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Abstract

We consider an inverse problem of reconstructing the coefficient ¢ in the parabolic equation u; — Au + g (x)u =0
from the final measurement u(x, T'), where ¢ is in some subset of L' (Q). The optimization method, combined with
the finite element method, is applied to get the numerical solution under some assumption on g. The existence
of minimizer, as well as the convergence of approximate solution in finite-dimensional space, is proven. The new
ingredient in this paper is that we do not need uniformly a priori bounds of H '-norm on g. Numerical implementations
are also presented.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Let @ C 2™ (m>1) be a given bounded domain. Consider the heat conduction problem governed by
U —Au+qgx)u=0, (x,t)e Qr:=Qx(0,T),
u(x,1) =0, (x,1) €02 x(0,7), (1.1)
u(x, 0) =uo(x), x €Q,
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with some initial temperature uy € HO1 (Q). Then it follows from the standard theory on the parabolic
equation [10] that, if g satisfies co<g(x)<fy< oo a.e in Q for two constants cp, fiy, there exists a
unique solution in L2((0, T), WO1 2 (£)). We also denote by u(q) (x, t) to show the dependence of solution
on g (x).

Physically speaking, this model describes the heat conduction procedure in a given homogeneous
medium Q. If the medium is inhomogeneous with some input source f(x,t), then the equation should
be written as

ur —V(px)Vu)u + qg(x)u = f(x,t), (x,t) € Q.

The coefficient p(x) represents the heat conduction property such as heat capacity, while g (x)u(x, t) is
also the heat source which depends both on location x and on temperature, except for the heat source
f(x, ). Thatis, g(x) in fact describes the medium property of generating heat source or heat sink.

The tasks of inverse heat problems are detection of heat conduction properties of the medium from
some information of the solution, i.e., the determination of the unknown coefficient(s) in the heat equation
from some additional information about u(x, ¢). For example, if u(x, ¢) is given on 0Q for some time
interval [0, o], which is the so-called lateral overdetermination problem, then the inverse problems of
determining the unknown coefficients have been studied thoroughly, see [5, Chapter 9] for single and
many measurements.

However, there is another possibility to give the additional temperature for inverse heat problems. That
is, the additional data is u(x, t) given at some final time ¢t = T for all x € Q, rather than u(x, t) for
x € 0Q and all time. Due to this practical requirement, the inverse heat conduction problems using final
temperature as inversion input data have been considered carefully, see [3,8] for determining p(x) in the
above equation with g (x) = 0 from the measurement given u(x, T'). In this model, the heat conduction
procedure is considered only of the input linear source f (x, t), ignoring the nonlinear source g (x)u(x, t)
within the medium. In [6,7], the authors considered the determination of principal coefficient a(x) in 1D
equation

ur — a(Xuxx +b(Xux +cx)u= f(x,1)

from final overdetermination data u(x, fg) under an optimization control framework. The existence of
a(x) and a well-posed algorithm are obtained. The uniqueness and stability of determining a(x) in the
parabolic equation

ou + u+ax)u=0

from the final measurement data is considered in [4], where zero initial condition and nonzero boundary
condition Zu = g in 0Q x (0, T') are assumed. The determination of g (x) by Holder space method from
additional information given at t = T can also be found in [2]. Finally, the theoretical issues such as
existence and uniqueness of coefficients inversion for parabolic equation are also studied in [5,11].

This paper considers the inversion scheme of determining ¢(x) in system (1.1) from the final
measurement

ulx,T)=z(x). (1.2)

The particular difficulty of this inverse problem is that the information of ¢ (x) contained in u(x, T') is
very weak due to the exponentially decay of u(x, T') with respect to 7. On the other hand, since there
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is no uniqueness for this inverse problem with general input data u and single measurement (1.2), the
optimization technique should be applied to get some general solution.

The optimization technique is a classical tool to yield “general solution” for inverse problems without
unique solution [9]. The basic idea is to restrict the solution under consideration to some compact set, and
then take the minimizer of some cost functional as the general solution. However, the a priori compactness
of admissible set means some smooth assumption on the exact solution, which is not suitable for many
practical problems [3].

