«4 CORE Metadata, citation and similar papers at core.ac.uk

Provided by Elsevier - Publisher Connector
Available online at www.sciencedirect.com

ScienceDirect NucLEar[ ]
PHYSI

CrossMark

ELSEVIER Nuclear Physics B 890 (2015) 279-301
www.elsevier.com/locate/nuclphysb

Higher spins in hyper-superspace

Ioannis Florakis »°, Dmitri Sorokin ¢, Mirian Tsulaia ¢*

a Department of Physics, CERN — Theory Division, CH-1211 Geneva 23, Switzerland
Y Max-Planck-Institut fiir Physik, Werner-Heisenberg-Institut, 80805 Miinchen, Germany
€ INFN, Sezione di Padova, via F. Marzolo 8, 35131 Padova, Italy
d Faculty of Education, Science, Technology and Mathematics, University of Canberra, Bruce, ACT 2617, Australia

Received 15 September 2014; received in revised form 13 November 2014; accepted 21 November 2014
Available online 26 November 2014
Editor: Stephan Stieberger

Abstract

We extend the results of arXiv:1401.1645 on the generalized conformal Sp(2n)-structure of infinite
multiplets of higher-spin fields, formulated in spaces with extra tensorial directions (hyperspaces), to the
description of OSp(1|2n)-invariant infinite-dimensional higher-spin supermultiplets formulated in terms of
scalar superfields on flat hyper-superspaces and on OSp(1|n) supergroup manifolds. We find generalized su-
perconformal transformations relating the superfields and their equations of motion in flat hyper-superspace
with those on the OSp(1|n) supermanifold. We then use these transformations to relate the two-, three-
and four-point correlation functions of the scalar superfields on flat hyperspace, derived by requiring the
OSp(1|2n) invariance of the correlators, to correlation functions on the OSp(1|n) group manifold. As a
byproduct, for the simplest particular case of a conventional N' = 1, D = 3 superconformal theory of scalar
superfields, we also derive correlation functions of component fields of the scalar supermultiplet including
those of auxiliary fields.
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1. Introduction

In [1] we have studied some aspects of the description of infinite sets of integer and half-
integer massless higher-spin fields in flat and anti-de-Sitter (AdS) spaces in terms of scalar and
spinor ‘hyperfields’ propagating in hyperspaces. In addition to a conventional space—time as a
subspace, hyperspaces are endowed with extra tensorial coordinates encoding the spin degrees of
freedom of conventional space—time fields. This formulation, which was originally put forward
by Fronsdal as an alternative to the Kaluza—Klein theory [2], has been extensively developed by
several authors [3-22].

The theories on tensorially extended (super)spaces, which we will henceforth refer to as
hyper-(super)spaces, offer many interesting and challenging problems regarding higher-spin
fields, one of them being the further development and study of generalized (super)conformal the-
ories on these spaces. This motivated our recent work [1] in which, using generalized conformal
transformations, we established an explicit relation between the equations of motion of hyper-
fields on flat hyperspace and on Sp(n) group-manifolds, the latter being tensorial generalizations'
of AdS spaces. This relation was then employed in order to explicitly derive the Sp(2n)-invariant
two-, three- and four-point correlation functions for fields on Sp(n) group manifolds, from the
known Sp(2n)-invariant correlation functions on flat hyperspaces, thus generalizing the results
obtained in [5,10,23].

In this paper we further extend the results of [ 1] to the description of supersymmetric systems
of higher-spin fields in hyper-superspaces, which were previously studied, e.g. in [3,4,6-8,11,14,
20,24]. In particular, by means of a generalized superconformal transformation, we establish an
explicit relation between the superfield equations of motion [11] on flat hyper-superspace and on
an OSp(1|n) supergroup manifold. Furthermore, the explicit solution of the generalized super-
conformal Ward identities allows us to derive the OSp(1|2n)-invariant two-, three- and four-point
superfield correlation functions on flat hyper-superspace and, consequently, using the general-
ized superconformal transformations, we obtain the corresponding correlation functions on the
OSp(1|n) group manifolds. Our results, therefore, generalize the superfield description and com-
putation of superfield correlators in conventional superconformal field theories, considered, e.g.
in [25-28], to superconformal higher-spin theories. A byproduct of our analysis is the derivation
of correlation functions involving the component fields of the scalar supermultiplet, including
the auxiliary fields, for the simple special case of a three-dimensional A" = 1 superconformal
theory of scalar superfields.

As in the case of the A" = 1, D = 3 superconformal theory, the fact that 3- and 4-point corre-
lation functions are non-zero for hyperfields of an anomalous conformal weight may indicate the
existence of interacting conformal higher-spin fields which involve higher orders of their field
strengths.

It should be noted that in the literature [29-49] various supersymmetric higher-spin systems
have been considered in either irreducible or reducible representations of the Poincaré and AdS
groups (see,e.g. [50,51] for a discussion of reducible higher-spin multiplets in the “metric-like”
approach). As we will see, the systems of integer and half-integer higher-spin fields considered
in [3,4,6-8,11,14,20] and in this paper form irreducible infinite-dimensional supermultiplets of
space—time supersymmetry. These supersymmetric higher-spin systems are therefore different

1 Here Sp(n) stands for the real non-compact form Sp(n, R) of Sp(n, C), where R will be omitted for brevity.
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from finite-dimensional higher-spin supermultiplets considered in [29-49]. We will provide the
algebraic reasoning for this in Section 2.4.

The paper is organized as follows. Section 2 begins with a review of some basic known results
about hyper-superspaces. We describe in detail the generalized superconformal algebra, the real-
ization of the generalized superconformal group OSp(1|2n) on hyper-superspace and the precise
connection between generalized and conventional conformal weights for scalar superfields and
their components in various dimensions. Finally, we demonstrate how an infinite-dimensional
N =1 supersymmetry multiplet is formed by the component fields of the hyper-superfield in the
case of four-dimensional flat space—time.

In Section 3 we provide a description of the geometric structure of OSp(1l|n) manifolds.
These manifolds exhibit the property of generalized superconformal flatness (or GL-flatness)
observed earlier in [7,8], which is similar to the superconformal flatness property of certain con-
ventional AdS superspaces and superspheres [52—-56]. We then consider the relation between the
OSp(1]2n)-invariant field equations for scalar superfields on flat hyper-superspace and those on
the OSp(1|n) group manifold derived in [11]. We show that, similarly to the non-supersymmetric
case [1], the supersymmetric field equations on flat hyper-superspace and on OSp(1|n) group
manifolds are related to each other via a generalized superconformal transformation of the scalar
hyper-superfield and its derivatives.

