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Abstract 

In this paper we completely settle the embedding problem for m-cycle systems with m ~< 14. 
We also solve the more general problem of finding m-cycle systems of K ~ -  Ku when m E 
{4,6,7,8,10,12,14}. 

1. Introduction 

Throughout we will use standard graph theoretic terminology which if not defined 

here can be found in [2]. Let G c denote the complement of G. I f  G and H are two 

graphs then let G U H  be the graph with vertex set V(GUH)  = V(G)U V(H) and edge 

set E ( G U H )  = E ( G ) U E ( H ) .  I f  V(G)N V(H) = 0, then let G V H  be the graph with 
V(G V H )  = V(G) U V(H) and E(G V H )  = E(G)  U E ( H )  U {{g,h} I g E V(G),h E 
V(H)}. I f  H is a subgraph of G, let G - H be the graph containing those edges of G 

which are not in H.  Define l i - j l x  = m i n { l i - j ] , x - [ i - j [ } .  If  Do, Dt C_{1,2 . . . . .  Lx/2J } 
and S C7/x, then define the graph (Do, S, Dl)x to be the graph with the vertex set 
7/x × 7/2 and edge set { { ( i , O ) , ( j , O ) } [ l i - j l  x E Do} U {{(i,0),(j ,  1 ) } [ i - j ( m o d x ) E S }  

U {{(i, 1),(j, 1)} [li - J l x  E D1}. 
Let 7/m = {0, 1 . . . . .  m - 1}. An m-cycle is a graph (v0, vl . . . . .  Vm-1) with vertex set 

{v i i i  E 7/m} and edge set {{vi, vi+l}[i EZm} (reducing the subscript modulo m). An 
m-cycle system of a graph G is an ordered pair (V,C) where V is the vertex set of G 

and C is a set of  m-cycles, the edges of  which partition the edges of G. An m-cycle 

system of order n is an m-cycle system of K,. An m-cycle system (V, C) is said to be 
embedded in the m-cycle system (W,P) if V C W and C CP.  
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A most natural question to consider is the embedding problem for m-cycle systems; 
that is, to find the set of integers Sin(u) such that any m-cycle system of order u can 
be embedded in an m-cycle system of order v > u if and only if v E Sin(u). Doyen 
and Wilson solved the embedding problem for 3-cycle systems (Steiner triple systems) 
in 1973. 

Theorem 1.1 (Doyen and Wilson [6]). S3(u) = {v I v = 1 or 3 (mod6), v>~2u+ 1}. 

The embedding problem for 5-cycle systems was recently solved by Bryant and 
Rodger. 

Theorem 1.2 (Bryant and Rodger [4]). Ss(u) -- {v[v - 1 or 5 (mod lO) ,v>~3u/2+l} .  

More recently, Bryant and Rodger [5] gave a general approach for embedding an 
m-cycle system of order u in the case m is odd and u is 1 or m (mod2m) and a 
complete solution to the embedding problem for m-cycle systems was given in the 
c a s e s m = 7  a n d m = 9 .  

Theorem 1.3 (Bryant and Rodger [5]). S T ( U ) = { v l v ~ l  or 7 (mod 14), v>>.4u/3+l}. 

Theorem 1.4 (Bryant and Rodger [5]). S 9 ( u ) = { v l v  = 1 or 9 (mod 18) ,v>~5u/4+l} .  

In this paper we completely solve the embedding problem for m-cycle systems for 
the remaining values of v~< 14; that is, for v E {4,6, 8, 10, 11, 12, 13, 14}. 

When an m-cycle system of order u is embedded in an m-cycle system of or- 
der v, an m-cycle system of the complete graph of order v with a hole of size u, 
K v -  K~, is obtained by deleting the m-cycle system of order u. However, the so- 
lution of the embedding problem for m-cycle systems does not completely solve the 
existence problem for m-cycle systems of Kv - K u ;  it does not solve the cases where 
there is no m-cycle system of order u. This more general problem was solved in 
the case m = 3 by Mendelsohn and Rosa [11] and in the case m = 5 by Bryant 
et al. [3]. 

Theorem 1.5 (Mendelsohn and Rosa [11]). There exists a 3-cycle system o f  Kv - K u  

i f  and only i f  v >>. 2u + 1 and 
(1) u, v =-- 1 or 3 (mod6), or 
(2) u = v --- 5 (mod 6). 

Theorem 1.6 (Bryant et al. [3]). There exists a 5-cycle sys tem o f  K v - K u  i f  and only 
i f  v >~ 3u/2 + 1 and 

(1) u, v = 1 or 5 (mod 10), or 

(2) u -  v -  3 (mod 10), or 
(3) u, v--- 7 or 9 (mod 10). 
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In this paper, we also settle this more general problem for the cases m = 4, 6, 7, 8, 
10, 12 and 14. There are some obvious necessary conditions for the existence of an 

m-cycle system of K~ - K~. 

Lemma 1.1. Let  v > u >1 1. I f  there exists  an m-cycle sys tem o f  Kv - K u  then 

(1) ( v - m ) ( v -  1)~>u(u-  1), 

(2) u - v - 1 (mod2), 
(3) ( v -  u ) ( v + u -  1)-= 0 (mod2m), 

(4) v>~(m+ 1 ) u / ( m -  1 ) +  1 i f  m is odd. 

Remark. Notice that Lemma 1.1 (1) implies that if u ~ v then v >/m and v >~ u + m/2. 

(v >/m is immediate, and v >1 u + m/2 follows since in the range m <<. v <<.u + m/2 the 

function f ( v )  = ( v -  m ) ( v -  1) is increasing, and since f ( u  + m/2)  < u ( u -  1).) 

Proof. Since v > u, in order that the edges incident with a vertex of degree v -  1 
be placed in m-cycles, the number of  m-cycles must be at least ( v -  1)/2. That is, 

(v(v - 1 ) - u(u - 1 ))/2m/> (v - 1 )/2, so (1) follows. Each of the u vertices in the hole 
of  K~, - Ku has degree v - u, and each of the remaining v - u vertices has degree v - 1. 

Since each m-cycle includes an even number of edges incident with each vertex, (2) 

follows. Since 2m divides e(K~,-  K ~ ) =  ( v -  u)(v + u -  1), (3) follows. Finally, (4) 
follows from [12]. [] 

We will need the following result concerning the existence of m-cycle systems 
of Kn. 

Theorem 1.7 (Jackson [8], Kotzig [9] and Rosa [13]). There exists  an m-cycle sys- 

tem o f  Kn in each o f  the fol lowing cases: 

(1) m is even and n = 1 (mod2m); 

(2) m is odd and n - 1 or m (mod2m). 

In Section 2 we solve the existence problem for m-cycle systems of Kv - K u  when 
m is even and 6~<m~<14. In Section 3 we solve the embedding problem for m-cycle 

systems when m E {11, 13}, supplementing Theorems 1.3 and 1.4. Finally, in Section 4 
we solve the existence problem for 7-cycle systems of K v -  Ku. 

2. Even cycles 

Theorem 2.1 (Sotteau [14]). Let  m be even, and x ,y>~l .  

sys tem o f  Kx, y i f  and only i f  

(1) x, y>~m/2, 

(2) x y  - 0 (modm), and 

(3) x - y--- 0 (mod2). 

There exists  an m-cycle 
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Proposition 2.1. Let  m be even. Suppose u -- 1, u > m/2 or v > u. I f  there exists 

an m-cycle system o f  Kv - K u  then there exists an m-cycle system o f  K~+x,n -Ku+ym 

with x>~ y>~O and x =- y (mod2). 

Proof. Let (UU F, C) be an m-cycle system of  K v - K u  where U is the set of u vertices 

in the hole and I," is the set of the remaining v - u  vertices. Let U' and II p be sets of ym 

and ( x - y ) m  further vertices, respectively. Form an m-cycle system (UUU~U P'U/,'~, C ~) 

of K~+xm - Ku+ym with hole U U U ~ by defining C' = C U C1 U C2 U C3 as follows. 

Let (U ~ U/z, C1 ) be an m-cycle system of Kym,v-~ with bipartition U ~ and F. This 

exists by Theorem 1.2 since v -  u >>. m/2 (by the remark after Lemma 1.1 ) or v -  u = 0, 

and since v - u = 0 (mod2) by Lemma 1.1(2). 

Let z E U U  V. Let ((U U U pU F U  V ' ) \ { z } , C 2 )  be an m-cycle system of 

gu+ym+v-u_l,(x_y)m with bipartition (U U U' U F)\{z} and V'. This exists by 

Theorem 1.2 since u + ym + v - u - 1 = ym + v - 1 -~ 0 (mod2) by Lemma 1.1(2), 

and since if v ~ 1 then ym + v - 1 >1 m/2 (either v > u in which case v - u >1 m/2, or 

v = u > m/2 by the hypothesis of this Proposition). 

Let ({z} U F', C3) be an m-cycle system of K(x-y~m+l. This exists by Theorem 1.7 

since x -  y (mod2). [] 

Proposition 2.2. Let  m be even and u = v (mod 2m). Suppose u = 1 or u > m/2. 

There exists an m-cycle system o f  Ko - K u .  

Proof. There exists an m-cycle system of Ku - K u  since this graph has no edges. The 

result therefore follows from Proposition 2.1. [] 

Corollary 2.1. Let  k > 1, m = 4 or 8 and v > u. There exists an m-cycle system o f  

K~ - Ku i f  and only i f  u - v (mod 2m). 

Proof. The necessity follows from Lemma 1.1(2) and (3), and the sufficiency 

follows from Proposition 2.2 unless m = 8 and u = 3. If  m = 8 and u -- 3 then by 

Proposition 2.1 it suffices to find an 8-cycle system of K 1 9 -  g3. This is done in 

Appendix A. [] 

Proposition 2.3. For v > u, there exists a 6-cycle system o f  Kv - K u  i f  and only i f  

v>>.u + 3 and 

(1) u, v -  1 or 9 (mod 12), or 

(2) u, v - 3 or 7 (mod 12), or 

(3) u-= v--- 5 (mod 12), or 

(4) u = v =  11 (mod12). 

Proof. The necessity follows from Lemma 1.1(1)-(3), so we now construct 6-cycle 

systems of K v -  Ku in each of the four cases. In view of Proposition 2.2, we may 
assume that either u ~ v (mod2m) or u = v (mod2m) and u --- 3. Using Proposition 
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2.1, it remains to construct 6-cycle systems of K9 - K 1 ,  KI3 - K 9 ,  K7 - K 3 ,  K15 - K 7  

and K15 - K 3 .  This is done in Appendix A. [] 

Proposition 2.4. For v > u, there exists  a lO-cycle sys t em o f  K v -  Ku i f  and only i f  

v>~u + 5 and 

(1) u, v ~ 1 or 5 (mod20), or 

(2) u - v-= 3 (mod20), or 

(3) u, v - 7  or 19 (mod20), or 

(4) u, v - 9 or 17 (mod20), or 

(5) u, v = 11 or 15 (mod20), or 

(6) u - v -  13 (rood20). 

