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The paper is devoted to some results concerning the constructive theory of the
synthesis of irreducible polynomials over Galois fields GF(q), ¢ = 2*. New methods for
the construction of irreducible polynomials of higher degree over GF(g) from a given
one are worked out. The complexity of calculations does not exceed O(n*) single
operations, where n denotes the degree of the given irreducible polynomial. Further-
more, a recurrent method for constructing irreducible (including self-reciprocal)
polynomials over finite fields of even characteristic is proposed.  © 2002 Elsevier Science
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This paper presents some results on the constructive theory of the synthesis
of irreducible polynomials over GF(2%). The problem of reducibility of poly-
nomials over Galois fields is a case of special interest [1, 11, 12] and plays an
important role in modern engineering [4, 10, 13]. In particular, since the
binary system of notation is mainly used in computing systems, the problem
of the construction of irreducible polynomials over GF(2°) remains one of the
most important ones from practical point of view.

Let GF(q) be the Galois field of order ¢ = p®, where p is a prime and s is
a natural number.

The degree of an element o over the field GF(q) is said to be equal to k or o is
said to be a proper element of the field GF(q*) if « € GF(q*) and a ¢ GF(g") for
any proper divisor v of k. In this case we write deg,(«) = k.

Similarly, the degree of a subset A = {ay, 05, ...,%,) = GF(¢*) over the field
GF(q) is said to be equal to k if for any proper divisor v of k there exists at
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least an element «,€ A such that o,¢GF(q"). In this case we write
deg, [0, 0z, ..., 00} = k.

Only monic polynomials, i.e., the polynomials whose leading coefficient is
equal to 1, are studied in this paper.

We will use the results obtained by Shwarz in [5] and [2] to prove the
following fact.

THEOREM 1. Let f(x) =Y _, c,x" be an irreducible polynomial over GF (q),
0,0,€GF(q), 0 #0 and
XD = 1 (mod f(x — 6y)). (1)

Then the polynomial

X

400 = an<x"—51x—5>

of degree n is irreducible over GF(q) if and only if the following relation holds

sn—1

Y S PTe =D £ 0 (mod f (x — Jy)). )

Otherwise g(x) factors as the product of a p irreducible polynomials of degree n.

Proof. By using the irreducibility of f(x) over GF(q), we have the follow-
ing relation over GF(q")

f(x) = t[ x — ol (3)

Substituting (x? — d;x — d)/x for x in (3) and multiplying both sides by x",
we obtain

n—1

g() =[] (" = (1 + 2)"x — ). )

u=0

By [5], the polynomial x? — (6, + a)x — J is irreducible over GF(q") if both
the conditions (6, + o)®"~V/®~Y = | and

sn—1

0 + o + o + + o
o1 +a (0 + OC)1+” (0, + a)lﬂfﬂ’z 5y + a)1+p+pz+~-+p

sn—1

sn—1
=Y o7, + )@ P o

u=0
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are satisfied. Then it follows from [2] that g(x) is irreducible over GF(qg).
Hence if both conditions (1) and (2) are satisfied then g(x) is irreducible over
GF(q) ,

By [5] the polynomial x? — (§; + «)x — & (where (5; + o)®" ~ D/~ = 1)
factors into a product of p linear factors (i.e., we have a relation of the form

p
XP— (0 +o)x =0 =[] (x—B,))
v=1
if and only if
sn—1
Y 670y + @)@ =PI =,
u=0
Then it is evident that
u p U
XP— (0 +o)f'x —d=[] (x—pL). (5)
v=1
From relations (4) and (5) we have that
p n—1 .
g(x)= [T TT (x—pL),
v=1u=0

whereas it follows that g(x) factors as the product of p co-factors if and only if
both (1) and the condition

sn—1

Y SV @ - Hi-1) = (mod f(x — ;)
u=0

are satisfied. This completes our proof. ®

Lemma 1. Let f(x) =Y _,c,x" be an irreducible polynomial over GF(q)
that belongs to the exponent e and has at least one nonzero coefficient ¢y, ¢, — 1.
For a divisor t of ¢ — 1, suppose that

x' = R(x) (mod f(x)).

Also, let y(x) =Y n_ X", where , is a nontrivial solution of the relation

M=

Yu(R(x))" = 0 (mod f(x)). (6)

u=0
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Then the polynomial s (x) (of degree n) is irreducible over GF(q) and belongs to
the exponent ¢/(t, e).