In Section 4, as a preparation for the computation of correlation functions on flat hyper-
superspace and on OSp(1|n) supergroup manifolds, we consider the simplest example of an
OSp(1|4)-invariant superconformal theory of a conventional N"= 1, D = 3 massless scalar su-
perfield. Even though higher-spin fields are absent in this case, it is a simple setup in which one
can illustrate the salient features of our approach. To this end, we present the OSp(1|4)-invariant
two-, three- and four-point correlation functions of scalar superfields, as well as the correlators
of the component fields of the scalar supermultiplet, including those of auxiliary fields.

Finally, in Section 5 we use the requirement of OSp(1|2n) invariance to derive the expres-
sions for two-, three- and four-point correlation functions of the scalar hyper-superfields. Again,
in a complete analogy with the non-supersymmetric systems [ 1], the correlation functions on flat
hyper-superspaces and OSp(1|n) supergroup manifolds are related via generalized superconfor-
mal Weyl rescaling. Thus, our basic result is that the GL-flatness is a key property of Sp(n) and
OSp(1|n) manifolds that renders them amenable to the same type of analysis as for the case of
flat hyper (super) spaces.

We conclude with a discussion on open problems and perspectives for further development of
the hyperspace formulation of higher-spin fields.

2. Scalar superfields in flat hyper-superspace, equations of motion and correlators
2.1. Flat hyper-superspace and its symmetries

The flat hyper-superspace (see, e.g. [3,4,11]) is parametrized by w bosonic matrix coor-
dinates X*” = X" and n real Grassmann-odd ‘spinor’ coordinates 6 (u =1, ...,n). We call
6" ‘spinors’, since they are indeed so from the perspective of conventional space—time, which is
a subspace of hyperspace.

For instance, when n = 4, we can decompose the ten bosonic coordinates X*¥ using the
Majorana (real) representation of the gamma-matrices of a D = 4 space—time as follows

1 1
XM =Xx"= Exm()/m)“” + Zym”(ymn)“”, m,v=12734mn=0,1273, (2.1
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where (y)"*" = (V)" = C*T (Yu)"s Y™ = Ymn)"* = CHT (Yun)< ", with CT = —C be-
ing the charge conjugation matrix and the gamma-matrices (y,,),,” satisfy the Clifford algebra
{¥ms ¥n} = 20mn. The space—time metric signature is chosen to be mostly plus (—, +, -+ -, +).

The four coordinates x™ parametrize the conventional flat space—time which is extended to
flat hyperspace by adding six extra dimensions, parametrized by y™* = —y"". This bosonic
hyperspace is then further extended to the hyper-superspace by adding four Grassmann-odd di-
rections parametrized by 6#, which transform in the spinor representation of the D = 4 Lorentz
group SO(1, 3).

The supersymmetry variation of the coordinates

S0k =€, SXM =—icpY, 2.2)
leaves invariant the Volkov—Akulov-type one-form

o =dx™ +i0“dev. (2.3)
The round brackets denote symmetrization of indices with the standard normalization

y (i) — %(Y’“”'“" + all permutations of indices). 2.4)
The supersymmetry transformations form a generalized super-translation algebra

{Qus Qv}zzp;ws [Q;u Pvp]:()v [PMUa Ppk]:Os (2.5)

with P, generating translations along X*¥. Namely, §X*’ = ia”* P, - XV = a™”, with a*”
being constant parameters.
The realization of Py, and Q,, as differential operators is given by

. . . ad

le:_laX/“’ = —idu, Qu=10,—10"3,,, oy = PYTh (2.6)
where, by definition,

X =5L8)). @2.7)
Furthermore, in the case n = 4, D = 4, the partial derivative associated with (2.1) takes the form

1 ad 1 B
O =5 (") gm 537" TR (2.8)
The algebra (2.5) is invariant under rigid GL(n) transformations

Q,=g."0v.  P,=g."8"Ppu. (2.9)
generated by

L, =—2i (va + ’Ee”eﬂ)apu —i0"Q,, (2.10)

which act on Py, and Q,, as
[PMV’LAP]=_i(3ﬁpvx+afpuk)’ [Q[Lle)p]z_isﬁQ\h (211)
and close into the gl(n) algebra

[L,*, LR =i (8L, — 80 Ly"). (2.12)
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The algebra (2.5), (2.11) and (2.12) is the hyperspace counterpart of the conventional super-
Poincaré algebra enlarged by dilatations. That this is so can be most easily seen by considering,
e.g.n =2 (i.e. w =1, 2), in which case this algebra is recognized as the D = 3 super-Poincaré al-
gebra with L,” — —5"L P =My(y™)," generating the SL(2, R) ~ SO(1, 2) Lorentz rotations

(note that m =0, 1, 2) and D = QL o" being the dilatation generator. Note that the factor % in
the definition of the dilatation generator is required in order to have the canonical scaling of the
momentum generator P, with weight 1 and the supercharge Q,, with weight % as follows from
Eq. (2.11).

This algebra may be further extended to the OSp(1|2n) algebra, generating generalized su-
perconformal transformations of the flat hyper-superspace, by adding the additional set of super-
symmetry generators

St = —(X’“ + %9“6”) Oy, (2.13)
together with the generalized conformal boosts

K" = i(X”p + %9“99> (x”A + %e”ek)apx —ioHsY, (2.14)
The generators S* and K*V form a superalgebra similar to (2.5)

[s#, 8} =—2k",  [S* K"]=0, [KM K"*]=0, (2.15)
while the non-zero (anti)commutators of S#* and K*" with Q,,, P, and L," read

{04, 8"} =-L,", (S, Pp] =i8(, Q). [0, K] =—is{sP,
[S*, L,”]=isl'sP. (2.16)

2.2. Generalized superconformal algebra OSp(1|2n)

We now collect together all the non-zero (anti)commutation relations among the generators
of the OSp(1|2n) algebra

{Qu. OQv} =2Py, [Qu, Pupl =0, [Puvs Pprl =0

s# sV =—2k",  [S*,K"]=0, [K", KP*]=0,

0., 8"} =~-L,", (S, Pp] =i8(,Qp), [0, K] =—is('s”,
PW,LA”]=—1(8”PUA+SPPM) [Qu. L] =—=i8}, 0y

sH ]=15“SP [L,", Ly =i (8} Ly —85L,"),

K”” (5“K"p +8; K"?),

[Py KM’] (8'0L + 0L, + 8L, +85L,"). (2.17)
Let us note that in the case n = 4, in which the physical space—time is four-dimensional (see
Eq. (2.1)) the generalized superconformal group OSp(1|8) contains the D = 4 conformal sym-
metry group SO(2,4) ~ SU(2,2) as a subgroup, but not the superconformal group SU(2, 2|1).
The reason being that, although OSp(1|8) and SU(2, 2|1) contain the same number of (eight)

generators, the anticommutators of the former close on the generators of the whole Sp(8), while
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those of the latter only close on an U (2,2) subgroup of Sp(8), and the same supersymmetry
generators cannot satisfy the different anti-commutation relations simultaneously. In fact, the
minimal OSp-supergroup containing SU(2, 2|1) as a subgroup is OSp(218).