Proof. The necessity follows from Lemma 1.1(1)-(3). To prove the sufficiency, using 

Propositions 2.1 and 2.2 as in the case where m = 6, it remains to construct 10-cycle 

systems ofKz5 -K1,  K21 -Ks ,  KI7 -K9  and K19-K7 for u ~ v (mod2m), and/£23 -K3 
and K25 - K 5  when u = v (mod2m). This is done in Appendix A. [] 

Proposition 2.5. For v > u, there exis ts  a 12-cycle sys tem o f  Ko - Ku i f  and only i f  

v>~u + 6 and 

(1) u, v =  1,9 (mod24) ,o r  

(2) u, v ~ 3, 19 (mod24), or 

(3) u -= v ~ 5 (mod24), or 

(4) u, v = 7, 15 (mod24), or 

(5) u = v -  11 (mod24), or 

(6) u, v = 13,21 (mod24), or 

(7) u -  v ~ 17 (mod24), or 

(8) u = v---- 23 (mod24). 

Proof. The necessity follows from Lemma 1.1. To prove the sufficiency, using Propo- 

sitions 2.1 and 2.2 it remains to construct 12-cycle systems of/£25 - K 9 ,  KI9 - K 3 ,  

K15 - /£7  and/£21 -K13 for u ~ v (mod2m), and/£27 - /£3 and K29 - K s  when u = v 
(mod 2m). This is done in Appendix A. [] 

Proposition 2.6. For v > u, there exis ts  a 14-cycle sys tem o f  Kv - Ku i f  and only i f  

v >~u + 7 and 

(1) u, v = 1 or 21 (mod28), or 

(2) u, v -  3 or 19 (mod28), or 

(3) u, v-= 5 or 17 (mod28), or 

(4) u, v = - 7  or 15 (mod28), with (u,v) ¢ (7,15), or 

(5) u, v - v = 9, 13 (rood28), or 

(6) u = 11 (mod28), or 

(7) u > v-= 23,27 (rood28), or 

(8) u =- v = 25 (rood28), or 
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Proof. The necessity follows from Lemma 1.1. To prove the sufficiency, using Propo- 
sitions 2.1 and 2.2 it remains to construct 14-cycle systems of K21 - K 1 ,  K19 - K 3 ,  

K29 -/{21, K17 - K 5  and/{43 - K 7  when u ~ v (mod2m), and K31 -K3,/{33 - K 5  and 
K35 - K7 when u -- v (mod2m). This is done in Appendix A. [] 

3. Odd cycles 

The following result is a great step towards settling the embedding problem for 
m-cycle systems. 

Theorem 3.1 (Bryant and Rodger [5]). Let  m be odd and let u and v be 1 or m 

(mod2m). Any  m-cycle system o f  order u can be embedded in an m-cycle system o f  

order v iff v >>. (m + 1 )u/(m - 1 ) + 1, except possibly fo r  the smallest such value o f  v 

in the particular case where u - v - m (mod2m) and either 

(a) m = 1 (mod4) and the remainder when u is divided by m -  1 is odd and greater 

than m/2, or 

(b) m --- 3 (mod4) and the remainder when u is divided by (m - 1)/ is even and 

nonzero. 

A method for dealing with the possible exceptions in Theorem 3.1 is given by the 
following result. 

Proposition 3.1 (Bryant and Rodger [5]). Let  m ~- 3 (mod4), u = m (mod2m), and 

u = a(m - 1)/2 + 0 where 0 < 0 < ( m -  1 )/2, and let 0 be even. Suppose there exists 

a simple graph G satisfying 

(1) G has 2m vertices and is (m - 20)-regular; 

(2) there exists an m-cycle system o f  K~m_l)/2+o V G; and 
(3) G c has a 1-factorization. 

Then any m-cycle system o f  order u can be embedded in an m-cycle system o f  order 

v, where v is the smallest integer at least ( m +  1)u/(m - 1)+  1 with v =- m (mod2m). 

Using these two results we can get the following. 

Proposition 3.2. There exists an 11-cycle system o f  Kv containing an 11-cycle system 

o f  Ku iff u, v - - 1  or 11 ( m o d 2 2 ) a n d v > f 6 u / 5 + l .  

Proof. From Lemma 1.1(2) and (3), in order for there to exist an ll-cycle system of 
Ku, u = 1 or 11 (mod22), and similarly v --- 1 or 11 (mod22), and v>j6u/5 + 1 by 
Lemma 1.1(4), so it remains to prove the sufficiency. 

By Theorem 3.1, we need only consider the smallest such v in some cases, and by 
Proposition 3.1 these cases are settled by constructing two graphs, one for each even 
0 satisfying 2 ~< 0 ~<4. This is done in Appendix B. [] 
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A more general result than the following is proved in [5]. This is a companion result 
to Proposition 3.2, dealing with the possible exceptions in Theorem 3.1. 

Proposition 3.3 (Bryant and Rodger [5]). Let m =- 1 (mod4) ,  u - m (mod2m),  and 

u = a(m - 1 ) + O, where 0 is odd and (m + 1)/2 ~< 0 ~< m - 2. Suppose there exists a 

simple graph G satisfying 

(1) G has 2m vertices and is (2m - 20 - 1)-regular; 

(2) there exists an m-cycle system o f  K~ V G; and 

(3) G c has a 2-factorization, each 2-factor F o f  which is either ({d}, 0, {d})m with 

1 <~d < m/2 or (O,{s,s + 1},O)m with O<~s < m. 

Then any m-cycle system of  order u can be embedded in an m-cycle system o f  order 

v, where v is the smallest integer at least (m + 1 ) u / ( m -  1 ) +  1 with v =- m (mod2m) .  

We can use this to settle the embedding problem when m = 13. 

Proposition 3.4. There ex&ts a 13-cycle system o f  Kv containing a 13-cycle system 

o f  K~ iff u, v -  1 or 13 (mod26)  and v>>.7u/6+ 1. 

Proof .  From Lemma 1.1(2) and (3), in order for there to exist an 13-cycle system of  
Ku, u - 1 or 13 (mod26) ,  and similarly v - 1 or 13 (mod26) ,  and v>~Tu/6 + 1 by 

Lemma 1.1(4), so it remains to prove the sufficiency. 
By Theorem 3.1, we need only consider the smallest such v in some cases, and by 

Proposition 3.3 these cases are settled by constructing three graphs, one for each odd 
0 satisfying 7 ~< 0 ~< 11. This is done in Appendix B. [] 

4. 7-cycle systems of Kv - Ku 

We begin with some known results that will be used later. 

Theorem 4.1 (Hoffman and Rodger [7], and Laskar and Hare [10]). There exists a 

1-factorization o f  the complete multipartite graph with 2m vertices in each part. 

The following lemma is a particular case of  a result of  Stern and Lenz. 

L e m m a  4.1 (Stem and Lenz [15]). LetDC{1 ,2  . . . . .  [x/2]} andSC_Zx. I f  either IsI ~> 1 
or x/2 E D then (D,S,D)x has a 1-factorization. 

L e m m a  4.2. f f  7 divides x and D C_ {x/7, 2x/7, 3x/7} then there exists a 7-cycle system 

of (D, 0,D)x. 

Proof.  Clearly, for each d C D, ({d}, 0, {d})x is a pair o f  7-cycles. [] 

The following three lemmas are special cases of  more general results proven in [5]. 
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Lemma 4.3. I f 7  divides x then there exists a 7-cycle system o f  K~V (x/7, {0, 1},x/7)x. 

Lemma 4.4. I f  F is a 1-factor, with at least 4 vertices then there exists a 7-cycle 

system o f  K~ V F. 

Lemma 4.5. Let  

(1) x ~  5,0<<.fl<~x- 5 , 0  = 0 and S = {fl, fl + 1,fl + 2,fl + 3,fl + 4 } ;  or 
(2)  - 3 , 0  = { d }  C_{l ,2  . . . . .  [(x - 1 ) / 2 ] }  and S = + + 2};  

o r  

(3) x>~5,0<~fl<.x-  1,D = {d~,d2} C_{1,2 . . . . .  [ ( x -  1)/2J} and S = {fl}. 
Then there exists a 7-cycle system o f  Kx V (D,S,D)x. 

We can now obtain the following corollary from Lemmas 4.3-4.5. 

Corollary 4.1. Let  y>~ 1,z~>0 and x>~3. Then i f  

(1) x = ( y +  5 z +  1)/2, O = { 1 , 2  . . . . .  Lx/2J} and S = Y-x, or 
(2) 7 divides x, x :- (y  + 5z + 3)/2 ,D -- {1,2 . . . . .  Lx/2l} \ {x/7} and S = Zx, or 
(3) 7 divides x, x = (y  + 5z + 5)/2, D = { 1,2 . . . . .  Lx/2J } \ {x/7, 2x/7} and S = Y_~, or 

(4) 7 divides x, x = (y  + 5z + 7)/2 ,D = {1,2 . . . . .  Ix/2]} \ {x/7,2x/7} and S = 
{ 2 , 3 , . . . , x -  1}, or 

(5) 7 divides x, x = (y  + 5z + 9) /2 ,D = {1,2 . . . . .  Ix/2]} \ {x/7,2x/7,3x/7}  and 
s = { 2 , 3  . . . . .  

there exists a 7-cycle system o f  K~y+z V (D, S, D)x. 

Proof.  I f  x is odd then let g = [D[ and let D ~ = D = { d l , d 2  . . . . .  dg}, if  x is even 

then let g = ]D I - 1 and let D '  = D \ {x/2} = {dl ,d2 . . . . .  dg}, and in either case let 

1 ~<dl < d2 < . . .  < d 0. Also let ti = 1 for 1 <~i<~z and ti = 3 for z + 1 <~i<~z + y. 
We write (O,S,D)x = U~+('(Oi, where for l<~i<<.z + y, Di and Si are defined 

recursively as follows. 

Let e = 0, let fll be such that S = {ill + 1,ill + 2  . . . . .  x -  1} and let 71 = 

m i n { 3 - t l ,  g}. For 2 <<.i < ~ z + y -  1 define ~i = 0 ~ i - i  q'-7i-l, fli = f l i - 1  +(7--2ti_1 --27i_1), 
and 7i =min{3 - t i , 9 -  ~i}. Finally, define Di -- {d~i+l,d~i+2 . . . . .  d~i+~,} and Si = 

{fli + 1,fli + 2 . . . . .  fli + (7 - 2ti - 27i)}. 
Now, for 1 <<.i<~z there is a 7-cycle system of  K1 V (Di,Si,Di)x by Lemma 4.5 and 

for z + 1 <.i<.z + y - 1 there is a 7-cycle system of  K~ V (Di,Si,Di)x by Lemma 4.4. 

It is straightforward to check that Di C D  ~ and Si C_S for 1 <~i<~z ÷ y - 1 and that 

for l~<i < j<<.z + y -  1, Di fqDj  = 9  and S i [ - ) S j  = 9 .  
We now show that in each of  the cases (1 ) - (5 ) ,  either D \ [.Ji=lz+Y-1 Di ---- 0 and 

I I z+Y-ID = { x / 2 }  and S "  I Iz+Y-Is~ 9, so I Iz+Y--1S i = { x  - 1} or 0 \ k..)i=l i S \ ~.,i=l \ u i=l  • = that 
z+y-1 D (Dz+y,Sz+y,Dz+y)x = (D,S,D)x \ ([-Ji=l ( i, Si,Di)x) is a 1-factor. 

