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Abstract

Let (X,U) be a quasi-uniform space, K(X) be the family of all nonempty compact subsets of
(X, U). In this paper, the notion of compact symmetry for (X, {) is introduced, and relationships
between the Bourbaki quasi-uniformity and the Vietoris topology on K(X) are examined. Fur-
thermore we establish that for a compactly symmetric quasi-uniform space (X,U/) the Bourbaki
quasi-uniformity /. on X(X) is complete if and only if U is complete. This theorem general-
izes the well-known Zenor—Morita theorem for uniformisable spaces to the quasi-uniform setting.
© 1998 Published by Elsevier Science B.V.
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1. Introduction

In general topology, one basic problem is to construct new spaces from old spaces.
Then we study what kinds of properties possessed by the old spaces can be preserved by
the new spaces. Hyperspaces are such objects constructed via existing spaces. The the-
ory of hyperspaces begins with the well-known Hausdorff metric. Michael [14] has made

" The first and third authors acknowledge the financial support of the University of Auckland Research
Committee. The second author was supported by the Swiss National Science Foundation under grant 21-
30585.91. The fourth author acknowledges the support of the DGES, grant PB95-0737.

* Corresponding author, E-mail: i.reilly @auckland.ac.nz.

! E-mail address: cao@math.auckland.ac.nz.

2 E-mail address: kunzi@math-stat.unibe.ch,

3 E-mail address: sromague@mat.upv.es.

0166-8641/98/$19.00 © 1998 Published by Elsevier Science B.V. All rights reserved.
PII S0166-8641(97)00133-8


https://core.ac.uk/display/82330916?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

118 J. Cao er al. / Topology and its Applications 87 (1998) 117-126

major contributions to this field. Nowadays, it not only is a basic structure in general
topology but also has many applications in other branches of Mathematics, such as math-
ematical economics, fractals, Banach space geometry, convex analysis and optimization
(see [1,9,18)).

A quasi-uniformity on a (nonempty) set X is a filter i/ on X x X such that (a) each
member of U contains A(X), where A(X) is the diagonal of X, and (b) if U € U,
then V2 C U for some V € U. The pair (X,U) is called a quasi-uniform space [7]. By
7(U), we denote the topology induced by U on X and if 7(U) = 7 for some topology
7 on X, then U is said to be compatible with 7. If U is a quasi-uniformity on X, then
U™V = {U" U € U} is also a quasi-uniformity on X and is called the conjugate of
U. Furthermore, a quasi-uniformity ¢{ is a uniformity provided U = U~".

Let (X,U) be a quasi-uniform space, and let Po(X) (respectively (X)) be the
collection of all nonempty (respectively nonempty compact) subsets of (X, (). On one
hand, we can introduce a hyper-topology on Py(X) in the following way. For a finite
family G of nonempty subsets of (X,I{), define

QA:{AEPO(X): AQUQandAﬁG#V)foreachGeg}.

The Vietoris topology (or finite topology) on Py(X), denoted by 27 is generated by
taking {G": G is a finite family of 7({f)} as a base [14]. On the other hand, it is also
possible to introduce a hyper-quasi-uniformity on Py(X). For each U € U, set

H(U) = {(A.B) € Po(X) x Po(X): BCU(A)and ACU Y (B)}.

Then {H(U): U €U} is a base for a quasi-uniformity on Pp(X ), which is called the
Bourbaki quasi-uniformity induced by U and this quasi-uniformity is denoted by U,
[2,12]. If ¢ is a uniformity on X, then U, is nothing but the Hausdorff uniformity
on Py(X) induced by U. Recently, Kiinzi and Ryser [12] investigated quasi-uniform
properties of (Po(X),U.). The main purpose of this paper is to study some properties
of the quasi-uniform hyperspace (K(X),U.), where we use U, in the subspace K(X)
instead of U, |x(x).

In Section 2, relationships between the Bourbaki quasi-uniformity and the Vietoris
topology on K(X) for a given quasi-uniform space (X,U) are examined. In contrast
to the uniform case, we observe that the Vietoris topology is always coarser than the
topology of the Bourbaki quasi-uniformity on X{X ), and they do not coincide in general.
To reconcile the Bourbaki guasi-uniformity and the Vietoris topology on (X)), notions
of compact symmetry and small-set symmetry for a quasi-uniform space are used.

