4i
a
Qi
0
0-

.353

/-.363

-0.2 F

-0.4

-0.6

1 2 3
Radial Distance, x = r/a

FIGURE 3 Numerical computation of +(x) from Eq. 39 for a- 2, 11
0.5 for the correct value, 4(1) - -0.383, and for six guesses of 4(1) from
-0.353 to -0.413.
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This +(°)(x) is substituted for ¢(x) in the right-hand side of
Eq. 39 and the indicated integrals performed using Simp-
son's rule. The resulting left-hand side, ¢(')(x), is then
substituted in the right-hand side of Eq. 39 yielding +(2)(x),
and the process is repeated until two successive O(k)(x)'s
agree to within 1 part in 104 at x = p.

In Fig. 3 we show the result, obtained after about 20
iterations, for guesses of 4(1) from -0.353 to -0.413, for
the same a = 2,13 = 0.5 case as in Figs. 1 and 2, and for p =
1 + 4/a = 3 (corresponding to r = a + 4X = 3a, a radial
distance of four Debye lengths beyond r = a). The curve
for the correct choice of k(1), in this case 4(1) = -0.383,
is shown also in Fig. 1 for 1 < x <3 with its asymptotic tail
attached for 3 - x 5. For 4(1) > -0.383 (< -0.383)
the solutions slope upward (downward) for increasing x,
relative to the k(1) = -0.383 curve. The slopes of the
computed 0(x) and the asymptote automatically agree at
x = p, when their values agree (in this example when
4(1) = -0. 183). The slopes would not agree if too small a
value of p had been selected. In the computations below,
the correct 4(1) is determined by starting with an initial
guess for p(1) and then repeating the iterative process for a
sequence of initial values, k(1), adjusting successive values
of 4(1) using the secant method (Dahlquist and Bj6rck,
1974) until +(p) hits the asymptotic value of ln [u(p)] in
Eq. 31 within one part in 104.
We wish to compute +(x) for selected values of a and S,

and ,B in the range -1 < A < flm. We start with small values
of 1.31 where the linear approximation of Eq. 21 is good, and
use 4(1) from Eq. 21 for the initial guess of k(1). As we
increment the value of 13, we use a quadratic extrapolation
formula to obtain the initial guess '(1) for the current
value of 13 from the values of 4(1) already obtained for the
preceeding three values of 13.
The maximum value of ion flux, A = /3m, which occurs

when the permeant ion density at the mouth, N1(1),
approaches zero, is determined by adjusting 1 using the
secant method and going through the above iteration/
shooting process repeatedly until the computed value of
NI(l) from Eq. 14satisfieslN(I)l< 10-5.

Numerical Results
The curves in Fig. 4, the results of the numerical solution of
Eq. 39, are radial profiles of the nondimensional electric
potential, 4. The curves are for 1 = 0.5, S = 0 (the same
values as in the previous examples), and a = 0.25, 0.5, 1, 2,
4, and cc. The numerical integration for the upper five
curves was done over the range 1 < x . p = 1 + 4/a = 17,
9, 5, 3, and 2, respectively. For the a = 2 and 4 curves the
asymptotic tail of Eqs. 25 and 31 was used for 3 < x < 5
and 2 < x . 5, respectively. The a = oc curve is the
change-neutrality solution of Eq. 18, because setting a = m
in Eq. 13 yields Eq. 16. The curves become indistinguish-
able from the a = c curve beyond x = 1 + 3/la or r = a +
3X.