= z 5 -t-~-'~z+y-1 1 ) =  E t l  Iz+y-I  x X - ~ z + Y - l ( 7 - 2 t i )  x ( Z i = l  - - / ~ i = z + l  In each case ,wi=l (Di,Si,Di)x)] = z_~i=l 

x(5z + y - 1). Hence, [g( (o , s ,O>x) l  - IE(UZ+:( -~ <O,,Si,D3x)l is 
(1) x ( 2 x -  1 ) - x ( 5 z + y -  1 ) = x  in case (1); 
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(2) x(2x - 1 ) - 2x - x(5z  + y - 1 ) = x(2x  - 1 ) - 2x - x (2x  - 4) = x in case (2); 

(3)  x(2x - 1) - 4x - x(5z  + y - 1) = x(2x - 1 ) - 4x - x (2x  - 6) = x in case (3); 

(4) x ( 2 x -  1 ) - 6 x - x ( 5 z + y -  1 ) = x ( 2 x -  1 ) - 6 x - x ( 2 x - 8 ) = x  in case (4); 

and is 

(5) x ( 2 x -  1 ) -  8 x - x ( 5 z +  y -  1) = x ( 2 x -  1 ) -  8 x - x ( 2 x -  10) = x in 

case (5). 
= i i z + y -  1 I z+y-1 t3. ~ and S \ ~ i =  1 Si = { x -  1} or D \  So in any case either D \ wi=l 

Uz+Y - 1  I I z + Y - I  (Oz+y,Sz+y,Oz+y}x (D,S,D}x i = 1  Di = {x/2} and S \ k . ) i = l  Si = 0, s o  = - 

( I Iz+y-I (Di, Si,Di}x) is a 1-factor. Hence, by 4.4 there is a 7-cycle system of  K~+ v V k . ) i = l  

(Oz+y, Sz+y,Oz+y}x, and the union of  the 7-cycle systems o f  K~ V (Di,Si,Di)x for 

1 ~< i ~<z + y forms the required 7-cycle system. [] 

Lemma 4.6. For any odd integer T~>3, and f o r  all odd integers B with T - 2 [ T / 3 J  ~< 

B < ~ T -  2 there exist  integers z and y with z>~O and y>~l such that 3 y + z  = T and 

z + y  = B .  

Proof .  I f  B = T - 2[T/3J then let y = LT/3J and z = T - 3y. To complete the proof  

we proceed inductively, so suppose that z '  and y '  satisfy the conditions o f  the lemma 

and that B < T -  2. Then it is clear that y '>~2, and so i f  we let y = y ' -  1 and 

z = z ' + 3 w e s e e t h a t y > ~ l , z > ~ O ,  3 y + z = T a n d z + y = B + 2 .  [] 

Lemma 4.7. In each o f  the cases: 

(1) u ~ 3 (mod 14) and v = 5 (mod 14), 

(2)  u = 5 (mod14)  and v = 3 (mod 14), 

(3)  u = 9 (mod14)  and v =_ 13 (mod 14), 

(4) u = 13 (mod14)  and v = 9 (mod 14), 

(5)  u,v = 11 (mod 14), 

i f  4u/3 + 1 < ~ v ~ 6 u -  13 then there exists  a 7-cycle sys tem o f  Ko - K , .  

Proof .  By Lemma 4.6, with T = u, we can choose integers z>~0 and y~> 1 such 

that 3y  + z  = u and z + y = B for any odd integer B with u -  2[u/3J <~B<~u- 2. 

Now if  we apply Corollary 4.1(1) with x = (v - u)/2 we obtain a 7-cycle system of  

K ~ - K u  with v = u + 5 z + y +  1 = u + 5 ( 3 B - u ) / 2 + ( u - B ) / 2 + l  = 7 B - u +  1 

(substituting y = (u - B) /2  and z = (3B - u) /2)  for each odd integer B in the 

range u - 2Lu/3 j <~B<<.u - 2. It remains to show that this covers all v in the given 

range. 

For given u, the smallest v for which we obtain a 7-cycle system of  Kv - K u  is 

/)min ~ - -  7(u - 2 [ u / 3 j )  - u + 1 = 6u - 14Lu/3 j + 1. Hence, /)min ~<6U -- 14(U -- 2)/3 + 1 = 

(4u + 31)/3 and so, ~)rnin --(4u/3 + 1)~<28/3 < 14. The largest v for which we obtain 

a 7-cycle system of  Kv - Ku is / )max = 7 ( U  - -  2 )  - -  U -'~ 1 = 6U -- 13. Clearly, i f  we 

increase B by 2 we increase v by 14 and so we obtain a 7-cycle system of  K~ - K ~  

for all v satisfying the conditions of  the theorem. [] 
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L e m m a  4.8. I f u  - 3 (mod  14) and v = 3 (mod  14) and i f4u/3 + 1 <~v<~6u - 15 then 

there exists a 7-cycle system o f  Kv - K u ,  except possibly when u = 1 ( m o d 3 )  and 

4u/3 + 1 <~ v <~ 4u/3 + 15. 

Proof .  By L e m m a  4.6, with T = u - 2 ,  we can choose integers z~>0 and y~> 1 such that 

3 y + z  = u - 2  and z + y  = B for any odd integer B with u - 2 - 2 [ ( u - 2 ) / 3 J  <~B<<.u-4. 

Now if  we apply Corollary 4.1(5)  with x = (v-u)~2,  Lemmas  4.2 and 4.3, we obtain a 

7-cycle system of K~-K~ with v = u+5z+ y+9 = u + 5 ( 3 B - u + 2 ) / 2 + ( u - B - 2 ) / 2 + 9  = 

7B - u + 13 (subst i tut ing y = (u - B - 2 ) /2  and z = (3B - u + 2 ) /2 )  for each odd 

integer B in the range u - 2 - 2L(u - 2 ) /3 j  <~B<~u - 4. It remains  to show that this 

covers all v in the given range. 

For given u, the smallest  v for which we obtain a 7-cycle system o f K v - K ~  is Vmi n = 

7 ( u - 2 - 2  I(u-2)/3J ) - u +  13 = 6 u -  1 4 / ( u - 2 ) / 3 J  - 1. Now, i f  u =- 0 or 2 ( m o d 3 )  then 

[ ( u - 2 ) / 3 J  ~ < ( u - 3 ) / 3  and so V m i n - ( 4 u / 3 + l ) < . 6 u - 1 4 ( u - 3 ) / 3 - 1 - ( 4 u / 3 + l )  = 12 < 

14. Also,  i f  u - 1 ( m o d 3 )  then [(u - 2)/3J = (u - 4) /3  and so V m i n  - -  (4u/3 + 15) = 

6u - 14(u - 4) /3  - 1 - (4u/3 + 15) = 8/3 < 14. The largest v for which we obtain 

a 7-cycle system o f  K~ - Ku is Vmax = 7(u - 4)  - u + 13 = 6u - 15. Clearly, i f  we 

increase B by  2 we increase v by  14 and, so we obtain a 7-cycle system o f  Kv - K ~  

for all v satisfying the condi t ions  of  the theorem. [] 

L e m m a  4.9. I f  u = 5 (mod  14) and v = 5 (mod 14) and if  4u/3 + 1 <~ v <<. 6u - 11 then 

there exists a 7-cycle system o f  Kv -Ku .  

Proof .  By  L e mma  4.6, with T = u, we can choose integers z>~0 and y~> 1 such that 

3 y + z  = u and z + y  = B for any odd integer B with u-2 lu /3J  <<.B<~u-2. Now i f  we 

apply Corollary 4.1(2)  with x = ( v -  u)/2 and L e m m a  4.2, we obtain a 7-cycle system 

of  K v - K u  with v = u + 5 z + y + 3 = u + 5 ( 3 B - u ) / 2 + ( u - B ) / 2 + 3 = 7 B - u + 3  

(subst i tut ing y = (u - B)/2 and z = (3B - u ) /2 )  for each odd integer B in the range 

u - 2[u/3J  <~B<<.u - 2. It remains  to show that this covers all v in the given range. 

For given u, the smallest  v for which we obtain a 7-cycle system of  K~ - K u  is 

Vmin = 7(u - 2 Lu/3J) - u + 3 = 6u - 14 ~u/3J + 3. Hence,  Vmi n ~ 6u - 14(u - 2) /3  + 3 = 

(4u + 37)/3 and, so, Vmin - -  (4u/3 + 1)~<34/3 < 14. The largest v for which we obta in  

a 7-cycle system of  K~ - Ku is Vmax = 7 ( U  - -  2 )  - -  U -]- 3 = 6U -- 11. Clearly, i f  we 

increase B by  2 we increase v by  14 and, so we obtain a 7-cycle system o f  Kv - K u  

for all v satisfying the condit ions o f  the theorem. [] 

L e m m a  4.10. I f u  - 9 (mod 14) and v - 9 (mod  14) and i f4u/3  + l<~v<~6u - 17 

then there exists a 7-cycle system of  Kv - Ku, except possibly when u = 1 (mod 3) 

and 4u/3 + 1 <~ v <~ 4u/3 + 15. 

Proof .  By Lemma  4.6, with T = u - 2 ,  we can choose integers z~>0 and y~> 1 such that 

3 y + z  = u - 2  and z + y  = B for any  odd integer B with u - 2 - 2 [ ( u - 2 ) / 3 1  <~B<~u-4. 
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Now if we apply Corollary 4.1(4) with x = (v-u)~2,  Lemmas 4.2 and 4.3, we obtain a 

7-cycle system of Kv-Ku with v = u+5z+ y+7 = u + 5 ( 3 B - u + 2 ) / 2 + ( u - B - 2 ) / 2 + 7  = 

7B - u + 11 (substituting y = (u - B - 2)/2 and z = (3B - u + 2)/2)  for each odd 

integer B in the range u - 2 - 2L(u - 2)/3J <~B<<,u - 4. It remains to show that this 

covers all v in the given range. 

For given u, the smallest v for which we obtain a 7-cycle system o f K v - K u  is Vrnin = 

7 ( u - 2 - 2  L(u-2) /3]  ) - u + l  1 = 6 u -  14L(u-2)/3J  - 3 .  Now, if u - 0 or 2 (mod 3) then 

L(u -2 ) /3 j  ~<(u-3) /3  and so Vmin--(4U/3+l)<~6U--14(U--3)/3--3--(4U/3+l) = 10 < 

14. Also, if u = 1 (rood3) then ~(u - 2)/3J = (u - 4)/3 and so Vmin - (4u/3 + 15) = 

6u - 14(u - 4)/3 - 3 - (4u/3 + 15) = 2/3 < 14. The largest v for which we obtain 

a 7-cycle system of Kv - Ku is Vmax = 7(u - 4) - u + 11 = 6u - 17. Clearly, if we 

increase B by 2 we increase v by 14 and so we obtain a 7-cycle system of K~, -  Ku 

for all v satisfying the conditions of the theorem. [] 

Lemma 4.11. I f  u =_ 13 ( m o d l 4 )  and v - 13 ( m o d l 4 )  and i f  4u/3 + l < ~ v < ~ 6 u -  9 

then there exists a 7-cycle system o f  Kv - K u .  

