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A new design principle is suggested for constructing auxetic structures - the structures that exhibit neg-
ative Poisson’s ratio (NPR) at macroscopic level. We propose 2D assemblies of identical units made of a
flexible frame with a sufficiently rigid reinforcing core at the centre. The core increases the frame resis-
tance to the tangential movement thus ensuring high shear stiffness, whereas the normal stiffness is low
being controlled by the local bending response of the frame. The structures considered have hexagonal
symmetry, which delivers macroscopically isotropic elastic properties in the plane perpendicular to
the axis of the symmetry. We determine the macroscopic Poisson’s ratio as a ratio of corresponding rel-
ative displacements computed using the direct microstructural approach. It is demonstrated that the pro-
posed design can produce a macroscopically isotropic system with NPR close to the lower bound of —1.
We also developed a 2D elastic Cosserat continuum model, which represents the microstructure as a reg-
ular assembly of rigid particles connected by elastic springs. The comparison of values of NPRs computed
using both structural models and the continuum approach shows that the continuum model gives a
healthy balance between the simplicity and accuracy and can be used as a simple tool for design of

Keywords:

Auxetic isotropic structures
Homogenisation

Cosserat continuum
Reinforcing core

auxetics.

© 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Negative Poisson’s ratio (NPR) materials contract laterally when
compressed longitudinally and expand in the transverse direction
under axial tension. Although being theoretically predicted a long
time ago, materials with NPR or so-called auxetic materials (Evans
et al.,, 1991) have mostly attracted attention during the last three
decades. Due to their unique behaviour, auxetic materials are able
to provide high shear to bulk modulus ratio and, in some cases, an
increase in fracture toughness (e.g., Choi and Lakes, 1996; Donog-
hue et al., 2009) and a reduction in thermal stresses (Pasternak and
Dyskin, 2012). In addition, they can be useful in applications where
compaction under impact is required and where high indentation
resistance is essential (Alderson and Alderson, 2007; Yang et al.,
2004). A wide range of auxetic materials have been theoretically
predicted and some prototypes manufactured. These include, but
are not limited to, cellular solids and foams (Attard and Grima,
2011; Bianchi et al., 2011; Chan and Evans, 1997; Choi and Lakes,
1992a,b; Evans et al., 1991; Gaspar et al., 2005; Grima et al., 2006;
Kolpakov, 1985; Lakes, 1987; Scarpa et al., 2005; Smith et al,,
2000), microporous polymers (Caddock and Evans, 1989; Alderson
and Evans, 1992), particulate composites (Wei and Edwards, 1998),
fibre reinforced (Alderson et al., 2005; Coenen and Alderson, 2011;
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Jayanty et al., 2011; Zhang et al., 1999) and laminated composites
(Lim, 2009; Lim and Rajendra Acharya, 2011; Shokrieh and Assadi,
2011), auxetic yarns (Miller et al., 2009; Wright et al., 2010), and
nanocomposites (Hall et al., 2008; Scarpa et al., 2010).

The design of these materials has been based on microstructures
with macroscopic (structural) NPR, where a fundamental structural
unit unfolds when stretched and folds back when compressed
(Blumenfeld, 2005). The most cited example of these units is the
re-entrant honeycomb, which was proposed as a basic module of
auxetic foams and cellular solids by Lakes (1987) and Evans et al.
(1991), and then by others (Alderson and Alderson, 2007; Liu and
Hu, 2010; Michelis and Spitas, 2010; Lira et al., 2010; Miller et al.,
2011). Deforming by bending of the cell walls, the re-entrant honey-
comb exhibits NPR on the cell level, which in turn produces the mac-
roscopic auxetic effect. However, in contrast with a conventional
honeycomb, the re-entrant honeycomb network does not have the
hexagonal symmetry, which in turn leads to the loss of isotropy
(hexagonal symmetry leads to elastic isotropy in 2D, (Landau and
Lifshitz, 1986)). It is important to recall here that for isotropic mate-
rials the thermodynamics restricts the Poisson’s ratio to be in the
range of —1 to 0.5, while in anisotropic media the range is wider
and depends upon the type of anisotropy (e.g., Tshernykh, 1988).
Furthermore, the advantages of auxetic materials are usually dis-
cussed and analysed in isotropic context.

Another approach to produce an auxetic microstructure is
based on constructing networks of rigid blocks connected by
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flexible links. This scheme has been employed for simulating the
natural auxetics using networks of units built from 2D and 3D rigid
rotating blocks of different shapes by Alderson and Evans (2001),
Attard et al. (2009a,b), Grima et al. (2005, 2009, 2010) and Wil-
liams et al. (2007). Microstructures of auxetic polymers have also
been modelled as networks of rectangular nodules connected by
fibrils (Alderson and Evans, 1997; Evans and Caddock, 1989;
Gaspar et al., 2011). Also a structure consisting of rigid blocks with
interlocking (lego-type) connections shows an auxetic effect
(Bathurst and Rothenburg, 1988; Ravirala et al., 2007).

The length scale of microstructures proposed as building blocks
for auxetic materials varies significantly from large engineering
structures down to molecular and nano-auxetic composites (Evans
and Alderson, 2000). This is not surprising since the Poisson’s ratio
is a property of elastic continuum which is scale independent.

Some authors looked for elementary auxetic structures at the
molecular level (e.g., Evans et al., 1991). Vasiliev et al. (2002) sug-
gested that molecular rotations and anisotropy are essential for a
description of auxetic performance. They developed an anisotropic
model of a crystal consisting of elastically restrained rigid particles,
which produces NPR. However, using Monte-Carlo simulations
Wojciechowski (2003) showed that isotropic auxeticity can be ob-
tained without molecular rotations. Wojciechowski and co-authors
investigated various molecular configurations of hard and soft cyclic
multimers (Kowalik and Wojciechowski, 2008; Narojczyk et al.,
2008; Narojczyk and Wojciechowski, 2008, 2010; Tretiakov and
Wojciechowski, 2007; Wojciechowski, 1989), which produce ther-
modynamically stable auxetic phases. We note that these results
were obtained from computer simulations; a real molecular proto-
type is yet to be fabricated. Furthermore, the aforementioned
structures are not isotropic.