Recall that a filter F on a uniform space (X, U) is called a Cauchy filter if for each U €
U there exists an F' € F such that F' x F C U. A uniform space (X, ) is called complete
if every Cauchy filter on (X, U) converges [6]. Moreover, a Tychonoff space is said to be
Dieudonné complete if it has a compatible complete uniformity, equivalently, the finest
compatible uniformity is complete. In 1970, using inverse limits, Zenor [19] proved that
for a Tychonoff space (X, 7) the hyperspace ((X),27) is Diendonné complete if and
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only if (X, 7) is Dieudonné complete. Morita [15] improved Zenor’s result by showing
that for a uniform space (X,U)

(a) the Hausdorff uniformity 2, is compatible with the Vietoris topology 27, and

(b) (K(X),U.) is complete if and only if (X,U) is complete.
Motivated by the above work of Zenor and Morita, we study the completeness of the
quasi-uniform hyperspace (K(X),U,) of a given quasi-uniform space (X,U) in Sec-
tion 3. We prove that for a compactly symmetric quasi-uniform space (X, {) the hyper-
space (K(X),U.) is complete if and only if (X,I{) is complete. This is a quasi-uniform
analogy of the Zenor—Morita theorem for uniformisable spaces. We also give an exam-
ple to show that the condition “compact symmetry” in this result cannot be removed
or weakened to “local symmetry”. Throughout the paper, N denotes the set of all nat-
ural numbers and w = N U {0}. The topological spaces and quasi-uniform spaces are
not assumed to satisfy any separation axioms, except those explicitly stated. For other
undefined concepts about quasi-uniform spaces, see [7].

2. The Bourbaki quasi-uniformity on C(X)

In this section, we discuss relationships between the Bourbaki quasi-uniformity and
the Vietoris topology on X(X) for a given quasi-uniform space (X,I). Some sufficient
conditions under which the Bourbaki quasi-uniformity is compatible with the Vietoris
topology are provided.

Propeosition 2.1. Ler (X,U) be a quasi-uniform space. Then
27 C U, on K(X).

Proof. Let G be a finite family of open subsets of (X,4/) and let A € G*. Since A is
compact, we can choose a Uy € U such that Up(4) C |JG. Pick a point ¢ € ANG, and
then choose a Ui € U such that Ug(zg) C G foreachG € G. Let U = Uoﬂ(ﬂ(;@; Ug).
We wish to show H(U)(A) C G". Let B € H(U)(A). Obviously, B C U(A) C UG.
On the other hand, for each G € G, z¢ € U~}(B) implies that § # BNU(z¢) € BNG.
It follows that B € G”. Therefore 27 C 7(U,) on K(X). O

Remark 2.2. Let (X, 7) be a topological space, and set Us = G x GU(X —G) x X
for any open subset G of (X,7). Then {Ug: G € 7} is a subbase for the so-called
Pervin quasi-uniformity P on (X, 7) [7]. It is shown in [2] and [13] that P, is always
compatible with 27 on K(X ). However, the Bourbaki quasi-uniformity is not compatible
with the Vietoris topology on K(X) generally, as Example 2.3 shows.

As a natural way to reconcile the Bourbaki quasi-uniformity and the Vietoris topology
on quasi-uniform hyperspaces, we will use some weak forms of symmetry in the original
spaces. Recall that a quasi-uniform space (X, i) is said to be locally symmetric [7] if for
each U € U and each point z € X, there exists a symmetric V' € U such that V*(z) C
U(z). A well-known fact is that each locally symmetric quasi-uniform space is regular.
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Example 2.3. Let X = w, and define d: X x X — RT as follows

0 if x =y,
d(z, y) = 1/y ifz=0,y>0,
’ l/z if0<z<y,
1 otherwise.

Then (X, d) is a compact Hausdorff quasi-metric space. Let U4 be the quasi-uniformity
induced by d. Note that 0 is the only nonisolated point in X and that the conjugate
topology of Uy is discrete. By results of [7], it is straightforward to check that (X,Uy)
is locally symmetric. However, the Bourbaki quasi-uniformity (4;). is not compatible
with the Vietoris topology 27 on IC(X). In fact, we shall show later (see Example 3.8)
that (U,). is not complete.