Proof. By Lemma 4.6, with T = u, we can choose integers z ~> 0 and y/> 1 such that 

3 y + z  = u and z + y  = B for any odd integer B with u-2Lu /3  j <.B<~u-2. Now if  we 

apply Corollary 4.1(3) with x = ( v -  u)/2 and Lemma 4.2 we obtain a 7-cycle system 

of K v - K u  with v = - u + 5 z + y + 5 = u + 5 ( 3 B - u ) / 2 + ( u - B ) / 2 + 5 = 7 B - u + 5  

(substituting y = (u - B)/2 and z = (3B - u) /2)  for each odd integer B in the 

range u -  2[u/3J < ~ B ~ u -  2. It remains to show that this covers all v in the given 

range. 

For given u, the smallest v for which we obtain a 7-cycle system of Kv - K u  is 

/)min = 7(u - 2 Lu/3] ) - u + 5 = 6u - 14 ~u/3j + 5. Hence, Vmi n ~ 6U -- 14(U -- 2)/3 @ 5 = 

(4U+43) /3  and so, Vmi  n - ( 4 u / 3 +  1)~<40/3 < 14. The largest v for which we obtain a 

7-cycle system of Kv - Ku is Vmax = 7 ( U  - -  2 )  - -  U -~- 5 = 6U - -  9 .  Clearly, if we increase 

B by 2 we increase v by 14 and so we obtain a 7-cycle system of Kv - K u  for all v 

satisfying the conditions of the theorem. [] 

Notice that Theorem 1.3 and Lemmas 4.7-4.11 yield, for given u, a 7-cycle system 

of K v - K u  for all the possible values (as allowed by Lemma 1.1) of v<~6u- 17, except 

in the cases 

(a) u = 31 (mod42)  and v = 4u/3 + 11/3 and 

(b) u = 37 (mod42)  and v = 4u/3 + 5/3. 

We now proceed to remove these exceptions. 

Lemma 4.12. There exists a 4-regular graph G on 14 vertices such that there is a 

7-cycle system o f  K~ V G and such that there is a 1-factorization o f  G c. 

ProoL Let G = (0,{0,1,2,3},0)x (so G c is 4-regular and has a 1-factorization by 

Lemma 4.1) and let the vertices in K~ be {ocl,oc2,oc3,oo4}. The set C given below 
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forms a 7-cycle system of  K~ V G: 

C = { ((0,0), (0, 1), oo4,(1,0), oo3,(2,0),(2,  1)) , ((0,0) ,(1,  1), oo4, (2, 0),(x)2, 

(1,0),(3,  1)),((0, 0), OOl, (6, 1),(3, 0), oo4,(4, 0),cx~2),((0,0), c~3, (6, 1), 

(4, 0), ocl, (5, 0), oc4), ((1,0), (1, 1), c~3, (3, 0), e~2, (6, 0), (2, 1)), ((1,0), 

(4, 1), oc~4, (6, 0), oo3, (0, 1), OOl), ((2, 0), (3, 1), oo4, (2, 1), e~3, (4, 0), (4, 1)), 

((2,0),(5,  1),oo4,(6, 1),oo2,(1, 1 ) , c~ ) ,  ((3,0),(3,  1), ~ 3 ,  (5, 0), (5, 1), col, 

(4, 1)) , ((3,0) ,(5,  1), oo3, (4, 1), o~2, (2, 1), ocl ), ((4, 0), (0, 1), (6,0),(1,  1), 

(5, 0)oe2, (5, 1)), ((5, 0), (0, 1), oc2, (3, 1), e~1(6, 0), (6, 1))}. [] 

Lemma 4.13. There exists a 2-regular 9raph G on 14 vertices such that there is a 

7-cycle system o f  K~ V G and such that there is a 1-faetorization o f  G c. 

Proof. Let G = (1~, {0, 1 ), O)x (so G c is 2-regular and has a 1-factorization by Lemma 
4.1) and let the vertices in K~ be {OOl,(X32, OO3,fX34}. The set C given below forms a 
7-cycle system of K~ V G: 

C ---- {((0,0),(0,  1), cxD4, (1, 0), ~ 3 ,  (2, 0), ~x31), ((0, 0), (1, 1), ~x34, (2, 0), c~2, (3, 0), 

cxz3), ((0, 0), ~ 2 ,  (6 , 1), (5, 0), ~3 ,  (4, 0),~x~4), ((1, 0), (1, 1), ~3 ,  (6, 0), oo4, 

(3,0), VOl ), ((1, 0), (2, l), oc4,(5,0),  OCl,(0, 1), oc2),((2,0),(2,  1), oo3,(0, 1), 

(6,0), ool, (3, 1)), ((3,0), (3, 1), oc4, (5, 1), oc2, (4, 0), (4, 1)),((4,0),  (5, 1), 

oo3,(3, 1), oo2, (1, 1), ooi), ((5, 0), (5, 1), ooi, (6, 1), oo4, (4, 1), oo2), ((6, 0), 

(6, 1), cc3,(4, 1), oo1,(2, 1), cx:)2)}. [] 

Lemma 4.14. I f  u = 31 (mod42)  and v = 4u/3 + 11/3 then there is a 7-cycle system 

ofXv -Ku 

Proof.  Let u = 42k + 31 so that v = 56k + 45 and let G = Gl V G2 V..- V G14k+9 V G ~ 
where Gi -~K3 for 1~<i~<14k+9 and G' = K 4  so G - K u .  Also let H = / / 1 V H 2  V 
• .. V Hk+l where Hi ~- K14 for 1 <~i<<.k + 1 so G c V H ~- Kv - Ku. By Lemma 4.12, 
there is a 4-regular subgraph HI of  Hi such that there exists a 7-cycle system of  
G 'c V HI and such that Hi - HI has a 1-factorization. Hence, by Theorem 4.1 there is 

(i ik+l/../t ~ a 1-factorization of  H - ~ i = l  i z. Now, since there are 28 edges in each H '  i, there 
are 7(k + 1)(14k + 9) edges in H - (U/k__+~ H/~) and hence 14k + 9 1-factors. Let these 
1-factors be F1,F2 . . . . .  Flnk+9. By Lemma 4.4, there is a 7-cycle system of  Gi V Fi 
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for 1 ~< i ~< 14k ÷ 9. The union of these 7-cycle systems with the 7-cycle systems of 
G' V H[, (1 ~< i ~< k + 1) yield a 7-cycle system of G c V H. [] 

Lemma 4.15. I f  u - 37 (mod42) and v = 4u/3 + 5/3 then there is a 7-cycle system 

ofK~ -K~. 

Proof. Let u = 42k + 37 so that v = 56k + 51 and let G = G1 v G2 V. . .  V G14k+ll V G r 
where Gi-~K3 for l~<i~<14k+ 11 and G' ~K4  so G~-Ku. Also let H = H 1 V H 2 V  

• .. VHk+I where Hi ~K14 for l<<.i<~k+ l so G CVH  -~K~ - K u .  By Lemma 4.13, 
there is a 2-regular subgraph HiP of Hi such that there exists a 7-cycle system of 
GrCV H: and such that H i -  1-1: has a 1-factorization. Hence, by Theorem 4.1 there is a 
1-factorization of H -  t l l  k+l//1~ Now, since there are 14 edges in each HI, there are ', k . ) i= 1 i :" 

., ,~+1 H/)  7(k + 1)(14k + 11) edges in H - (CJi=l i and hence 14k + 11 1-factors. Let these 
1-factors be F1,F2,...,F14k+~l. By Lemma 4.4, there is a 7-cycle system of Gi V Fi 
for 1 ~<i~< 14k + 11. The union of these 7-cycle systems with the 7-cycle systems of 

G ' V H : ,  ( l ~ < i ~ < k + l ) y i e l d  a7-cycle system o f G  c V H .  [] 

We now have the following corollary to Theorem 1.3 and Lemmas 4.7-4.14 and 
4.15. 

Corollary 4.2. For all v <~ 6u - 17 and satisfyin9 the conditions o f  Lemma 1.1, there 

exists a 7-cycle system of  K~ -Ku .  

We need one more lemma before we prove the main theorem for 7-cycle systems 
ofK~ - Ku. 

Lemma 4.16. There is a 7-cycle system of  Kl7 - K3 and Of Kl9 - g3. 

Proof. Let the vertex set of K17 -K3 be 7/17 with the hole elements being 14,15 and 
16. Then the set C given below forms a 7-cycle system of K17-  K3: 

C =  {(0, 1, 16,2, 15, 3,4), (0,2, 14, 1, 15,4, 5), (0, 3, 16,4, 14, 5, 6), 

(0,7, 16,5, 15,6,8),(0,9, 16,6, 14,3, 10),(0, 11, 16,8, 15,7, 12), 

(0, 13, 16, 10, 15,9, 14), (0, 15, 13, 1, 11, 12, 16),(1,2, 13,3, 12,4, 6), 

(1,3, 11,2, 12,5,7),(1,4, 13,5, 11,6,9),(1,5, 10,2,9,3,8), 

(1, 10, 14,7, 13,6, 12),(2,3,7,4, 11,8,5),(2,4, 10,6,7,9,8), 

(2,6,3,5,9, 10,7),(4,8, 14, 11, 13, 12,9), 

(7, 8, 13, 10, 12, 15, 11), (8, 10, 11,9, 13, 14, 12)}. 
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Let the vertex set of K19- K3 be ~19 with the hole elements being 16,17 and 18. 
Then the set C given below forms a 7-cycle system of K19 -K 3 :  

C = {(0, 1, 18,2, 17,3,4),(0,2, 16, 1, 17,4,5),(0,3, 18,4, 16, 5, 6), 

(0,7, 18,5, 17,6, 8), (0,9, 18,6, 16,3, 10),(0, 11, 18,8, 17,7, 12), 

(0, 13, 18, 10, 17,9, 14),(0, 15, 18, 12, 17, 11, 16),(0, 17, 15, 1, 13, 14, 18), 

(1,2, 15,3, 14,4, 6),(1,3, 13,2, 14, 5, 7),(1,4, 15,5, 13,6, 9), 

(1,5, 12,2, 11,3,8),(1, 10, 16,7, 15,6, 11),(1, 12, 16,8, 15, 10, 14), 

(2,3, 12,4, 13,7, 6),(2,4, 11,5, 10, 7, 8), (2, 5, 9, 3,7,4, 10), 

(2,7, 14,6, 12, 8, 9), (3, 5, 8,4,9, 10, 6),(7,9, 16, 13, 17, 14, 11), 

(8,10,13,9,15,12,11),(8,13,12,9,11,15,14),  

(10,11,13,15,16,14,12)). [] 

Theorem 4.2. There exists a 7-cycle system o f  K~ - K,  i f  and only i f  

(a) v >~7, and 

(b) v>>.4u/3 + 1, and 

(c) u -  v = 11 (modl4) ,  or u , v -  1 or 7 (modl4) ,  or u , v = - 3  or 5 (modl4) ,  or 

u,v=_ 9 or 13 (modl4) .  