The main objective of this study is to develop 2D auxetic struc-
tures exhibiting isotropic behaviour at the macrolevel. To this end
we use an approach based on micromechanical models of granu-
late materials developed in Bathurst and Rothenburg (1988) using
the classical theory of elasticity and Pasternak and Miihlhaus
(2001), Pasternak et al. (2004) and Pasternak and Miihlhaus
(2005) using the Cosserat continuum. In these models, mechanical
properties of a granulate material are derived as a function of con-
tact interactions between the particles, which are represented by
normal and tangential linear springs and, in the case of the Coss-
erat model, by additional rotational springs. It has been shown that
the ratio between stiffnesses of the tangential and normal springs
governs the macroscopic Poisson’s ratio. Rothenburg et al. (1991)
showed that the ratio of shear to normal stiffnesses of the micro-
structural cells can be used to interpret the auxetic behaviour of
non-granular materials as well. These principles of the design of
auxetic materials were implemented by Pasternak and Dyskin
(2008a,b), Pasternak et al. (2010), and Pasternak and Dyskin
(2012), in 2D and 3D, and by Shufrin et al. (2010), and Gaspar
(2010) in 2D. In particular, auxetic ball-rod structures and struc-
tures made of thin wall spheres, as well as a matrix with cracks
with suppressed shear displacement discontinuity were consid-
ered by Pasternak and Dyskin (2008a,b, 2012). These authors also
suggested hybrid materials made of an isotropic matrix with
spherical inclusions having Poisson’s ratios of different signs and
found the effect of gigantic stiffening produced by conventional
inclusions in the auxetic matrix. Pasternak and Dyskin (2012) also
studied generic mechanical properties (fracture and thermal) of
auxetic materials as well as the wave propagation and energy dis-
sipation in viscoelastic auxetics. It was concluded that there is no
coupling between NPR and the enhanced fracture toughness or
damping; rather some microstructures which macroscopically ex-
hibit negative Poisson’s ratio may independently have increased
fracture toughness or energy dissipation as well.

Here we extend these ideas and introduce novel auxetic
microstructures with hexagonal symmetry that macroscopically
exhibit isotropic elastic properties in the symmetry plane (in 3D
these structures are transverse-isotropic). We analyse these
systems numerically using the homogenisation procedure and
the direct structural analysis. We use the continuum microme-
chanical model, which has originally been developed for an
assembly of rigid particles, to describe interactions between
elastic elements of the assembly. We discuss various aspects of
performance of the proposed structures and show that these
isotropic microstructures are able to provide the Poisson’s ratio
close to the lower bound of —1.

2. Negative Poisson’s ratio in a regular planar assembly

Basic principles for the design of isotropic microstructures of
auxetic materials are established using a micromechanical ap-
proach of homogenisation of energy of interactions between parti-
cles in a regular arrangement. We consider a planar hexagonal
assembly of circular particles (discs) elastically bonded to each
other. This structure has a six-order axis of symmetry. In 3D this
macroscopically forms a transverse isotropic elastic material. How-
ever, in the plane of the layer the macroscopic material is isotropic
(e.g., Landau and Lifshitz, 1986). Consequently following the
homogenisation procedure of Pasternak and Miihlhaus (2005)
developed for 3D Cosserat continuum, we derive a 2D Cosserat
continuum model for this planar assembly. We show that the neg-
ative values of the Poisson’s ratio can be obtained under certain
stiffness parameters of the bonds.

In this regular close-packed hexagonal assembly of identical
discs the interaction between two neighbouring discs is repre-
sented as a set of linear springs, namely: two translational springs
normal and tangential to the contact between the discs and a rota-
tional spring. The normal and tangential (shear) spring stiffnesses,
k. and ks are defined as the corresponding contact forces produced
by unit relative displacements, while the rotational spring stiffness
ks is the contact moment produced by a unit relative rotation.
Defining a potential of the contact springs and then applying the
method of homogenisation by differential expansion as in Paster-
nak and Miihlhaus (2005), the constitutive relations of the equiva-
lent 2D Cosserat continuum are recovered as follows (see Appendix
A for details).

o= Z—E((Bkm +ks)p1y + (kn — ko) Vys) (1.1)
01y = X—S((kn + 3ks)p15 + (kn — Ko)V27) (1.2)
071 = Z—E((kn —Ks)V15 + (Kn + 3K6)757) (1.3)
Oy = \4/—,3_((1@, —ks)y11 + Bk + ks)p95) (1.4)
U3 = \/T§/<¢K13 (1.5)
Moy = \/T§k¢K23 (1.6)

Here, o;; and p;; are the (non-symmetric) stress and moment stress
respectively, y; and «; are the Cosserat strain and curvature, and h
is the thickness of the assembly.