In addition, (}C(X),U.) is not locally symmetric. In fact, if (K(X),U.) is locally
symmetric, then for any n € N there exists a symmetric W € U, such that W?(X) C
H(U,)(X). Therefore, there is an m € w such that H (U, )(X) € W(X) C H(U,)(X).
Let A = {0,1,2,...,m}. Since A € H{U,;))(X) and A ¢ H(U,)(X), we obtain a
contradiction.

Since local symmetry is not well-behaved with respect to the space (K(X),U,) for a
quasi-uniform space (X, U/) as shown in Example 2.3, we will turn our attention to some
other weak forms of symmetry in the sequel.

Definition 2.4. A quasi-uniform space (X,U) is called compactly symmetric if for each
U € U and each C € K(X), there exists a symmetric V € U such that V*(z) C U(x)
whenever z € C.

Let (X,U) be the quasi-uniform space defined in Example 2.3. We already knew
that it is compact and locally symmetric. Since any compact and compactly symmetric
quasi-uniform space must be a uniform space, (X,U) is not compactly symmetric. In
the following, we provide a compactly symmetric quasi-uniform space which is not a
uniform space.

Example 2.5 [4]. Let X =R\ {0} and define Uy by the quasi-metric

min{y —z,1} fz <0<y,
d(z,y) =40 if © =y,
1 otherwise.
Then (X, d) is a locally symmetric and quiet [5] quasimetric space such that 7(d) and
7(d~") are the discrete topology on X. Thus (X, ;) is compactly symmetric. However,
Uy is not a uniformity.

Definition 2.6 [8]. Let (X,U) be a quasi-uniform space and U € U. A subset B of X is
called U-small provided that B C U(A) whenever A is an open subset and AN B # (.
The quasi-uniform space (X,U) is called small-set symmetric if for each U € U the
open U-small subsets form a cover of X.
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Note that it is shown in [10] that any compact small-set symmetric quasi-uniform
space is a uniform space.

Lemma 2.7 [11]. Let (X,U) be a quasi-uniform space. Then (X,U) is small-set sym-
metric if and only if TU™") C 7(U).

Theorem 2.8. Let (X,U) be a quasi-uniform space. If (X,U) is either compactly sym-
metric or small-set symmetric, then U, is compatible with 2™H) on KC(X).

Proof. Following Proposition 2.1, it suffices to show that 7(U/, ) C 27", To do this, we
prove that for each U € U and each A € K(X), the 7(U,)-neighbourhood H(U)(A) of
A is also a 27M)_peighbourhood of A in the following two cases.

Case (i). Suppose that (X,U) is compactly symmetric. Choose a symmetric V' € U
such that V2(x) C U(x) whenever x € A. Since A is compact, there exists a finite
subset A; C A such that A C |, 4, int(V(a)). Let

G = {int(V(a)): a € A }.

Then G” is a 27 -open set in (X)) containing A. For any B € G, B C V(A) C
U(A). On the other hand, for each point x € A, there exists a point a € A; such that
x € V(a). Choose a point b € BNV (a). It follows that b € V (a) C V?(z) C U(x) which
implies that B N U(x) # @ for each point z € A. Consequently, we have A C U~'(B)
and G" C H(U)(A) which implies that H(U)(A) is a 27#)-neighbourhood of A.
Case (ii). Suppose that (X,4) is small-set symmetric. Choose a V' € U such that
V2 C U.By Lemma 2.7, for z € X we have that V~!(z) is a 7(U )-neighbourhood of z.
Since A is compact, there is a finite subset Ag C A such that A C [ J ¢ 4, int(V ™" (a)). Let

G = {int(V(A))} U {int(V(a)): a € Ao}.
If B € G", then B C V(A) C U(A). On the other hand, for each B € G" and a € Ay,

BnV(a) # 0 implies a € V~1(B). It follows that A C V=2(B) C U~!(B). Hence
A€ G" C H(U)(A). Therefore, we have 7(U,) C 27“) in either case. O

Corollary 2.9 [15]. For a uniform space (X,U), U, is compatible with 27 on K(X).

The following result shows that for a quasi-uniform space (X ,2) both compact sym-
metry and small-set symmetry are preserved by the hyperspace (K(X),U.).