2.3. Scalar superfields and their OSp(1|2n)-invariant equations of motion

Let us now consider a superfield @ (X, 0) transforming as a scalar under the super-translations
given in Eq. (2.6)

8P =—(€" Qo +ia"" Pyy)P. (2.18)

To construct equations of motion for @ (X, ) which are invariant under (2.18) and comprise the
equations of motion of an infinite tower of integer and half-integer higher-spin fields with respect
to conventional space—time, we introduce the spinorial covariant derivatives

Du:au+i9vavuv {D;u Dv}:2i8;wv (2.19)

which (anti)commute with Q, and P,.
The @ -superfield equations then take the form [11]

Dy, D, ® =0, (2.20)

where the brackets denote the anti-symmetrization of indices with unit overall strength similarly
to (2.4). As was shown in [11], these superfield equations imply that all components of @ (X, 6)
except for the first and the second one in the 6/*-expansion of @ (X, 6) should vanish

D(X,0)=b(X) +i0" f (X)) +iOH0V Ay + - -+, (2.21)

(i.e. Ay, ..v =0 for k > 1) while the scalar and spinor fields b(X) and f,(X) satisfy the equa-
tions first derived in [4]

(3w 0pp — 01p0va)D(X) =0, (2.22)
8uvfp(X) - 8upfv(X) =0. (2.23)

For n =4, 8 and 16 these equations encode the Bianchi identity and equations of motion for the
curvatures of infinite towers of conformally invariant, massless higher-spin fields in 4-, 6- and
10-dimensional flat space—time, respectively (see [4,12]).

The superfield equations (2.20) are invariant under the generalized superconformal OSp(1|2n)
symmetry, provided that @ (X, 0) transforms as a scalar superfield with the ‘canonical’ general-
ized scaling weight %, ie.

8P =—(e"Qpu+E,S" +ia"" Py + ik K* +ig, L")
1 ;

-5 (g,/‘ — Ky (X’“ n %9/*9”) + &,LG“)CD, (2.24)
where the factor % in the second line is the generalized conformal weight and €/, &, a"”, k.,
and g,," are the rigid parameters of the OSp(1|2n) transformations.

Scalar superfields with anomalous generalized conformal dimension A transform under
OSp(1|2n) as
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8¢ = _(EMQH +EH«SM + iaWP,w + ik/j,vKMU + ig,fL,/‘)@
- A(g,ﬂ — K <XW + %9*‘9”) n gﬂel*)qb. (2.25)

It is instructive to demonstrate how the generalized conformal dimension A, which is defined
to be the same for all values of n in OSp(1|2n), is related to the conventional conformal weight
of scalar superfields in various space—time dimensions. As we have already mentioned in Sec-
tion 2.1, the dilatation operator should be identified with D = ys u'*. Therefore, considering a
GL(n) transformation (2.25) with parameter g,,”

8 =—ig,"L,*,
the part of the transformation corresponding to the dilatation reads

i 2i -
5p®=——g,L,)"® =——g,'DP =—-igD®, (2.26)
n n

where g = % g, is the genuine dilatation parameter. From (2.25) it then follows that the con-
ventional conformal weight A p of the scalar superfield is related to the generalized one A via

Ap = gA. 2.27)
In the n = 2 case corresponding to the N'= 1, D = 3 scalar superfield theory the two conformal
dimensions coincide, whereas in the case n = 4 describing conformal higher-spin fields in D =4
one finds A4 =2A. Relation (2.27) indeed provides the correct conformal dimensions of scalar
superfields (and consequently of their components) in the corresponding space—time dimensions.
For instance, when A = % in D = 3 one finds % as the canonical conformal dimension of the
scalar superfield, while in the cases D =4 and D = 6, n = 8 it is found to be equal to one and
two, respectively. For convenience, we shall henceforth associate the scaling properties of the

fields to the universal D- and n-independent generalized conformal weight A.
2.4. Infinite-dimensional higher-spin representation of N'= 1, D = 4 supersymmetry

Using the example of n =4 in D =4 we will now show that in four space—time dimensions,
the fields of integer and half-integer spin s = 0, %, I,...,00 encoded in b(X) and f,(X) form
an irreducible infinite-dimensional supermultiplet with respect to the supersymmetry transfor-
mations generated by the generalized super-Poincaré algebra (2.5)—(2.8). The hyperfields b(X)
and f,(X), satisfying (2.23), transform under the supertranslations (2.18) as follows

Sb(X) = —ie! fu(X),  8fu(X)=—€"8,,b(X). (2.28)

The D = 4 higher-spin field curvatures are contained in 5(X) and f,,(X) as the components of
the series expansion in the powers of the tensorial coordinates y”" of the flat hyperspace (2.1)

b(xl, ymn)

1
=¢(x)+ ym‘”‘ lenl(x) + ymlnlymznz |:Rm1n1,mzn2(x) - Enmlmzanlan2¢(x)i|

o]

s=3
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1
fp(xl, ym") = Cpufu = I//'0(-)‘7) + ymlnl [Rzlnl(x) - Eaml(ynlwyj]

o
mo_in._ |
+Zyn11nl...y s=g Z[Rr'(r)llm YYYY ms,lny,l(x)_‘_“']' (2.29)
S:% 2 2
Remember that in (2.29), CP* = —CHP is the charge conjugation matrix used to raise spinor

indices, ¢ (x) and ¥”(x) are a D =4 scalar and a spinor field, respectively, Fj;,,,(x) is the
Maxwell field strength, Ry,;,n,,m,n, (x) is the curvature tensor of linearized gravity, R,’,’,,n1 (x) is
the Rarita—Schwinger field strength and other terms in the series stand for generalized Riemann
curvatures of spin-s fields® that also contain contributions of derivatives of the fields of lower
spin denoted by dots, as in the case of the Rarita—Schwinger and gravity fields (see [12] for
further details).