Proof. Let o be a root of the equation f(x) = 0. By (6), we can easily verify
that o' is the root of Y(x). It will be sufficient then to show that o' is the proper
element of GF(q"). So, assume the contrary, namely that deg, (o) = d, where
d is a proper divisor of n. Consider separately two cases.

1. Let ¢; # 0. Since

n—1 1 q" ¢ 1= 1 q"—1 cy
u;O <&> o C_O o MZO <0€> S a
then, as t|(g —1), we have (1/o)* 'eGF(¢q%), which implies that
Zo(1/w)” "1 € GF(q“). Also, in view of the fact that

n—1 1 q'—1
0= =22 (—) e GF(g"),

we have deg,(«) < n, which is impossible.
2. Let ¢,—; #0. Then, since Y'_lo? =—c,_; or aY' bot ' =
—¢,-1 and as t](¢" — 1), we have

n—1 -1
—(Z oc”‘““) ¢u-1€GF(q")
u=0

and therefore deg, (o) < n, which is also impossible.
The lemma is proved. ®

THEOREM 2. Let 0 #0 be an arbitrary element in GF(q) and let
f(x)=Y"_,c,x" be any irreducible polynomial over GF(q) with coefficients
satisfying the conditions

sil <Clé>p #0, xP"'=R(x)(modf(x), and Y(x)= i Yux",

u=0 \ Co

where \, is a nontrivial solution of the equation

io Vu(R())" = 0 (mod f ().

Then the polynomial F(x) = x"y((x? — 6?)/x) is irreducible over GF(q).

Proof.- By Lemma 1, y/(x) is irreducible over GF(gq) and it is then obvious
that «? ! = 0 will be a root of y(x). Furthermore, by Theorem 1, F(x) is
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irreducible over GF(q) if 0 and ¢ satisfy the conditions

sn—1

Z SP gt —r - 1) 0 and P D=1 — 1
u=0

Later we will use the fact that 0 = «? ! to simplify the above given conditions

as follows,
sn_1 ut+1 ons_ ou+1 sl /n-1 1 PUNP'\P
Y om o =a Y| X |5
u=0 u=0 \v=0 5 o

and

n

F09= 3 @@ =Y hat

u=0

whereas h; = ¢;0 and by Vieta’s theorem

s—1 /n—1 1 >p5”>p" s—1 ( C15>p"
ugo <U20 <5 lcx uZ‘O Co
Besides, 07"~ /=1 = 7" =1 = 1 Thusif YZ{ (— ¢,0/co)” # 0, then F(x) is
irreducible over GF(q). The theorem is proved. =
Based on the results obtained above we now give a recurrent method for
constructing irreducible polynomials over GF(2°).

Let f(x) = Y ,_, c.x" be an polynomial of degree n over GF(2°). Consider
the quadratic mapping

x2 + 62
x

f(x) > x" f( > =f(x) (5eGF(2%), 5 #0)

onto the ring GF(2%) [x]. Assume that A is an operator defined over the
ring GF (2°) [x] that maps f (x) onto Af (x) = f((x* + 6?)/x), where é € GF(2°)
and 0 #0, if f(x)e GF(2°) [x]. Here A"f(x) (m > 1) signifies 4™ f(x) =
A(A™ (X))

We start our study with the simplest case, when f(x) = x. Then we have

CxX* 407 a(x)

A
TN Thy
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where a,(x) = x> + 62, b,(x) = x and

ay(x)  x?Aay(x)  ay(x)

A’x =4

by(x)  x24by(x)  by(x)’
where
ay(x) = x*A(ay (x)) = a1 (x) + (b1 (x))?,
by(x) = x2Ab, (x) = a; (x)by (x).
Now, for each integer m > 1, set A™x = (a,,(x)/bn(x)), where

ap(x) = X" Ay 1 (x) = a2 -1 (x) + 0Dy 1 (x))%,

. 7
bu(x) = X2 Aby— 1 (x) = -1 (X)by—1(x) 7
under the initial conditions a,(x) = x> 4+ 6% and b, (x) = x.
In this, for m + 1, by (7), we have that
m—1(X) + (0by—1(x))?
Am+1x:AAmx :Aam(x):Aam 1(x) m—1
A = A0 = 4 Wb 100
_ 7 Ady 1 () 4 (X7 Aby— 1 (X)) _ dp(x) + (9bp(x)?
(7 Ay ()T by (X)) an(X)b(x)

ie, A" 1x = a,, 4 1(x)/ b+ 1(x), Wwhere

A+ 1(X) = A (x) + (Oby+1(x)),

bm+ 1 (X) = am(x)bm(x)'