Fig. 5 A shows the relationship between the nondimen-

-0 .2

-0 .44-Jc
CL

- 0.6

Iao .25
0.5

1

2

4

co

0 1 2 3 4
Radial Distance, x = r/a

5

FIGURE 4 Potential 4 as a function of x, from the numerical solution of
Eq. 39, for a = 0.25, 0.5, 1, 2, and 4,,P = 0.5 and S = 0. Thea =Xacurve is
the charge-neutrality solution, 0 = ln (I - 0.5/x).

sional ion flux, 13, and the potential at the mouth of the
channel, 4(1), for different values of the channel-radius-
to-Debye-length ratio, a = 0, 0.25, 1, 4, 16, and cc. Each
solid curve is the nondimensional current/voltage relation
across the electrolyte, from x = 1 to x = cc, because +(wc) =
0, for the indicated value of a. The dotted curves represent
saturation flux Om for permeable ion to anion density ratios
,y = 1, 0.75, and 0.5 (top to bottom) obtained by setting
N1(1) = 0 in Eq. 14. If 13 is negative (outgoing flux) there is

1.0

cQ

L._

0.5

0.0

-0.5

-1.0 1
-2

B

1.0

uL 0.5
a

0.0 -
-1.0

A

-1 0
Mouth Potential, 011)

-0.5
Mouth Potential, O(1M

I

0.0

FIGURE 5 (A) The solid curves are ion flux, ,, vs. potential at the mouth
of the channel, ,(1), for a = 0, 1/4, 1, 4, 16, and xo. The dotted curves are
the loci of the points where the permeant ion density at the mouth, N1( 1),
is zero for (top to bottom) y = 1, 0.75, and 0.5. These points indicate the
maximum ion flux, l.. (B) The solid cuves are the curves from A,
omitting a - 16, for positive Pl. The dashed lines are the linear
approximation of Eq. 21. The dotted curve and line are the loci offlP for
y = 1, exact and linear approximation, respectively.
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an accumulation rather than a depletion of permeant ions,
and no saturation. The four solid curves for finite a result
from the numerical solution of Eq. 39. The vertical line for
a = 0 indicates zero potential, with , varying between -
and y/2 (see Eqs. 41 and 42). The curve for a = oo is (3 =
1 - exp (0), obtained by setting x = 1 in Eq. 18.

Fig. 5 B is a magnification of Fig. 5 A for positive (3, with
the addition of the (3 vs. 4(1) relations in the linear
approximation of Eq. 21 (dashed lines) for direct compari-
son. For clarity, the a = 16 curves and the (3m curves for
,y = 0.75 and y = 0.5 have been omitted. It is seen that for
all a, the linear approximation is close to the exact solution
for sufficiently small (3, and for small a (e.g., a = 0.25) the
linear and exact curves are almost identical from (3 = 0 to
(3= (m. These results are in general agreement with Eq.
22a and b with S = 0, but also show how far the linear
approximation deviates from the true solution over the
entire range of a and (3. The (3m curve for -y = 0.2 is an
almost horizontal line at (3 0.1 (not shown) which
intersects all the current/voltage curves in their linear
range. Thus, if y < 0.2 (i.e., the permeant cation concen-
tration is <20% of the total cation concentration) the linear
approximation, Eq. 21, is good for all a.

Fig. 6 shows the electric potential profiles, /(x), for a =
1, ( = 0. 1, for electric field strengths at the channel mouth
in the physiological range -0.2 < S < 0.5. For example,
S = 0.1, as shown above, corresponds to the field at a = 0.2
nm for a 100 mV potential across an uncharged channel 4
nm in length; S = 0.36 corresponds to the field at r = 0.2
nm of a single electronic charge located at r = 0.

Fig. 7, A and B, show the current/voltage relation of the
electrolyte for S = 0.1 and 0.4, a = 0, 0.25, 0.5, 1, 2, 4, 8,
and cc, and( in the range 0 c (3m for y = 1. The curves
for finite a were obtained from the numerical solution of
Eq. 39. The a = mc curve is from Eq. 18, which is
independent ofS .The a = 0 case is a vertical line at o(1) =
-S .This is the low ionic strength limit in which the ion
flux does not affect the electric potential profile. This
limiting case applies, for example, to the experimental
conditions of Levitt and Decker (1988).