We now compare these relationships with the constitutive
equations for isotropic Cosserat continuum, which in the plane
stress state read
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021 = ([ + o)y + (1 — %) Yqo (2.3)
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O3 = zﬂmyn + 20 JTE) V22 (2.4)
iz = (¥ +€)kis (2.5)

(2.6)

Hoz = (Y + &)Ka3

where /7 and u are the Lamé constants, o, ), ¢, are the Cosserat or
micropolar moduli. We note that in the isotropic planar conditions
there are only two classical, 4 and p and two independent Cosserat
moduli, « and a combination y+¢. Comparing systems of Egs.
(1.1)-(1.6) and (2.1)-(2.6) and expressing the Lamé constants
through engineering moduli, we obtain the Young's modulus, E,
shear modulus, G, and Poisson’s ratio,v, in terms of the spring
stiffnesses as follows:

23 kn + ks
E= = 3k ke G
s
G= 7111 (k’:+k) (3.2)
<)1_ S
3k, + ks (33)

It is seen that the ratio of the shear to normal stiffnesses controls
the (macroscopic) Poisson’s ratio of the assembly and allows its val-
ues to vary from —1 to 1/3 as follows

k/ky —0 = v—1/3 (4.1)
ks/kn — 00 = v — —1 (4.2)

It is interesting that in 3D, similar structures but with isotropic dis-
tribution of contacts exhibit the macroscopic Poisson’s in the range
between —1 and 1/4, Pasternak and Dyskin (2008a).

It can be observed that negative values of the Poisson’s ratio can
only be obtained when the shear to normal stiffness ratio is greater
than one. Furthermore, to achieve large values of NPR, one needs a
very high stiffness ratio of the bond between the discs. Another
interesting observation is that the expression for the Poisson’s ratio
in Eq. (3.3) does not include the stiffness of the rotational spring
and subsequently coincides with the one previously obtained by
Bathurst and Rothenburg (1988). Thus the use of higher order the-
ories does not produce new parameters in design of the auxetic
microstructures (see also Pasternak and Dyskin, 2012).

Eqgs. (3) can approximate the behavior of an assembly of
deformable elastic bodies if one neglects the non-linearity pro-
duced by Hertzian contacts. Consequently, NPR in the assembly
of deformable structural units is also controlled by the ratio of
shear to normal contact stiffnesses. It is important to note that in
this case, the stiffnesses merely depend on the structural charac-
teristics of the basic unit. Hence, in order to build an isotropic aux-
etic material, we only need to design a hexagonally symmetric
structural unit with the high shear to normal stiffness ratio.

In the next section, a novel type of auxetic isotropic structural
units is developed based on these principles. NPR behavior of the
proposed structure is studied numerically using both continuum
approach and direct structural analysis of periodic assemblies.

3. Isotropic 2D auxetic assemblies

Based on the framework developed in Section 2, a unit with the
high shear to normal stiffness ratio is proposed in this section. To
achieve this goal, we replace the solid discs used in the continuum
model with a flexible closed frame. Then, in order to enhance the
shear stiffness of the frame, we introduce a reinforcing core into
the unit. Following this concept, Fig. 1(a) sketches such a unit,

which consists of a flexible frame made of circular arches and a so-
lid regular hexagon used as a core. This unit has hexagonal symme-
try required to achieve isotropy of the assembly. Note that the
hexagon core can be replaced with other shapes or be partly solid
as long as it is considerably stiffer than the frame and the hexago-
nal symmetry is preserved.

Next, we analyse these reinforced units in terms of the macro-
scopic Poisson’s ratio they exhibit.

3.1. Arch-frame reinforced units

A reference unit with a rigid hexagonal core and a frame made
of circular arches shown in Fig. 1(a) is considered. We assume a
regular hexagonal arrangement of identical units, where each unit
contacts six others at the apex of each arch spring. The core is as-
sumed infinitely rigid, while the frame is linear elastic with a con-
ventional Poisson’s ratio. As a result, all deformations occurring in
the unit are due to bending and stretching of the arches. Thus
determining the contact stiffnesses of the unit is reduced to calcu-
lating the stiffnesses of the arch frame:

Py

Kn =0 (5.1)
" Wy Py=0
Py
ks = —— 5.2
S WH Pyt ( )

(b)

Fig. 1. A reinforced unit: (a) geometry of the unit; (b) the arch-spring.
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where Wy and Wy are the tangential and normal displacements at
the arch apex and Py and Py are the applied forces (see Fig. 1(b)).
Note that the rotational contact stiffness is not considered here
since it does not appear in the expression for the Poisson’s ratio,
Eq. (3.3), which is the main focus of this study. However, if required,
the rotational stiffness can be calculated in a similar manner as a ra-
tio between the applied moment and the bending rotation at the
arch apex.

Three aspects of the analysis of the structural system at hand
are considered: the unit geometry, the core-frame connection
and bonding between the units in the assembly. The geometry of
the unit is defined using the ratio, f, of its outer radius, R; and
the circumscribed radius of the hexagonal core, Ry (see Fig. 1):

f=Ri/Ro (6)

The arch radius R and the sectorial angle 6, of the arch, Fig. 1(b), can
be expressed in terms of this ratio as:

R _ f*—2fcos(a/2) +1
T 2(f —cos(a/2))

_ . (2fsin(o/2) — sin(a)
0o = 2 arcsin (fz —2f cos(a2) + 1) (7.2)

where « is the angle of the arch span, Fig. 1(b). Angle o0 depends
upon the shape of the core; for the hexagonal core it is equal to
60°. Varying the ratio f, various shapes of the unit can be achieved
starting with very low curvature profile up to almost closed circular
arches. This parameter is however bounded by (1) a restriction that
the arch curvature is directed outwards the unit and (2) the neces-
sity to avoid the intersection of adjacent arches. Combining these
restrictions gives:

Ro (7.1)

cos(a/2)
cos(a/2) < f < T—sin@/2) (8)
Three structural types of the core-frame connections are shown
in Fig. 2(a). We assume that the connection allows no displacements
and the type of the connection is defined by its ability to prevent the

Type 1: Clamped connection

Type 2: Semi-hinge connection

(b)

Type 3: Hinge connection

Fig. 2. Assembly of reinforced units: (a) three types of frame-core connection; (b) structural models for calculation of the arch-spring stiffnesses: loading and boundary

conditions.
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rotation between the frame and the core. The first type of connec-
tion is a fully clamped perfect bond between all parts of the unit.
The connection of the second type permits free rotation between
the core and the frame. However, the frame has no hinges (the ar-
ches are clamped to each other) and this link is called a semi-hinge.
In contrast, the connection of the third type is fully hinged such that
free rotations between all parts of the joint are allowed.