Thus, by induction, for any m, we have

me _ Gm(X)
X

~ bn(x)

or, in more general form,

a0 =1 (§29),
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where a,,(x) and b, (x) are functional sequences defined by (7). But it can be
shown easily that

J0) = x"Af (x),
where we have

a (x)
by(x)

fx) = (bl(X))"f< ) = fi(x).

Since f1(x) is a polynomial of degree 2n, then

it = vt orar (10

Aa; (x) ®)
Aby(x) )

= x*"(Aby (x))"f (

From expression (8), in view of (7), we obtain

vd . w o 42(X) _
Ji6) = (a0 S <b2 (x)> — ()

Consider now for any m > 1 the following relation:

fots) =ty (32 ).

In this case

7 2™ n am(x)
o) =ty (209,

Moreover, by (7) we have

x _ w o Am+1(X) _
Jn(x) = b+ 1(x)) f<m> = fm+1(x),

which is the same as

frr(9 = Y cutt s ()P4 ().
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The polynomial f(x) is irreducible over GF(2°) by Theorem 1, if

s—1 15 2"
) <Cc—0> —1. )

Then it should be evident that in the polynomial

f(x) = i Cux? + 32yix" T = § hOx" = £, (x)

u=0

the coefficients hil) = ¢, = 1, h{P) = ¢,6%" = 6*" and the coefficients for the
1st and (2n — 1)th degrees of the variable are

h(ll) = cn_162(n*1), h(ZIn)—l =Chp-1-
It may be easily seen that for any m the coefficients in the polynomial

2"n

I =fma(x) = 3

are of the following form:
(m) 2"n. (m) ) 2"n—2. (m) ) . (m)
ho =90 n, hl =(’n—16 " N hZ'"n—l =Cy-1- h2mn= 1.

This property of the coefficients combined with the relation (9) leads us to the
conclusion that for any m the polynomial

JulX) = cutn(x) bl "(x)
u=0
is irreducible over GF(2°), if
s—1 5 2 s—1 B 24
Y <Cl> =1 and Y (C" 1> =1.
u=0 Co u=0 o

Thus the following theorem holds.

THEOREM 3.  Let 6 # 0 be an element of GF (2°) and f (x) = Y.\ _ , ¢, X" be any
irreducible polynomial over GF(2%) whose coefficients satisfy the conditions

s—1 5 2" s—1 _ 2"
Y 29 =1 and > St} oy,
u=0 \ €0 u=0 0
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where a,(x) and b,(x) (m > 1) are sequences of functions defined by the
recurrent equations

(%) = am—1(x) + (Oby-1(x))?,
bm(x) =y - l(x)bm* 1(X)

under the initial conditions a;(x) = x* + 82 and by(x) = x. Then the poly-
nomial

F= 3 cadh(0bh ()

of degree 2™n is irreducible over GF(2°).

For the case when f(x) = x + a (a € GF(2°), a # 0) we have the following
corollaries.

COROLLARY 1.1 The polynomial ¢,,(x) = a,(x) + ab,,(x) (wWhich is the same
as u(x) = x2" @1 (x> + 62)/x)) of degree 2™ is irreducible over GF(2°) if
both the conditions

are satisfied.

COROLLARY 2. Let s be an odd integer, 6 # O be any element of GF(2°), and
the sequence of functions ¢,,(x) be defined by

(Pm(X) = am(x) + 5bm(x)y

under the initial condition ¢, = x + 0. Then, the polynomial ¢,,(x) of degree 2™
defined by the recurrent relation

x? + &2
q)m(x) = xz Pm-1 <

X

(which is the same as
m—2
Pm(X) = @n-1(x) + 0x [] ¢i(x)

u=0

is irreducible over GF(2°).
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Proof. From ¢, (x) = a,(x) + ob,,(x) we obtain
Pm(x) = a1 (x) + (Oby— 1 (X))* + 31 (x) D1 (x) (10)
and
Pn(X) = @ 1(x) + 3 1 (X) by 1 ().
By (7) we have that
b= 1(X) = - 2(X) by 2(X) = - 2(X) - 3(X) by - 3(X),
and hence
bu—1(x) = ap—2(X)ap—3(x) - ay(x)by(x). (11)