The fact that the higher-spin fields should form an infinite-dimensional representation of the
generalized N = 1, D = 4 supersymmetry (2.5) is prompted by the observation that the spectrum
of bosonic fields contains a single real scalar field ¢ (x), which alone cannot have a fermionic
superpartner, while each field with s > 0 has two helicities £s. Indeed, from (2.28) we obtain an
infinite entangled chain of supersymmetry transformations for the D = 4 fields

. 1
S0 = i€y (), =5 (I + VI Fa)
. 1
8Fun = —iet (Ru.mn(x) - Ea[m ()’n]lp),u),
1 1 v p
(SRan()C) = Ealm(yn](h//)u - 56 )/Wamen

1
- Euyup,f <qu,mn(x) - an np[man]¢(x)>a (2.30)

and so on.

The algebraic reason behind the appearance of the infinite-dimensional supermultiplet of the
D = 4 higher-spin fields is related to the following fact. In the n = 4, D = 4 case the superalgebra
(2.5) takes the following form

{Qu: 0y = (v") oy P+ (r™) oy Zonun: (2.31)

where Py, is the momentum along the four-dimensional space-time and Z,,, = —Z,,, are the
tensorial charges associated with the momenta along the extra coordinates y™".
On the other hand, the conventional N =1, D = 4 super-Poincaré algebra is

{Qu. Qv}=(¥™)

Though the both algebras have the same number of the supercharges Q,,, their anti-commutator
closes on different sets of bosonic generators. So the super-Poincaré algebra (2.32) is not a
subalgebra of (2.31). Hence the representations of (2.31) do not split into (finite-dimensional)
representations of the standard super-Poincaré algebra. In this sense the supersymmetric higher-
spin systems under consideration differ from the most of supersymmetric models of finite-
dimensional super-Poincaré or AdS higher-spin supermultiplets considered in the literature (see,
e.g. [29-49)).

Py (2.32)

v

2 The pairs of the indices separated by the commas are antisymmetrized.



I. Florakis et al. / Nuclear Physics B 890 (2015) 279-301 287

It will be of interest to study which higher-spin superalgebra, associated with the enveloping
algebra of osp(1|2n), underlies the super-hyperspace system under consideration. In particular,
one should understand whether and how this superalgebra can be embedded into the higher-
spin superalgebra hu(1, 1|2n) considered in [34] and, in the context of hyperspace constructions,
in [4]. For instance, in the D = 4 case the superalgebra hu(1, 1|8) contains osp(2|8) as a fi-
nite-dimensional subalgebra [4], the latter contains the D = 4 superconformal algebra su(1, 1|4)
and, hence, the usual N =1, D = 4 super-Poincaré algebra as sub-superalgebras, thus allowing
for an hu(1, 1]8)-invariant higher-spin system to split into the conventional finite-dimensional
N =1, D =4 supermultiplets. As we have argued above (see also the comment in the end of Sec-
tion 2.2), this is not so for the osp(1|8)-invariant higher-spin model under consideration. In this
respect let us also note that, as has been pointed out, e.g. in [57], although higher-spin superalge-
bras exist in any space—time dimension D they admit usual finite-dimensional sub-superalgebras
only in space—times of lower dimensions® such as D = 3, 4, 5 and 7. In other words, higher-spin
supersymmetry does not necessarily imply conventional supersymmetry.

3. Scalar superfields on OSp(1|n) group manifolds and their equations of motion
3.1. Geometric structure of the OSp(1|n) group manifolds
The geometric structure of the OSp(1|n) group manifolds in the form we shall review be-

low and use extensively in this paper for the description of higher-spin fields in the associated

AdS spaces has been discussed in [3,7,8,11,24]. The OSp(1|n) superalgebra is formed by n anti-

commuting supercharges Q, and w generators Myg = Mgy of Sp(n)

{Qou QB}ZZMaﬁ» [Qo, Mﬂy]zgca(ﬂgy)v

2
i§
[MaﬂvM)/S]2_7(Cy(aM,3)5+C8(aMﬁ)y), (3.1
where Cpg = —Cgq is the Sp(n) invariant symplectic metric and & is a parameter of inverse

dimension of length related to the AdS radius via r =2/& (see also [1]). The OSp(1|n) algebra
(3.1) is recognized as a subalgebra of (2.17) with the identifications

2

§ § §
o = o “Pa ) Mg = Pop — —Kap — —Lap), 2
< <Q +4S) p = Pap = 1 Kap = 7Liep) (3.2)

where Sy = S Cpo, Lap = Lo Cyp and Kop = K72Cpo Csp.
The OSp(1|n) manifold is parametrized by the coordinates (X*",0") and its geometry is
described by the Cartan forms

2=0"10(X,0) = —i2° Myg + i E*Q,, (3.3)

where O(X, 6) is an OSp(1|n) supergroup element. The Cartan forms satisfy the Maurer—Cartan
equations associated with the OSp(1|n) superalgebra (3.1)

d[)“ﬁ~|—%(2“” AR2,P =—iEYNEP, dE“+%Ey/\9ya=0, (3.4)

with the external differential acting from the right.

3 The case of D = 6 still has to be analyzed. We thank Mikhail Vasiliev for comments on this issue.
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The Maurer—Cartan equations (3.4) are then solved by the following forms

Q% =dX"G,“G P (X)+ = (@“D@ﬁ +6Do%) = 1M1""6,%6,* (X, ©), (3.5)
E*=P(6*)DO* - @"‘DP(@) ), (3.6)
where © is related to 6 through
0°=0rG P07, ©*=6%0,  P(O)=I1+ ’85 62, (3.7)
while the covariant derivative
*=dO% + %@ﬂwﬁ“o{), (3.8)
contains the Cartan form of the Sp(n) group manifold
o™ (X) = dX"' G, ()G (X), (3.9)
and
i
G.P(X,0)=G.P(x) - g(@a —2G,"0,)0F, GV =54+ %Xaﬁ. (3.10)
Note also the relations
0°G" =0FP(0%),  6*=0°G.1"P(6?), 3.11)
and the fact that the inverse matrix of (3.10) is given by
G, (X, 0) =G () — S (0°G) (0°G; ) P2 (07)
— G 5 B_sbS(x p_Ly b
— (X) = 2 0a07 =8 + 2 Xa” = S0a6" ). (3.12)

The form of the bosonic Cartan form (3.5) prompts us that the latter is related to the super-
invariant form (2.3) in flat hyper superspace via the GL(n) transformation with matrix element
(3.10). This property was revealed in [7] and called GL-flatness of the OSp(1|n) supermanifold.
It will allow us to generalize the results of [1] and relate the scalar superfield @ (X, 6) and its
field equation (2.20) in flat superspace to a scalar superfield and its equation of motion on the
supergroup manifold OSp(1|n).