The computational models of the arch stiffnesses for each con-
nection type are shown in Fig. 2(b). Since in cases 1 and 3 there is
no interaction between the parts of the frame, the stiffnesses can
be computed using a single arch coil of the frame. On the other
hand, in case 2, the adjoining arches interact with each other
through a bending moment transferred over the connection. As a
result, the whole frame has to be solved in this case.

Last but not least, the structural aspect considered in this study
is the connection between the units in the assembly. As the real
contacts between the structural elements are not points, the effect

of contact area has to be addressed as well. For the sake of simplic-
ity, we assume that the contact forces are uniformly distributed
over the contact area. Consequently, the concentrated loads are re-
placed with uniformly distributed ones in the arch stiffness com-
putations. This description allows us to analyse the influence of
the contact area on the mechanical behaviour of the assembly.

3.2. Structural analysis of arch frames

The direct stiffness method is employed for the structural anal-
ysis of the arch frames. In this method, the exact stiffness relations
of structural members represented through the stiffness matrix are
used for computing forces and displacements (Weaver and Gere,
1990). In order to obtain a solution for different arch thicknesses,
the stiffness matrix for an arch element is derived including the ef-
fect of transverse shear deformations (see Appendix B). To model
the three abovementioned types of connections, a range of plane

T

(b)

y
@ £y =U,/R
1.0 Periodical Conditions:
Ug=0, Uy=constant T
— Sxx=Uy/\/ 3R
. g .
2 S5
2 =3
Eo R
= 1l S 9
3 :P; c_) m,
e 3z
5= 2T
£ 5=
E A~
»n
N _1-6)
e a4
RV3 X

Symmetric Conditions:

UR=0, UY=0

(c)

Fig. 3. Structural computational model of a periodic assembly of reinforced units with a ring shaped flexible frame: (a) Assembly with the periodicity cell indicated by a
rectangle; (b) the representative (periodicity) cell; (c) the computational cell and the use of symmetry in both directions - loading and boundary conditions.
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Table 1

L. Shufrin et al./ International Journal of Solids and Structures 49 (2012) 2239-2253

Poisson’s ratios for the ring-hexagon unit with various types of core-frame connection: the continuum approach vs. structural solution.

t/R Connection type
Type 1 (clamped) Type 2 (semi-hinge) Type 3 (hinge)
Continuum model Load in xdir Load iny dir Continuum model Loadin x dir Load inydir Continuum model Load in x dir Load iny dir

0.005 —0.559 —0.559 -0.559 —0.466 —-0.428 -0.428 -0.368 —0.368 -0.368

0.01 -0.568 —0.568 -0.568 —-0.472 -0.442 —0.442 -0.373 -0.373 -0.373

0.015 —0.580 —0.580 -0.580 —0.482 —0.463 —0.463 -0.382 —0.382 -0.382

002  -0.593 —0.593 -0.593 —0.494 —0.487 -0.487 -0.393 —-0.393 -0.393

0.025 -0.608 —0.607 -0.607 —0.508 -0.513 —-0.513 —0.406 —0.406 —0.406

003  -0.620 —0.620 -0.620 —-0.521 —-0.537 —0.537 -0.420 —0.420 —-0.420

0.035 -0.632 —0.632 -0.632 —0.535 —-0.558 -0.558 -0.435 —0.435 -0.435

004  -0.641 —-0.641 -0.641 —0.547 —-0.577 —-0.577 -0.449 —0.449 -0.449

0.045 -0.648 —0.648 -0.648 —0.558 —-0.593 —0.593 —0.464 —0.463 -0.463

005  —0.654 —0.654 —0.654 —0.568 —0.605 —0.605 -0.477 —0.477 -0.477

0.055 —0.657 -0.657 —0.657 —~0.576 -0.616 -0.616 —0.490 -0.489 -0.489

0.06  —0.660 —0.659 —0.659 —-0.583 -0.623 —-0.623 -0.501 -0.501 -0.501

0.065 —0.660 —0.660 —0.660 —0.589 —-0.629 —0.629 -0.512 —-0.511 -0.511

007  -0.660 —0.660 —0.660 -0.593 -0.633 -0.633 -0.521 -0.521 -0.521

0.075 -0.659 —0.658 —0.658 —0.597 -0.635 —0.635 -0.530 —-0.529 -0.529

008  —0.657 —0.656 —0.656 —0.599 —-0.636 —0.636 -0.537 —0.537 -0.537

0.085 —0.654 —0.653 -0.653 —0.601 —0.636 —0.636 -0.544 —0.544 —0.544

009  -0.650 —0.650 —0.650 -0.602 —-0.635 -0.635 -0.550 -0.549 -0.549

0.095 -0.646 —0.646 —0.646 —0.602 —0.633 —0.633 —0.555 —0.555 —0.555

0.1 -0.641 —0.641 -0.641 —0.602 —-0.630 —0.630 -0.559 —0.559 -0.559
frame elements is developed following the procedure presented in Ve = — Sy (11.1)
Weaver and Gere (1990) and Eisenberger (1991). This approach al- Y Exx
lows the analytical solution for all structural problems involved in Vo = — Exx (11.2)
this study. Y Eyy

3.3. Direct structural analysis of a periodic assembly of reinforced units

In order to verify the results obtained using the continuum
homogenisation procedure, the direct structural analysis is per-
formed. For demonstration purposes, the comparisons between
the continuum and structural approaches are made for a single
unit shape, viz. a ring reinforced by a hexagonal core. In this partic-
ular case all radii in Fig. 1(a) are the same and f=1.