In this paper, by adjusting the penalty term for the cost functional, we prove the existence of minimizer
in arelaxed admissible set for this functional corresponding to our inverse problem. Then the finite element
method is applied to solve the optimization problem by the adjoint space technique. The convergence of
approximate minimizer in a finite-dimensional space to the exact minimizer is proven. The motivation of
this inversion scheme comes from the basic idea used in [8]. Finally, we present some numerical examples
to show the validity of the inversion method.

2. Existence of minimizer for cost functional

In this section, we state the optimization version for the inverse problem of recovering g (x) described
by (1.1) and (1.2).
Introduce the admissible set

A= {g(x) € L'(Q) : [lqll 1 < o0, 0<q(x)<By ae. in Q)

for known constant fi, > 0 and the functionals

1 T
I(g) = 5/ dr/ g (x, 1) — 2P dx,
T—0o Q

J(@) = Jl<q>+a/Q|Vq|2dx @.1)

for given small constant ¢ > 0 and regularizing parameter « > 0, where u(g)(x, t) solves (1.1) forg € .
The constant ¢ introduced here is used to restrict the property of u(-, ) nearing the final time 7, which
will be useful in the numerical scheme.

We give an explanation to the cost functional constructed here. In contrast to the obvious least-square
formulation % /- TT_U dr [, lu(g)(x, 1) — z(x)|* dx, here we use Ji(¢). The motivation to this kind of
functional comes from the consideration of nonlinearity of original inverse problem. It is obvious that the
determination of ¢ from u(g)(x, T') is nonlinear due to the term ¢ (x)u(x, t) in the equation. So we hope
to fully take into consideration for this nonlinearity in the optimization functional. For this purpose, the
“weight function” ¢ (x) is introduced to the functional to match the nonlinear term g (x)u(x, t) to some
extent.

To make J;(q) a“true” cost functional, we should assume g (x) >0 to keep J; (¢) nonnegative. However,
this requirement on g (x) is not essential. For g (x) with lower bound ¢y < 0, we can introduce the transform
v(x,t) =u(x, t)e! which satisfies

vy — Av + (g(x) — co)v =0.
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So the same kind of inverse problem for function v(x, t) is constituted with g(x) — co>0. We can
use the optimization technique proposed in this paper to recover g(x) — co. That is, our optimization
inversion scheme is essentially suitable for g (x) with (negative) lower bound. In other words, the non-
negative assumption on ¢ in the admissible set 7" is not essential for our inversion scheme as well as the
convergence property.

The uniqueness for the inverse problem constituted by (1.1) and (1.2) is an important issue, which
means whether the information u(x, T') is enough for determining ¢ (x). With the uniqueness result, we
can expect the minimizing sequence from optimization indeed converges to the unique classical solution
at least in some general sense. To the authors’ knowledge, however, these kinds of results seem to be open
for general u((x). However, we can prove the following uniqueness for non-negative initial temperature.

Theorem 2.1. Let the initial temperature ug(x) >0, ug(x) % 0. Assume that g1, qy € A . Then we get
g1 =q2ifur(x, T) =uz(x, T).

The proof is lengthy but completely using the same arguments as those in [11]. We omit the details
here.

Now we begin to consider the optimization problem.

Firstly, we assert that the functional J(g) is of some continuous property in .#" in the following sense.

Lemma 2.2. If a sequence {q,} C A with the convergence q, — q* € A" in L'(Q), then there exists a
subsequence {q,, } C {qn} such that

lim Ji(gn,) = J1(g%). (2.2)
T —> 00

Proof. The proof is standard and similar to that used in [8] for the reconstruction of p(x). We only give
the outlines here.

Step 1: By taking the weak form of equation in (1.1) for ¢ = ¢" and choosing the test function as
u(g,)(-, 1), we can prove that there exists a subsequence of {u(g,) : n=1,...} C L>((0, T); HO1 (Q)
such that

w(gn)(x, 1) = u*(x,1) € L*((0, T); H}(Q)) (2.3)

for some function u™(x, t) as ny — o0.

