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Abstract

In this paper we completely settle the embedding problem for m-cycle systems with m<14.
We also solve the more general problem of finding m-cycle systems of K, — K, when m €
{4,6,7.8,10,12,14}.

1. Introduction

Throughout we will use standard graph theoretic terminology which if not defined
here can be found in [2]. Let G° denote the complement of G. If G and H are two
graphs then let GUH be the graph with vertex set V(GUH) = V(G)UV(H) and edge
set E(GUH) =E(GYUE(H). If V(G)NV(H) =B, then let GV H be the graph with
V(GVH)=V(GYUV(H) and E(GV H) = E(G)UEH)U {{g,h} | g € V(G),h €
V(H)}. If H is a subgraph of G, let G — H be the graph containing those edges of G
which are not in H. Define |i —j|, = min{|i—j|,x—|i—j|}. If Dy, Dy C{1,2,..., [x/2]}
and §C7Z,, then define the graph (Dy,S,D;), to be the graph with the vertex set
Z, x Z and edge set {{(i,0),(j,0)} ||i — jlx € Do} U {{(;,0), (/i )}|i — j(modx) €S}
U{GED, G D= jlx € Di}

Let Z,, = {0,1,...,m — 1}. An m-cycle is a graph (vg,v,...,Un—1) With vertex set
{v;|i € Z,} and edge set {{v;,v;41}|7 € Zn} (reducing the subscript modulo m). An
m-cycle system of a graph G is an ordered pair (¥,C) where V is the vertex set of G
and C is a set of m-cycles, the edges of which partition the edges of G. An m-cycle
system of order n is an m-cycle system of K,. An m-cycle system (¥, C) is said to be
embedded in the m-cycle system (W,P) if VCW and CCP.
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A most natural question to consider is the embedding problem for m-cycle systems;
that is, to find the set of integers S,(u) such that any m-cycle system of order u can
be embedded in an m-cycle system of order v > u if and only if v € S,(u). Doyen
and Wilson solved the embedding problem for 3-cycle systems (Steiner triple systems)
in 1973.

Theorem 1.1 (Doyen and Wilson [6]). S;(u) = {v|v=1 or 3 (mod6), v=>2u+ 1}.

The embedding problem for 5-cycle systems was recently solved by Bryant and
Rodger.

Theorem 1.2 (Bryant and Rodger [4]). Ss(u) = {v|v =1 or 5 (mod 10),v>3u/2+1}.

More recently, Bryant and Rodger [5] gave a general approach for embedding an
m-cycle system of order u in the case m is odd and u is 1 or m (mod2m) and a
complete solution to the embedding problem for m-cycle systems was given in the
cases m =7 and m = 9.

Theorem 1.3 (Bryant and Rodger [S]). S7(#)={v|v=1 or 7 (mod 14), v>4u/3+1}.
Theorem 1.4 (Bryant and Rodger [5]). So(u)={v|v=1 or 9 (mod 18),v>5u/4+1}.

In this paper we completely solve the embedding problem for m-cycle systems for
the remaining values of v<14; that is, for v € {4,6,8,10,11,12,13,14}.

When an m-cycle system of order u is embedded in an m-cycle system of or-
der v, an m-cycle system of the complete graph of order v with a hole of size u,
K, — K, is obtained by deleting the m-cycle system of order u. However, the so-
lution of the embedding problem for m-cycle systems does not completely solve the
existence problem for m-cycle systems of K, — K,; it does not solve the cases where
there is no m-cycle system of order u. This more general problem was solved in
the case m = 3 by Mendelsohn and Rosa [11] and in the case m = 5 by Bryant
et al. [3].

Theorem 1.5 (Mendelsohn and Rosa [11]). There exists a 3-cycle system of K, — K,
if and only if v22u+ 1 and

(1) u,v=1 or 3 (mod 6), or

(2) u=v =135 (mod6).

Theorem 1.6 (Bryant et al. [3]). There exists a 5-cycle system of K, —K,, if and only
if v=23u/2+ 1 and

(1) u, v=1 or 5 (mod 10), or

(2) u=v=3 (mod 10), or

(3) u, v="7 or 9 (mod 10).
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In this paper, we also settle this more general problem for the cases m = 4,6,7,8,
10,12 and 14. There are some obvious necessary conditions for the existence of an
m-cycle system of K, — K,,.

Lemma 1.1. Let v > u>1. If there exists an m-cycle system of K, — K, then
(1) (w—m)v—Dzu(—1),
Q) u=v=1 (mod2),
3) (w—u)v+u—1)=0 (mod2m),
@) vz(m+ Du/im—1)+1 if m is odd.

Remark. Notice that Lemma 1.1(1) implies that if u # v then v=m and v=u + m/2.
(v=m is immediate, and v=u + m/2 follows since in the range m<v<u + m/2 the
function f(v) = (v —m)(v — 1) is increasing, and since f(u + m/2) < w(u— 1).)

Proof. Since v > u, in order that the edges incident with a vertex of degree v — 1
be placed in m-cycles, the number of m-cycles must be at least (v — 1)/2. That is,
(ww—1)—u(u—1))2m=(w—1)/2, so (1) follows. Each of the u vertices in the hole
of K, — K, has degree v —u, and each of the remaining v — u vertices has degree v— 1.
Since each m-cycle includes an even number of edges incident with each vertex, (2)
follows. Since 2m divides &K, — K,,) = (v — u)(v + u — 1), (3) follows. Finally, (4)
follows from [12]. O

We will need the following result concerning the existence of m-cycle systems
of K,,.

Theorem 1.7 (Jackson [8], Kotzig [9] and Rosa [13]). There exists an m-cycle sys-
tem of K, in each of the following cases:

(1) m is even and n = 1 (mod 2m);

(2) m is odd and n = 1 or m (mod 2m).

In Section 2 we solve the existence problem for m-cycle systems of K, — K, when
m is even and 6 <m<14. In Section 3 we solve the embedding problem for m-cycle
systems when m € {11, 13}, supplementing Theorems 1.3 and 1.4. Finally, in Section 4
we solve the existence problem for 7-cycle systems of K, — K.

2. Even cycles

Theorem 2.1 (Sotteau [14]). Let m be even, and x,y>=1. There exists an m-cycle
system of K, , if and only if

(1) x, y=m/2,

(2) xy =0 (modm), and

(3) x=y =0 (mod2).
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Proposition 2.1. Let m be even. Suppose u =1, u > m/2 or v > u. If there exists
an m-cycle system of K, — K, then there exists an m-cycle system of Kyixm — Kutym
with x2y20 and x = y (mod?2).

Proof. Let (UUV,C) be an m-cycle system of K, — K, where U is the set of u vertices
in the hole and V is the set of the remaining v—u vertices. Let U’ and V' be sets of ym
and (x— y)m further vertices, respectively. Form an m-cycle system (UUU'UV UV, C")
of Kytxm — Kusym with hole U U U’ by defining C' = CU C; U C, U Cs as follows.

Let (U'UV,Cy) be an m-cycle system of Kym,—, with bipartition U’ and V. This
exists by Theorem 1.2 since v —u>m/2 (by the remark after Lemma 1.1) or v—u =0,
and since v — ¥ = 0 (mod2) by Lemma 1.1(2).

Let z € UU V. Let (UUU UV UV)N\{z},(2) be an m-cycle system of
Kyt ymtv—u—1,(x—yym With bipartition (U U U’ U V)\{z} and V’. This exists by
Theorem 1.2 since u+ ym+v—u—~1=ym+v—1=0 (mod2) by Lemma 1.1(2),
and since if v # 1 then ym + v — 1 2>m/2 (either v > u in which case v —u>=m/2, or
v = u > m/2 by the hypothesis of this Proposition).

Let ({z} U V', C3) be an m-cycle system of K(x—yym4+1. This exists by Theorem 1.7
since x = y (mod2). O

Proposition 2.2. Let m be even and u = v (mod 2m). Suppose u =1 or u > m/2.
There exists an m-cycle system of K, — K,,.

Proof. There exists an m-cycle system of K, — K, since this graph has no edges. The
result therefore follows from Proposition 2.1. O

Corollary 2.1. Let k > 1, m =4 or 8 and v > u. There exists an m-cycle system of
K, — K, if and only if u = v (mod 2m).

Proof. The necessity follows from Lemma 1.1(2) and (3), and the sufficiency
follows from Proposition 2.2 unless m = 8 and ¥ = 3. If m = 8 and u = 3 then by
Proposition 2.1 it suffices to find an 8-cycle system of K;o — Kj. This is done in
Appendix A. O

Proposition 2.3. For v > u, there exists a 6-cycle system of K, — Ky, if and only if
v=zu+3 and

(1) u,v=1 or 9 (mod 12), or

(2) u, v=13 or 7 (mod 12), or

(B) u=v=>5 (mod 12), or

(4) u=v=11 (mod 12).

Proof. The necessity follows from Lemma 1.1(1)—(3), so we now construct 6-cycle
systems of K, — K, in each of the four cases. In view of Proposition 2.2, we may
assume that either ¥ # v (mod2m) or u = v (mod2m) and u = 3. Using Proposition
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2.1, it remains to construct 6-cycle systems of Ko — K, Ki3 — Ky, K7 — K3, K15 — K5
and K5 — K3. This is done in Appendix A. [J

Proposition 2.4. For v > u, there exists a 10-cycle system of K, — K, if and only if
vzu+S5 and

(1) u,v=1 or 5 (mod20), or

(2) u=v=3 (mod20), or

(3) u, v="7 or 19 (mod 20), or

(4) u, v=9 or 17 (mod 20), or

(5) u, v=11 or 15 (mod20), or

(6) u=v=13 (mod 20).