Proof. Necessity follows from Lemma 1.1. The proof of sufficiency is by induction 
on v. The result was proved for u,v = 1 or 7 (mod 14) in [5]. Also, by Corollary 
4.2 and Lemma 4.16, the result is true for v < ~ 6 u -  17 and for v < 31. Let u be 
given and suppose that for all s < v, with Ks - Ku satisfying the conditions of the 
theorem, there is a 7-cycle system of K ~ -  Ku. We show that we can always find an 
s such that there exists a 7-cycle system of K s -  Ku and of K v -  Ks and hence of 
Kv- Ku. 

Let s be the largest integer s ~< 3 ( v -  1)/4 for which there is a 7-cycle system of 
Ks - Ku. First we need to show that such an s exists. By assumption, if 3(v - 1 )/4 - 
(4u/3+ 1).-.> 14 then such an s exists. Since v~>31, 3 ( v - 1 ) / 4 - ( 4 u / 3 + l ) > J ( 1 2 9 - 8 u ) / 6  
which is at least 14 for u~<5 and so we can assume u>~9. It is straightforward to show, 
since we can assume v > 6u -17 ,  that 3 ( v - 1 ) / 4 - ( 4 u / 3 +  1) > (19u-87) /6 ,  which is 
at least 14 for u ~> 9. Hence, we can always find an s with 3(v-1  ) / 4 - 1 4  ~< s ~< 3(v-1  )/4 
such that there is a 7-cycle system of Ks - K u .  

Since s<<.3(v - 1)/4, we have v>>.4s/3 + 1 and since s>~3(v - 1)/4 - 14, we have 
6 s - 1 7 > ~ ( 9 v - 2 1 1 ) / 2  which is at least v for v~>31. Hence, we have 4s/3+1 ~<v~<6s-17 
and so there exists a 7-cycle system of K~ - K s  by Corollary 4.2. [] 
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Appendix A 

For each of  the cases m = 6, 10, 12 and 14, the following names a graph G and then 
proves the existence of  an m-cycle system of G. 

m = 6 :  
/£9 - K, (77 3 × 773, {((0,0),(0, 1),(0,2),(1,2),(2,  1),(1,0)) + ( i , j ) , ( (0 ,0) , (1 ,2) , (1 ,0) ,  
(0, 1),(1, 1),(2,2))  + ( i , j )  ] i , j  E 773}). 
K7 - K 3  (777,{(0,3,4,5,2,6) , (0,4,1,3,6,5) , (1,5,3,2,4,6)})  with the hole having ver- 
tex set 773. 
K13 - K 9  This follows from Proposition 2.1 using K7 - /£3 .  
KlS - K 7  This follows from Proposition 2.1 using K9 - K a .  
Kls - K 3  This follows using K7 - K 3  and Kl5 - K 7 .  

r e = g :  
K19 - K3({oOo, OOl,CX)2} U (7/9 × 7/2), {((0,0),(2,0),(0,  1),(1, 1),(4, 1),(3, 1),(1,0), 
(5,0)) + (i, 0), ((oo0, (0, 0), OOl, (0, 1),oo2,(1,0),(4,0),(7,  1 ) )+( i ,  0) I i E 7/8} U {((0,0), 
(0, 1),(4, 1),(4,0),(5, 1),(6,0),(2,0),(1,  1)) + (i,0) ] i E 774} tO {((0,0) ,(1,0) ,(2,0) ,  
(3, 0), (4, 0), (5, 0), (6, 0), (7, 0))}). 

m = 10: 
Kzs - K1 This is a 10-cycle system of K25 so is known to exist (see [1]). 
K21 - K s  ({eci ] i E 775} U (78 x Z2),{((0,0),(0,  1),(3, 1),(6,0),(5, 1),(4,0),(4, 1), 
(7, 1)(2,0), (1, 1)) + (i, 0), ((0,0), (2, 1), (7,0), (5, 1),(7, 1),(0, 1),(4,0), (3, 0), oo0, (4, 1)) 
+(i, 0), ((4, 0), (0, 0), (7, 0), cx~0, (0, 1),(4, 1),(3, 1),(1, 1),(3,0),(6, 1)) + (i,0) I i E 774} 
U{(oo1,(0,0) ,(2,0) ,(5,0) ,oo2,(0,1) ,oo3,(1,0) ,oo4,(1,1))  + (i,0) ] i E 778}). 
K19 - K7 ({cx~/ I i E 777} U (776 × 772), {{(0,0),(2, 1),(1,0),(0, 1),(1, 1),(3,0),(5, 1), 
(4,0),(3, 1), (4, 1)) + ( i ,0) ,((0,0),(3,  1), oo0, (1,0), oo,,(1, 1), oo2, (3, 0), (0, 1), oo3) 
+( i ,0) , ( (3 ,0) ,  (0,0), oo2, (4, 1),oo1,(4,0),oo0,(0, 1),(3, 1),oo3) + (i,0) I i E 773} 
U{((0, 0), (1, 0), oo4, (0, 1),(2, 1),oo5,(3,0),(3, 1), oo6, (2, 0)) + (i,0) ] i E 776}. 
KI7-K9 ({OOi]iE 779}U778, {(ool,5,7,6,2,  1,4,0, oo2,3),(ool, 1,5,3, oo3,6, oo4,7, oo5,2), 
(ocl,4,  oo4, 3, 7, oo2, 6, 5, co5, 0), (ool, 7, 1, oo2,2,0, o03,4, oo5, 6),(oo2, 5,0, oo4.2, oo3, 1, 
oo5, 3,4), (oo3, 7,0, 6,4,2,3, 1,oo4,5),(oo6, 1,0,3, o07, 6, oo8,2, cx)0, 5),(cx)6,2, 5,4, oo7, 7, 
oo8, 3, oo0, 6), (oo6, 3, 6, 1, oo7, 0, oo8,4, cc0,7), (oo6,4, 7,2, oo7, 5, oo8, 1, oo0, 0)}. 
K23 - K3 ({oo/ ] i E 773} U (7710 × 772),{((0,0),(1,0),(4,0),(4, 1), 
(3, 1),(8, 1),(9, 1 ) , (9 ,0 ) , (6 ,0 ) , (5 ,0 ) )+  (i, 0)I  i E 775}0 
{((7, 0), (9, 0), ool, (9, 1 ), oc2, (8, 0), (7, 1 ), (3, 1 ), (0, 1 ), (8, 1 )) + (i, 0) I i E 7710}U 
{((0,0),(4,0),(9,  1), oo3, (6, 0), (0, 1),(2,0),(8, 1),(5,0),(2, 1)) + (/,0) I i E 7710}. 
1(225 -- K5 ({ooi I i E 775} U (77,0 × 7/2),{(0,0),(5,0),(1,0),(3,0),(0,  1),(4, 1),(9, 1), 
(5, 1),(8,0), (6 ,0 ) )+( i ,  0) I i E 775}U{( (O, j ) , ( i , j ) , (2 i ,  j ) , ( 3 i ,  j )  . . . . .  (9i, j ) ) l i  E {1,3}, 
j E 772}U {(oc0,(0,0),(5, 1),(1,0),(4, 1),(2,0),(3, 1),(3,0),oc1,(2, 1)) + (i, 0), ((oo2, 
(0, 1),(4,0), (2, 1),(4, 1),(5,0), oo3,(5, 1),oo4,(6,0)) Jr- (i, 0) } i E 7710}). 

m = 12: 
K25 - K9 ({(DO/ I i E 779} O (778 × 772), 
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{((0, 0),(0, 1),(1,0),(2,0),  (2, 1),(3,0),(4,0),  (4, 1), (5, 0), (6, 0),(6, 1), (7, 0)) + (i,0) 
] i E 7/2) U {(0,0),(3,  1), (4, 1),(7,0), (5,0),(1,  1), (5, 1), (1,0),(3, 0), (0, 1),(7, 1) ,(4,0))  
+(i ,0)  [ i E 7/4}U{((0,0),(1, 1),(3, 1), (5, 0), oo3, (5, 1), oo2,(4,0), CXDl,(4, 1), oo0, (3, 0)) 
+( i ,0) , ( (0 ,0) , (2 ,  1),(5, 1), oo4, (5, 0), co8, (7, 1), co7, (6, 0), ~6 ,  (4, 1),co5) + (i,0) I i E 

KI9 - K3 ({cx~i I i E Z3} U (7/8 × 7/2) 
{((0,0), (0, 1),(1,0),(2, 0), (2, 1), (3,0),(4,0),(4,  1),(5,0),(6,0),  (6, 1),(7,0)) + (i, 0) 
] i E 7/:}U{((0,0),(3, I),(4, 1),(7,0),(5,0),  (1, 1),(5, 1),(1,0),(3,0),(0,  1),(7, 1),(4,0)) 
+(i, 0) ] i E Z4}U{((0, 0), (3, 0), (1, 1), (4, 1),(2,0),(3, 1), (5, 1),cx~2,(5,0),co1, (6, 1), oo0) 
+(i, 0) I i E 7/8})- 
K15 - K7 ( { o c i  I i E 7/7} (-J (7/4 N 772) , 