3.2. Scalar superfield on OSp(1|n) and its OSp(1|2n) invariant equation of motion
The scalar superfield equation on OSp(1|n) takes the form [11]

<Vlavﬂ] g aﬁ)ébosp(x 0) =0, (3.13)

where the Grassmann-odd covariant derivatives V,, and their bosonic counterparts Vg satisfy
the OSp(1|n) superalgebra similar to (3.1), namely

[V Vg =2iVg (3.14)

§
[Vyvv(xﬂ] = Ecy(avﬂ)v (3.15)

[Veg, Vys]l = %(Coz(y V)8 + Cpy Voya)- (3.16)
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A somewhat tedious but straightforward algebra then shows that the superfield ®pg, (X, 0) satis-
fying (3.13) is related to the superfield @ (X, 0) satisfying the flat superspace equation (2.20) by
the super-Weyl transformation

Bosp(iiny (X, ©) = (det G) ™2 Dy (X, 0) = (det G) 2 P(02) By (X, 6), (3.17)

while the OSp(1|n) covariant derivatives are obtained from the flat superspace ones by the fol-
lowing GL (‘generalized superconformal’) transformations

Voc = ga_lu'D;u
Vop = Gy 4G5 " (8 +2i Dy In((det G)2 P~ (62)) D). (3.18)

Substituting (2.21) into (3.17) and using the definition (3.7), together with the fact that on the
mass shell all higher components in (2.21) vanish, we find

Pospn) (X, O)
= (det G)"2b(X) + O%(det G) "2 G " (X) £,,(X) + O(O2, b(X)), (3.19)
where the first two terms are the fields
B(X)=(detG) 2h(X),  Fu(X)=(detG) 2G5 " (X) £ (X) (3.20)
propagating on the Sp(n) group manifold, and O (2, b(x)) stands for higher order terms in @2
which only depend on b(X). The fields (3.20) satisfy the equations of motion
(VapVys — Vay, Vps) B

§
- g(CayV,ga - Caﬂvyg + C/%Vo,y - Cy(;Va,g + 2Cﬂy Vas)B

2
— <§) (CayCps — CopCys +2Cpy,Cys)B =0, (3.21)

§
Vas Fy —VayF5+§(CyaF,3 —CpaFy +2C,pFy) =0, (3.22)

discussed in detail in [1]. Note that in (3.21) and (3.22) the covariant derivatives are restricted to
the bosonic group manifold Sp(n), i.e. Vog = G(;IM(X)G/;“(X)E)HU.

Since the flat superspace field equation is invariant under the generalized superconformal
OSp(1|2n) transformations (2.24), the above relation leads us to conclude that also the OSp(1|n)
superspace equations (3.13) are invariant under the OSp(1|2n) transformations, under which the
superfield @pg, (X, 6) varies as

8Posp = —(e"Qu + £, 8" +ia" Puy + ik K + g, L,*) Posp

— %(g,/‘ —kuy <X’“’ + %9“9”) + EMGM)d)og,,. (3.23)
Here
Puv=—iDyy =—i (3,“, + %g(aﬂ)), (3.24)
and

Qu=0u— %@MP(@). (3.25)



290 L. Florakis et al. / Nuclear Physics B 890 (2015) 279-301

Using the relations

0p0% = Pl(@2)<Gﬂ°‘ + %@ﬂ@“ + %Gﬂo@g@“ + <%)2@2@,3@“), (3.26)

(0p0%)0, = P(@z)(Gﬂ" + %@ﬂ@‘f)@g, (3.27)

dup @7 = %@(acﬁ)“<5§ + %@a@y), (3.28)

DpGo? = %P(@Z)(@a —2G4"0,)Gs” (3.29)

dupGy° = %Qﬂagﬂf , (3.30)
and

0uGpv = —%P(@Z)@vg,w, (3.31)

one may check that the operators (3.24) and (3.25) obey the flat hyperspace supersymmetry
algebra

[,P;w’ Ppa] =0, {qu Qv} = _ZPMua [Puvv Qp] =0. (3.32)
The other generators of the OSp(1|2n) are

SH = —<X‘“’ + ’59“9“>Qu, L, =-2i <X”’° + %GVGP)DW —i0"Qu,  (3.33)
and
MY = (XW’ + %9“9/’) (X“ + %evel)pm — i8SV, (3.34)

Taking into account the commutation relations (3.32) we see that the operators Q,, S, Py,
L,Y, K* obey the same OSp(1]2n) algebra (2.17) as the operators Q,,, S*, Py, L," and K*V.

4. Correlation functions in A = 1, D = 3 superconformal models

Before considering correlation functions for superfields in hyper superspaces, it is instructive
to discuss in detail analogous structures arising in the superconformal theory of a real scalar
superfield in a conventional N' = 1, D = 3 superspace. The reason being that this model is
the simplest example (with n = 1) of the OSp(1|2n) invariant systems considered above. The
physical content of this system is a real scalar and a D = 3 Majorana spinor field whereas the
massless higher-spin fields are absent.

The superconformally invariant two- and three-point correlation functions of the N' =1, D =
3 model have been constructed in [26] with the use of a slightly different notation. Below we
shall discuss properties of the two- and three-point functions for the D = 3 scalar superfield and
its components using a formalism which straightforwardly generalizes to higher-dimensional
hyperspaces.

Let us use the spinor—tensor representation for the description of the three-dimensional space—
time coordinates
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xP = P = x" ()P, @.1

where o, f = 1,2 are D = 3 spinorial indices and m = 0, 1, 2 is the vectorial one. Since (4.1)
provides a representation of the symmetric 2 x 2 matrices x*#, no extra coordinates, like y””",
are present and, hence, no higher-spin fields.

The inverse matrix of (4.1), xa_ﬁl

xo‘ﬂxﬂ_y1 =4}, (4.2)
takes the simple form

» 1 |
Xoup = _memx (Vn)ap = _x_zxaﬁ' 4.3)

We may now consider a real scalar superfield in D =3

D(x,0) = (x) +i0% fo(x) + %0, F (x), 4.4)

with ¢ (x) being a physical scalar, f,(x) a physical fermion and F (x) an auxiliary field.
If (4.4) satisfies the free equation of motion (2.20), which in the D = 3 case reduces to

DYDy® =0, (4.5)

the auxiliary field F (x) vanishes, the scalar field ¢ (x) satisfies the massless Klein—-Gordon equa-
tion and fy (x) satisfies the massless Dirac equation.