In the a = 0 case an analytic expression can be found for
(m. Multiplying Eq. 13 by a2 and letting a = 0 yields

4.1

4S
aL

-0.3L
0 2 3 4

Radial Distance. x - r/a
5

FIGURE 6 Potential 0 as a function of x for a = 1, , = 0.1 and
nondimensional electric field at the channel mouth, S = -0.2 to +0.5.
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FIGURE 7 (A) Ion flux , vs. mouth potential o(1) for a = 0, 'h. 1/2, 1, 2,
4, 8, and m and S = 0.1. (B) Same as A, but S = 0.4.

d2(xo)/dx2 = 0, so that, for the boundary conditions of
Eqs. 3 and 15,

q(x) = -S/x. (41)

Substituting this 0(x) in Eq. 14, integrating and setting
NI(1) = 0, yields

(m = (,yS/2)/[1 - exp (-S)], (42)

which gives (3m = 0.5y, 0.525,y, and 0.607-y, for S = 0, 0.1,
and 0.4, respectively.
The curves for different a in the S = 0 case of Fig. 5 A

all intersect at the origin. In Fig. 7, A and B, the curves

(except for a = oc) are shifted to the left, and the
intersection becomes increasingly smeared out as S
increases, occurring, for small S, over a range of points
near (-S, S).

Fig. 8, A-C, show ion density at the channel mouth,
NI(I), versus ion flux, (3, for S = 0, 0.1, and 0.4, respec-
tively, a = 0, 0.5, 2, 8, and cc, and y = 1. The a = 0 curves

are determined by substituting the potential of Eq. 41 in
Eq. 14, yielding the ion density profile for a = 0,

N,(x) = y exp (S/x) - (2#/S) [exp (S/x) - 1]. (43)

Setting -y = 1 and x = 1 in Eq. 43 gives the equation of the
straight lines for a = 0 in the figures. The curves for finite
a are obtained by substituting the numerical solution of
Eq. 39 in Eq. 14. The a case, obtained from Eq. 19

with x = 1, is the straight line NI(1) = 1 - (, independent
of S. The S = 0 curves intersect at (0, 1); the S = 0.1 and
0.4 curves have a smeared intersection that for small S is
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field. It becomes less pronounced as a increases because
the Debye screening of the electric field becomes more
pronounced as a increases.

Fig. 9 shows the maximum flux, f3m for "y = 1 as a
function of the channel radius to Debye length ratio, a, in
the range Y32 s ex s 1,024. These are the same points as in
the loci of the tops of the curves in Figs. 5 A and 7 B, with a
as independent variable rather than cP( 1). For large a, f3m
becomes independent of S. However, Fig. 9 extends to
large values of a that are unlikely to be physiologically
relevant.

1.00.5
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FIGURE 8 (A) Permeant ion density at channel mouth. N.(l). vs. ion
flux, 13, for a - 0,0.5, 2, 8. and QC and S - O.(B) Same as A. but S - 0.1.
(C) Same as A, but S - 0.4.

(45)

(44)J) = -D1nocdfj>/dr 0= -q/27rr.

Integrating from a to ex. and using Eq. 3,

fj>(r) = - q/27rrD1n(Xj '

The access resistance is then

Eq. 46 is the generally used formula for access resistance
(Hille, 1968; Hall, ]975).