{((0,0), (0, 1), oo5, (1,0), (2, 0), oo2, (1, 1),(2, 1), oo3, (3, 0), oo4, (3, 1)), ((1,0),(1, 1), cx)l, 
(2, 0), (0, 0), oo3, (0, 1),(3, 1), oo5, (3, 0), oo6, (2, 1)), ((2,0), (3, 1), oo7, (1, 0), (3, 0), ~2 ,  
(0, 1),(1, 1), co5, (0, 0), c~4, (2, 1))((3,0),(3, 1), ~6 ,  (2, 0), (1, 1), oo3,(1,0),(0, 1), co7, 
(0, 0), c~zl, (2, 1)), ((0, 1), cxD4, (1, 0), ~2 ,  (2, 1),(0,0),(1, 1),(3, 1), cx~3, (2, 0), (3, O),~x~b ), 
((0, 0), ~2 ,  (3, 1), (1, 0), cx~6, (1, 1), c~7, (2, 0), oo5, (2, 1), (0, 1), (3,0)), (~6 ,  (0, 0), (1, 0), 
OOl, (3, 1),(2, 1), oo7, (3,0), (1, 1), oc4,(2,0),(0, 1))}). 
/(21 -- K13 ({OOl [ i G 7/13} U (7/4 X 7/2), 
{((0, 0), (1,0), oo3, (2, 1), (2, 0), oo2, (0, 1), (3, 1), c~4, (3, 0), (1, 1), OOl), ((1,0), (2, 0), oo3, 
(3, 1),(3,0), oo2,(1, 1),(0, 1 ), oo4, (0, 0), (2, 1), C~l), ((2, 0), (3, 0), c~3, (0, 1), (0, 0), oo2, 
(2, 1),(1, 1), oc4,(1,0),(3, 1), ool ), ((3, 0), (0,0), oo3, (1, 1),(1,0), oo2, (3, 1),(2, 1), oc4, 
(2, 0), (0, 1), ~1 ) ,  ((0, 0), cx~5, (0, 1), oo6, (1,0), oo7, (1, 1), cx~8, (2, 0), cx~9, (2, 1), cx310), 
((2,0), OO13, (2, l), OO12,(3,0), oo11, (3, 1), OOl0,(l,0),CX39, (l ,  1), OO6),((0,0), OO6, (3, 1), 
co8, (1,0), (3, 0), (2, l), ~11,(2,  0), oo10, (1, l), ~12),  ( (~7 ,  (2, 0), cx~12, (3, 1) ,~9,  (0,0), 
co8, (0, l), cxD13, (3,0),(0, 1),(2, 1)),((0, 1 ), cx310, (3, 0), cx~7, (3, 1), cxz5, (1, 0), c~13,(l, 1), 
(2, 0), (0, 0), CXZll), ((0, 1),oo7,(0,0), ~x~13, (3, 1), (1, 1), ~5 ,  (3, 0), cx~8, (2, 1), 
(1,0), c~12),((0, 1), co9,(3,0), co6,(2, 1), oo5, (2, 0), (3, 1), (0,0), (1, 1), cxzlb (1,0))}). 
K27 - K 3 This follows using KI9 --  g 3 and K27 - g19(from K15 - g7). 
K29 - K s  ({mi l i E 775} U (7/12 × 772),{((0,0),(0, 1),(1,0),(11, 1),(2,0),(10,1),(4,  1), 
(8,0),(5, 1),(7,0),(6, 1),(6,0)) + (i,0) ] i E 7/6} U {((0,0),(1, 1),(1 1,0),(2, 1), 
~2 , (5 ,0 ) ,  oo3,(0, 1), co1, (3 ,0) , ( I ,0) , (4 ,0))  + (i,0) I i E 7712} U {((0,0),(4, 1),(0, 1), 
(3, 1),(1, 1),(2, l), oo4,(1,0), co0, (6, 1),(1 1,0),(5, 1)) + (i, 0) ] i E 7/12}U 
{(O, j ) , ( i , j ) , (2 i ,  j ) , (3i ,  j )  . . . . .  ( l l i ,  j )  ] i = 5 and j E Z2, or i = 1 and j = 0}). 

m = 14: 
K21 - K 1  This is a 14-cycle system of K21 SO is known to exist [1]. 
KI9 --  g 3 ( { o o i  [ i E 773} U (778 X 7/2) , 
{((0,0), (1, 1), (4, 1), (6, 0), (2, 1),(3, 1),(7, 1),(6, 1), (2, 0), (0, 1), (5, 1), (4, 0), (7, 0), 
(3,0)) + (i, 0) [ iEZ4} U {((0,0),(2, 1), (2, 0), (3,0), (5,0), (4, 1), (7,0), ec0, (6, 1), ocl, 
(6,0),oo2,(5, 1),(3, 1)) + (i, 0) [ i E 778}). 
K17 - Ks ({OOi [ i E 7/5 } U (7/6 X 772 ), {((0, 0), (2, 1), (0, 1 ), (5, 1 ), OO5, (5, 0), (4, 0), (1, 0), 
(4, 1), (1, 1), (3, 0), (3, 1), e~2, (2, 0)), ((1,0), (3, 1),(1, 1), (0, 1), ~4 ,  (0, 0), (5, 0), (2,0), 
(5, 1),(2, 1),(4,0),(4, 1), CO2, (3, 0)), ((2, 0), (4, 1), (2, 1),(1, 1), CX~4, (1,0), (0,0), (3, 0), 
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(0, 1),(3, 1),(5,0), (5, 1 ) , ~ ,  (4,0)) ,((3,0),(5,  1),(3, 1),(2, 1), ~4 ,  (2,0), (1,0), o~3, 
(1, 1), ~5 ,  (0, 0), (0, 1), c~1, (5, 0)), ((4, 0), (0, 1), (4, 1),(3, 1), e~4, (3, 0),(2, 0), cxz3, 
(2, 1), ~5 ,  (1,0), (1, 1), cx:~2, (0, 0)), ((5, 0), (1, 1),(5, 1), (4, 1),cx~4, (4, 0),(3,0), ~3 , (3 ,  1), 
cx~l, (2,0),(2, 1), e~2,(1,O)), (e~l,(1, 1),(0,0),(3, 1), (4, 0), e~2, (5, 1),(1,0),(0, 1), 
(5,0), oc3, (4 , 1), oo5, (3, 0)), ((0, 0),(5, 1), cx:~3, (4,0),(1, 1), (2, 0), 
cx~5, (0, 1), cx~2, (5, 0), (4, 1),(3,0),(2, 1), cx~l ),((0,0), e~3,(O, 1), 
(2,0), (3, 1), e~5, (4,0),(5, 1), ~x~4, (5, 0), (2, 1), (1,0), ~ l ,  (4, 1))}). 
Kz9 - -  K21 ({oei ] i E 7721} U (?74 >< 772), 
{((0, 0), (0, 1), O~5, (1,0), O~4, (1, 1), OC3,(2, 0), ~2 ,  (2, 1), OO1,(3,0), O¢~6, (3, 1)), ((1,0), 
(1, 1), ~5 , (2 ,  0), e~4,(2, 1), OC3, (3, 0), OC2, (3 , 1), O~1, (0,0), ~6 ,  (0, 1)),((2,0),(2, 1), 
e~5, (3, 0), ~4 ,  (3, 1), ~3 ,  (0,0), O~32,(0, 1), ~1 , (1 ,0) ,  OO6,(1, 1)), ((3, 0), (3, 1), OC5, 
(0, 0), OC4, (0, 1), OO3, (1,0), OO2,(1, 1 ), CX~I, (2, 0), Oe6, (2, 1)), ((0, 0), (1, 1), ~7 , (1 ,0 ) ,  
~8 ,  (3, 1), OC9, (2, 0), CX~10,(0, 1), OClJ, (3,0), CX~12, (2, I)) , ((1,0),(2,  1), Oe7, (2,0), 
~8 ,  (0, 1), OC9, (3, 0), ~10,(1, 1), ~11, (0,0), VO12, (3, 1)),((2, 0),(3, 1), OC7,(3,0), 
O~8, (1, 1), OO9, (0, 0), OO10,(2, 1), ~11, (1,0), OC12, (0, 1)), ((3, 0),(0, 1), ~7 , (0 ,0) ,  
CXD8, (2, 1), CXZ9, (1,0), ~10,(3, 1), Oell, (2,0), e~12, (1, 1)), ((0,0), (1,0), e~13, (0, 1), 
OC14, (2, 0), ~15,(2,  1), OO16, (3, 1), OO17,(1, 1), OC18, (3, 0)), ((0, 1), (1, 1), OO13, (2,0), 
~16,  (3,0),  OC14,(3, 1), ~18, (0,0), oc15,(1,0), oc17,(2, 1)), ((0, 0), (2, 0), e~ls, (0, 1), 
OO19, (1,0),  O~20,(1 , 1), O~21, (3,0),  ~13 , (3  , 1), (2, 1), Y14),(O~13, (0,0),  O~16, (0, 1), 
oc20, (3, 0), (2, 0), cxz19, (1, 1), (3, 1), oo21, (1,0), ~18, (2, 1)), (oo17, (0, 0), oe20, 
(2,0), ~21, (2, 1), ~19,(3, 1), (0, 1), ~x~ls, (1, 1),cx~16,(1,0), (3,0)),(CXZl7, (0, 1), cx~21, 
(0,0), oo19, (3, 0), o~15,(3, 1), w20, (2, 1),(1, 1), o~14,(1,0), (2,0))}). 
K43 - K7 ({ooi ] i E 777} U (7/18 × Z2), {((0,0),(1,0),(6,0),(15,  1),(10, 1),(9, 1),(0, 1), 
(1, 1),(6, 1) , (15,0) , (10,0) , (9,0) , (11,0) , (2,0))  + (i, 0) ] i E ?79} U {((0,0),(3,0),(4,  1), 
(8, 1),(14, 1), w1,(17,0),oc2,(12,  1),(10, 1),(8,0),(4,0),(3,  1),(0, 1)) + (i, 0) ] i E 7718} 
U{((0,0),(12,0),(7,  1),(3,0), (0, 1),(2, 0), (5, 1), (9, 0),(14, 1),(3, 1), vc4,(17,0), o~3, 
(6, 1))+(/ ,0)  ] i E Z~8}U{((2,0),(9,0),(17,0),~5,(16,  1), o~36,(16,0),~x37,(5, 1),(15, 1), 
(7,0),(0, 1),(6,0),(12, 1)) + (i,0) [ i ~ 7718}). 
g41 - g 9 ({oQ i ] i ~ /79} (..J(/716 × /~2) ,{((1,0) , (2 ,0) , (10,  1),(9, 1 ) , (12 ,0) , (4 ,0) , (1 ,  1), 
(2, 1),(10,0),(9,0),(12, 1),(14, 1),(6, 1),(4, 1 ) )+( i ,0 )  ] i ~ Z8} U {((0,0),(7,0),(12,0),  
(8, 1), (2, 0), e~1, (15, 1), cx~2,(15,0),~3,(2, 1),(8,0),(12, 1),(7, 1)) + (i,0) I i ~ 7716} 
U{((0, 0),(6,0),(10,0),  (15, 1),(5, 1),(9, 1), ~6,(14,  0), ~5 ,  (14, 1), 
~4 ,  (12, 0), (7, 1),(0, 1)) + (i,0) ] i E 7716} U {((4,0),(7,0),(9,0),(2,  1), 
(3,0),(5, 1),(8, 1),(10,0),(1 1, 1),o~9,(12,0),oo8,(13, 1 ) ,~7)  + (i, 0) ] i E 7~16}). 
K37 - K13 ({,~x~i [ i ~ 7713 } Y (7/12 x Z2),{((0,0) ,(1,0) ,(3,0) ,(9,  1),(8,0),(7, 1),(6, 1), 
(0, 1),(1, 1),(2,0),(3, 1),(9,0), (7,0),(6,0))  + (i, 0) ] i E 776} U {((5,0),(8, 1),(6,0), 
(9,0), oo4,(10, 1), ~3 ,  (10, 0), ~2 ,  (1 1, 1),CX~l,(1 1,0),(9, 1),(5, 1)) + (i,0) ] i ~ 7/12} 
U{((2,0),(7,0),(1 1,0), oc5, (1 1, 1), oe6, (10, 0), oc7, (10, 1), 
oe8, (9, 0), (5, 1),(3, 1),(6, 1)) + (i,0) I i E 7/,2} © {((0, 1),(3,0),(8, 1), 
O~13,(8,0),(3, 1), ~9,(10,0),OO10,(1 1, 1), OC11, 
(11,0),o~12,(5, 1)) + (i, 0) ] i ~ 7~12}). 
K43 - K7 ({o~i ] i ~ ~7} U (~18 × 7/2),{((0,0),(1,0),(6,0), 
(15, 1),(10, 1),(9, 1),(0, 1),(i ,  1),(6, 1), (15,0), (10,0),(9, 0), 
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(1 1,0) ,(2,0))  + (i,0) I i E 7/9) U {((0,0) ,(3,0) ,(4,  1),(8, 1),(14, 1), 
001,(17,0), 002,(12, 1),(10, 1) , (8,0) , (4,0) , (3,  1),(0, 1)) + (i,0) ] i E 2~18} 
U{((0, 0), (12, 0), (7, 1), (3,0),(0,  1),(2,0),(5,  1), (9,0), (14, 1),(3, 1), 004, 
(17,0),003,(6, 1)) + (i,0) ]i  E 7/18) U {((2,0) ,(9,0) ,(17,0) ,005,  
(16, 1),006,(16,0), 007, (5, 1),(15, 1),(7,0),(0,  1),(6,0),(12,  1)) + (i,0) I i E 7/18}). 
K31 - K3 This follows using KI9 - K3 and K31 - K19 (from K17 - Ks). 
K 3 3 -  K5 This follows using K 1 7 - K 5  and K33-K17 (from K19-K3) .  
K35 - K7 ({00i I i E ZT}, {((0,0) , (7 ,0) , (1 ,0) , (6 ,  1),(12,0),(12, 1),(8, 1),(0, 1), 
(7, 1),(1, 1),(5, 1),(5,0),(13, 1), (8,0)) + (i,0) [ i E 7/7) U { ( (O , j ) , ( i , j ) , (Z i ,  j )  . . . . .  