Theorem 2.10. Let (X,U) be a quasi-uniform space. Then (K(X),U,) is compactly
(respectively small-set) symmetric if and only if (X,U) is compactly (respectively small-
set) symmetric.

Proof. The necessity is trivial, since both small-set symmetry and compact symmetry are
hereditary properties. To prove the sufficiency, we first assume that (X, ) is compactly
symmetric. To show that (K(X),U,) is compactly symmetric, let A be a nonempty
compact subset of (KX(X),U.) and U € U. By Theorem 2.8, 7(U,) = 27 on K(X), so
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A is compact in (KC(X),27@)). It follows from [14, Theorem 2.5.2] that | J A is compact
in (X,U). Since (X,U) is compactly symmetric, there exists a symmetric V' € U such
that V2(x) C U(x) whenever x € | .A. It follows that (H(V))?(A) € H(U)(A) for all
A € A. Therefore (K(X),U.) is compactly symmetric.

Now suppose that (X, 1) is small-set symmetric. Let A € K(X) and let U € U.
Consider the 7(U, ™' )-neighbourhood of A,

(HU) "(A) ={Bek(X) ACU(B), BCU '(A)}

(note that (H(U))~! = H(U")). Choose a W € U{ such that W? C U. Since (X,U)
is small-set symmetric, for each € X there is V,, € U with V2(z) € W~1(z). Thus
(Ve NW)2(x) € W~!(z) for all z € X. By the compactness of A, there is a finite subset
A’ of A such that A C |, 0 (Ve NW)(x). Let V = N c 4 (Vo N W). We shall show
that H(V)(A) € H(U™")(A). Let B € H(V)(A). Then B C V(A) and A C V~'(B).
Take any point a € A. Since A C V~!(B), (a,b) € V for some point b € B. Moreover,
there is a point z € A’ such that a € (V, NW)(z). Hence b € (V, NW)?(x) C W~ !(z).
It follows that a € W?2(b) C U(b). We have shown that A C U(B). Now take any point
b e B. Since B C V(A), (a,b) € V for some point a € A. There is a point x € A’ such
that a € (V; N W)(z). Hence b € (V, N W)2(z) € W~!(z). Thus a € W2(b) C U(b).
We have shown that B C U~'(A). Therefore B € H(U ')(A). We conclude that
(K(X),U,) is small-set symmetric. O

In the following paragraphs we will discuss relationships between small-set symmetry
and compact symmetry. Obviously, these two notions are equivalent for a compact quasi-
uniform space. We first give a compactly symmetric quasi-uniform space which is not
small-set symmetric. Then a relationship between these two concepts in one direction is
established.

Example 2.11. A compactly symmetric quasi-uniform space which is not small-set sym-
metric. Let X = w U {p} be equipped with its subspace topology induced by Sw, where
p € Pw\w. Equip X with its Pervin quasi-uniformity P. Since X is regular, P is locally
symmetric. But (X, P) is not small-set symmetric, since 7(P~!) is discrete. If K C X
is compact, then K is finite. Otherwise, K is compact in Sw. But any infinite closed
subset of Jw has cardinality 2¢. This is a contradiction. Clearly each locally symmetric
quasi-uniform space in which compact subsets are finite is compactly symmetric. Hence
(X, P) is compactly symmetric, but not small-set symmetric.

Proposition 2.12. Ler (X,U) be a quasi-uniform space such that T(U) is a k-topology.
If (X,U) is compactly symmetric, then it is small-set symmetric.

Proof. Let G € 7(U4~') be a nonempty subset. Consider an arbitrary K € K(X).
Then we have G N K € 7(U~!|k). Let k € GN K be a point. Choose a V € U
such that V-1(k) " K € G n K. By compact symmetry, there exists a symmetric
W € U such that W?(k) C V (k) whenever k € K. For each k' € W (k) N K, we have
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k€ W(k') C V(k'). Thus k' € V—'(k) N K. It follows that W (k)N K C V-'(k) N K.
Consequently, G N K € 7(U|k). Since (X, 7(U)) is a k-space, G is open in (X,U).
Therefore, 7(U~") C 7(i4). By Lemma 2.7, (X,U) is small-set symmetric. O

We conclude this section by giving a connected, locally compact and small-set sym-
metric quasi-uniform space which is not compactly symmetric.