Proof. The necessity follows from Lemma 1.1(1)—(3). To prove the sufficiency, using
Propositions 2.1 and 2.2 as in the case where m = 6, it remains to construct 10-cycle
systems of K35 — K, K1 —Ks, K17 — Ky and Ky —K; for u # v (mod 2m), and K3 — K3
and K5 — Ks when u = v (mod2m). This is done in Appendix A. O

Propeosition 2.5. For v > u, there exists a 12-cycle system of K, — K, if and only if
v=u+ 6 and

(1) u, v=1,9 (mod 24), or

(2) u, v=3, 19 (mod 24), or

3B) u=v=5 (mod24), or

4) u, v=7,15 (mod 24), or

(5) u=v=11 (mod24), or

(6) u, v= 13,21 (mod 24), or

(7) u=v =17 (mod 24), or

(8) u=v =23 (mod24).

Proof. The necessity follows from Lemma 1.1. To prove the sufficiency, using Propo-
sitions 2.1 and 2.2 it remains to construct 12-cycle systems of Ks — Ky, K19 — K3,
Kis — K7 and Ky — K3 for u £ v (mod2m), and Ky; — K3 and Kog — K5 when u = v
(mod 2m). This is done in Appendix A. [

Proposition 2.6. For v > u, there exists a 14-cycle system of K, — K, if and only if
v=zu+7 and

(1) u, v=1 or 21 (mod 28), or

(2) u, v=3 or 19 (mod 28), or

(3) u, v=>5 or 17 (mod 28), or

(4) u, v="7 or 15 (mod 28), with (u,v) # (7,15), or

(5) u, v=v=9,13 (mod 28), or

(6) u=11 (mod 28), or

(7) u > v=23,27 (mod 28), or

(8) u=v =25 (mod 28), or
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Proof. The necessity follows from Lemma 1.1, To prove the sufficiency, using Propo-
sitions 2.1 and 2.2 it remains to construct 14-cycle systems of K3, — K|, Kj9 — K3,
K9 — K31, K17 — Ks and K43 — K7 when u # v (mod2m), and K3, — K3, K33 — K5 and
K35 — K7 when u = v (mod 2m). This is done in Appendix A. O

3. Odd cycles

The following result is a great step towards settling the embedding problem for
m-cycle systems.

Theorem 3.1 (Bryant and Rodger [5]). Let m be odd and let u and v be 1 or m
(mod 2m). Any m-cycle system of order u can be embedded in an m-cycle system of
order v iff v=(m+ Du/(m — 1)+ 1, except possibly for the smallest such value of v
in the particular case where u = v = m (mod2m) and either
(a) m =1 (mod4) and the remainder when u is divided by m—1 is odd and greater
than m/2, or
(b) m =3 (mod4) and the remainder when u is divided by (m — 1)/ is even and
nonzero.

A method for dealing with the possible exceptions in Theorem 3.1 is given by the
following result.

Proposition 3.1 (Bryant and Rodger [5]). Let m = 3 (mod4), u = m (mod2m), and
u=a(lm—1)/2+6 where 0 < 0 < (m—1)/2, and let 0 be even. Suppose there exists
a simple graph G satisfying

(1) G has 2m vertices and is (m — 20)-regular,

(2) there exists an m-cycle system of K(,, |y, .oV G; and

(3) G° has a 1-factorization.
Then any m-cycle system of order u can be embedded in an m-cycle system of order
v, where v is the smallest integer at least (m+ 1)u/(m — 1)+ 1 with v = m (mod 2m).

Using these two results we can get the following.

Proposition 3.2. There exists an 11-cycle system of K, containing an 11-cycle system
of K, iff u,v=1 or 11 (mod22) and v=6u/5+ 1.

Proof. From Lemma 1.1(2) and (3), in order for there to exist an 11-cycle system of
K,, u=1 or 11 (mod22), and similarly v = 1 or 11 (mod 22), and v=6u/5 + 1 by
Lemma 1.1(4), so it remains to prove the sufficiency.

By Theorem 3.1, we need only consider the smallest such v in some cases, and by
Proposition 3.1 these cases are settled by constructing two graphs, one for each even
0 satisfying 2 < 0<4. This is done in Appendix B. [J
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A more general result than the following is proved in [5]. This is a companion result
to Proposition 3.2, dealing with the possible exceptions in Theorem 3.1.

Proposition 3.3 (Bryant and Rodger [5]). Let m = 1 (mod4), u = m (mod2m), and
u=a(m— 1)+ 06, where 0 is odd and (m + 1)/2<0<m — 2. Suppose there exists a
simple graph G satisfying

(1) G has 2m vertices and is (2m — 20 — 1)-regular;

(2) there exists an m-cycle system of K§V G; and

(3) G° has a 2-factorization, each 2-factor F of which is either ({d},0,{d})n with
1<d <m/2 or (B, {s,s+ 1},0), with 0<s <m.
Then any m-cycle system of order u can be embedded in an m-cycle system of order
v, where v is the smallest integer at least (m+ 1 u/(m—1)+1 with v = m (mod 2m).

We can use this to settle the embedding problem when m = 13.

Proposition 3.4. There exists a 13-cycle system of K, containing a 13-cycle system
of K, iff u,v =1 or 13 (mod 26) and v=Tu/6 + 1.

Proof. From Lemma 1.1(2) and (3), in order for there to exist an 13-cycle system of
Ky, u =1 or 13 (mod 26), and similarly v = 1 or 13 (mod 26), and v>7u/6 + 1 by
Lemma 1.1(4), so it remains to prove the sufficiency.

By Theorem 3.1, we need only consider the smallest such v in some cases, and by
Proposition 3.3 these cases are settled by constructing three graphs, one for each odd
0 satisfying 7<6<11. This is done in Appendix B. O

4. 7-cycle systems of K, — K,
We begin with some known results that will be used later.

Theorem 4.1 (Hoffman and Rodger [7], and Laskar and Hare [10]). There exists a
I-factorization of the complete multipartite graph with 2m vertices in each part.

The following lemma is a particular case of a result of Stern and Lenz.

Lemma 4.1 (Stern and Lenz [15]). Let DH{1,2,...,|x/2]} and SCZ,. If either |S| =1
or x/2 € D then (D, S,D), has a 1-factorization.

Lemma 4.2. If 7 divides x and D C{x/7,2x/7,3x/7} then there exists a 7-cycle system
of (D,0,D),.

Proof. Clearly, for each d € D, ({d},0,{d}), is a pair of 7-cycles. OJ

The following three lemmas are special cases of more general results proven in [5].
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Lemma 4.3. If 7 divides x then there exists a 7-cycle system of K5V (x/7,{0,1},x/7)s.

Lemma 4.4. If F is a 1-factor, with at least 4 vertices then there exists a 7-cycle
system of K5V F.

Lemma 4.5. Let

(1) x=250<f<x~5D=0and S={B,B+ 1,5 +2,8+3,8+4}; or

(2) x23,0<p<x—-3,D={d} {L,2,..., [(x — 1)/2|} and S = {B,f + 1,5 + 2};
or

(3) x25,0<f<x — 1,D = {di,d,} C{1,2,..., [(x — 1)/2]} and S = {B}.
Then there exists a T-cycle system of Ky V (D, S, D).

We can now obtain the following corollary from Lemmas 4.3—4.5.

Corollary 4.1. Let y>1,220 and x>3. Then if
(D) x=(y+5z+1)/2, D={1,2,...,|x/2|} and S = Z,, or
(2) 7 divides x, x =(y + 52+ 3)/2,D ={1,2,..., |x/2]}\ {x/7} and S = Z,, or
(3) 7 divides x, x = (y +5z+5)/2,D={1,2,..., |x/2]}\{x/7,2x/7} and S = Z,, or
(4) 7 divides x, x = (y + 52 +7)/2,D = {1,2,..., |x/2]} \ {x/7,2%/7} and S =
{2,3,...,.x — 1}, or
(5) 7 divides x, x = (y + 52+ 9)/2,D = {1,2,...,|x/2|} \ {x/7,2x/7,3x/7} and
S=1{23,... x—1},
there exists a T-cycle system of K3,V (D, S, D).

Proof. If x is odd then let g = |D| and let D' = D = {d;,d,,...,d,}, if x is even
then let g = |D| — 1 and let D' = D\ {x/2} = {d\,d3,...,dy}, and in either case let
I<d) <dy < -~ <dg Alsolett;=1for 1<i<zand ;=3 forz+1<i<z+ y.
We write (D, S,D), = Uf:l"(D,»,S,-,Di)x where for 1<i<z+ y, D; and S; are defined
recursively as follows.

Let « = 0, let B be such that § = {f; + 1,61 +2,...,x — 1} and let y; =
min{3—#,g}. For 2<i<z+y—1 define o; = o,y +yi—1, fi = Bim1 +(7-2t,_1—2y;1),
and y; =min{3 — #;,g9 — o;}. Finally, define D; = {dy+1,du+2,-..,ds4y,} and §; =
{ﬁi + l’ﬁi +2,-”9ﬁi +(7 —2ti - 2%)}

Now, for 1<i<z there is a 7-cycle system of Ky V (D;,S;,D;); by Lemma 4.5 and
for z+ 1<i<z+ y — 1 there is a 7-cycle system of K5 V (D;,§;, D;), by Lemma 4.4.