A regular isotropic arrangement of the assembled units is
shown in Fig. 3(a). This assembly is periodic in both coordinate
directions. Therefore, the analysis of this assembly can be per-
formed using a representative cell (cell of periodicity, Fig. 3(a)),
which is selected as shown in Fig. 3(b). The cell is loaded in two
perpendicular directions, while the boundary conditions comply
with the periodicity. In order to obtain a solution through the ana-
lytical stiffness method, a quarter part of the representative cell is
considered. The geometry, loading, and boundary conditions of the
corresponding computational model of the quarter cell are shown
in Fig. 3(c). The symmetric boundary conditions imposed along
edges x=0and y =0 are

Uxlx-o0 = Urlx-o = 0 (9.1)

Uyly_o = Urly_o =0 (9.2)

where Uy and Uy are the displacements in the x and y directions
respectively, and Uy is the bending rotation in the plane of the
assembly. The periodicity or continuity conditions are set along
edges x=+v3Rand y=R

Urly_y3z = 0, Ux|,_ 3z = constant
Ugl,_g = 0, Uy|,_g = constant

=]
N =
— —

Due to the continuity constraint that the displacements are con-
stant at the cell boundary, without any loss of generality, the dis-
tributed contact forces acting at the joints are replaced with the
equivalent concentrated forces. The Poisson’s ratio of the assembly
is defined as usual:

where &, and &y, are the normal strains in the x and y directions
respectively, which are given as

Uxly_v3r
by = Xbvir 12.1
V3R (121)
u
&y = Y,LYZR (12.2)

4. Microscopic structures associated with the same macroscopic
continuum. Comparison with structural models

In this section we consider assemblies of reinforced units with
the abovementioned three types of connection, which after
homogenisation, produce the same macroscopic Poisson’s ratio.
We will develop structural models for each assembly and deter-
mine the macroscopic Poisson’s ratio by determining the ratio of
the corresponding strains. We will use these results to determine
the accuracy of the continuum model and then analyse the role
of different characteristics of the assemblies in the resulting Pois-
son’s ratio.

We assume that all parts of the assembly have an equal unit
width and are made of the same elastic material with the conven-
tional Poisson’s ratio of 0.3. The frame has a rectangular cross-sec-
tion of thickness t. The calculated Poisson’s ratio is presented as a
function of the frame thickness normalised with respect to the cir-
cumscribed radius of the core.

4.1. Comparison with the continuum model

We first consider a regular assembly of the ring-hexagon units
and analyse it using both continuum approach and direct struc-
tural analysis of a representative cell of the assembly (see Fig. 3).
The analytical stiffness method is used to perform both the compu-
tations of the contact stiffnesses of the unit and the deformation
analysis of the representative cell. All three possible types of the
core-frame connections are considered. The units are assumed to
be connected through point contacts (see Section 3.1). The analysis



I. Shufrin et al./ International Journal of Solids and Structures 49 (2012) 2239-2253 2245
t/R,
0 0.016 0.031 0.066 0.125 0.202
T T T T T : T T:
+ 0.15 0.2 0.22
| 0156
) (5)
-0.2 4
1 f-0.348 (4)
0.4

Poisson’'s ratio

(&)

(C)) )

R, =09R, R, =0.932R, R =R, R, =1.IR, R, =12R,

0, =15.55° 0, =30° 0, = 60° 0, =100.3° 0, =134.96°

R=3.R, R=1.93R, R=R, R=0.65R, R=0.54R,

(b)
0.2
9=15.55° 0=60.00°
0 T
0.9 1

S 0.2
—
~
-
»
= 0.4-
[=]
1]
2
£ 06 t/Ry=0.1

084 ./

- l -~

(c)
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the Poisson’s ratio vs. the f ratio of unit geometry, t/Ro = 0.01, 0.1, 0.2.

of the representative cell is carried out for two types of loading: in
the x direction and in y direction (see Fig. 3).

Poisson’s ratios computed using the continuum model and the
structural model (for 2 directions of loading) are presented in
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Table 1 for three types of the core-frame connections. It is seen
that for the connection types 1 and 3 the continuum approach
and the structural analysis are in a complete agreement.
However, in the case of semi-hinge connection (type 2), the con-
tinuum approach overestimates NPR for thin frames by up to 9%
and underestimates it for thicker frames by up to 6.5%. The differ-
ence is ascribed to the fact that the model developed for an
assembly of rigid particles is used for the assembly of elastic
bodies. It has been discussed in Section 3.1 that each arch works
independently in the case of the first and third types of the core-
frame connections, while the second, semi-hinge type allows for
the interaction between the arches. This interaction makes the
deformations at the neighbouring contact points coupled. On
the other hand, the homogenisation procedure developed in Sec-
tion 2 only deals with rigid particles and does not account for the
interaction between the contact points. Consequently, this contin-
uum model provides very accurate results for the clamped and
hinge types of the core-frame connections and gives a healthy
approximation of Poisson’s ratio for the semi-hinge type.

In the next section, this continuum approach is used to study
structural characteristics of the reinforced units. In addition, the
results obtained for different loading conditions reveal that the
assembly exhibits isotropic behaviour for all three types of the
core-frame connections in the whole range of the normalized
thicknesses.