Example 2.13. A connected, locally compact and small-set symmetric quasi-uniform
space which is not compactly symmetric. Let R be the set of all real numbers. For each
n € w, define

U, = {(xy) zeR, z - % <y<x+2in}u{(x,y): yeR, z>2"}

Let U/ be the quasi-uniformity on R generated by {U,: n € w} as a base. It is
easy to see that the topology 7(I/) is the usual topology on R which is both connected
and locally compact. Note that the conjugate topology 7(1{~!) is strictly coarser than
7(U). By Lemma 2.7, (R, ) is small-set symmetric. However, (R,{) is not compactly
symmetric (even not point symmetric, see [7] for definition), since 7(i4) C 7(U~") for
any compactly symmetric quasi-uniformity &/ on R.

3. The completeness of (IC(X),U,)

In this section, we use compact symmetry to extend the well-known Zenor-Morita
theorem for uniformisable spaces to the quasi-uniform setting. Firstly we recall some
definitions relating to the completeness of a quasi-uniform space.

Definition 3.1 [7). A filter F on a quasi-uniform space (X, ) is called a Cauchy filter
if for each U € U there exists a point z € X such that U(x) € F. A quasi-uniform
space (X,U) is called complete (convergence complete) if every Cauchy filter on (X, )
has a cluster point (converges).

Clearly, convergence completeness implies completeness, and the two notions coincide
in the class of locally symmetric quasi-uniform spaces [7, Corollary 3.9], and therefore
in the class of compactly symmetric quasi-uniform spaces. For convenience, we shall use
certain convergent nets instead of filters. To this end, we recall the following definition.

Definition 3.2 [16]. A net {z,: « € D} on (X,U) is called an N-Cauchy net if for
each U € U{ there exists a point € X such that {z,: « € D} is eventually in U{z).

Lemma 3.3. A quasi-uniform space (X,U) is convergence complete if and only if every
N-Cauchy net in (X,U) is convergent.

Corollary 3.4. A compactly symmetric quasi-uniform space (X,U) is complete if and
only if every N'-Cauchy net in (X,U) is convergent.
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Theorem 3.5. Let (X,U) be a compactly symmetric quasi-uniform space. Then the hy-
perspace {(K(X),U,) is complete if and only if (X,U4) is complete.

Proof. Suppose that ((X),U,) is complete. Let {x,: « € D} be an N-Cauchy net in
(X,U). Clearly, {{zo}: o € D} is an N-Cauchy net in (K(X),U.), so it has a cluster
point C' € K{X). Fix any point xo € C. It easily follows that {z,: a € D} clusters to
xo in (X,U). Hence (X,U) is complete.

Conversely, suppose that (X, /) is complete. Let {C,: a € D} be an A-Cauchy net
in (K(X),U.). We show that {C,: a € D} is convergent in (K(X),U,).

(1) For each o € D, define F,, = | J{Cs: 8€ D, 3> a}. Let F = fil{Fy: o€ D}
and let ' be an ultrafilter containing F.

(2) F’' is a Cauchy ultrafilter on (X,U). Let U € U, and choose V & I{ such that
V2 C U. Since {Ca: o € D} is an N-Cauchy net, there are B € K(X) and ay € D
such that C,, C V(B) and B C V~!(C,) for all & > ay. By the compactness of B,
there is a finite subset B’ of B such that B C | J,. 5 V(b). Consequently

Foo = |J CacvB C | VI)C | U®).
Bzov be B’ beB'
Since F’ is an ultrafilter and F,,, € F', U(b) € F’ for some b € B’. Thus F' is a
Cauchy ultrafilter on (X, ).
(3) Set C = (pe s F. Then C € K(X). From (2), we have C # (). Next we prove C
is compact. Let H be a filter on C' and let

G=f{WH)NF: HeH, Wel, FeF}.

Note that G is well-defined because H C C for each H € H and C = Nper F.
Let G’ be an ultrafilter containing G. We have shown that for each U < U there are
B € K(X) and ay € D (where V2 C U) such that F,,, € V(B) € Upep U(b) (where
B' is some finite subset of B), so Fi,, NV(H) C V(B) C Uy U(b) forany H € H.
Since F,, NV (H) € G', we have U(b) € G’ for some b € B’. Thus G’ is a Cauchy
ultrafilter on (X, 2{). So it converges to some point yo € X. Since F C G, yo € C. We
see that H clusters to yo. Let U € U and H € H. Choose a symmetric V' € U such that
V2(yo) € U(yo). Since G clusters to yp, there is z € V(H) N V(yo). By the symmetry
of V, z € V2(yo) € U(yo) for some x € H. Therefore yq is a cluster point of H. We
conclude that C' is compact.