It is straightforward to check that D; CD’ and S;CS for 1<i<z+ y — 1 and that
for 1<i < jLz+y-—1, D,‘ﬂDj ={ and S,-ﬂSj = 0.

We now show that in each of the cases (1)—(5), either D \ (JX7 “'D; = 0 and
S\UZT'S = {x—1} or D\UZ?7'Dy = {x/2} and S\ TS = 0, so that
<D2+y’Sz+y’Dz+y>x = <D’SsD>x \ (Ulz':iv‘1<Dia Si,Di>x) is a 1-factor.

In each case |E(U) ™ (D1, 8i, D)) = x i (T -2) = x(2, 5+ 5200 ) =
x(5z + y — 1). Hence, |E({D, S, D),)| — |E(Uf:f'“l<Di,S,-,D,~)x)| is

(D) x(2x ~ 1) —x(5z+ y — 1) = x in case (1);
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2yx2x -1 —2x—x(5z+y—1)=x(2x — 1) — 2x —x(2x — 4) = x in case (2);

BG)x2x—1)—4dx —x(5z+ y—1)=x(2x — 1) — 4x — x(2x — 6) = x in case (3);

@y x2x—1)—6x —x(5z+y— 1) =x(2x — 1) — 6x — x(2x — 8) = x in case (4);
and is

BG)x2x—-1) -8 —x(5z4+y—-1) = x(2x — 1) — 8 —x(2x — 10) = x in
case (5).

So in any case either D\ | J777'D; = 0 and S\ 7S = {x — 1} or D\
Utz':ly_]Di = {x/2} and S\ Ujily_lsi =0, 50 (Drty,Sztys Doyl = (DS, D)x =
(Uf;y _1<Dl-,Si,Di>x) is a 1-factor. Hence, by 4.4 there is a 7-cycle system of KV
(D;4y,8:4y:Dz4y)x, and the union of the 7-cycle systems of K7 V (D;,S;,D;), for
1<i<z + y forms the required 7-cycle system. [

Lemma 4.6. For any odd integer T =3, and for all odd integers B with T —2|T/3]| <
BT — 2 there exist integers z and y with z=0 and y =1 such that 3y+z =T and
z+y=8

Proof. If B =T —2|T/3]| then let y = |T/3| and z = T — 3y. To complete the proof
we proceed inductively, so suppose that z’ and )’ satisfy the conditions of the lemma
and that B < T — 2. Then it is clear that y'>2, and so if we let y = )’ — 1 and
z=2z+3 we see that y>1,z20,3y+z=Tandz+y=B+2. O

Lemma 4.7. In each of the cases:
(1) u=3 (mod14) and v =5 (mod 14),
(2) u=5 (mod 14) and v =3 (mod 14),
(3) u=9 (mod14) and v = 13 (mod 14),
(4) u= 13 (mod 14) and v =9 (mod 14),
(5) u,v =11 (mod 14),
if 4u/3 + 1<v<6u — 13 then there exists a T-cycle system of K, — K,,.

Proof. By Lemma 4.6, with 7 = u, we can choose integers z>0 and y>1 such
that 3y +z = u and z + y = B for any odd integer B with u — 2|u/3| <B<u — 2.
Now if we apply Corollary 4.1(1) with x = (v — u4)/2 we obtain a 7-cycle system of
K.—K,withv=u+52+y+1=u+538B—-u)2+u—-B)2+1=7B—u+1
(substituting y = (u — B)/2 and z = (3B — u)/2) for each odd integer B in the
range u — 2|u/3| <B<u — 2. It remains to show that this covers all v in the given
range.

For given u, the smallest v for which we obtain a 7-cycle system of K, — K, is
Umin = 7(u —2|u/3})~u+1 = 6u—14{u/3| + 1. Hence, Umin <6u— 141 —2)/3+1=
(4u +31)/3 and so, vmin — (4u/3 + 1)<28/3 < 14. The largest v for which we obtain
a 7-cycle system of K, — K, 1S vmax = 7(u — 2) —u + 1 = 6u — 13. Clearly, if we
increase B by 2 we increase v by 14 and so we obtain a 7-cycle system of K, — K,
for all v satisfying the conditions of the theorem. [J
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Lemma 4.8. If u =3 (mod 14) and v =3 (mod 14) and if 4u/3 + 1 <v<6u— 15 then
there exists a T-cycle system of K, — K,,, except possibly when u = 1 (mod3) and
4u/3 + 1 <v<4u/3 + 15.

Proof. By Lemma 4.6, with 7 = u—2, we can choose integers z >0 and y >1 such that
3y+z=u—2and z+y = B for any odd integer B with u—2—-2{(u—2)/3| <B<u-4.
Now if we apply Corollary 4.1(5) with x = (v—u)/2, Lemmas 4.2 and 4.3, we obtain a
7-cycle system of K,—K,, with v = u+5z+y+9 = u+53B—u+2)/2+(u—B-2)/2+9 =
7B — u + 13 (substituting y = (u — B —2)/2 and z = (3B — u + 2)/2) for each odd
integer B in the range u — 2 — 2|(u — 2)/3] <B<u — 4. It remains to show that this
covers all v in the given range.

For given u, the smallest v for which we obtain a 7-cycle system of K, — K, is vy, =
T(u—2-2[(u—2)/3])~u+13 = 6u—14|(u—2)/3|—1. Now, if u = 0 or 2 (mod 3) then
[(#—2)/3| <(u—3)/3 and 50 vpin —(4u/3+1)<6u—14(u—-3)/3-1-(4u/3+1) =12 <
14. Also, if u =1 (mod3) then [(u — 2)/3] = (u — 4)/3 and 0 vmin — (4u/3 + 15) =
6u — 14(u — 4)/3 — 1 — (4u/3 + 15) = 8/3 < 14. The largest v for which we obtain
a 7-cycle system of K, — K, 1S Opax = 7 — 4) —u + 13 = 6u — 15. Clearly, if we
increase B by 2 we increase v by 14 and, so we obtain a 7-cycle system of K, — K,
for all v satisfying the conditions of the theorem. [

Lemma 4.9. If u=5 (mod 14) and v =5 (mod 14) and if 4u/3+ 1 <v<6u— 11 then
there exists a T-cycle system of K, — K,,.

Proof. By Lemma 4.6, with T = u, we can choose integers z>0 and y>1 such that
3y+z=uand z+y = B for any odd integer B with u—2|u/3| <B<u—2. Now if we
apply Corollary 4.1(2) with x = (v —u)/2 and Lemma 4.2, we obtain a 7-cycle system
of K,— K, withv=u+52+y+3=u+5B3B-u)/2+u—-B8)2+3=7B—u+3
(substituting y = (v — B)/2 and z = (3B — u)/2) for each odd integer B in the range
u—2|u/3] <B<u—2. It remains to show that this covers all v in the given range.

For given u, the smallest v for which we obtain a 7-cycle system of K, — K, is
Umin = 7(u —2{u/3|) —u+3 = 6u— 14|u/3]| + 3. Hence, vmi, <6u—14(u—2)/3+3 =
(4u +37)/3 and, s0, vmin — (4u/3 +1)<34/3 < 14. The largest v for which we obtain
a 7-cycle system of K, — K, 1S vpax = 7(u — 2) —u + 3 = 6u — 11. Clearly, if we
increase B by 2 we increase v by 14 and, so we obtain a 7-cycle system of K, — K,
for all v satisfying the conditions of the theorem. O

Lemma 4.10. If u = 9 (mod14) and v = 9 (mod 14) and if 4u/3 + 1<v<bu — 17
then there exists a 7-cycle system of K, — K,,, except possibly when u = 1 (mod3)
and 4u/3 + 1 <v<4u/3 + 15.

Proof. By Lemma 4.6, with T = »#—2, we can choose integers z>0 and y =1 such that
3y+z =u—2 and z+y = B for any odd integer B with u—2—2|(u—2)/3| <B<u—4.
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Now if we apply Corollary 4.1(4) with x = (v—u)/2, Lemmas 4.2 and 4.3, we obtain a
7-cycle system of K,—K,, with v = u+5z4y+7 = u+5(3B—u+2)/2+(u—B-2)/2+7 =
7B — u + 11 (substituting y = (u — B —2)/2 and z = (3B — u + 2)/2) for each odd
integer B in the range u — 2 — 2|[(u — 2)/3] <B<u — 4. It remains to show that this
covers all v in the given range.

For given u, the smallest v for which we obtain a 7-cycle system of K, — K|, 1S vy, =
Tu—~2-2|(u—2)/3])—u+11 = 6u—14{(u—2)/3]—3. Now, if u = 0 or 2 (mod 3) then
[(#—2)/3] <(u—3)/3 and 50 vmin —(du/3+1)<bu—14(u—3)/3-3-(4u/3+1) =10 <
14. Also, if v =1 (mod3) then |[(u —2)/3] = (u — 4)/3 and 0O vmin — (4u/3 + 15) =
6u — 14(u —4)/3 — 3 — (4u/3 + 15) = 2/3 < 14. The largest v for which we obtain
a 7-cycle system of K, — K, i8 Umax = Tt —4) —u + 11 = 6u — 17. Clearly, if we
increase B by 2 we increase v by 14 and so we obtain a 7-cycle system of K, — K,
for all v satisfying the conditions of the theorem. [

Lemma 4.11. If u = 13 (mod 14) and v = 13 (mod 14) and if 4u/3 + 1 <v<6u —9
then there exists a T-cycle system of K, — K,,.