(13i, j ) )  I i E {1 ,3 ,5} , j  E 7/2} U {((0,0),(6, 1),(2,0),(5,  1),(3,0),(1,  1),(3, 1),(8,0), 
(4, 1), (7,0), 00o, (8, 1), 001,(12,0)) + (i,0), ((0,0), (4,0),(5,  1), (6, 0),(13, 1), 
002,(7,0),003,(7, 1), 004, (8, 0), OOs, (8, 1),006) q- (i, 0) ] i E 7/14}). 

Appendix B 

For each of  the cases m = 11 and 13 and for each 0 E {2,4} and 0 E {7,9, 11} 
respectively, the following lists a graph G on the vertex set 7/m × 7/2 and a set C of 
m-cycles which form an m-cycle system: of  K~m_l/2)+o V G when m = 11, the vertices 
in K~,n_l)/2+o being 001,002 . . . . .  005+o; and of  K~ V G when m = 13, the vertices of  
K~ being 001,002 . . . . .  e~0. 

m =  11: 
0 = 2. Let G = ({1,2,3),  {0}, {1,2,3})11, and C = {((0 ,0) , (3 ,0) , (6 ,0) , (9 ,0) , (1 ,0) ,  
(4,0) , (7,0) , (10,  0) , (2 ,0) , (5 ,0) ,  (8,0)), ((0, 1), (3, 1),(6, 1),(9, 1),(1, 1),(4, 1),(7, 1), 
(10, 1),(2, 1),(5, 1),(8, 1)),((1,0),(0, 0),(0, 1),(1, 1),001, (2, 1), 002, (3, 1), 003,(4, 1), 004), 
((6, 0), (8, 0), (1 0, 0), (1,0), 001, (2, 0), 002, (3, 0), 003, (4, 0), 004), 
((1,0), (3, 0), (5, 0), (7, 0), 001, (8, 0), 002, (9, 0), 003, (0, 0), 005 ), 
((6, 0), (5, 0), (5, 1),(6, 1), 001,(7, 1), 002, (8, 1), 003, (9, 1), 005), 
((0, 0), (2, 0), (4, 0), (6, 0), 006, (8, 0), 003, (5, 0), 005, (9, 0), 004 ), 
((7, 0), (6, 0), (6, 1), (7, 1), 003,(1, 1), 005, (2, 1), 007, (3, 1), 006), 
((7, 0), (9, 0), (0, 0), (1 0, 0), 007, (2, 0), 006, (3, 0), 005, (4, 0), 002), 
((10,0),(9, 0),(9, 1),(10, 1), 001, (0,0), 007, (3,0), cxz4, (5, 0), 002), 
((10,0), (10, 1),(8, 1),(6, 1), 002, (4, 1), 005, (7, 1), 004,(9, 1),006), 
((3,0) ,(2,0) ,  (2, 1),(3, 1), 004,(10,0), 005,(7,0), 003, (6, 0), 001), 
((6, 1), (4, 1), (2, 1), (0, 
((0, 1), (9, 1), (7, 1), (5, 
((5, 0), (4, 0), (4, 1), (5, 
((8, 0), (7, 0), (7, 1), (8, 
((4, 0), (3, 0), (3, 1), (4, 
((2,0), (1,0), (1, 1), (2, 
((9, 0) , (8,0) ,(8,  
((5, 1),(3, 1),(1, 

1), 007, (1,0), 006, (1, 1), 004, (2, 0), cx~3), 
1 ), 005, (8, 0), 004, (7, 0), cxD7, (5, 0), 001 ), 
1 ), 002, (1, 0), 003, (10, 0), 001, (8, 1), 006), 
1), 004,(5, 1), cx33,(10, 1), cx~6, (4 , 1), 007), 
1), e~Zl, (9, 0), 006, (2, 1), cx~4, (6, 1), CxD7), 
1), 003,(0, 1), 002,(9, 1), 007, (10, 1), cxzs), 

1),(9, 1),001,(5, 1), 006, (0, 0), 002, ( | ,  1), 007), 
1),(10, 1), 004,(0, 1), ~x~6, (6, 1), 005,(8, 1 ), ~x~7), 
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((0, 1),(10, 1), ~ 2 ,  (6, 0), c~7, (7, 1), cxD6, (4, 0), c~l, (3, 1), (x~5)}. 
0 = 4. Let G = ({1},{0},{1})11 and 
C = {( (0 ,0) , (1 ,0) , (2 ,0) , (3 ,0) , (4 ,0) , (5 ,0) , (6 ,0) , (7 ,0) , (8 ,0) , (9 ,0) , (10 ,0) ) ,  
((0,0),(0,  1),(1, 1), (1,0), oc1,(2,0), c~2, (3,0),oo3, (4,0), oc4), 
((1, 1),(2, 1), OCl, (0, 1), oc2,(3, 1), oc3, (4, 1), oo4,(5, 1), oo5), 
((2, 0),(2, 1 ), oc2, (0, 0), OCl, (3, 0), co4, (1,0), co5, (4, 0), o06), 
((2, 1),(3, 1), OCl, (1, 1), oc2,(4, 1), cc5, (0, 1), oc3,(5, 1), oo6), 
((3, 0),(3, 1), ~4 ,  (2,0), ~3 , (0 ,  0), oc5, (2, 1), cxD7, (1,0), ~8 ) ,  
((3, 1), (4, 1), ~1 ,  (4,0), oc~2, (1, O), cx~3, (1, 1), cxz4, (2, 1), c~8), 
((4, 0), (4, 1), oc~6, (0 , 1), cx:~4, (6 , 1), cx31, (5, 0), c~32, (5 , 1 ), cx37) , 
((4, 1),(5, 1), o~1, (6,0), oo3,(5, 0), oo5,(3, 1), o~36,(0, 0), oo7) , 
((5, 0), (5, 1 ), 0o8, (0, 0), o~9, (1,0), OO6, (3, 0), OO5, (6, 0), OO4) , 
((5, 1),(6, 1), ~'~2, (6,0), oc6,(1 , 1), o~7, (0, 1), cx~8,(4, 1),oo9), 
((6, 0),(6, 1), ~3 ,  (2, 1), oo9, (1, 1), ~x~8, (5, 0), cx~6, (7, 0), oo7) , 
((6, 1),(7, 1), 0ol, (7,0), cx~2, (8, 0), c~3, (9, 0), oo4, (10, 0), oo5), 
((7, 0),(7, 1), v~2, (9.0), OCl, (10, 0), oo9, (8, 1), cx~4, (9, 1), oc5), 
((10, 1),(0, 1), c~:~9,(8, 0), oo1,(8 , 1), oo7, (9, 1), oo3, (7, 0), e~4), 
((7, 1),(8, 1 ) ,~5 , (10 ,  1), oe8,(4,0), oo9, (9, 0), (x~6, (10, 0), oo7), 
((8, 0), (8, 1 ), .~x~6, (10, 1), oo9,(3,0), oo7,(6, 1),o~8,(7, 1), cx~4), 
((8, 1),(9, 1), oel, (10, 1), e~7,(3, 1), c~z9,(2,0),oo5, (9, 0), oo8), 
((9, 1),(9, 0), oo7,(2, 0), o~8,(6,0), oo9, (7, 1), oo5,(8,0), oo6) , 
((9, 1),(10, 1), oo2,(10, 0), oo3, (7 , 1), oo6,(6, 1), oo9,(7,0), oo8), 
((10,0), (10, 1), ~x)3, (8 , 1), ~2 ,  (9, 1), ~9 ,  (5, 0), oo7, (8,0), oo8) }. 