Substituting relation (11) in formula (10) and using the fact that
a,(x) = ¢2_1(x) and b,(x) = x, we obtain

m—2

Pn(X) = Pm—1(x) + x ] @i (x).
u=0

But, according to Corollary 1, the polynomial ¢,,(x) is irreducible over
GF(2°%), since the conditions a = ¢ and the oddness of s imply that

s—1 S 2" s—1 s—1 a 24
Z() =) 1=1 and Z() =1
a V=0 0

u=0 u=0

Thus Corollary 2 is proved. H

In particular, for s = 1 this Corollary 2 matches with Theorem 5 given by
Varshamov in [8].

It is easy to prove that for 6 =1 the polynomial f(x) is a self-dual
polynomial. Indeed,

N 1 n 2 1 2 N
Fo) = x <;> f[i(l/ 7z } o~ <x * 1) e

ie., f(x) =f*(x), where f *(x) = x" f(1/x). This fact plays an important role in
the theory of the synthesis of irreducible self-dual polynomials and allows the
construction of irreducible self-dual polynomials of high degrees over GF(2°)
in explicit form.
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CoroLLARY 3. Let f(x) =Y ,_oc,x" be an irreducible polynomial over
GF(2%) whose coefficients satisfy the conditions

s—1 ¢y 2" s—1 .
Y <> =1 and Y (enmq)? =

u=0 \Co u=0

Then, the self-dual polynomial

F= 3 cad(b(x)

u=0

of degree 2™n is irreducible over GF(2°).

For s =1 this corollary matches with Theorem 4 given by Varshamov
in [7].

Notice that we have from Theorem 2 that f(x) # y(x) for p # 2;i.e., a result
analogous to the one in Theorem 3 is not valid for finite fields of odd
characteristic.

Now we shall pass to the construction of irreducible polynomials. We will
give later a method to construct irreducible polynomials of high degrees over
GF(2) in explicit form using Varshamov’s results obtained in [8], thus
continuing this work.

We start by introducing Varshamov’s operator [§]

1 &z "
Lef = z z a, vavq s
0 u=00v=0
where f(x) =Y"_,a,x" and 0(x) =Y, 0,x", a,, 0,€ GF(q).

Let ¥, = { fi(x), f2(x), ..., fo(x)} be a set of ¢ primitive polynomials with
pairwise relatively prime degrees ny, n,, ns, ..., n, (n; > 1), respectively, over
GF(2); T =]]{=, (2" — 1); ¢(x) is an irreducible polynomial of degree n over
GF(2); ged(n, T)=1; G, is the seclection of all possible sequences
&= (&1, &2,...,&,) of length o, where ¢; =0 or 1. Furthermore, let for any
sequence ¢ € G,

fxe ) = L7 [T A

xf(x,&¥,) = R (x)(mod p(x)),
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and Y@ (x) = Yo wff’x“, where x//,‘f) is a nontrivial solution of the congruence

i YO (RO()) = 0 (mod g ().

Then we have the following theorem.

TaEOREM 4. The polynomials

(—1) HSEKGG |e]) lp(a)(Xf(X, & ZG))
F _ _1)\o 2|(c—|e 12
) = o e ay.) (12

246 —le])

and Y (x) of degree n'T and n, respectively (where |¢| = Y.7_, &;and v e G,), are
irreducible over GF (2).

Proof. For n =1 the validity of the theorem follows directly from [8].
Therefore we prove the theorem for the case when n > 1. By [8], the
polynomial

nseG f(xa & Za)

2] —el)

HSEGU f(xa &, Zo‘)

24(0—lel)

of degree T is irreducible over GF (2). But ged (n, T') = 1, and therefore H(x)
is also irreducible over GF (2"). Then it should be evident that

eeG, xf(x, &, Zo’)
2|(c—lel)

l_[,seG‘7 xf(x, &, Zo‘) '

24(a—1el)