Proof. By Lemma 4.6, with 7 = u, we can choose integers z>0 and y>1 such that
3y+z=uand z+y = B for any odd integer B with ¥ —2|u/3| <B<u—2. Now if we
apply Corollary 4.1(3) with x = (v — u)/2 and Lemma 4.2 we obtain a 7-cycle system
of K, — K, withv=u+524+y+5=u+53B—-u)/2+(w—B)2+5=7TB—u+5
(substituting y = (4 — B)/2 and z = (3B — u)/2) for each odd integer B in the
range u — 2|u/3| <B<u — 2. It remains to show that this covers all v in the given
range.

For given u, the smallest v for which we obtain a 7-cycle system of K, — K, is
Umin = T(u —2|u/3]) —u+5 = 6u—14{u/3]| + 5. Hence, vmin <6u— 14(u—2)/3+5=
(4u+43)/3 and s0, vmin — (4u/3+1)<40/3 < 14. The largest v for which we obtain a
7-cycle system of K, — K, is Umax = 7(# —2) —u+ 5 = 6u — 9. Clearly, if we increase
B by 2 we increase v by 14 and so we obtain a 7-cycle system of K, — K, for all v
satisfying the conditions of the theorem. [J

Notice that Theorem 1.3 and Lemmas 4.7-4.11 yield, for given u, a 7-cycle system
of K, —K, for all the possible values (as allowed by Lemma 1.1) of v<6u— 17, except
in the cases

(a) u =31 (mod42) and v = 4u/3 + 11/3 and

(b) u =37 (mod42) and v = 4u/3 + 5/3.

We now proceed to remove these exceptions.

Lemma 4.12. There exists a 4-regular graph G on 14 vertices such that there is a
T-cycle system of K§ vV G and such that there is a 1-factorization of G“.

Proof. Let G = (,{0,1,2,3},0), (so G° is 4-regular and has a l-factorization by
Lemma 4.1) and let the vertices in K§ be {c0;,002,003,004}. The set C given below
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forms a 7-cycle system of KS V G:
C = {((0,0),(0,1),004,(1,0),003,(2,0),(2,1)),((0,0),(1,1), 504, (2, 0), 003,
(1,0),(3,1)),((0,0),001,(6, 1),(3,0), 004,(4,0), 002),((0, 0), 003, (6, 1),
(4,0),001,(5,0),004),((1,0),(1,1),003,(3,0), 002, (6,0),(2, 1)), ((1,0),
(4,1),004,(6,0),003,(0,1),001),((2,0),(3,1),004,(2, 1), 003,(4,0),(4,1)),
((2,0),(5,1),004,(6,1),002,(1,1),001),((3,0),(3, 1), 003,(5,0), (5, 1), 001,
(4,1)),((3,0),(5,1),003,(4,1),002,(2,1),001),((4,0),(0,1),(6,0), (1, 1),

(5’0)002’(5’ 1))’ ((5’ 0)!(0’ 1)’ 002’(39 1)5 001(6,0), (6’ 1))} U

Lemma 4.13. There exists a 2-regular graph G on 14 vertices such that there is a
7-cycle system of KV G and such that there is a 1-factorization of G°.

Proof. Let G = (§,{0,1},0), (so G° is 2-regular and has a 1-factorization by Lemma
4.1) and let the vertices in K§ be {001,00,,003,004}. The set C given below forms a
7-cycle system of K7 V G:

€ = {((0,0),(0,1),004,(1,0), 003,(2,0),001),((0,0), (1, 1), 004,(2,0), 002, (3, 0),
003),((0,0),002,(6, 1), (5,0), 003, (4,0),004), ((1,0), (1, 1), 003, (6, 0), 004,
(3,0),001),((1,0),(2, 1), 004, (5,0),001,(0, 1), 002),((2,0), (2, 1), 003, (0, 1),
(6,0),001,(3,1)),((3,0),(3,1),004,(5, 1), 002, (4,0), (4, 1)), (4, 0), (5, 1),
003,(3,1),002,(1,1),001),((5,0), (5, 1), 001, (6, 1), 004, (4, 1), 002), ({6, 0),

(6,1),003,(4,1),001,(2,1),002)}. a

Lemma 4.14. If u = 31 (mod42) and v = 4u/3 + 11/3 then there is a T-cycle system
of K, — K,

Proof. Let u =42k +31 sothat v =56k +45 and let G =Gy VG V-V G VG
where G; = K; for 1<i<14k+9 and G' =Ky s0 G 2 K,. Also let H =H,VH,V
-+ V Hyyy where H; = K4 for 1<i<k+1s0o G°VH =K, —K,. By Lemma 4.12,
there is a 4-regular subgraph H/ of H; such that there exists a 7-cycle system of
G'* v H] and such that H; — H] has a l-factorization. Hence, by Theorem 4.1 there is
a 1-factorization of H — (Uf:ll H!). Now, since there are 28 edges in each H/, there
are 7(k + 1)(14k +9) edges in H — (Uf.:’l1 H!) and hence 14k 4+ 9 1-factors. Let these
1-factors be Fi,F,...,Fia+9. By Lemma 4.4, there is a 7-cycle system of G; V F;
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for 1<i<14k + 9. The union of these 7-cycle systems with the 7-cycle systems of
G'VH], (1<i<k+1) yield a 7T-cycle system of G°VH. [J

Lemma 4.15. If u = 37 (mod42) and v = 4u/3 + 5/3 then there is a T-cycle system
of K, — K,

Proof. Let u = 42k+37 sothat v =56k +51l andlet G=GI VG V- -V Glags1 VG
where G; 2 K; for 1<i<14k+ 11 and G' 2K, so G =K. Also let H=H,VH, Vv
«++V Hpyy where H; 2 K4 for 1<i<k+1so G°VH 2K, —K,. By Lemma 4.13,
there is a 2-regular subgraph H; of H; such that there exists a 7-cycle system of
G’"*V H/ and such that H; — H/ has a 1-factorization. Hence, by Theorem 4.1 there is a
1-factorization of H — (Uf: H)/). Now, since there are 14 edges in each Hj, there are
7(k + 1)(14k + 11) edges in H — (Uf:ll H!) and hence 14k + 11 I-factors. Let these
1-factors be F\,F3,...,Fl4.11. By Lemma 4.4, there is a 7-cycle system of G; V F;
for 1 <i<14k + 11. The union of these 7-cycle systems with the 7-cycle systems of
G'VH!, (1<i<k+1) yield a 7-cycle system of G°VH. O

We now have the following corollary to Theorem 1.3 and Lemmas 4.7-4.14 and
4.15.

Corollary 4.2. For all v<6bu — 17 and satisfying the conditions of Lemma 1.1, there
exists a T-cycle system of K, — K,,.

We need one more lemma before we prove the main theorem for 7-cycle systems
of K, — K,.

Lemma 4.16. There is a 7-cycle system of K17 — Kz and of K9 — K.

Proof. Let the vertex set of Kj7 — K3 be Z;7 with the hole elements being 14,15 and
16. Then the set C given below forms a 7-cycle system of K7 — K3:

C = {(0,1,16,2,15,3,4),(0,2,14,1,15,4,5),(0,3, 16,4, 14,5,6),
(0,7,16,5,15,6,8),(0,9, 16,6, 14,3,10),(0, 11, 16,8,15,7, 12),
(0,13,16,10, 15,9, 14),(0,15,13,1,11,12,16),(1,2,13,3,12,4,6),
(1,3,11,2,12,5,7),(1,4,13,5,11,6,9),(1,5,10,2,9,3,8),
(1,10,14,7,13,6,12),(2,3,7,4,11,8,5),(2,4,10,6,7,9,8),
(2,6,3,5,9,10,7),(4,8,14,11,13,12,9),

(7,8,13,10,12,15,11),(8,10,11,9,13,14,12)}.
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Let the vertex set of Kjo — K3 be Zy9 with the hole elements being 16,17 and 18.
Then the set C given below forms a 7-cycle system of Kjq — K3:

C = {(0,1,18,2,17,3,4),(0,2,16,1,17,4,5),0,3, 18,4, 16,5,6),
(0,7,18,5,17,6,8),(0,9,18,6,16,3,10),(0, 11, 18,8,17,7, 12),
(0,13,18,10,17,9, 14),(0, 15, 18,12, 17, 11, 16),(0, 17, 15, 1, 13, 14, 18),
(1,2,15,3,14,4,6),(1,3,13,2, 14,5,7),(1,4, 15,5, 13,6,9),
(1,5,12,2,11,3,8),(1,10,16,7,15,6,11),(1,12, 16,8, 15, 10, 14),
(2,3,12,4,13,7,6),(2,4,11,5,10,7,8),(2,5,9,3,7, 4, 10),
(2,7,14,6,12,8,9),(3,5,8,4,9,10,6),(7,9, 16, 13, 17, 14, 11),
(8,10,13,9,15,12, 11),(8, 13,12,9, 11, 15, 14),
(10,11,13,15,16,14,12)}. O

Theorem 4.2. There exists a T-cycle system of K, — K, if and only if

(a) v=7, and

(b) v=4u/3 + 1, and

(Yu=v=11 (mod14), or u,v =1 or 7 (mod 14), or u,v =3 or 5 (mod 14), or
u,v =9 or 13 (mod 14).