Step 2: Prove u™(x,t) = u(qg*)(x, t).

Firstly, we take g =gy, in the weak form of equation in (1.1) and multiply both sides by n(¢t) € C 0, 11
with #(7T) = 0 for any ¢(x) € H(} (Q). By integrating the resulted equation in [0, T'] for 7, we are led to

T
/ [/ ™), dx + / (Vu*™ - V¢)dx + / q u*¢ dx:| n(t)dr =0 (2.4)
0o LJe Q Q

for all ¢(x) € H}(Q) and y(t) € % := {h(t) € C'[0,T]: h(T) =0} due to g,, — ¢* in L' (). Since
C5°(0, T) C 4, we know that (2.4) holds for all 5(t) € C3°(0, T'). So (2.4) is essentially a weak form of
(1.1) corresponding to ¢ = g*. That is, u*(x, 1) = u(g*)(x, t) in L*((0, T); H} (Q)).
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Step 3: Prove Ji(gn,) — Ji1(g™*) as ny — oo.
It follows from (2.3) and Step 2 that

w(gn) (x, 1) = u(g*)(x, 1) in L*((0, T); Hy(Q)), ng — oo. (2.5)

By rewriting the weak form of equation for ¢ = ¢*, ¢"* and taking test function ¢(x) = u(g™*)(x,t) —
z(x), u(qg"™)(x, t) — z(x), respectively, we get

1d *y 12 2 * * 2
3 5 lan) — uq >||L2+/an(u<an>—z> dx—/q ((g") — ) dx
t Q Q
_ /Q @y — a2 + ulgn) (u(g™) — 22)] dx — /Q IV () — (g™ dx

+2 /Q q*[u(gn,) —u(g"1((u(g™) — z)) dx. (2.6)
This relation can be rewritten as
1 d k *
5 g 14 @) = @I +/Qan<u<an> — u(g*))* dx
= fQ(an —q"u(g)ulg*) — u(gn)]dx — /Q |V (u(qn,) — u(g™)|* dx (2.7)

by simple computations, which generates

lu(gn) G, 1) — (@) D12,

<2T/2Bollgn, — q* Il 11 (/

Or

1/2
(g™ lu(g*) — u(qn,)|* dx dr) (2.8)

uniformly in ¢ € [0, T']. Therefore we get

max (g -, 1) = 1(g") D7, — 0 as ng — oo, (2.9)

since g, — g™ in L'(Q) and u(g*), u(qy,) is uniformly bounded for g,, , ¢* € #". On the other hand, it
follows from (2.7) that

1d

3 ) — u(glEa + fQ IV e(gng) — u(g™)) P dx

< /Q(an —qu(g")ulg™) — u(gy)ldx.

By integrating this inequality for ¢ € [T — o, T], we get

T
/ f IV (u(gn,) — u(g™)|* dxdr — 0 (2.10)
T—aJQ
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as ny — oo from (2.8), (2.9). Now we integrate (2.6) for t € [T — o, T] again; the convergence (2.5),
(2.9) and (2.10) completes the proof. [

With this continuous property for J(g), now we can prove the existence of minimizer.

Theorem 2.3. There exists at least one g*(x) € A~ for o> 0 such that

J(q") =inf J(q). (2.11)

Proof. Firstly, there exists a sequence {g,} C # such that
lim J(g,) =inf J(g), (2.12)
n—oo VA

which means |, o |Van |2 dx is uniformly bounded with given « > 0 and therefore ||g, ”i]l @ <C. So there

exists a subsequence of {g,} such that
Gn, (X) = ¢*(x) € HY(Q) as ny — oo. (2.13)

Now the Sobolev embedding theorem yields g,, (x) — ¢*(x) in LY(Q) as nx — oo. Obviously
0< g™ (x) < By since g, (x) € A". So we get as ny — oo that

