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Let G be a triangle-free graph on n points with average degree d Let a be the independence 
number of G. In this note we give a simple proof that a>~n(d In d - d +  IV(d- 1) 2 We also 
consider what happens when G contains a hmited number of triangles 

Let G be a t r iangle-free  graph on n vertices with average degree  d. Let a be 
the independence  number  of G. In [1] Aj ta i  et al. prove that a > n In d/flOOd) for 

d >1 do, Here  we give a s impler  proof  of a slightly s t ronger  result.  

Theorem 1. Let G be a triangle-free graph on n vertices with average degree d. Let 
a be the independence number of G. Let f ( d ) = ( d  In d - d - t  l ) / ( d - 1 )  2, f ( 0 ) =  1, 

f ( l ) = ½ .  Then a >~nf(d). 

Proof ,  Note  f is cont inuous for 0 ~< d < c~ and for 0 < d < ~o, 1 > f (d)  "> 0, f ' (d)  < 0, 

f"(d).>--O Fur the rmore  f satisfies the dit terential  equat ion 

( d +  l ) / ( d ) =  1 + ( d -  d2)r(d) .  (1) 

We will prove the theorem by inductio.,~ on n. Note it is true for n-<-d/[(d) as G 
tr iangle-free implies the neighbors of ar,y point  in G form an independent  set so 

ot >-d~  nf(d). Let P be a point  in G. Let dl  be the degree  of P. Let  d2 be the 
average clegree of the neighbors of P. We claim we may choose P so that 

(dr + 1)f(d) ~< 1 + (dd~ + d - 2dtd2)f '(d).  (2) 

For  as P ranges over  the points  of G the average value of dtd2 is equal to the 
average value of d~ which is ~ d  2. Hence  the average value of the left hand side of 

(2) equals the left hand side of (1) while the average value of the right hand side 
of (2) is >I the right hand side of (1). Hence  (2) holds on the average which suffices 

to prove the claim. 
Let  G '  be the graph formed from G by dele t ing P and all its neighbors.  Note  

G '  is also t r iangle-free and contains n - dt  - I points  and ½nd - d~d2 edges. I.et d '  
be the average degree  of points  in G ' .  Then d '=  ( n d - 2 d ~ d 2 ) / ( n -  d t - l  t. By the 

induction hypothesis  G '  contains an indepen~:~nt set of size ( n - d t - 1 ) f ( d ' ) .  
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Hence by adding P we obtain an independent set in G of size 1 + (n - d~ - 1)f(d'). 
Now since f"td)~O for 0 < d < o o  we have f(d')>~f(d)+(d'-d)f(d). Therefore 

1 + (n - dt - 1)f(d') I> 1 + (n - d~ - 1)f(d) + (n - d ~ -  1 ) ( d ' -  d)f'(d) 

= 1 + (n - d t - 1)f(d) + (ddl + d - 2dld2)f'(d) 

I> (n - d~ - 1)f(d) + (d~ + 1)f(d) = nf(d). 

Hence we have found an independent set in G of the desired size which 
completes the proof by inductioo. 

Remark  1 .  Consider the following algorithm for generating an independent  set of 
points of G. Pick a point P at random and place it in the independent set. Delete 
P and its neighbors from G and iterate. Since (2) holds on the average, the 
average size of an independent set generated by this algorithm will be >~nf(d). 

Remark  2. By considering random graphs on n points with average degree d for 
n >>d >> 1 we can show the existence of triangle-free graphs on ~, points with 
average degree d and independence number  

We now consider what happens when we do not require G to be triangle-free. 
Given a graph G let n(G) be the number of vertices G contains, t(G) be the 
independence number of G, d(G) be the average degree of a vertex in G and 
T(G) be the average number of triangles a vertex of G is comained in. Then 
define F(d, T) as follows: 

F(d, T ) = l i m  infl(G)/n(G) for any d, T~>0. (3) 
d(G )-' ,d 
FIG ) ~ T  

Note Theorem 1 and Remark  2 are equivalent to inequalities 

rid) ~ F(d~ 0~ ~< 2 in did + O(ln In d/d). 

Also if G consists of the disjoint union of K~ copies of GI and K2 copies of G2, 
then 

n(G)=KIn(G,~+K2n(G2), I(G)=KtI(GI)+K2I(G2) 
o r  

I(G)/n(G) = [KIn(GO/n(G)][I(GO/n(GO] 

+ [K2n(G2)/n(G)][I(G2)In(G2)], 

d(G)= ( K ~ ' ) ) d ( G , ) + ( K ~ 2 ) ) d ( G 2 )  and 

T ( G ) = \  n- ~ /T(G,)+\- ~ /T(G2). 
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Hence letting p =K~n(GOIn(G) it follows that 

F(pd, + (1 --p)d2, oT, + (1 - p)7'2) (4) 

<~pF(dl, TO+(1-p)F(d2, T2), 0~<p~<l. 

Using (4) it is easy to show that F is continuous and as a function of d or T alone 
nonincreasing. 