Proof. Necessity follows from Lemma 1.1. The proof of sufficiency is by induction
on v. The result was proved for u,v = 1 or 7 (mod14) in [5]. Also, by Corollary
4.2 and Lemma 4.16, the result is true for v<6u — 17 and for v < 31. Let u be
given and suppose that for all s < v, with K; — K|, satisfying the conditions of the
theorem, there is a 7-cycle system of K; — K,,. We show that we can always find an
s such that there exists a 7-cycle system of K; — K, and of K, — K; and hence of
K, - K,.

Let s be the largest integer s <3(v — 1)/4 for which there is a 7-cycle system of
K; — K,,. First we need to show that such an s exists. By assumption, if 3(v — 1)/4 —
(4u/3+1) =14 then such an s exists. Since v =31, 3(v—1)/4—(4u/3+1)=(129—-8u)/6
which is at least 14 for u <5 and so we can assume u>9. It is straightforward to show,
since we can assume v > 6u— 17, that 3(v—1)/4—(4u/3+1) > (19u—87)/6, which is
at least 14 for u>9. Hence, we can always find an s with 3(v—1)/4—14<s<3(v—1)/4
such that there is a 7-cycle system of K; — K,.

Since s<3(v — 1)/4, we have v=>4s/3 + 1 and since s=3(v — 1)/4 — 14, we have
6s—17 > (9v—211)/2 which is at least v for v>31. Hence, we have 4s/3+1<v<6s—17
and so there exists a 7-cycle system of K, — K by Corollary 42. O



D.E. Bryant et al. | Discrete Mathematics 171 (1997) 55-75 69
Appendix A

For each of the cases m = 6, 10, 12 and 14, the following names a graph G and then
proves the existence of an m-cycle system of G.

m=6:
Ky — Ky (Z3 x Z3,{((0,0),(0,1),(0,2),(1,2),(2,1),(1,0)) + (i, /), ((0,0),(1,2),(1,0),
0,1),(1,1),2,2)) + (4,j) | i»j € Z3}).
K7 — K3 (74,{(0,3,4,5,2,6),(0,4,1,3,6,5),(1,5,3,2,4,6)}) with the hole having ver-
tex set Z;.
K3 — Ky This follows from Proposition 2.1 using K7 — Kj.
Kis — K; This follows from Proposition 2.1 using Ky — K.
K5 — K5 This follows using K7 — K3 and K;s — K.

m=8:
K19 - K3({OOO’ OOI,OOZ} U (Z9 X ZZ)a {((0’0)7(2’0)’(05 1)5(]’ 1)> (4’ 1)5 (39 1)’(1’0)a
(5,0))+ (4, 0),((000,(0,0),001,(0, 1),002,(1,0),(4,0),(7,1)) +(;,0) | i € Zg}U{((0,0),
(0,1),(4,1),(4,0),(5,1),(6,0),(2,0),(1, 1)) + (,0) | i € Z4} U{((0,0),(1,0),(2,0),
(3,0),(4,0),(5,0),(6,0),(7,0))}).

m=10:
K>s — K; This is a 10-cycle system of K»s so is known to exist (see [1]).
KZI - KS ({OO, | i€ ZS} U (ZS x ZZ)’ {((090)3(0’ 1)’(3a 1):(6’0)’(59 1)’(4’0)’(47 1)’
(7,1)2,0), (1, 1)) + (4,0),((0,0),(2,1),(7,0),(5,1),(7,1),(0,1),(4,0),(3,0), 000, (4, 1))
+(i,0),((4,0),(0,0),(7,0),000,(0, 1),(4,1),(3,1),(1,1),(3,0),(6, 1)) + (5,0) | i € Z4}
U{(001,(0,0),(2,0),(5,0),002,(0,1),003,(1,0),004,(1, 1)) + (1,0) | i € Zs}).
K19 - K7 ({OO, | i€ Z7} U (Zé X ZZ)’ {{(0,0),(2, 1):(170)7 (Oa 1)’(1’ 1)’(3’0)’(5> 1)7
(4,0),(3,1),(4.1)) + (,0),((0,0),(3, 1), 000, (1,0), 001, (1, 1), 002,(3,0), (0, ), 003)
+(1,0),((3,0),(0,0), 002, (4, 1),001,(4,0),000,(0,1),(3, 1), 003) + (i,0) | i € Z3}
U{((0,0),(1,0),004,(0,1),(2,1),005,(3,0),(3,1),006,(2,0)) + (7,0) | i € Z¢}.
K17—K9 ({OO,‘|i€Zg}UZg, {(001,5,7, 6, 2, 1,4, 0, 002,3),(001, 1,5,3, 003,6, 004,7, 005,2),
(001,4, OO4,3,7, 002,6, 5, 005,0),(001,7, 1,002,2,0, 003,4, 005,6),(002,5,0, 004.2, 03, 1,
005, 3,4),(003,7,0,6,4,2,3,1, 004, 5), (006, 1,0, 3, 007, 6, 003, 2, 000, 5), (006, 2, 5,4, 007, 7,
00g, 3, 00, 6), (006, 3, 6, 1, 007, 0, 00g, 4, 009, 7), (006, 4, 7, 2, 007, 5, 008, 1,000, 0) }.
Ky — K3 ({o0; | i € Z3} U (Zio % Z2),{((0,0),(1,0),(4,0),(4,1),
(3,1),(8,1),(9,1),(9,0),(6,0),(5,0)) + (5,0) | i € Zs}U
{((7,0),(9,0),001,(9,1),002,(8,0),(7,1),(3,1),(0,1),(8,1)) + (1,0) | i € Zy0}U
{((0,0),(4,0),(9,1),003,(6,0),(0,1),(2,0),(8,1),(5,0),(2, 1)) + (1,0) | i € Zy0}-
Kas — Ks ({00 | 1 € Zs} U(Zio x Z,),{(0,0),(5,0),(1,0),(3,0),(0,1),(4,1),(9, 1),
(5,1),(8,0), (6,0))+(1,0) | i € Zs}U{((0, /), (i, /), (24, /), (31, /), .., (95, /) | i € {1,3},
J € Z5}U {(000,(0,0),(5,1),(1,0),(4,1),(2,0),(3,1),(3,0),001,(2,1)) + (5, 0), (002,
(0,1),(4,0), (2,1),(4,1),(5,0),003,(5,1),004,(6,0)) + (,0) | i € Z10}).

m=12:
Kis — Ko ({oo; | i € Ze} U(Zy x Z),
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{((0,0),(0,1),(1,0),(2,0),(2,1),(3,0),(4,0),(4,1),(5,0),(6,0),(6,1),(7,0)) + (i, 0)

| i€ Z2} u{(0,0),(3,1),(4,1),(7,0),(5,0),(1,1),(5,1),(1,0),(3,0),(0,1),(7,1),(4,0))
+(1,0) | i € Z4}U{((0,0),(1,1),(3,1),(5,0),003,(5, 1),002,(4,0), 001, (4, 1), 000, (3,0))
+(4,0),((0,0),(2,1),(5, 1), 004, (5,0), 008,(7, 1), 007,(6,0), 006, (4, 1),005) + (i,0) | i €
Z3}).

Ko — K; ({oo; | i € Z3} U (Zs x Z5)
{((0,0),(0,1),(1,0),(2,0),(2,1),(3,0),(4,0),(4,1),(5,0),(6,0),(6,1),(7,0)) + (i, 0)

| i€ Z,}U{((0,0),(3,1),(4,1),(7,0),(5,0),(1,1),(5,1),(1,0),(3,0),(0,1),(7,1),(4,0))
+(l’0) | 1624}U{((0’0)’(350)’(1a l)a (4a 1)’ (2’0)’ (3a 1)’(5’ 1)9 002’(570)70015(69 1)9 OOO)
+(5,0) | i € Zg}).