Gn, (X) = q*(x) e & (2.14)

in L' (Q). On the other hand, (2.13) generates

/|Vq*|2: lim qunk-Vq*< lim \// |ank|2dxf |Vg*|? dx. (2.15)
0 ng—>00 [ ng— 00 o) 0

Now we apply Lemma 2.2 to the sequence {g,, }. That is, there exists a subsequence of {g,, }, denoted by
{qmj} such that limmj_,oojl (qmj) = J1(g™). So we get from (2.14), Lemma 2.2, (2.15) and (2.12) that

J(@*) = lim_ Ji(qm;) + / IVg*)?dx < lim J(gm;) = inf J(q).
m j—> 00 0 m j—> 00 A
The proof is complete. [

Remark 2.4. We have proven the existence of a minimizer, which depends indeed on the regularizing
parameter o, ¢ as well as the error level § if the noisy data z°(x) is used in the functional. So the other
interesting topic to be considered is the convergence property of minimizer as o« — 0and 6 — 0. Although
both « and ¢ play the roles of regularization, the introduction of parameter « in the functional leads us
to an approximate optimization problem to original inverse problem. Therefore, it is also necessary to
consider the relation between o and . All these problems should be studied furthermore.

Since ¢* can be found only in a finite space, we should consider the approximation relation g, — g*,
where g, is the approximation with the discrete parameter 4 for finite-dimensional space. This is the topic
in the next section.
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3. Find minimizer in finite-dimensional space

The determination of ¢* can be stated as: minimize the functional

1 T
I(q) = 5/ dr/ q (@) ulg)(x, 1) — z(x) [ dx + a/ Vg l* dx 3.1)
T—0o Q Q
subjectto g € A", where u(q)(-,t) € HOl (Q) meets the constraint

f U (@) dx + / Vu(g) - Védx + / qu(@)pdx =0, Vé(x) € HL (@),
Q Q Q
u(@)(x,0) =up(x), xe€Q (3.2)

forallz € (0, T].

The basic idea of solving (3.1)—(3.2) numerically is to find the minimizer by some iteration process
and solve the variational problem (3.2) by the finite element method (FEM) for any fixed time ¢ € (0, T']
at each iteration step, where the ¢ derivative is approximated by forward difference scheme.

Firstofall,bothu(q)(-, t) forany fixed# > 0 and g (-) are functions defined in Q. Triangulate the bounded
domain Q by the regular triangulation 7", where & > 0 describes the size of each pixel. Introduce

Vi := {f(x) : continuous and piecewise linear function in .7~ h},
Vi = {f(x) € Vi, f(x) =0 for x € 0Q}.

Denote by {x,-}lN: | the set of all nodal points of .7~ " and approximate #" by
= {gn(x) € Vi, 0<qn () <Po,i =1,..., N}.

As for time discretization, we divid¢ [0, T'] by nodal =1 jfor j=0,1,..., M with stept=T/M.
Denote by w () = u(, j1), while uil (x) is the projection of u’ (-) onto Vh for u/ (x) with zero value in
0Q. Moreover, we approximate u, by backward difference, that is,

wl (x) —u/~Hx)

a.[l/tj(x) = atu(X,t)|t=./'T= T

For simplicity, we take the small parameter ¢ > 0 such that ¢ = (ng + 1)t for some non-negative integer
ng. Under the above notation, the optimization problem (3.1)—(3.2) in finite space V}, has the following
form:

Minimize the functional

M
Ty (an) =:§ > /Q anluf (qn)(x) — 2(0) [ dx + o /Q V| dx (3.3)

n=M —ng

subject to g, € Ay, C Vy, where uj (qn)(x) = up(qn)(x, nt) € Vh meets
/ @Tui;(%)cﬁh dx +/ Vui;(%) Vo dx + / Qhuﬁ(%)% dx =0,
Q Q Q

u) (qn)(x) = Qpuo(x) (3.4)
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fpr all j=0,1,..., M and the test function ¢, € Vj,, where Qy, is the L? projection from L2(Q) onto
Vj, defined by

/Qhw/)dx:/ vpdx, YveL*Q), ¢ €V
Q Q

Denote by I, : C(Q2) — V), the interpolation operator. Then the following property holds for operators
I, Qp (see [1,12]).