Using Eq. 18 for Q> instead of Eq. 45, we can obtain a
formula that includes density gradients but assumes
charge neutrality. Assuming that {3 « 1 and therefore
In (1 - (3) ~ - (3, Eq. 18, yields, using Eqs. 9 and 11,

ACCESS RESISTANCE

Access resistance can be defined as the voltage drop across
the electrolyte resulting from the flow of ions, divided by
the ion current. If the electrolyte is modeled as an ohmic
conductor, the ion current is simply proportional to the
electric field. This is equivalent to ignoring the density
gradient term in Eq. 1, so that from Eqs. 1 and 2,
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near (S, 1 - S). A comparison of the three sets of curves in
Fig. 8, A -C, shows that there is a significant increase in
the permeant cation density as the inward electric field at
the mouth increases in magnitude. This increase in density
results from the inwardly directed force of the electric
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FIGURE 9 Maximum ion flux, fJm. vs. 1082 a for 'Y= 1 and S = 0 and 0.4.
These curves are the Bvalues at the tops of the solid curves in Fig. 5 A and
7 B with log, a as the independent variable rather than cf>( 1).

This is one-half times the result in Eq. 46. The decrease
results because the density gradient facilitates the flow of
ions.

Using Eq. 21 for cl> we can obtain a formula for Race that
also includes the effect of nonzero net charge density. To
include the possibility that S =I:- 0 in Eq. 15, it is necessary
to generalize the definition of access resistance to take into
account the nonzero potential that exists across the electro
lyte for zero current when there is a nonzero electric field
at the mouth. In this case, access resistance can be defined
as the difference between the electric potential drop across
the electrolyte, -(kTje)cP(l), for current qe, and the
potential drop for zero current, divided by the current,

R = kT[fj>( 1) - fj>( 1,q-O)]
ace qe'

kT X2

47re2(a + X)D,l1a. 27rE(a + X)D} , (48)
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where Eqs. 9 and 11 and the linearized 0 of Eq. 21 were
used to get the second equality in Eq. 48. The third equality
in Eq. 48, obtained using Eq. 8, is given to illustrate clearly
the dependence of Ra., on X. Comparing Eqs. 48 and 47
shows that deviations from charge neutrality result in a
multiplication of Ra., by a/(a + X). This is equivalent to
the effect of an increase of the radius from the channel
radius, a, to the channel radius plus one Debye length,
a +X. If, for example, X = 0.8, nm and a = 0.2 nm, Eq. 48
yields a reduction of Ra,c by a factor of 10 compared with
Eq. 46.

ELECTRODIFFUSION-LIMITED CHANNEL

Up to this point we have considered only the relationship of
ion flux, ion density, and electric potential within the
confines of the electrolyte, 1 < x < m (a < r < cc). To relate
the results to the experimental situation of a channel with
electrolytes on both sides, we shall now consider the
idealized electrodiffusion-limited channel (Liuger, 1976;
Andersen, 1983b; Levitt and Decker, 1988) between sym-
metric electrolytes. In this idealization, the ion flux, by
definition, is limited totally by electrodiffusion in the 1 <

x < m electrolyte in which there is an inward ion flux. The
potential drop across the channel, assumed to extend from
x = 1 on the right to x = - (9/a) - 1 on the left, is thus the
equilibrium potential

A4= +(1)-- -(Q/a) - 1)
In [N,(-(Q/a) - I)/NI(1)]. (49)

The left electrolyte extends from x = - (9/a) - 1 to x =
- . The potential from x = mc to x = -c is then

¢(Xo)- k(-co) = [O(oo) - k(i)] + In [N,(-(9/a) - I)/N(I)]
+ [4(-(2/a - 1) - 0(-oo)], (50)

which is the sum of potential drops across the right
electrolyte, the channel, and the left electrolyte. The
potential in Eq. 50 is shown in Fig. 10 versus ion flux for
-y= 1,S=0,and =0,0.5,2,8,andcc.

1.0 0=

uL 0.5

0.0
0 5 10

Potential, p (.) - 01-.)

FIGURE 10 Ion flux ,9 vs. potential drop +(X) - oo) across an
electrodiffusion-limited channel and two symmetric electrolytes, for y =
1, a - 0, x/2, 2, 8, and o, and S = 0. The a = 0 curve is 0(oo) - 0(-oo) =
log [(1 + 2#)/(1 - 2,)]; the a = X curve is ¢(m) - 0(-o) = 2
log [(l + A/(l - )].