Kis — K7 ({o0i | i € Z7} U (Zs X T),
{((0,0),(0,1),005,(1,0),(2,0),002,(1,1),(2,1),003,(3,0),004,(3, 1)), ((1,0), (1, 1), 001,
(2,0),(0,0),003,(0,1),(3,1),00s,(3,0),006,(2,1)),((2,0), (3, 1),507,(1,0),(3,0), 003,
(0,1),(1,1),005,(0,0), 004, (2, 1))((3,0), (3, 1), 006,(2,0),(1, 1), 003,(1,0),(0, 1), 007,
(0’ 0)’ 001, (2: 1))’ ((0’ 1)’ 004, (1’0)’ 02, (23 1)7(030)’(1’ 1)9 (37 1)’ 03, (25 0),(3’0)’ 001, ),
((0,0),002,(3,1),(1,0), 006, (1, 1), 007,(2,0), 005, (2,1),(0, 1), (3,0)), (0,(0,0),(1,0),
0013(37 1)’ (2’ 1)5 0075(3’0)’(15 1)! 004’(230)’ (0’ 1))})

Kz — Ki3 ({oor | i € Zi3} U (Za X Z),

{((0,0),(1,0), 003,(2,1),(2,0),002,(0,1),(3,1),004,(3,0), (1, 1), 001),((1,0),(2,0), 003,
(3’ 1)a (3a0)’ 002,(1, 1)’ (0’ l)a 004, (O’O)a (29 1)’001)’ ((250)’(330)’ 003’(07 1)7 (O’ 0)5 002,
(2,1),(1,1),004,(1,0), (3, 1),001),((3,0), (0,0), 003, (1, 1), (1,0), 002, (3, 1), (2, 1), 004,
(2,0),(0, 1),001),((0,0), 00s5,(0, 1), 006, (1, 0), 007, (1, 1), 008, (2, 0), 009, (2, 1), 2010),
((2,0),0013,(2,1),0012,(3,0), 0011, (3, 1), 0010, (1, 0), 009, (1, 1), 006 ), ((0, 0), 06, (3, 1),
003,(1,0),(3,0),(2,1),0011,(2,0), 0010, (1, 1), 0012), ((007, (2, 0), 012, (3, 1), 009, (0, 0),
008’(0’ l)a o013, (3,0)’(05 1): (2’ 1))a((0’ 1), 00105(350)a 0075(3’ 1)5 005:(1a0)7 0013’(1a 1)a
(2,0),(0,0),0011),((0, 1),007,(0,0), 0013, (3, 1), (1, 1), 005, (3,0), 008, (2, 1),

(1’0), 0012)9 ((Oa l)a 009’(3’O)a 006’(2’ 1)’ 005’(2’0)9(3’ 1)5 (050)’(11 1)’ 0011,(1’0))})'
K27 — K3 This follows using K]g - K3 and K27 - K19(from K15 - K7).

Koo — Ks ({oo; | i € Zs} U (Z12 x Z,),{((0,0),(0,1),(1,0),(11,1),(2,0),(10,1),(4, 1),
(8,0),(5,1),(7,0),(6,1),(6,0)) + (i, 0) | i € Z6} U{((0,0),(1,1),(11,0),(2, 1),

002, (5,0),003,(0,1),001,(3,0),(1,0),(4,0)) + (,0) | i € Z,2} U{((0,0),(4,1),(0, 1),
(3,1),(1,1),(2,1),004,(1,0), 000,(6,1),(11,0),(5, 1)) + (3,0) | i € Z12}U

{0, N, (5,7), (28, /), (33, ), ..., (115,j)|i=5and j € Z,, ori=1 and j = 0}).

m = 14:
K3 — K This is a 14-cycle system of Ky, so is known to exist [1].
Kig — K3 ({o0; | i € Z3} U (Zs x Z),
{((0,0),(1,1),(4,1),(6,0),(2,1),(3,1),(7,1),(6,1),(2,0),(0,1),(5,1),(4,0),(7,0),
(3,0)) + (1,0) | i€ Zs} U {((0,0),(2,1),(2,0),(3,0),(5,0),(4,1),(7,0), 000, (6, 1), 001,
(6,0),002,(5,1),(3, 1)) + (5,0) | i € Zg}).
Ki7 — Ks ({o0; | i € Zs}U(Zg x Z2),{((0,0),(2,1),(0,1),(5,1),005,(5,0),(4,0),(1,0),
(4,1),(1,1),(3,0),(3,1),002,(2,0)),((1,0),(3,1),(1,1),(0, 1),004,(0,0),(5,0),(2,0),
(5,1),(2,1),(4,0),(4,1),002,(3,0)),((2,0),(4,1),(2,1),(1, 1), 004,(1,0),(0,0),(3,0),
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(0,1),(3,1),(5,0),(5,1),001,(4,0)),((3,0),(5,1),(3,1),(2, 1), 004,(2,0),(1,0), 003,

(1, 1),005,(0,0),(0, 1),001,(5,0)),((4,0),(0, 1), (4,1),(3, 1), 004, (3,0),(2,0), 003,
(2,1),005,(1,0),(1,1),002,(0,0)),((5,0),(1,1),(5,1),(4, 1), 004, (4,0),(3,0), 003, (3, 1),
001,(2,0),(2, 1),002,(1,0)),(001,(1,1),(0,0),(3, 1),(4,0), 002, (5, 1),(1,0),(0, 1),
(5,0),003,(4,1),005,(3,0)),((0,0),(5, 1), 003, (4,0), (1, 1),(2,0),
00s,(0,1),002,(5,0),(4,1),(3,0),(2, 1),001),((0,0), 003,(0, 1),
(2,0),(3,1),005,(4,0),(5,1),004,(5,0),(2,1),(1,0), 001, (4, 1))}).

Kag — Ky ({005 | i € 2y} U(Zs x 1),

{((0,0),(0, 1), 005,(1,0), 004, (1,1),003,(2,0),002,(2, 1),001,(3,0), 006, (3, 1)), ((1,0),
(1,1),005,(2,0),004,(2, 1), 003,(3,0), 002, (3, 1), 001, (0,0), 006, (0, 1)), ((2,0),(2, 1),
003, (3, 0), 004, (3, 1), 003, (0,0), 002, (0, 1), 001, (1, 0), 006, (1, 1)), ((3,0), (3, 1), ocs,
(0,0), 004, (0,1), 003,(1,0),002,(1, 1), 001,(2,0), 006, (2, 1)), ((0,0),(1, 1), 007,(1,0),
003, (3, 1),009,(2,0), 0010, (0, 1),0011,(3,0), 0012, (2, 1)), ((1,0),(2, 1), 007,(2,0),

00s, (0, 1), 009, (3,0), 0019, (1, 1),0011,(0,0),2012,(3,1)),((2,0),(3, 1), 007, (3, 0),

003, (1, 1),009,(0,0), 0010,(2, 1), 0011, (1,0), 0012, (0, 1)), ((3,0), (0, 1), 007,(0,0),

008, (2, 1),009,(1,0),0010, (3, 1), 0011, (2, 0), 0012, (1, 1)),((0,0),(1,0), 0013, (0, 1),
0014,(2,0), 0015,(2, 1), 0016, (3, 1), 0017, (1, 1), 0013,(3,0)),((0, 1), (1, 1), 0013, (2, 0),
0016, (3, 0), 0014, (3, 1), 0013, (0,0),0015,(1,0), 0017,(2, 1)), ((0,0),(2,0), 0013, (0, 1),
0019, (1, 0), 0020, (1, 1),0021,(3,0),0013,(3,1),(2, 1), y14),(0013,(0,0), 0016, (0, 1),

0020, (3,0),(2,0),0019,(1,1),(3,1),0021,(1,0),0013,(2, 1)), (0017, (0, 0), 0039,
(2,0),0021,(2, 1),0019,(3, 1), (0, 1), 0015, (1, 1), 0016, (1,0),(3,0)), (0017, (0, 1), 0021,
(0,0),0019,(3,0),0015,(3,1),0020, (2, 1),(1,1),0014,(1,0),(2,0))} ).

Kiz — K7 ({o0; | i € Z7} U (Z1g x Z2),{((0,0),(1,0),(6,0),(15,1),(10,1),(9,1),(0, 1),
(1,1),(6,1),(15,0),(10,0),(9,0),(11,0),(2,0)) + (5,0) | i € Zg} U{((0,0),(3,0),(4,1),
(8,1),(14,1),001,(17,0),00,,(12,1),(10,1),(8,0),(4,0),(3,1),(0, 1)) + (5,0) | i € Z15}
U{((0,0),(12,0),(7,1),(3,0),(0,1),(2,0),(5,1),(9,0),(14,1),(3, 1), 004,(17,0), 003,
(6,1)+(5,0) | i € Z,3}U{((2,0),(9,0),(17,0),00s, (16, 1), 00, (16,0), 007, (5, 1),(15, 1),
(7,0),(0,1),(6,0),(12,1)) + (i,0) | i € Z15}).

Ka1 — Ky ({o0; | i € Zg} U(Z1s x £2),{((1,0),(2,0),(10,1),(9,1),(12,0),(4,0),(1,1),
(2,1),(10,0),(9,0),(12,1),(14,1),(6,1),(4,1)+(,0) | i € Zg} U{((0,0),(7,0),(12,0),
(8,1),(2,0),001,(15,1),002,(15,0),03,(2,1),(8,0), (12, 1) (7, 1)) + (3,0) | i € Z16}
U{((0,0),(6,0),(10,0),(15,1),(5,1),(9, 1),006,(14,0), cos, (14, 1),
004,(12,0),(7,1),(0,1)) + (3,0) | i € Z16} U {((4,0),(7,0),(9,0),(2, 1),
(3,0),(5,1),(8,1),(10,0),(11, 1), 009,(12,0), 00g, (13, 1),007) + (7,0) | i€ Zlﬁ}).

K37 - K13 ({OO, | ie Z13} ) (ZIZ X ZZ)’ {((0,0),(1,0), (3’0)9(9’ 1)’(8’0)5(7’ 1)’(6a 1)5
(0, 1),(1,1),(2,0),(3,1),(9,0),(7,0),(6,0)) + (i,0) | i € Zs} U {((5,0),(8,1),(6,0),
(9,0), 004, (10, 1), 003, (10,0), 002, (11, 1), 001, (11,0),(9,1),(5, 1)) + (i, 0) | i € Z2}
U{((2,0),(7,0),(11,0), 00s,(11,1), 006, (10,0), 007,{10, 1),
00g,(9,0),(5,1),(3,1),(6,1)) + (i,0) | i € Z12} U{((0,1),(3,0),(8, 1),
0013,(8,0),(3,1),004,(10,0), 0010, (11, 1), 0041,

(11,0),0012,(5, 1)) + (i,0) | i € Z12}).