4.2. Arch-frame units: shape study

The different shapes of the arch-frame units are studied by
varying the ratio f, Eq. (6). The core-frame connection is clamped
and the concentrated loads are used for calculation of the stiffness-
es. Fig. 4(a) presents the results for five different shapes of the arch
frame unit displayed in Fig. 4(b). These figures reveal that this iso-
tropic type of assembly exhibits auxetic behaviour along the whole
range of the thicknesses. The largest NPR is observed in the case of
the arches with smaller curvature (Case 1); for very thin arches it
approaches the lower bound of —1. Negative values of the Poisson’s
ratio initially decrease with increase in the thickness of the arch
frame, reaching the minimum of —0.97 at t/Ry =0.016 for Case 1.
At the same time, the increase in the arch curvature reduces the
values of the negative Poisson’s ratio along the whole range of
the thicknesses. The local minima (the maxima for NPR) shift from
the region of very thin frames for the low curvature arches to
thicker frames with higher curvatures. Plots of the Poisson’s ratio

vs. ratio f for fixed thickness ratios are shown in Fig. 4(c). It is seen
that for low curvatures thinner frames are able to produce larger
NPR values and this capability declines for higher curvatures. At
the same time, the rate of this decline slows down when thicker
frames are used. In addition, angles 0 shown for each ratio f dem-
onstrate that the half circle arch (6 = 180°) is the maximum arch
angle at which the proposed structure produces NPR.

While the low curvature shapes provide higher NPR, some units
with higher curvature, such as the ring-hexagon units (Case 3 on
Fig. 4(b); here f=1, R=Ry =R;, 0 =60°), are of interest due to their
topological regularity. We investigate them in the following
section.

4.3. Ring-hexagon units. Effect of core-frame connection

The effect of three types of core-frame connection (see Fig. 2) on
the auxetic behaviour of an assembly of the ring-hexagon units is
studied here. Fig. 5 shows the Poisson’s ratio calculated using the
continuum approach assuming point contacts between the units.
The results reveal that the clamped connection yields the largest
NPR up to —0.66 for t/R=0.066. It is also seen that a change in
the connection type from clamped to hinge decreases the values
of the negative Poisson’s ratio by 13-34%. Changing the connection
type from the clamped to semi-hinge decreases NPR by up to 15%.

4.4. Ring-hexagon units: contact area study

In order to study the influence of the contact area between the
units we compare the results obtained for point contacts (concen-
trated contact forces) with those obtained using the uniformly dis-
tributed contact forces. The length of the load distribution (the
contact area), Lp is defined as

Lp = 2aR (13)

where a is the dimensionless width of the contact area. Fig. 6 shows
the variations of the Poisson’s ratio for three types of the core-frame
connection for various values of a. It is seen that an increase in the
contact area reduces values of negative Poisson’s ratio for all types
of the core-frame connection. This effect is more pronounced in the
case of the clamped core-frame connection providing up to 38%
decrease in the NPR value when the contact area increases from a
point, a=0 to a=0.2 and up to 33% for a=0.1. At the same time,
the more flexible types of the core-frame connection (types 2 and
3) are less sensitive to variations in the contact area. The difference
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Fig. 7. The Poisson’s ratio in the assemblies of ring-dodecagon units.

between the results obtained for a = 0.05 and a = 0.2 is up to 30% in
the semi-hinge case (Type 2) and up to 20% in the hinge case (Type
3). The influence of the contact area becomes less noticeable as well
for the thicker frames, such that for the connection Types 2 and 3
the results essentially coincide for all widths of the contact area.

4.5. Units of other types

In this section other types of reinforced units are introduced.
First a basic unit consisting of a flexible ring and a rigid core of
dodecagonal shape, Fig. 7, is considered. Fig. 7 presents the Pois-
son’s ratio calculated for three types of the core-frame connections
using the continuum model. It is seen that very high values of NPR
are obtained in all cases. The largest NPR of —0.895 is observed in
the clamped case at t/R = 0.015.

As another example, we consider a unit consisting of a hexago-
nal core with a different kind of a flexible frame - a polygonal
frame consisting of straight bars. Four such frames are shown in
Fig. 8(a). These units have geometry similar to the ring—hexagon
units, Fig. 3. These frames also have rectangular cross-sections
with thickness t. Fig. 8(a) shows the computational schemes for
the corresponding spring frames. To study behaviour of these units,
the contact stiffnesses are calculated using the classical beam the-
ory. Introduction of these stiffnesses into the continuum formula
(3.3) yields, after some algebra, explicit expressions for the Pois-
son’s ratio for each type of the units (Fig. 8(a)):

Case 1:

_ cos(0) + (t/R)*(3/4 — 2 cos(0) + 5/4 cos?(0))
B cos(0) + 2 + (t/R)*(13/4 — 8cos(0) + 11/4 cos2(0))

(14.1)
Case 2:
. cos(0) + (t/R)*(cos?(0) — cos(0))/2
B cos(0) + 2 + (t/R)*(1 — 3/2 cos(0) + 1/2 cos?(0))
(14.2)
Case 3:
- cos(0) + (t/R)*(1/4 — 3/2 cos(0) — 1/4 cos?(0)) (143)

cos(0) + 2 + 3/4(t/R)*(1 — cos(0))>

Case 4:

cos(0)
" cos(0) + 2 (144)

It is seen that the Poisson’s ratio in Case 4 (Pinned, Hinge),
Fig. 8(a) does not depend on the frame thickness, since in this case
the frame merely deforms by stretching due to its pinned ends. In
addition, it can be observed that when the ratio t/R tends to zero,
the first three cases, Eqgs. (14.1)-(14.3), coincide with Eq. (14.4).
These expressions are plotted in Fig. 8(b) as a function of the sec-
torial angle, 0. The graphs demonstrate that this unit provides NPR
for all types of connection when the opening angle 0 is greater than
90°. The negative values of Poisson’s ratio increase when this angle
tends to 180° approaching the lower bound of —1.

Fig. 8(c) shows the Poisson’s ratio as a function of the normalized
thickness of the frame for 0 = 150°. (The angle 0 = 150° is chosen, be-
cause for this angle the plane frame unit geometrically matches the
ring—hexagon unit.) It is seen that the results for Cases 2 and 3 coin-
cide in the whole range of the thicknesses. In addition, deviations of
all values from the pinned-hinge case, the one which provides the
largest NPR of —0.764, are not large (less than 13% difference).