The a = 0 curve is obtained by noting that when a = S =
0, from Eq. 41 the potential across each electrolyte is zero,
andfromEq.43with y= 1 andS=0,N,(1) = 1 - 21
(flux inward), N1(-(2/a) - 1) = 1 + 2,B (flux outward),
and therefore from Eq. 50, +(w) - +(-mc) = In [1 + 2O)/
(1 - 23)]. For the a = cc curve, from Eq. 18, the potential
drops across the right and left electrolytes are In (1 - 3)
and -In (1 + 13), respectively, and from Eq. 19, N1(l) =
1 - 1, Nl(-(Q/a) -1) = 1 + # and therefore from Eq. 50,
+(Xc)- d(-oo) = 2 In [(1 + ,B)/(1 - 1)]. The curves for
a = 0.5, 2, and 8 were obtained using the numerical
solution of Eq. 39 for ¢(x), substituting ¢(x) in Eq. 14 to
obtain N,(a) and N1(-(R/a) - 1), and using Eq. 50. The
a = cc curve was obtained by Liuger (1976) under the
assumption of charge neutrality. The curves for different a
coincide approximately in the range 0 < 13 < 0.25 but for
larger values of 1 the differences are large.

It is of interest to observe what fraction of the total
potential drop occurs across the channel. For a = 0, there is
no potential drop across the electrolyte; all the drop occurs
across the channel. For a = c, half the drop is across the
channel and half is across the two electrolytes. For all a,
according to Fig. 10, the potential across the electrolyte-
channel-electrolyte system approaches infinity as the ion
flux approaches the limiting value 13m. However, Fig. 5 A
shows that, except for a = cc, the potential across the
electrolyte is finite, and that the maximum potential
becomes smaller and smaller as a decreases. For example,
if a = 0.25 it is limited to c 0.1 (2.5 mV). Consequently,
as 13 13m' except for a = c, the voltage drop across the
system appears mostly across the channel, and results
mainly from ion depletion (N1(l) - 0) rather than from
the voltage drop across the access resistance.
The current/voltage curves in Fig. 10 are for the case

S = 0, in which there is no electric field at the channel
mouth, an assumption made, for example, by Dani (1986).
Levitt (1985) introduced an approximation in which the
field is constant inside a channel of length 2, and in the
region 0 < r < a is a2/(a2 + r2) times its value inside the
channel. The relationship between the potential AO across
the channel and the field S at r = a and r = - 2 - a is then
S = aAO/(22 + ra). In the special case of a = 0, it is a
simple matter to see how this more realistic assumption
affects the results in Fig. 10. From Eqs. 43 and 49,

+r
a

ySn[7 exp (-S) - 2# [exp (-S) -], (51)

LyS exp (S) - 213[exp (S) - 1] J -

This may be solved for 13 in terms of S or AO. Letting L =
(22/a) + ir, the result is

yA4

2L

exp ([1 + I/L]A4) - exp (-A4p/L)
1 - exp (-A4+/L) + exp (A4k) [exp (Ak/L) -1] (52)
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The current/voltage relation in Eq. 52 in plotted for y = 1,
L = 40 in Fig. 11. The a = S = 0 result is also plotted for
comparison. The effect of the nonzero field is a linear
increase in ,B for large AO instead of saturation at ,B = ,Sm =
1/2. According to Eq. 41 with x = 1, the potential drop
across each electrolyte is S, so that from Eq. 50,
+(oo) - k(-oo) = AO + 2S = [1 + (2/L)]Aq = 1.05AO.
Similar results are expected for a . 0 but require a
numerical computation for obtaining values of A3, 4(1),
N, (1), k(-(Q/a) - 1) and N,(-(Q/a) - 1) that are con-
sistent with Eqs. 39, 14, and the equilibrium potential of
the electrodiffusion-limited channel, Eq. 49.