m = 13: 
0 = 7. Let G = ({1,2,3,4},  {0,1,2}, {1,2,3,4})13 and C = {((0,0) , ( i ,0) , (2i ,0)  . . . . .  
(12i,0)) [i  e {1,2,3,4}} U {((0, 1),(i, 1),(2i, 1), . . .  ,(12i, 1)) l i e {2,3,4}}U 
{(2,0),(3, 1),oo1,(4, 1), oo2, (5, 1), oo3, (6, 1), oo4, (7, 1), oo5,(8, 1), oo6) , 
((0, 0), (0, 1), (1, 1), (1,0), ool, (2, 0), oo3, (3, 0), oc5, (4, 0), oo7, (5, 0), oo2), 
((2, 0), (2, 1), (3, 1), (3, 0), oo7, (9, 1), oo2, (10, 1), oo4, (11, 1),oo6,(12, 1), oo5), 
((4, 0), (4, 1), (5, 1), (5, 0), oo1,(6,0), oo2, (8,0), oo3,(9,0), oo4, (10,0),oo6) , 
((6, 0),(6, 1),(7, 1), (7, 0), oo7,(0, 1), o~5, (1, 1), oo3, (2, 1), oo4, (3, 1), oo6), 
((8, 1),(8,0),(9,  1), (9,0), o~5, (11, 0), oo6,(12,0), oo7, (0, 0), oo1, (3, 0), oo2), 
((10,0),(10, 1),(1 1, 1),(1 1,0), oo4, (8 , 1), c~7,(12, 1), c~b (0, 1), c~2, (2, 1), oo5), 
((1, 1),(0,0),(2,  I), (1,0), cx~2, (4, 0), o~3, (6, 0), oo4, (8,0), oo5, (3, 1), oo7), 
((2, 1),(1, 1),(12,0),(12, 1), c~4,(0,0), oo3,(10,0), e~2, (11, 0), e~b (5, 1), oo6), 
((12,0),(0,  1),(11,0),(12, 1), cx~3,(4, 1),~x~4, (5, 1), e~5,(6, 1), ~6 ,  (7, 1), cx~2), 
((0, 1),(12, 1),(10,0),(11, 1), e~7,(lO, 1), ecs,(O,O), e~6, (1,0), e~4,(7,0), cx~3), 
((12, 1),(1 1, 1), (9,0), (10, 1), ~1 , (8 ,  1), o(~3, (9, 1), ~4 , (5 ,0 ) ,  ~6 ,  (1, 1), oo2), 
((8, 0),(10, 1), (9, 1),(7,0), cx~5, (6, 0), cxz7, (9, 0), oo2, (3, 1), e~3,(11, 1), (x~L), 
((7, 0),(8, 1),(7, 1),(5,0), oc3, (1 1,0), c~7,(2, 1), oel, (4, 0), e~4,(O, 1),oo6), 
((1,0),(3,  1),(4, 1),(2,0), oe2, (7,0), oo1,(9, 0), o%, (10, 1), cx~3,(7, 1),oo7), 
((4, 1),(3,0),(5,  1), (6, 1), ool,(lO, 0), ~7 , (2 ,0 ) ,  cx~4, (12,0), ~3,(1,O),cxDs), 
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((5, 1), (4, 0), (6, 1), (5, 0), 0os, (9, 1),OOl, (1, 1), OO4, (3, 0), c(36, (8, 0), oc7) , 
((9, 1),(8, 1), (6,0), (7, 1), o~1, (12, 0), 0o5, (11, 1), 0o2, (6, 1), oo7, (4, 1),oo6)}. 
0 = 9. Let G = ({1,2}, {0,1,2}, {1,2})13 and C = {((0,0) , (2,0) , (4,0) , (6,0) , (8,0) ,  
(10, 0), (12, 0), (1,0), (3, 0), (5, 0), (7, 0), (9, 0), (11, 0)), 
((0, 1), (2, 1),(4, 1), (6, 1),(8, 1),(10, 1),(12, 1),(1, 1),(3, 1),(5, 1),(7, 1), (9, 1), (11, 1)), 
((1, 0), (0, 0), (0, 1), (1, 1), 0o1,(2, 1), 0o2, (3, 1), 0o3, (4, 1), 0o4, (5, 1), 0o5), 
((2,0), (1,0),(1, 1), (2, 1), 0o3, (3, 0), ~5 ,  (4, 0), c~7, (5, 0), 0o9, (6, 0), 0o2), 
((3, 0), (2, 0), (2, 1), (3, 1), 0o4, (6, 1), c~5, (7, 1), 0o6,(8, 1), 0o7, (9, 1), 0o8), 
((4, 0), (3, 0), (3, 1), (4, 1), 0o5, (0, 1), oo7, (8, 0), 0o9, (9,0), 0o2, (10, 0), 0o4), 
((5, 0), (4, 0), (4, 1), (5, 1), 0o6, (10, 1), cx~7,(11, 1), 0o8, (12, 1), 0o9,(0, 1), (X)l), 
((6, 0), (5, 0), (5, 1), (6, 1), 0o6, (11, 0), cx~8, (12, 0), c~1, (0,0), 0o3,(1,0), 0o4), 
((7, 0), (6, 0), (6, 1), (7, 1), 0o7,(1, 1), c~8, (2, 1), 0o9, (3, 1), 0ol, (4, 1), c~6), 
((8, 0), (7, 0), (7, 1), (8, 1), 0o8, (2, 0), 0ol, (6, 0), oc3, (9, 0), 0o5, (11,0), 0o4), 
((9, 0), (8, 0), (8, 1), (9, 1), 0o9,(5, 1),c~1, (6, 1), 0o2,(11, 1), 0o3,(12, 1), 0o4), 
((10, 0), (9, 0), (9, 1),(10, 1), c~8, (0, 0), 0o2, (3, 0), cx~4, (12, 0), 0o6, (5, 0), 0o5), 
((11,0),(10,0),(10, 1),(11, 1), 0o9,(6, 1), 0o8, (5, 0), ¢x~4, (2, 1), CX37, (3, 0), 0ol ), 
((12,0), (1 1,0),(11, 1), (12, 1),oo1,(8, 1), 0o2,(9, 1), c~3, (8, 0), c~5, (6, 0), 0o7), 
((0,0),(12,0),(12, 1),(0, 1), 0o2, (5, 0), 0o3, (1 1, 0), 0o7, (3, 1), 0o5, (8, 1), 0o9), 
((1, 1),(0,0), (2, 1), (1, 0), cx~6, (3, 0), 0o9, (11,0), o~2, (5 , 1), 0o8, (7, 1), 0o3), 
((1,0),(3, 1), (2,0),(4, 1), c~7, (5, 1), c~3, (8, 1), 0o4, (9, l), 0o5, (10, 1), 0ol), 
((4, 1),(3,0), (5, 1),(4,0), 0o8, (1,0), c~9,(1, 1), 0o6, (0, 0), 0o4, (7, 1), c~2), 
((4,0),(6, 1), (5,0), (7, 1), 0oi, (8, 0), c~2, (1,0), 0o7, (12, 1), 0os, (1 1, 1), 0o6), 
((7, 1),(6, 0),(8, 1), (7, 0), ~1 ,  (4,0), c~2, (1, 1), 0o4,(10, 1), ~3 ,  (2, 0), cx)9), 
((12,0),(1, I), c~5, (0, 0), 0o7, (2, 0), 0o6, (6, 0), 0o8, (9, 0), 0ol, (10, 0), 0o3), 
((0, 1), (12, 0), 0o2, (7, 0), oo9, (10, 0), oo8, (8, 0), 0o6, (2, 1), 0o5, (2, 0), 0o4), 
((7, 0), (9, 1), (8,0),(10, 1),oo9,(4,0),oo3,(0, 1), cx~6, (9, 1), c~1,(11, 1), 0o4), 
((10, 1),(9,0),(11, 1),(10,0), 0o7,(6, 1), 0o3, (7, 0), c~8, (3, 1), cx~6, (12, 1), ~2 ) ,  
((10,0),(12, 1),(11,0), (0, 1), c~8, (4, 1), 0o9, (12, 0), cx~s, (7, 0), 0o7, (9,0), o~6)}. 
0 = 11. G -- ({1},{0},{1})13 and C = {((0,0) , (1 ,0) , (2 ,0) , (3 ,0) , (4 ,0) , (5 ,0) , (6 ,0) ,  
(7, 0), (8, 0), (9, 0), (10, 0), (11,0),(12,0)),  
((0, 0), (0, 1), (1, 1), (1, 0), 0ol, (2, 0), 0o2, (3, 0), 0o3, (4, 0), 0o4, (5, 0), 0o5), 
((1,1),(2,  
((2,0),(2,  
((2,1 ), (3, 
((3,0),(3,  
((3,1),(4,  
((4,0),(4,  
((4,1 ), (5, 
((5,0),(5,  
((5, 1 ), (6, 
((6,0),(6,  
((6, 1 ), (7, 
((7,0),(7, 

1), CX~ll,(3, 1), 0o10, (4, 1), o~9,(5, 1),0o8,(6, 1),o¢7,(7, 1), 0o6), 
1 ), oo10, (6, 0), oc9, (7, 0), oo8, (8, 0), ct37, (9, 0), c~6, (10, 0), c~5), 
1), oe7, (8, 1),0o2, (9, 1), 0o3,(10, 1), 0o4,(11, 1), 0o5, (7, 0), 0o6), 
1), C~2, (11,0), cx~3, (12, 0), 0o4, (0, 0), ~36, (1,0), CX~7, (2, 0), C~8), 
1), CX~ll,(0, 1), 0ol0,(1, 1), oO9,(2, 1), 0o8, (7, 1), 0o5, (8, 1), 0o6), 
1), c~l, (5, 0), 0o2, (6, 0), 0o3, (7, 0), c~4, (8, 0), OO5, (9, 0), 0o8), 
1), oo11,(6, 1), 0o10, (7, 1), cX~9, (8, 1), 0o8,(9, 1), 0o7, (10, 1), c~6), 
1 ), OO1, (10, 0), 0o2, (12, 0), 0o5, (1, 0), 0o8, (6, 0), 0o11, (7, 0), c~7), 
1),0o1,(9, 1), 0o4, (12, 1), 0o7, (0 , 1), c~8,(1, 1), 0oil,(10, 1), O~32), 
1), c~2, (0, 0), cx~3, (1,0), oo4, (2, 0), oo6, (3, 0), cx~7, (4, 0), oo5), 
1),0oh (11, 1), c~7,(1, 1), oo5, (2, 1), c~4, (3, 1), oo3,(12, 1), c~9), 
1 ), C~ll, (0, 0), c~10, (1,0), cx~9, (2, 0), cx~3, (5, 0), c~8, (1 1, 0), C~l ), 
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((7, 1),(8, 1),~11, (9, 1), e~10,(10, 1), ~1 , (12 ,  1), cxD2, (0, 1), cx~3, (1, 1), ~ 4 ) ,  

((8, 0), (8, 1), ~3 ,  (11, 1), o~:~2, (9,0), ~1 , (12 ,0 ) ,  cxz6, (1 1,0), cx~4,(5, 1), ~1o) ,  
((8, 1),(9, 1), cx~5(O, 1),cx~l,(1, 1),cx~2, (2, 1), ~x~7, (4, 1), cx~4, (3, 0), CX~lo), 
((9, 0), (9, 1),~x~9, (10,0), a~ll, (4,0), O<qo, (12, 1), cx~8, (0, 0), cx~7, (5, 1), cx33), 

((9, 1),(10, 1), cx~5, (3,0), ~11, (2,0), ~1o, (7, 0), cx~2, (4, 0), cx~9, (0 , 1), ~6 ) ,  
( (10 ,0) ,  (10, 

((0, 1) ,(12,  1 

((10, 1) ,(11,  

( (11 ,0 ) , (11 ,  

( (11 ,1 ) , (12 ,  

( (12 ,0 ) , (12 ,  

1), ~8 ,  (3, 1), co9, (5, 0), CX~ll, (1, 0), ~2 ,  (8, 0), cxzl, (6, 0), cx~7), 
), ~11, (8, 0), (x36,(1 1, 1), cxz9, (11,0), cx~5, (6, 1), ~3 ,  (10,0), ~4 ) ,  
1 ), cx~8, (12, 0), cot0, (9, 0), cxz4, (6, 0), o~:~6, (4, 0), cx~l, (0, 0), e~9), 
1), ~1o, (10, 0), ~8 , (4 ,  1), cx~2, (7, 1), ~3 ,  (8, 0), OO9, (9,0), O~311), 
1), co6, (5, 1), e~5, (4, 1), cx~3, (2, 1), ~1 ,  (3, 0), co9, (12, 0), CX~ll ), 
1), cx~5, (3, 1), c~l, (8, 1), cx~4, (6, 1 ), cxD6, (5, 0), cx~10,(11,0), cx~7)}. 
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