(4) The net {Cy: o € D} is convergentto C' in (K(X),U.). Foreach U € U, choose a
symmetric V € U such that V3(z) C U(x) whenever z € C. Again, since {Cy: o € D}
is A'-Cauchy, there are an o € D and an E € K(X) such that (E,C,) € H(V) for all
a 2 ap. Since V(e)NC, # B for each e € F and each a > ap, {FNV(e): F € F}is
contained in a Cauchy filter on (X, U/). Thus, we have

O£ () FnV(e) cCnV(e) S CNVie).
FeF

It follows that e € V?(C) for each e € E. Hence E C V*(C) and C,, C V(E) C
V3(C) C U(C). Since C C F, C V(E) C V*(E), for each point z € C there must be a
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point y € E such that x € V?(y). On the other hand, for each o € D and a > vy, there

exists a point z, € C, with y € V(z,). Hence z, € V3(z) C U(z). It follows that

r €U Yxy)and C CUHC,) forall « € D and a > «. Therefore (C,C,) € H(U).
Combining the previous arguments, (K(X),.) is complete. O

Corollary 3.6 [15]. Let (X,U) be a uniform space. Then (K(X),U.) is complete if and
only if (X,U) is complete.

Corollary 3.7 [19]. Let (X, 1) be a Tychonoff space. Then (K(X),27) is Dieudonné-
complete if and only if (X, 1) is Dieudonné-complete.

Example 3.8. The condition “compact symmetry” in Theorem 3.5 cannot be weakened
to “local symmetry”. Let (X, d) be the quasi-metric space which is defined in Exam-
ple 2.3. We know that (X,Uy) is locally symmetric, but neither small-set symmetric nor
compactly symmetric. For eachn € w, set K, = {1,2,...,n} and A,, = {0,n+1}UK,,.
Then K., € H(U,;,)(Arn) whenever m > n, where Uy, = {(z,y): d(z,y) < 1/n}.
It follows that {K,: n € w} is an N-Cauchy sequence in (K(X), (Uy).). However,
{Kn: n € N} has no cluster point. Therefore (K(X), (Uz).) is not complete.

Let (X,U) be a quasi-uniform space. A filter F on (X, U) is called right K-Cauchy if
for each U € U there is an F' € F such that U~'(x) € F forall x € F. The space (X,U)
is called right K-complete if every right K-Cauchy filter on (X,{) is convergent [17].
Recall that a filter 7 on (X, ) is called stable if for each U € U, (o U(F') belongs
to Y. In [12], Kiinzi and Ryser successfully generalized the Isbell-Burdick theorem as
follows: For a quasi-uniform space (X, () the Bourbaki quasi-uniformity 4/, on Py(X)
is right K-complete if and only if each stable filter on (X,I{) has a cluster point. In light
of this result, it appears reasonable to conjecture that (X(X),U,) is right K-complete
if and only if (X,I) is right K-complete. Unfortunately, the following example shows
that this conjecture is false.

Example 3.9. Let X = R (where R denotes the reals), and define

Un = {(z,y): z € X, y<—2"}U{(w,y): zeX, a:—zin <y<x+§%}
for each n € w. Let U be the quasi-uniformity on X generated by {U,: n € w}. Let
{z4: @ € D} be a right K-Cauchy net in (X,U). Then there exists an ag € D such
that {z,: @ > ap} is bounded from above. Since any subset of X which is closed and
bounded from above in (X,i) is compact, {z,: a € D} is convergent in (X,U).
Therefore (X,U) is right K-complete. For each n € w, set K, = (—oo,n]. Then it
is easy to check that {K,: n € w} is a right K-Cauchy sequence in (K(X),U,). But
{K,: n € w} is not convergent in (X(X),H.). In fact, suppose that K,, — C € K(X).
Then K,, C U;(C) for n large enough. Since C' is bounded from above, we obtain a
contradiction.
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