Let us consider a superconformal transformation of (4.4). The Poincaré supersymmetry trans-
formations read

.
5P (x,0) =€ <W —ipP Py >q>(x, 0) =€*QuP(x,0), (4.6)
and imply the supersymmetry transformations of the component fields
8 (x) =ie€” fo(x), 4.7)
8fa(x) = —2i€a F (x) — €#dupgp (x), (4.8)
1, P
BF(x) = 2 ¢“dup 7 (x). (4.9)

where we have made use of the identity
1
0°0F = Ecaﬁ(eyey). (4.10)
Moreover, under conformal supersymmetry, @ (x, 8) transforms as
3D (x,0) =&, <x°‘ﬁ + %9“9ﬁ> 0pP(x,0) — i(gaea)mp(x, 0), (4.11)

where A is the conformal weight of the superfield. The superconformal transformations of the
component fields are given by

8¢ (x) = i&ax®P fo(x), (4.12)
8fu(x) = —2ikpxP 4 F(x) + £xP7 8,00 (x) + &4 A (1), (4.13)

1 1 1
SF(x) = zéfaxaﬂaﬁyfy(x) - Eé‘a<§ - A) T, (4.14)
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The conformal weights of ¢, f, and F are A, A + % and A + 1, respectively.
It should be noted that the field equation (4.5) is superconformally invariant if the superfield

@ (x, 0) has the canonical conformal weight A = %

4.1. Two-point functions

The form of correlation functions in superconformal theories is drastically restricted by the
requirement of their superconformal invariance.

The two-point correlation function of the superfield @ (x, #) with conformal weight A is
obtained by first solving the superconformal Ward identities which involve Q- and S-supersym-
metry transformations. The invariance under bosonic translations, rotations, conformal boosts
and dilations then follows as a consequence of the properties of the superconformal algebra. The
Q- and S-supersymmetry Ward identities are

uf 0, 0 3 B]
€ W_'ela—”Lae“ 923’” (®(x1,01)P(x2,60)) =0, (4.15)

j ad ad i 0 a
X'Lw l_eﬂev _ .9'0— Xl‘«” _9#9\) - '0/0_
sl”-|:< 1 +2 171 89111 l laxi}p + 2 +2 272 86; l 2 ax;p
0

(D (x1, 00D (x2,02)) + i A&, (0] + 05) (P (x1,01) P (x2,60)) =

and

The solution to these equations takes the form

(@ (x1, 0@ (x2,02)) = ea(det |z12]) ™2, (4.16)

where c; is an arbitrary normalization constant and

Z;Ljv Zx;w _ xj _ 591#9.1) _ 591 Q;L’ (417)

is invariant under Q-supersymmetry. As usual, for the two-point function to be non-vanishing,
the conformal weights of the two superfields should be equal.
Expanding the expression on the right hand side of (4.16) in powers of 6, we obtain

(det|z12]) ™ = (detx1al) ™ — i (det [x1]) 2062

1 YN
— 5 s (det x12]) 0*6P07 62 (4.18)
Using the identities
aaﬁ(det|x|)* _—Ax—ldet|x| (4.19)
and
—A 1 — 1 ., _ 1
B35 (det|x|) 5 = A<Axaﬁ1xy61 + zxa;xﬁ; + 2xﬁy s )(det|x|) (4.20)

one may rewrite the expression (4.18) as

_ _ 2A— 1A 1
(det|zp2]) ™ = (det]xpal) A(1 AMG“G” %—9192) 4.21)
xlz x12
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Thus, from Eqgs. (4.18) or (4.21), one may immediately read off the expressions for the correlation
functions of the component fields of the superfield (4.4):

(6 (1) (x2) = e (det xial) 7, (4.22)
(fulr) f () = —icatep (detxial) 2 (@Cx1) fulen) =0, (4.23)
(Fang @) =0,  (Flx1) falx2))=0, (4.24)
(Fxn)F(x2)) = —%a“ﬁaaﬂ (det |x|)_A. (4.25)

Let us note that when the superfield @ (x, 6) has the canonical conformal dimension A = %,
due to the identity

-4 1 ,, 9 0

2" ax ox?

C*7 CP29,50,5(det x12]) (det|x12]) 2 (4.26)
the last term in (4.18) is proportional to the §-function if one moves to the Euclidean signature.
Then one has for the two-point function for the auxiliary field

(FOF @) = =T (1 = x). 4.27)

Note that the correlation functions of the auxiliary field F with the physical fields and with itself
(for x{" # x5') vanish.

On the other hand, if the conformal weight of the superfield (4.4) is anomalous, i.e. A # %,
the correlators of the auxiliary field with the physical ones still vanish (in agreement with the fact
that their conformal weights are different), but the (F F') correlator is

2A— DA 1 _
(F(XI)F(XZ))Z—Cz%T(deﬂxlﬂ) A
12
2A — DA Al
—czg(deﬂxm) At (4.28)

This situation may correspond to an interacting quantum N = 1 superconformal field theory [58],
where the auxiliary field is non-zero, and fields acquire anomalous dimensions due to quantum
corrections.

4.2. Three-point functions

We now consider three-point functions involving three real scalar superfields carrying
scaling dimensions A; (i = 1,2, 3). Solving the supeconformal Ward identities for Q- and
S-supersymmetry transformations we find

(@21 (x1,00) D2 (x2, 02) D3 (x3,63))
— c3(det|z1l) ™M (det|z3l) " (det|za1]) 4, (4.29)

where

1 1 1
ki == (A1 4+ Az — A3), ky==(A2+ Az — Ay), k3= =(A3+ A1 — Ap).
2 2 2 (4.30)
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Using the expansion (4.21), one obtains the three-point functions of the component fields of
@21 (x1,01), P22(xy, 62) and @23 (x3, 03), whose labels of scaling dimension we skip for sim-
plicity

(¢ (1) (x2) (x3)) = c3(det [x121) ™" (det [x23]) ™ (det [x311) ™, (4.31)
(fa(x1) f5(x2) (x3))
k " mo, —K1 —ky —
= 0371)611(2)/ ) ﬁ(det|x12|) ¢ (det |x23]) ¢ (det|x3]) .
12
= —ic3ki X" (ym)ap (det [x12]) ™ 7" (det|x23]) T2 (detxz1]) 7, (4.32)
(fa (XD F (x2) fp(x3))
kik _ _ _
= 31— (vma® (g (x7) (x%3) (det [x1a]) ™ (det xas]) ™2 (det fxay[) 7
2x15X%3

kik ke e _
=cg%(ym>a5(m)aﬁ(xi’é)(x%)(det|xlz|) 71 (det xps]) T (det s ]) 9. (4.33)

(Fe) F(x2)¢ (x3)) = —%a’"am((det x12l) ™) (det xas]) T2 (det fxza ) 7 (4.34)

The remaining three-point functions containing an odd number of fermions, as well as the
correlator (F¢¢), vanish. Note that, dimensional arguments would allow for a non-zero (F¢¢)
correlator, but supersymmetry forces it to vanish. The correlator (F (x1) F (x2) F(x3)) is zero as
well, since it is proportional to (Vi Yn¥p) X435y, = 2i€mnpxhxiysxy = 0.