As in [1] we can bound F(d, T) from below in terms of F(d, 0). Let G be a 
graph on n points with T(G)~< 3. Then G contains ½nT(G)<~ n triangles. Hence 
by deleting 1 point from each triangle we obtain a triangle-free induced subgraph 
G'  of G containing at least (I-~T(G))n points. Furthermore d(G')*-:. 
d(G)/(1-}T(G)). It follows that 

F(d, T) >t (1-½T~F(d/(1 -}T) ,  0). (5) 

Let G be a graph on n points and let G'  be a random induced subgraph on K 
points. Let d(G'), T(G') be the expected values of d(G') and T(G') respectively. 
Let p = K/n. Then 

(K - 1)(K - 2) ~< 
d(G') = d(G) K-n_ll ~<pd(G) and T(G') = T(G) ( - ~ _ ~  ~p~'F(G). 

It follows from (4) that 

F(d, T) >- oF(pal, paT), 0 ~ p <~ l. (6) 

Combining (5) and (6) we obtain 

F(d, T)>~ max p(1-½pZT)F( pd ,0) ('7) 
o,~o~1 1 - ~ p  T 1" 

Let e = p2T. Then 

F(d, T)>~p(1-le)F(, P~a,_, O)~p(l-l~)f(pd/(1-ke)) 
" ,1 ~ ~ ~ / 

i n [ p a l ( 1  - ke)]- 1 
>t0(1 -~e)  pd/(1 -~s )  

t~ 2 ~ l n o + i n d - l = ( l _ ~ s  ) 
~ t  J.--~ey d 

l n d - ½ 1 n T - 1  ~ e l n d - ½ 1 n T - 1  
>I d d 

(assuming e ~ 1). This is maximized when 

e = [~(ln d -½ In T -  1)]-t. 

However, we must have P ~ 1 or e ~ T or 

using f ( x ) i n  x -  ~) 
x 

In d-½1n T+½1n e - 1  

d 

in 

2d 

~ T( lnd -½1nT-1 )>~ l  or T>~7 /4 ( lnd -½1nT-1 ) .  
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Also e ~ 1  :ff T<-e- 'W2d 2. Hence 

l n d - I  
F(d, T ) ~ ( l - ~ T )  d 

7 
for 0 ~ < T ~  < 

4(ln d -½1n  T -  1)' 

In d - ½ In T -  1 ½ In ~e((ln d - ½ In T -  1) 
F(d, T)~ 

d d 

7 
for ~ T < ~ e - W 2 d  2. (8) 

4(in d - ½ 1 n  T - I )  

Note we always have F(d, T)  >- 1/(d+ 1). 
We also can bound F(d,  T)  from above in terms of F(d,  0) by mean~ of the 

following construction. Let G be a triangle-free graph on n points and let t be a 
positive integer. Let G '  be the graph obtained from G be replacing e~ch point in 
G with the complete graph K, and each edge in G with the complete bipartite 
graph K,, Then we have 

n(G ' )  = nz (G) ,  I (G ' )  = I ( G ) .  d ( G ' )  = rd( ( ,  ~+ r--  1. 

T ( G ' )  = ~(r)(r - 1 )d( G)  + ~(r -- 1 ~ ( r -  2). 

Hence we have 

F(dr + r - I. ~dr(r - 1 ) + }(r - 1 )(r - 2)) ~ : l  F(d,  0). (9) 
r 

Smcc F as a function of d or T alone is non-increasing (9) implie,, 

F((d ÷ l)t ,  ~((I 4- l Jr2)<~ I- F(d,  0). (10) 
r 

in fac! it can bc shown (10) hold,, for non-integral r as well (if r = S + 0, 0 < 0 < 1 
replace (1 -0 )n  points of G with Ks, On points of G with K s ~ .  Changing 
variable,, in (10) yield,, 

< 3d 3d 2 / \  
Fld. r -3/2d (11) 

('ombmmg (1 1) with Remark 2 wc obtain 

2 1 n d  / I \  
v . t .  + ) , o r a, 

Remark 3. It tollow~ from (12) that 

In d - I n  d+½1n A + l n  in d 
F( d, Ad2  /(In d) 2) ~ 4 

d 

4 In in d 
- - -  ~O(1/d). 

d 
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This shows that Remark 3 in [1] which states in effect that there exist constants A, 
B such that F(d, Ad2/(ln d) 2) ~> B(ln d)ld for d I> do is incorrect. 

Remark  4. Some questions remain. For example what is 

lim dF(d, O)/ln d or lim F(d, d)/F(d, 0)? 
d.-..oo d ~  

Also what if anything can be proven about the independence number of K4-free 
graphs? 

After writing this paper I discovered two other papers [2], [3] which overlap 
this paper to some extent. In [3] it is shown that the independence number a of 
Ko-free graphs exceeds c(n/d) in(In d/p) for p>~4 but the authors state they are 
unable to decide whether a > c,(n/d)ln d even with p = 4. 
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