Ky — K7 ({oc; | i € 77} U(Z1s % Z2),{((0,0),(1,0),(6,0),
(15,1),(10,1),(9,1),(0,1),(1,1),(6,1),(15,0),(10,0),(9,0),
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(11,0),(2,0)) + (i,0) | i € Zo} U {((0,0),(3,0),(4,1),(8,1),(14, 1),
001,(17,0),002,(12,1),(10,1),(8,0),(4,0),(3,1),(0,1)) + (i,0) | i € Z;5}
U{((0,0),(12,0),(7,1),(3,0),(0,1),(2,0),(5,1),(9,0),(14,1),(3, 1), 004,
(17,0),003,(6, 1)) + (3,0) | i € Z15} U {((2,0),(9,0),(17,0), 005,
(16,1),006,(16,0),007,(5,1),(15,1),(7,0),(0,1),(6,0),(12,1)) + (3,0) | i € Z5}).
K31 — K3 This follows using K9 — K3 and K31 — K9 (from K7 — Ks).

K33 — K5 This follows using K7 — K5 and K33 — K7 (from K9 — K3).

Kss — K7 ({o0; | i € Z7},{((0,0),(7,0),(1,0),(6,1),(12,0),(12,1),(8,1),(0, 1),
(7,1),(1,1),(5,1),(5,0),(13,1),(8,0)) + (5,0) | i € Z7} U{((0,/), (i), (28, ), -
(134, /)) | i € {1,3,5},j € Z2} U {((0,0),(6,1),(2,0),(5,1),(3,0),(1,1),(3,1),(8,0),
(4,1),(7,0),000,(8,1),001,(12,0)) + (i,0),((0,0),(4,0),(5,1),(6,0),(13, 1),
002,(7,0), 003,(7, 1), 004,(8,0), 005,(8, 1), 006) + (i,O) | i€ Z14}).

Appendix B

For each of the cases m = 11 and 13 and for each 6 € {2,4} and 8 € {7,9,11}
respectively, the following lists a graph G on the vertex set Z,, x Z, and a set C of
m-cycles which form an m-cycle system: of K(, ).,V G when m = 11, the vertices
in K(cm_l)/2+9 being c0;,002,...,00549; and of K§ V G when m = 13, the vertices of
K§ being ooy, 00;,...,004.

m=11:
=2 Let G=({1,2,3}, {0}, {1,2,3})11, and C = {((0,0),(3,0),(6,0),(9,0),(1,0),
(4,0),(7,0),(10,0),(2,0),(5,0),(8,0)), ((0,1),(3,1),(6,1),(9,1),(1,1),(4,1),(7, 1),
(10, 1),(2, 1),(5, 1).(8, 1)),((1,0),(0,0),(0, 1),(1, 1),001, (2, 1), 002, (3, 1), 003, (4, 1), 004),
((6’0)’(8’0):(1070)’(150)’001a(2’0)a 002,(3’0)7 003,(4,0), 004),
((1,0),(3,0),(5,0),(7,0), 001, (8,0), 002, (9, 0), 03, (0, 0), 005),

((6a0)a (5’0)5 (51 1)5(6> 1)1 OO[,(7, l), 002,(8, 1)3 0039(9’ 1)7 OCs ),
((O’O)>(2’0)’ (4’0)3(690)a 006’(8’0)a 003,(5,0), 005’(9a0)a O04)7
((7’0)’(6’0)’ (6’ l)a (7, 1)’ OO3,(1, 1)a 005,(2’ 1)’ 0079(3’ 1)5 006 ),
((7’O)a(9a0)’ (0’0)5(10’0), 007,(2’0)a oo6a(3’0)s 0055(4’0)a 002),
((10,0),(9,0),(9,1),(10,1),001,(0,0), 007,(3, 0), 004, (5, 0), 002),
((10,0),(10,1),(8,1),(6,1),002,(4, 1), 005, (7, 1), 504, (9, 1), 00),
((3,0),(2,0),(2,1),(3,1),004,(10,0), 005, (7,0), 203, (6,0), 001 ),
((6,1),(4,1),(2,1),(0,1),007,(1,0), 006, (1, 1), 004, (2, 0), 003),
((0,1),(9,1),(7,1),(5,1),005,(8,0),004,(7,0), 007, (5, 0), 001 ),
((5,0),(4,0),(4,1),(5,1),002,(1,0),003,(10,0), 001, (8, 1), 006 ),
((8,0),(7,0),(7,1),(8,1),004,(5, 1), 003, (10, 1), 006, (4, 1), 007),
((4,0),(3,0),(3,1),(4,1),001,(9,0),006,(2, 1), 004, (6, 1), 007),
((2,0),(1,0),(1,1),(2,1),003,(0, 1), 002, (9, 1), 007, (10, 1), 005),
((9,0),(8,0),(8,1),(9,1),001,(5, 1), 006, (0,0), 002, (1, 1), 007),
((5,1),3,1),(1,1),(10,1), 004, (0, 1), 006, (6, 1), 005, (8, 1), 007),
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((0,1),(10,1),002,(6,0),007,(7, 1), 006, (4,0), 001, (3, 1), 005) }.
6 = 4. Let G = ({1},{0},{1})1; and

€ ={((0,0),(1,0),(2,0),(3,0),(4,0),(5,0),(6,0),(7,0),(8,0),(9,0),(10,0)),
((0,0),(0, 1)’(1’ 1)7(1’0)7001’(2’0)3 0025(3’0)’ 003,(4,0), 004)’
((1,1),(2,1),001,(0,1),002,(3, 1), 003, (4, 1),004, (5, 1), 005),
((2,0),(2,1),002,(0,0), 001, (3,0), 004, (1, 0), 005,(4,0), 50 ),
((2,1),(3,1),001,(1,1),002,(4, 1), 005,(0, 1), 003, (5, 1), 505,
((3,0),(3,1),04,(2,0), 003, (0,0), 005, (2, 1), 007,(1,0), 008),
((3,1),(4,1),001,(4,0),00,(1,0),003,(1, 1), 004,(2, 1), 008),
((4,0),(4,1),006,(0, 1), 004, (6, 1), 001,(5,0), 002, (5, 1), 007),
((4,1),(5,1),001,(6,0), 003, (5,0),00s, (3, 1), 006, (0,0), 007),
((5.0),(5,1),008,(0,0), 009, (1,0), 506, (3, 0), 005, (6,0), 004),
((5,1),(6,1),002,(6,0), 006, (1, 1),007, (0, 1), 008, (4, 1), 009),
((6,0),(6,1),003,(2,1),009,(1, 1), 003,(5,0), 00,(7,0), 007),
((6,1),(7,1),001,(7,0), 002, (8, 0), 003, (9, 0), 004, (10, 0), 00s),
((7,0),(7,1),002,(9.0), 001, (10, 0), 009, (8, 1), 004, (9, 1), 005,
((10,1),(0,1),009,(8,0),001,(8,1),007,(9, 1), 003, (7,0), 004),
((7,1),(8, 1), 005, (10, 1), 003, (4, 0), 009, (9, 0), 00, (10, 0), 007),
((8,0),(8,1), 006, (10,1), 009, (3,0), 007,(6, 1), 008, (7,1),004),
((8,1),(9,1),001,(10,1),007,(3, 1), 009, (2, 0), 505, (9, 0), 00s),
((9,1),(9,0), 007,(2,0), 003, (6,0), 09, (7, 1), 005, (8,0), 006 ),
((9,1),(10,1), 002,(10,0), 003, (7, 1), 006, (6, 1), 009, (7,0), 003),
((10,0),(10,1),003,(8,1), 002, (9, 1), 00, (5,0), 007,(8,0), 003 ) }.

m=13:

6 = 7. Let G =({1,2,3,4}, {0,1,2}, {1,2,3,4})1; and C = {((0,0),(i,0),(2i,0),..