H(x) =

H(x) = xV

Therefore, if o is the root of the equation ¢(«) = 0, then by [2] since n > 1, for
the coeflicients of the polynomial H(x — o) = h(x) = ¥.1_, h,x" we have that
deg, (hg, hy,...,hr—1) = n. Hence h(x) is irreducible over GF (2"). Further-
more, since h"(x)=H(x —o*)=Y"_ hZx" then the polynomial
H;(x) = []"Z5 h(x) is irreducible over GF (2) by [2]. Hence

n—1 nsze‘(G,, . (xf(x, e, Y.) — ﬁgzv)
_ 2 (=1) o—|e
1:[0 (x —a?)

l_[seG (xf(x’ &, Za) - ﬁf")’

24(e—le))

where

re . Ty R i
f(xs &, Zg) = Z b(ys)x2 s Be = Z b(v‘S)‘“z s and Iy = z &y,
v=0 v=0 i
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or
-1 HEZG\(GG £ _(l)(xf(x7 8) Zg’) - ﬁf”)
H,(x) = B —. 13
l(x) (P(x) n3€*€;7‘bl) (xf(x e, Z ) ﬂz) ( )

We show now that f, is a proper element of GF (2") for any ¢. Assume the
contrary, namely that deg,(f§,) = d, where d is a proper divisor of n. Let
Y = {fi,(%), fi(x),..., fi(x)} be any subset of ¥ _ containing k elements
fi.(%), fi,(x), ..., fi,(x); then by [8], the polynomial

HSEGk f(x’ & Zk)

2|(k—lel)

HSEGk f(xa &, Zk)

24 (k—lel)

of degree T} = []*_, (2" — 1) is irreducible over GF (2). Using the fact that
gcd(L¥g(x), L*g,(x )) = L*gcd(g4(x), g»(x)) along with the separability of the
expression f'(x, &, ¥, ) in [6], we find that

A%, T, =

ng(}V(Xa Zk)’ f(xa &, Zn‘)) =

it Jel <k and ged(i(ey) f(oey,)=i(y,). if ¥, ¥, =
{6, f,(3), -, fi, ()}
There are exactly ¢~k subsets Ye=¢ containing y,. This means that
4(x, %) is a divisor of the polynomial [, _, f(x, & Y,) of mult1p11c1ty cl
Hence, if we set u=3%,,c;-, and pu; =3 ,,, cs-r, then i(x,y,) will be
a divisor of the polynomials [].cq, f(x,6Y,)and [T.ee, f(x,&%,) of
2

multiplicity u and pq, if o is odd( an‘d“ wy and p, respectlvely‘, |1f o is even. It
follows from the factorization (x — 1)° 7% = Zz & ch_ix" that p is the sum of
the coefficients of the even degrees of x and p, is the sum of the coefficients of
odd degrees of x. Therefore pp — u; = (1 — 1)° "% = 0. Hence A(x,Y,) occurs

with the same multiplicity in ]‘[aec flx, ey, )andin [[,eq, f(x,63,)
¥ (3 —zl) 2[(a~zl)
and hence with the multlphclty of zero in their quotient.

Now using the procedure described above, for any ¢ (for example |¢| =t
and ¢, = ¢, , =¢;, - = ¢, = 1), we obtain

L* M= fuww
[Tz Iy, o5, A0 X0)°

(X, ZIS\:t) =

where the polynomlals (x,¥,,) and A(x,y,) of degree T, = [, -, 2% —1)
and Ty =[]*_, (2"« — 1), respectively, are irreducible over GF (2). Since
ged(n, T;) = 1 and ged(n, Ty) = 1, then the polynomials A(x, ¥,) and A(x, )
will be also irreducible over GF (2"). Then for the coefficients of the
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polynomials

T,
Mx—o, %) =[] Aux"
u=0

T (14)
AMx—o,y) =[] Aux"
u=0

by [2] since n>1, we have that deg,(49,4s,...,4r)=n and
deg, (49, A1, ..., A7) = n and the polynomials (14) are irreducible over GF
(2"). Besides also using the following easily provable fact that

T, A
Ax—o?,y) =[] A&
u=0

Ty :
Ax —o?,x,) =[] 42 x"
u=0
we have by [8] that the polynomials
n—1 .
Fl(x> Zt) = /L(x —OCZ,ZI)»
u=0
n—1
Fl(xaz:k) = l_[ ;“(X - O(Z aZk)
v=0

are irreducible over GF (2). Hence we obtain

126 L 1oy S — (X Vi®)?)

, 15
([)(X) ni;lo szCLFl(X’ Zk) ( )