Moreover, from the above expressions we see that superconformal symmetry does not fix the
values of the scaling dimensions A; (4.30) entering the right hand side of (4.29). This indicates
that quantum operators may acquire anomalous dimensions and the quantum N =1, D =3
superconformal theory of scalar superfields can be non-trivial, in agreement, e.g. with the results
of [58].

If the value of A were restricted by superconformal symmetry to its canonical value and no
anomalous dimensions were allowed (for all the operators which are not protected by super-
symmetry) one would conclude that the conformal fixed point is that of the free theory. This
is the case, for instance, for the N’ =1, D = 4 Wess—Zumino model in which the chirality of
N =1 matter multiplets and their three-point functions restricts the scaling dimensions of the
chiral scalar supermultiplets to be canonical. This implies that in the conformal fixed point the
coupling constant is zero, i.e. the theory is free [59,60].

5. Correlation functions in OSp(1|2n)-invariant models

Following the example of the N'= 1, D = 3 superconformally invariant model of the previ-
ous section, we now proceed to compute correlation functions on hyper superspace for generic
OSp(1|2n) invariant models. Again, it is sufficient to require the invariance of the correlation
functions under Q- and S-supersymmetry transformations. The invariance under the generalized
translations, rotations and conformal transformations will then be guaranteed by the form of the
OSp(1]2n) superalgebra. As we will see, the form of the super-correlators will be exactly the
same as in the D = 3 case with only difference that the superinvariant intervals (4.17) are now
n X n matrices.
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5.1. Two-point functions

Let us denote the two-point correlation function by

W(Z1, Z2) = (@ (X1.01) P (X2, 6)). (5.1)

The invariance under Q-supersymmetry requires
“( 0 10 — 9 0 124 0 )W(Z Z)=0 (5.2)
€ —1i — — 10— , =0, .
aor U axt T aer T gk b

which implies

(@(X1.60)P(X2,60)) = W(det|Z12]), (5.3)
where

Ziy = x{" = X} — S6i'0y - S010} (5.4)

is the interval between two points in hyper-superspace which is invariant under the rigid super-
symmetry transformations (2.2).
We next impose invariance of the correlator under the S-supersymmetry transformation

i a 0 i a 0
sl (1o 50101 ) (g — 00 g ) + (87 + 50208 (g~ 98 )

x W(det|Z12]) +§M( o) + 29“>W(det|212|) =0, (5.5)

which is solved by

_1 _1
W(det|Zi2]) = c2(det|Zp2]) 2 = (D(X1,00)P(X2,602))=ca(det|Z12]) 2. (5.6)
The two-point function (5.6) reproduces the correlators of the component bosonic and fermionic
hyperfields 5(X) and f,(X) after the expansion of the former in powers of the Grassmann coor-
dinates 61(“ 6; ). Since on the mass shell the superfield (2.21) has only two non-zero components,
all terms in the 6-expansion of the two-point function (5.6), starting from the ones quadratic in

91(“92‘) ) , should vanish. This is indeed the case, as a consequence of the field equations.
To see this, let us recall that in the separated points the two-point function of the bosonic
hyperfield of weight % satisfies the free field equation. Therefore for X é 8 #* Xg one has*

(340956 — 93,000 ) (DX 1B(X2)) = (3,0}, — 0,0, ) (det|X 1) 72 =0, (5.7)

Similarly, for X1, # X2, the fermionic two-point function satisfies the free field equation for
the fermionic hyperfield. Written in terms of the superfields, these equations are encoded in the
superfield equation

(DD, — DiDl)(mxl )@ (X2, 92))
= (D,,D} — D} D},)(det|Z,)” 1 _0 (for Z15 #0). (5.8)

4 When the two points coincide, one can define an analog of the Dirac delta function in the tensorial spaces, see [5] for
the relevant discussion.
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1
Expanding the two-point function (det|Z12|)~ 2 in powers of the Grassmann theta-variables

_1 1 1
(det|Z12]) "2 = (det | X12]) "2 — idup (det| X12]) 2065

1 _1
— 5 dyadp (det X 12]) 20000760 + .-, (5.9)

one may see that terms in the expansion starting from (91(“9; ))2 vanish due to the free field
equation (5.7). From Egs. (5.6), (5.9) and from the explicit form of the superfield (2.21), one
may immediately reproduce the correlation functions for the component fields [10]

(b(X1)b(X2)) = ea(det| X 1a]) 2.

(Fu XD FuX)) = 2 (X)L (det | Xal) 2. (5.10)

Notice also that, contrary to the non-supersymmetric case, where the two-point functions for
bosonic and fermionic hyperfields contain an independent normalization constant each, in the
supersymmetric case the number of independent constants is reduced to one.

The two-point functions on the OSp(1|n) manifold may now be obtained from (5.6) via the
rescaling (3.17), which relates the superfields in flat superspace and on the OSp(1|n) group man-
ifold

(Posp(X1.01)Posp(X2, 62))
- (detG(Xl))_%P(@lz)(detG(Xz))_% P(03)(®@(X1,61)® (X2, 6,)). (5.11)

Finally, as in the D = 3 case, one may derive the superconformally invariant two-point func-
tion for superfields carrying an arbitrary generalized conformal weight A, which on flat hyper
superspace has the form

(@21(X1,0) P22 (X2, 60)) = ca(det| Z1a]) 2, A=Az =A. (5.12)

In principle, in order to obtain the OSp(1|n) correlator, as in the case A = %, one may apply to

(5.12) a Weyl rescaling similar to (5.11). However, when A # % the superfields no longer satisfy
the quadratic equations (2.20) and (3.13), because the latter equations are superconformally in-

variant only for A = 1 Thus, fixing the power of (det G(X ))_% P(©?) in the Weyl transform of
quantities carrying anomalous dimensions remains an interesting open problem.

5.2. Three-point functions

The three-point functions for the superfields with arbitrary generalized conformal dimensions
A (i=1,2,3)
W(Z1, 22, Z3) = (@ (X1,0) @ (X2, 02) D (X3, 63)), (5.13)

may be computed in a way similar to the two-point functions using the superconformal Ward
identities. The invariance under Q-supersymmetry implies that they depend on the superinvariant
intervals Z;;, i.e.