(12,0)) | i € {1,2,3,4}} U {((0,1),(3,1),(2,1),...,(123,1)) | i € {2,3,4}}U
{(2,0),(3,1),001,(4,1),002,(5, 1), 003,(6,1),004,(7, 1), 005, (8, 1), 006 ),
((0,0),(0,1),(1,1),(1,0), 001,(2,0), 003, (3, 0), 005, (4, 0), 07, (5,0), 002),
((2,0),(2,1),(3,1),(3,0),007,(9, 1),002,(10, 1), 004, (11, 1), 006, (12, 1), 005),
((4,0),(4,1),(5,1),(5,0), 001, (6,0), 002, (8, 0), 003, (9, 0), 004, (10, 0), 006 ),
((6,0),(6,1),(7,1),(7,0),007,(0, 1), 005, (1, 1), 003, (2, 1), 004, (3, 1), 006),
((8,1),(8,0),(9,1),(9,0), 005,(11,0), 006, (12, 0), 007,(0, 0), 001, (3, 0), 002),
((10,0),(10,1),(11,1),(11,0), 004, (8, 1),007,(12, 1), 001, (0, 1), 002, (2, 1), 005),
((1,1),(0,0),(2, 1), (1,0), 002, (4,0), 003, (6, 0), 04, (8, 0), 005, (3, 1), 007),
((2.1),(1,1),(12,0),(12,1),004,(0,0), 03, (10,0), 002, (11,0), 001, (5, 1), 506 ),
((12,0),(0,1),(11,0),(12,1),003, (4, 1),004,(5, 1),005,(6, 1), 006, (7, 1), 00, ),
((0,1),(12,1),(10,0),(11,1),007,(10, 1), 005, (0,0), 006, (1,0), 004, (7,0), 003 ),
((12,1),(11,1),(9,0),(10,1),001,(8, 1),003,(9, 1), 004, (5,0), 006, (1, 1), 002),
((8,0),(10,1),(9,1),(7,0), 00s,(6,0),007,(9, 0), 002, (3, 1), 003, (11, 1), 001),
((7,0),(8,1),(7,1),(5,0), 003,(11,0), 007,(2, 1), 001, (4, 0), 004, (0, 1), 006,
((1,0),(3,1),(4,1),(2,0), 002, (7,0), 001, (9, 0), 006, (10, 1), 003, (7, 1), 007),
((4,1),(3,0),(5,1),(6,1), 001,(10,0), 007,(2, 0), 004, (12, 0), 003, (1, 0), 005),

73
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((5! 1)9 (4’ 0)’ (6’ 1)’ (5’ O)’ s, (9’ 1)’ 01, (1’ 1)9 04, (39 0)9 065 (8’ 0), 007 ),
((9,1),(8,1),(6,0),(7,1),001,(12,0), 005, (11, 1), 002, (6, 1), 007, (4, 1), 006) }.
6 =9.Let G=({1,2}, {0,1,2}, {1,2})13 and C = {((0,0),(2,0),(4,0),(6,0),(8,0),
(10,0),(12,0),(1,0),(3,0),(5,0),(7,0),(9,0),(11,0)),
((0,1),(2,1),(4,1),(6,1),(8,1),(10,1),(12,1),(1,1),(3,1),(5,1),(7,1),(9, 1), (11, 1)),
((1,0),(0,0),(0,1),(1,1),001,(2, 1), 002, (3, 1), 003, (4, 1), 004, (5, 1), 005),
((2,0),(1,0),(1,1),(2, 1), 003, (3,0), 505, (4,0), 007, (5, 0), 009, (6, 0), 002),
((3,0),(2,0),(2,1),(3,1),004,(6,1),005,(7, 1),006, (8, 1), 007, (9, 1), 00,

((4’ 0)5 (3’ 0)’ (3, 1 )’ (4’ 1)9 0Cs, (0, l)a 007, (8’ 0)’ 09, (9>0)’ 2, (105 0): 004),
((5,0),(4,0),(4,1),(5,1),006,(10,1),007,(11, 1), 005, (12, 1), 004, (0, 1), 001 ),
((6,0),(5,0),(5,1),(6,1), 006, (11,0), 008, (12, 0), 001, (0, 0), 003, (1, 0), 004),
((7,0),(6,0),(6,1),(7,1),007,(1, 1), 008, (2,1),009, (3, 1), 001, (4, 1), 006 ),
((8,0),(7,0),(7,1),(8,1),008,(2,0), 001, (6,0), 003, (9, 0), 005, (11,0), 004),
((9,0).(8,0),(8,1),(9,1),000,(5,1),001,(6, 1),002,(11, 1), 003,(12, 1), 004),
((10,0),(9,0),(9,1),(10, 1), 008,(0,0), 002, (3, 0), 004, (12, 0), 00s, (5, 0), 003 ),
((11,0),(10,0),(10,1),(11, 1), 009, (6, 1), 00s, (5, 0), 004, (2, 1), 007, (3, 0), 001 ),
((12,0),(11,0),(11,1),(12,1),001,(8, 1), 002, (9, 1), 003, (8, 0), 003, (6, 0), 007),
((0,0),(12,0),(12,1),(0,1),002,(5,0),003,(11,0),007,(3, 1), 005, (8, 1), 00g),
((1’ 1)7 (0’ 0): (2, 1 )9(1a 0)’ 065 (3’ O)’ 009,(1 1, 0), 002, (59 1), 008, (7’ 1), o3 )’
((1,0),(3,1),(2,0),(4,1),007,(5, 1), 003, (8, 1), 004, (9, 1), 005, (10, 1), 001 ),
((45 1)’ (3’ 0)5 (Sa 1)’ (47 0), 008 (15 0)’ 0093(1’ 1)7 0065 (0, 0), 004, (7’ 1), 002),
((4,0),(6,1),(5,0),(7,1),001,(8,0),002,(1,0), 007,(12, 1), 005, (11, 1), 00s),
((7’ 1)’ (63 0), (8’ 1)’ (7’ 0)’ 01, (47 0)’ 002, (1’ 1)’ 004’(10’ 1)’ o3, (2’ O)a 009),
((12,0),(1, 1), 005,(0,0), 007,(2,0), 506, (6, 0), 008, (9, 0), 001, (10, 0), 003),
((0,1),(12,0), 002,(7,0), 009,(10,0), 003, (8, 0), 006, (2, 1), 005, (2, 0), 004),
((7,0),(9,1),(8,0),(10, 1), 009, (4,0), 003, (0, 1), 006, (9, 1), 001, (11, 1), 004),
(10,1),(9,0),(11,1),(10,0), 007,(6, 1), 003,(7,0), 003, (3, 1), 06, (12, 1), 002 ),
((10,0),(12,1),(11,0),(0, 1), 003, (4, 1), 009, (12,0), 005, (7, 0), 007, (9, 0), 006 ) }.
0 =11. G = ({1},{0},{1})13 and C = {((0,0),(1,0),(2,0),(3,0),(4,0),(5,0),(6,0),
(7,0),(8,0),(9,0),(10,0),(11,0),(12,0)),

((07 0), (0’ 1), (1; 1)’(1a 0)5 01, (2’ 0)’ 0025 (3’ 0), 03, (43 O)a X4, (5’ 0)5 (S ),
((1,1),(2,1),0011,(3, 1), 0010, (4, 1), 009, (5, 1), 008, (6, 1), 007,(7, 1), 006 ),
((2,0),(2,1),0010,(6,0), 509, (7, 0), 503, (8, 0), 007, (9, 0), 006, (10, 0), 005),

((2’ 1)’ (35 1)’ 007, (89 1)’ 02, (99 1 )7 003,(109 1): 004, (1 1, l)a OQs, (7’ 0)’ 006)’
((3,0),(3,1),002,(11,0),003,(12,0), 004, (0, 0), 005, (1, 0), 007, (2, 0), 00s),
((3,1),(4,1),0011,(0, 1), 001, (1, 1), 009, (2, 1), 005, (7, 1), 005, (8, 1), 006 ),

((4’ 0)’ (4> 1), 001, (5’ 0)’ 002, (6’ 0)3 003, (77 0)’ 04, (S,O)a s, (99 0)9 oCg );
((4,1),(5,1),0011,(6,1),0010,(7, 1), 909, (8, 1), 008, (9, 1), 007, (10, 1), 006),
((5,0),(5,1),001,(10,0), 00, (12,0), 005, (1, 0), 008, (6, 0), 0011, (7,0), 007),
((55 1),(63 1)’0019(9’ 1),004,(12, 1)5007,(07 1)’008:(1’ 1),0011,(10, 1)’002)a
((6,0),(6,1),002,(0,0), 003, (1,0), 004,(2,0), 006, (3, 0), 007, (4,0), 005 ),
((6,1),(7,1),001,(11,1),007,(1,1),005,(2, 1),004,(3, 1), 003, (12, 1), 009,
((7,0),(7, 1), 0011,(0,0), 0010, (1,0), 009, (2, 0), 003, (5, 0), 003, (11, 0), 001 ),
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((7,1),(8,1),0011,(9, 1), 0010, (10, 1), 001, (12, 1), 002, (0, 1), 003, (1, 1), 004),
((8,0),(8,1),003,(11,1),002,(9,0),001,(12,0), 006, (11, 0), 004,(5, 1), 0010),
((8,1),(9,1),005(0,1), 001, (1, 1),002,(2, 1), 007, (4, 1,004, (3, 0), 0010),
((9.0),(9,1), 009, (10,0), 0011, (4, 0), 0019, (12, 1), 008, (0, 0), 007, (5, 1), 003),
((9,1),(10,1),005,(3,0),0011,(2,0), 0019, (7, 0), 002, (4, 0), 009, (0, 1), 006),
((10,0),(10, 1), 008, (3,1), 009, (5,0), 2011, (1,0), 002, (8,0), 001, (6,0), 007),
((0,1),(12,1),0011,(8,0),006,(11,1),000,(11,0), 005, (6, 1),003,(10,0), 004),
((10,1),(11, 1), 008,(12,0), 0010, (9, 0), 504, (6, 0), 50, (4, 0), 001, (0, 0), 009),
((11,0),(11,1), 0010, (10, 0), 008, (4, 1), 002,(7, 1), 003, (8, 0), 009,(9,0), 0011 ),
((11,1),(12,1), 006, (5, 1), 005, (4, 1), 003, (2, 1), 001, (3, 0), 009, (12,0), 501 1),
((12,0),(12,1),00s,(3, 1),001,(8, 1), 004, (6, 1), 006, (5, 0), 0016, (11, 0), 007) }.
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