5. Conclusions

Novel planar structures exhibiting isotropic auxetic behaviour
on macroscopic level have been developed. A distinctive feature
of these structures is the presence of a reinforcing core in each unit.
The main role of the core is to increase the frame resistance to the
tangential movement thus ensuring high shear stiffness, whereas
the normal stiffness is low being controlled by the local bending
response of the frame.

The structures we considered have hexagonal (six-fold) symme-
try, which produces elastic isotropic properties in the plane per-
pendicular to the axis of the hexagonal symmetry. A macroscopic
Cosserat continuum description for a planar assembly of rigid par-
ticles was obtained using the homogenisation procedure based on
differential expansions. Based on this model a new design of aux-
etic materials was proposed- assemblies of units each consisting of
a flexible frame reinforced by a rigid core. Different reinforced
units with various frame and core shapes, internal structures,
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sectorial angle of the frame, t/R = 0.1, (c) the Poisson’s ratio vs. the thickness-span ratio of the frame, 0 = 150°.

and bond dimensions were studied numerically. It was shown that
these systems are able to provide the Poisson’s ratio as low as —0.9.

The continuum homogenisation model originally developed for
granulate materials composed of rigid grains was verified against
the direct structural simulations of a periodical assembly of elastic
structures. It was found that the accuracy of the continuum model

depends upon the mechanical interactions between the contact
points. The continuum approach yields very accurate results when
the neighbouring arches of the frame deform independently. This
happens when the arches have clamp and hinge connections. In
the case of the semi-hinge connection (Type 2) the deformation
of one arch affects the movement of the other. This coupling results
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in the force-displacement relationship in one arch being depen-
dent upon the deformation of the other. Since the continuum mod-
el presumes these deformations being independent one cannot
expect the continuum model to identically reproduce the macro-
scopic behaviour of the structures with the semi-hinge connec-
tions. Indeed, the comparison between the results of the
continuum model and the exact structural analysis shows that
the results differ, but not much. Thus the continuum model gives
a healthy balance between the simplicity and accuracy and can
be used as a simple tool for design of auxetics.

Two types of frames were considered: the frame consisting of
the arches supported by the vertices of the hexagonal core and
the frame in the shape of polygons with hinges between the sides.
The values of the negative Poisson’s ratio in the case of the arches
depend upon the frame geometry. In particular, the thinner the
frame arches and the smaller the arch curvature, the higher the va-
lue of NPR. However the thickness cannot be decreased indefi-
nitely; there is an optimum thickness where NPR reaches a
maximum. The hinged polygonal frame on the other hand pro-
duces the NPRs independent of the thickness, but the values of
the achievable NPRs are higher than those produced in structures
with the arch frame.

We now have a new design principle- the introduction of the
reinforcing core to the units and a suite of computational tools,
both structural and simple continuum to analyse the behaviour
of these structures. This approach can be extended to developing
assemblies with different types of symmetry, non-uniform particle
orientations and 3D assemblies.
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Appendix A. Homogenisation of 2D hexagonal structure by
differential expansions. Derivation of 2D Cosserat continuum

A regular planar assembly of identical discs elastically bonded
together is considered (see Fig. A1(a)). The assembly has regular
hexagonal geometry where each disc contacts six others. We as-
sume the plane stress conditions. Following Pasternak and Miihl-
haus (2005), the interaction between two neighboring discs is
described using normal and tangential (shear) translational springs
of stiffness k, and ks respectively, and rotational springs of stiffness
k4. Each disc has three independent degrees of freedom: two trans-
lations u; and u; and rotation ¢3. Discs themselves are considered
to be absolutely rigid, so there is no out-of-plane component of dis-
placement us. At the same time, the other independent rotations,
¢1 and ¢,, are assumed zero to keep the assembly planar.

We consider the cell of periodicity, Fig. A1(b) as a representative
volume element. The volume of the cell is:
V. =2v3r’h (A1)
where r is the radius of the discs and h is the thickness of the assem-
bly. The orientation of the contact between a pair of discs is de-
scribed using the alignment angle «, which identifies the relative
position of two discs. A local coordinate system is introduced by
rotating the global system by an angle « (see Fig. A1(c)).

The coordinate transformation from the global to local coordi-
nate systems is given as

i cos(o) sin(at) O] [ wy
Uy p=|—sin(x) cos(x) 0] uy (A2)
$3 0 0 1] ¢

where the barred notation designates the vector components in the
local coordinate system. The potential discrete energy of the two-
disc interaction reads

1, _ _ 1 N - B _
Wi = 5 ka(itn — th)? + 5 ks((th2 = 1) = (82 +163))”

+%k¢(§7>x3 - &3)2 (A3)

where iy, i, ¢3 and i, U, .3 are the displacements and rotations
of disc at the origin and a neighbouring disc at the angle «. Applying
the coordinate transformation (A.2) to Eq. (A.3) we obtain the dis-
crete energy in terms of the global displacements and rotations as
follows:

W, = %k,,(cos(oc)(uoq —up) + Sin(0) (g — Uz))?

+ %k;(— sin(o)(Uy1 — Uz) + cos(at) (Usp — Up)

— (s + b3))° + %]%(%3 —3)° (A4)
In order to obtain a continuum description, we homogenise the dis-
crete energy. The discrete displacements and rotations are replaced
with the continuous ones and then they are expanded into Taylor
series keeping the linear terms. In the global coordinates this
expansion for an arbitrary continuously differentiable function
flx1,x2) reads

f (x,y)

fr=f(x1,%) + 2rcos(:x)T +2rsin(o) f(xy)

dy

(A5)

The homogenised spring energy of the two-disc interaction is
obtained as a function of angle o as follows:

2
W, =21k, (C052 (0)1q +€os(a) Sin(at) (Y15 +Yo1) + sin® (O‘)sz)

2
+2r%ks (* sin® (@)1, — €0S(20) SIN(@) (71 — V22) + COSZ(OC)“/z])
+ 212k (cos(00) K13 + Sin(o0) Kp3)°

(A-6)

where the Cosserat continuum deformation measures, strains y;
and curvatures xy, are defined following Nowacki (1970) as

Y11 =t
Y12 = U21 — 3

Vo1 = U2+ ¢3

(A7)
V22 = U2
K13 = ¢34
K23 = 3,

The total energy density of the cell is obtained by a summation of
the spring energy of three contacts at o =0° 60° and 120° (see
Fig. A1(b)) over the cell volume.