Fl(x7 Zt) =

where XL*[]'_o fiy =YN_o Vox*" and N =Y"._, n;. It should be noted
here that, because of the separability of the polynomial
XLXTTE o fi() = XN, V,2%, the polynomials A(x — a,¥,) and A(x —a,¥,)
(k < t) are different; this implies that for pairwise relative primes nq, n,, ..., n,
(n; > 1), the polynomials Fy(x,y,) and Fi(x,Y,) (k <t) are also different.

Thus, if deg, (YXN_, V,2*") = d, then

<x—<g m?) >=<w(x,z,»M,
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where n = dM and M > 1. Hence, by (15) we have

lP(XLx .- 1fz(x), )M
o(x) k:l nzkcz,Fl(X,Zk).

Fl(x> Zt) =

But since the polynomials ¢(x) and Fi(x,¥,) (¥, = ¥,) are different and
irreducible over GF(2), we obtain that

Fi(vx,) = w(w I fiu(x),z,> 6

which is impossible since Fy(x, ¥,) is irreducible over GF (2).

Hence M = 1 and, for any ¢, f3, is a proper element GF (2"), which in its turn
determines irreducibility of the polynomials @ (x) = [T"Z4(x — pZ) over
GF (2) for any ¢. Thus, in view of (13) the polynomial (12) is irreducible over
GF(2).

It should now be clear that

YO RP(x)) = 0 (mod ¢ (x))
or

n

Z ¥ (RO(x)* = 0 (mod ¢(x)).

Thus the theorem is proved. ®
In exactly the same way as in Theorem 1 we can prove the following fact.

TheoreM 5. Let d € {0, 1,2} ged(n, 2°T]7, (2" — 1)) =
O(x) = xL*(x + 1)° + 1;
f0.%,)=0(x)L° U filx)
(06) + DL [T (9 = R) (mod p(x);

0(x) + 1 = W(x) (mod ¢(x));

n n
Y9 (x Z X, and o(x)= Y 0,x"
= u=0
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where ¥ and w, are nontrivial solutions of the congruences

T PRI = 0mod p(x)

and

n

Z «(W(x))* = 0(mod ¢ (x)),

respectively. Then the polynomials Y/ (x), w(x) of degree n and the polynomial

YOS (0,2 %,)
yeOf(0,6%,)

nseGG i
F(x) = ((0(x) " 2=
Eyr
of degree 2°nT are irreducible over GF (2).

Remark. 1t follows from [9] and [3] that if the following two conditions
hold,

ged(nr, g™ — 1) = 1, g(x) = Z b,x"(g(x) # x — 1),

where g(x) is a primitive polynomial over GF(q), f(x) =Y"_,a,x" is an
irreducible polynomial over GF (q"),

n

009,00 % o $ b3 | = Reomod 100

and Y(x) = Y5 _, ¥, x", where ¥, is a nontrivial solution of the congruence

> Yu(RE) =0 (mod /().

then the polynomials y(x) and F(x) = (f(x))”'c¥(g(x), 0) of degree n and
n(g™ — 1), respectively, are irreducible over GF(q").

It is evident now that based on the above remark we may construct
a polynomial F(x) of degree nT(T =[]{-, (2" — 1), ged(n, T') = 1) irredu-
cible over GF (2) wherever the conditions of Theorem 4 are satisfied.

Thus to construct F(x) the polynomials F;(x), F5(x), ..., F,(x) = F(x) are
constructed successively. F; (x) of degree n(2" — 1) is constructed by means of
the polynomials ¢(x) and f; (x) (see Theorem 4). F,(x) is constructed with the
help of F;(x) and the primitive polynomial f5(x), ..., F,(x) using F,_,(x) and
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f,(x). Moreover, at the jth (j < o) construction step, a set of n ]2} (2" — 1)
equations in n[]/Z] (2% — 1) unknowns is being solved.

Unlike the method described above, Theorems 4 and 5 allow us to
construct an irreducible polynomial F(x) of degree nT by solving directly
only 27 systems each of n equations in n unknowns.

It is worth noting here that Theorems 4 and 5 are only valid over GF (2).
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