SUMMARY

We have analyzed the electrodiffusion of ions in the
aqueous medium as they move radially toward the mouth
of a conducting channel. The analysis is based on the
Nernst-Planck equations (Eq. 1) and Poisson's equation
(Eq. 6). An integrodifferential equation (Eq. 7 or 13) is
derived from the electric potential, 4.
By assuming charge neutrality, we obtain Lauger's

(1976) solution for b (Eq. 18), and formulas for the ion
densities, N1 (Eq. 19).

For small 4 we linearize the equation and obtain an
analytic expression for 4 (Eq. 21) and N1 (Eq. 23). These
reduce to the Debye-Huickel (1923) solution when there is
no ion flux (q = 0). When q . 0, in addition to the
Debye-Huickel term, there is a term in 4 proportional to q
with a (1/r) exp (-r/X) radial dependence that decays
within a few Debye lengths, X, and another with a 1 /r
radial dependence, that decays much more slowly as r -
co. The latter term is required at long distances to be
consistent with the radial ion flux. The linearized solution
agrees with the charge-neutrality solution if r >> X and r >>
q/4irD,n,. = 6/2. It predicts a net charge density that has a
(1/r) exp (-r/X) dependence and this implies a rapid
approach to charge neutrality if r >> X.
An asymptotic expansion of X is found (Eqs. 25 and 31)

that is valid if r >> X and r >> 5/2. Retaining only the first
two terms reduces it to the charge-neutrality solution.
The integrodifferential equation (Eq. 13) is converted to

1.0 .

U- 0.5

0.0
0 5 10

Potential, e

FIGURE 11 Ion flux (8 vs. potential drop AX across an electrodiffusion-
limited channel for z = 1, a = 0, and S = aA^k/(2R + Tra), from Eq. 52
(upper curve) and S = 0 (lower curve, same as in Fig. 10).

an integral equation (Eq. 36). For arbitrary X, a numerical
solution is found as follows. A guess is made for qk at the r =
a boundary. An iterative method is used to find the solution
for 4 as a function of r for this guessed boundary value. The
solution at r = a + 4X is compared with the asymptotic
expansion of X at r = a + 4X. The value of X at r = a is
adjusted, using a shooting method, until the numerical
solution obtained by iteration matches the asymptotic
solution at r = a + 4X.

Families of curves are computed showing ion flux versus
mouth potential and ion density at the mouth versus ion
flux, for different values of a/X and S (the nondimensional
electric field at the mouth). For physiological values of a/X
(a/X < 0.5) the linear flux versus potential curves agree
well with the nonlinear curves, and agreement gets better
as the flux decreases. The charge-neutrality solution corre-
sponds to the numerical solution in the limit a/X , .

The linearized solution is applied to obtain a formula for
access resistance (Eq. 48) which gives a much smaller
value of resistance than the previously published formula
(Eq. 46; Hille, 1968).
The nonlinear solution for ion density and transelectro-

lyte potential as a function of ion flux, is applied to an
idealized diffusion-limited channel with symmetric elec-
trolytes. The flux versus potential curves for this electro-
lyte-channel-electrolyte system saturate in the S = 0 case
(Fig. 10) at values of the flux dependent on a/X. The
saturation flux is maximum at a/X = cc, decreasing to half
its maximum value as a/X - 0. For the case of constant
field inside the channel diminished at r = a to half its
interior value (S . 0), the potential versus flux curve is
obtained for a/X = 0 (Eq. 52 and Fig. 11) which increases
linearly for large potential. This result may provide an
additional contribution to the explanantion of some experi-
mental results (e.g., Andersen, 1983a; Hainsworth and
Hladky, 1987) which have been attributed to ion density
changes at the mouth caused by the potential drop in the
Gouy-Chapman layer. Further computations, combining
the present model for the electrolyte with more realistic
channel models, would be necessary to evaluate this possi-
bility.
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