V3
:@((
+(3kn +ks) Y3, +2(kn — k) P11 700 + 4k K + 4Ky K35)

w K +3ks) 75, 42 (kn — ko) 712721 + (Kn+3ks) 93, + (3kn + ko)1,

(A.8)
Variation of the total energy density, Eq. (A.8), with respect to the

deformation measures (A.7), yields the following constitutive equa-
tions of the equivalent Cosserat continuum



I. Shufrin et al./ International Journal of Solids and Structures 49 (2012) 2239-2253 2251

X1

Fig. A1. A planar hexagonal assembly (a), the representative cell (b) and two contacting discs (c).

3
011 = \4/—;((3kn + kg)'))ﬂ + (kn - ks)yZZ)
3
012 = \4/—;((kn +3Kks) 15 + (Kn = ks)721)
3
021 = £(("n = ks) 12 + (kn + 3K)721)
4h
“ (A9)
3
Oy = Th((k,—, — ks)'))]] + (3kn + kS)’VZZ)
V3
Uiz = Tk(ﬂ(]g,
V3

Hyz = n kgtcas

On the other hand, the constitutive relations of isotropic Cosserat
media are defined as (Nowacki, 1970)

0y = (1 — %)djdi + (1 + %) didik + 206k) Vi (A10)
i = (7 — &)djdin + (7 + €)idix + Boijor) ki '
where 2 and p are the Lamé constants, while o, v, ¢, and 8 are the
Cosserat or micropolar parameters and summation of repeated in-
dexes is presumed. Applying the plane stress assumption, the 3D
relations of Eq. (A.10) are reduced to

2(U+2) )
20+ 11 "‘2/172,[1_'_/17’22
O12 = (U= 0)Yy; + (U + 0)Yyp

021 = ([ + )Yy + (1 — 0))12
2(u+4)
2,Ll+/u 22

J11 :Z,U

(A11)

)
On = zﬂm“/n +24

M3 = (Y + &)Ki3
Moz = (7 + &)Ka3

Introducing of the engineering moduli in Lamé constants we obtain

E Ev
on=7pp/nty 202
O12 = (1 — 0) Yy + (U + 0))q2

021 = (U4 0) Py + (L= )12 (A12)

Ev E
On=7—p/mti 202

s = (P + &)K13
Moz = (7 + &)K23

Comparing the systems of Egs. (A.9) and (A.12), we obtain the expli-
cit expressions for the constitutive parameters of the equivalent
Cosserat continuum as a function of the spring stiffness. The classi-
cal material properties, the Young’s modulus E, the Poisson’s ratio v,
and the shear modulus G are
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C2V3 knt ks

E== 3kn+ksk”
k, — k.
_ oK A13
VT 3k 1 ks (A13)
V3
G_E(k,ﬁ—ks)

At the same time, there are only two non-zero Cosserat constants in
this 2D formulation:

3
V—&-S:%M (A 14)
o :éks
2h

Appendix B. Derivation of the stiffness matrix for arch elements

The elements of the stiffness matrix are defined as holding ac-
tions at the end of an unloaded arch member due to unit displace-
ments and rotations in the directions of 6 degrees of freedom
shown in Fig. B1(a). In order to include shear deformations, the
stiffness matrix is derived as an inverse of the corresponding flex-
ibility matrix (Eisenberger, 1991). The flexibility matrix is obtained
using the unit load method (Weaver and Gere, 1990), where the
flexibility coefficients are defined as displacements due to the unit
loads. To develop the flexibility matrix, an element shown in
Fig. B1(b) is considered. The strain energy of an arch of radius R
and opening angle 0, reads

/00 M2 N? kQ?
0

261 264 T 264 ) RYY

(B.1)
where M, N, and Q are the bending moment, the axial and shear
forces respectively, G and E are the shear and Young’s moduli, I
and A are the moment of inertia and the area of the arch’s cross-sec-
tion, k is the shear correction factor. The shear correction factor is
included to compensate for the discrepancy between the assumed

R

(a)

Fig. B1. Arch element with 6 degrees of freedom (DOF): (a) geometry and DOF
definition, (b) holding actions and internal forces.

constant distribution of shear stresses and the true parabolic state
(Timoshenko and Goodier, 1982). The internal forces are defined
as a function of angle 0 (see Fig. B1(b)):

N(60) = —X; cos(0) + X3 sin(0) (B2.1)
Q(0) = Xy sin(0) — X, cos(0) (B2.2)
M(0) = XiR(1 — cos(0)) + X,Rsin(0) — X3 (B2.3)

Adopting Castigliano’s second theorem (Timoshenko and Goodier,
1982), the flexibility coefficients at the left end of the arch are ob-
tained through differentiation of the strain energy with respect to
the unit loads:

ou
f” = )
Yo Xj_i=1Xj.i=0

j=i=

i=1...3, j=1...3 (B3.3)

Inverting the 3 x 3 matrix fj, the stiffnesses corresponding to the
unit displacements in the directions one and two, and the rotation
in the third coordinate direction are computed. The remaining
terms of the stiffness matrix are found based on the equilibrium
conditions of the element and symmetry of the matrix.
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