(P(X1,0)P(X2,60)D(X3,03)) = W(Z12, Z23, Z31), (5.14)

where
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KV Y v i n " L.
Zi =X; —X; —5(91. 9/‘f+9i“9j), i,j=1,2,3. (5.15)
Invariance under S-supersymmetry then fixes the form of the function W to be
(@(X1.61)P(X2,60)P(X3.63))
= c3(det Z1p) " 2(ATHA2789) (et 7,3) " 1(A2HATTAD (et 731)"2(A3HAI=AD) (5 16)
Let us note that the three-point function is not annihilated by the operator entering the free equa-

tions of motion (2.20) for generic values of the generalized conformal dimensions, including the
case in which the values of all the generalized conformal dimensions are canonical

(D,,D} — D} D})(@(X1.6)), ®(X2.62), (X2, 62))

_1 _1 _1
=c3(D,, D} — D,D})((det|Z2]) " *(det|Zn3]) *(det|Z31]) " *) #0.

The component analysis of the superfield three-point correlation function (5.16) proceeds in the
same way as in the A" =1, D = 3 case of Section 4.2. The difference lies, however, in the
presence of many more auxiliary fields.

Again, the three-point functions on the supergroup manifold OSp(1|n) can be obtained via the
Weyl rescaling (3.17), as in the case of the two-point functions, Eq. (5.11).

5.3. Four-point functions

Finally, let us consider, first in flat hyper superspace, the correlation function of four real
scalar superfields with arbitrary generalized conformal dimensions, A; (withi =1,2,3,4)

W(Z1, Z2, Z3) = (@ (X1, 01) P (X2, 02) D (X3, 03)D (X4, 04)). (5.17)

Invariance under Q-supersymmetry again implies that the correlation function depends only on
the superinvariant intervals Z;‘jv (5.15). Following the analogy with conventional conformal field
theory we find

1 -
W(X1, X2, X3, X0)=cq [] mw(z,z’), (5.18)
_ i

iji<j
with W being an arbitrary function of the cross-ratios

YAVIIVA Z1l|Z
7= det(m), 7= det<m>, (5.19)
|Z13]| Z24] | Z23||Z14]

subject to the crossing symmetry constraints

W(z2) = W(l, Z—) = W(i, l/) (5.20)
Z Z 7 Z

Furthermore, the k;;’s are constrained by invariance of the four-point function under the
S-supersymmetry to satisfy

> kij= A (5.21)
J#i
Similarly to the case of two- and three-point functions, the four-point function of the scalar
superfields on OSp(1|n) can be obtained from (5.18) via the Weyl rescaling (3.17).
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6. Conclusion and outlook

A detailed study of the OSp(1]|2n)-invariant generalized superconformal theories is still an
interesting open problem, which is important for better understanding the properties of con-
formally invariant higher-spin field theories (see, e.g. [61-69] for recent progress in studying
conformal higher-spin fields). Our results are a further step in this direction. Following the pro-
gram outlined in [1], we have extended the results on the structure of Sp(2n)-invariant field
equations to supersymmetric higher-spin systems. We constructed generalized superconformal
transformations relating the field equation on flat hyper-superspace and on OSp(1|n) supergroup
manifolds, which correspond to a generalization of supersymmetric AdS spaces. We computed
the two-, three- and four-point functions of real hyper-superfields both on flat and on OSp(1|n)
supergroup manifolds and, as a simple illustration of our approach, applied this technique to the
example of A" =1, D = 3 superconformal theory of scalar superfields.

It is important to further study possible interactions (which might be associated with non-
trivial three- and four-point correlation functions) in this type of models. Since a Lagrangian
description of OSp(1|2n) invariant field equations is still not known even in the free case, one can
approach the problem using non-Lagrangian methods similar to those in Conformal Field Theo-
ries (see for example [70]). Following these methods one can try to introduce OSp(1|2n) invariant
vertexes and compute explicit expressions for anomalous dimensions for generalized conformal
weights. Recall that according to the results of Section 5 the Ward identities for three- and four-
point functions do not necessarily require the values of the generalized conformal weights to be
canonical, therefore one may expect interesting outcomes of this study.

The question of the existence of anomalous values for generalized conformal dimensions can
be related to the question of a possible breaking of OSp(1|2n) symmetry down to a correspond-
ing AdSp (super)symmetry. In this respect one can also note that the hyperspace formulation
considered in this paper does not involve higher-spin gauge field potentials, but only their field
strengths. So far higher-spin potentials have been introduced only in an unfolded extension of the
hyperspace formulation of D = 4 higher-spin fields in such a way that the resulting equations are
invariant under SU(2,2) and O (3, 3) subgroups of the original Sp(8) symmetry, motivating to
speculate on their origin due to a mechanism of spontaneous breaking of higher-spin and Sp(8)
symmetries [13]. Further study in this direction may help in searching for interacting systems of
fields on hyper-(super)spaces and their possible connection to Vasiliev’s interacting higher-spin
gauge theories.

It would be also of interest to consider in detail the implication of our results in the frame-
work of higher-spin AdS/CFT correspondence. The origin of higher-spin holographic duality
can be traced back [4] to the work of Flato and Fronsdal [71] who showed that the tensor prod-
uct of single-particle states of a 3D massless conformal scalar and spinor fields (singletons)
produces the tower of all single-particle representations of 4D massless fields whose spectrum
matches that of 4D higher-spin gauge theories. The hyperspace formulation provides an explicit
field theoretical realization of the Flato—Fronsdal theorem in which higher-spin fields are also
“packed” in a single scalar and spinor fields, though propagating in hyperspace. The relevance
of the hyperspace formulation to holography has been pointed out in [4,72]. In this interpre-
tation, holographically dual theories share the same unfolded formulation in extended spaces
which contains twistor-like (or oscillator) variables and each of these theories corresponds to a
different reduction, or “visualization”, of the same “master” theory. For instance, the higher-spin
field equations in either ordinary space—time or hyperspace can be obtained from the same set of
unfolded equations [4,6—8]. Depending on the number of twistorial coordinates of the unfolded
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formulation, one can obtain hyperfields of different ranks which can be fundamental fields, bi-
fundamental fields (currents) etc. [9]. A connection between these fields in different dimensions
can be established via embedding of lower-dimensional hyperspaces into higher-dimensional
ones [19]. Thus, one can conclude that the hyperspace formulation provides an extra and poten-
tially powerful tool for studying higher-spin AdS/CFT correspondence.

A detailed study of the higher-spin content of field equations on higher-dimensional curved
hyper-superspaces, as well as their underlying higher-spin superalgebras containing OSp(1|n), is
yet another interesting issue. We hope to address these problems in future work.
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