Lemma 3.1. Assume p > dimension(Q). Then it follows that
lim (|u — Lyullyipg =0, Yue WHP(Q),
h—0

lim || — =0, VYue H(Q),
h1—>0 [|u Qh””H(}(Q) u ()( )

1
Qnull 2 <CllullL2, |QnVull 2 <Cl[Vull 2,  Yu € Hy(Q).
Similar to the continuous version of optimization problem discussed in Section 2, we should discuss the

existence of minimizer in #';, contained in a finite-dimensional space. However, the proof is somewhat
similar and simple due to the equivalence of norms in finite-dimensional space.

The key to the existence proof of minimizer is the following continuous property of u ;l (gn) with respect
to gp, in Ay, for any fixed j =0,1,..., M and h.

Lemma 3.2. Fix t, h > 0. Let a sequence {qﬁ} C A, which tends to gy as k — oo in L'(Q). Then we
get for the solution uh(qg)(x, t) that

up(gf) — uh(gn) (3.5)

ask — ocoin H&(Q)foranyﬁxedj:1,2,...,M.

Proof. For q;f , ¢n in (3.4), the corresponding form is

fgatu;;(q,’;)qsh dx+fQVu;;(q,’;).v¢,, dx+/gq,’;u;;(q,’;)¢h dx =0, (3.6)

/Q O, (qn) by dx + fg Vul (qn) - Vb dx + fg anue] (qn)dy dx = 0. 3.7)

By taking ¢, = uj (gk)(x) in (3.6), we get that

1 1 i ;
5||ug<q,§>||2 - Euu,i @)OII* + <l Vui, (g 1> <O. (3.8)
Taking summation for j =1, 2, ..., n<M yields
n .
luf (@I <Clluol®. =Y IVup (g I* <Clluoll? (3.9)

j=1
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uniformly for all n = 1,2,..., M and k = 1,2, ... with constant C independent of #, 7, k, noticing

Lemma 3.1.
Now we can estimate the error wj (k) := u;’l(qﬁ ) — uj (qn). The subtraction (3.7) from (3.6) yields

fQ o,w] (k) gy, dx + fg Vwl (k) - Vb, dx + fg gkwl (k)¢ dx = /Q (qn — qul (gn) by dx

with w?l(k) = 0. Choosing ¢;, = rw}{ (k) in this relation and taking summation for j =1,2,...,n<M
again yields from (3.9) and wg (k) =0 that

1 n . .
SR 72 <wlan = aflloo D g (@i lw] K

j=1
<2Cntllgn — gplloo <2CT lign — g lloo (3.10)
foralln =1, ..., M. Inserting this estimate to the above inequality yields

- : : 11
IV w;, () 1> < llgn — qp lloollus, (gn) | lwi, () || + ;Ellwfl ®)?

2CT
<2C|gn — qFllco + e ¥ llo-

So we get ||w;l.(k)||i[1 <Cllgn — q}’jHoo — 0ask — ooforall j=1,..., M from (3.10), with constant

C independent of /& but dependent on z. O

With this continuous property, we can prove the existence of minimizer for the optimization problem
(3.3)-(3.4) in set #'j, C V.

Theorem 3.3. There exists at least one minimizer q;, € A"y, for the optimization problem (3.3)~(3.4).
The proof is standard and similar to the continuous case (Theorem 2.3), so we omit it.

Remark 3.4. The continuous property applied here only needs the L2 convergence of uj (qZ") asng — 00
in Lemma 3.2.

4. Convergence of approximate solution

To take the minimizer g in 4", as the approximate solution to original optimization problem (2.1), we
should prove that the minimizer ¢, of functional J: %(gp) in finite-dimensional space indeed converges
to ¢*, the minimizer of optimization problem (2.1) in infinite-dimensional space.

The first step to this aim is to prove the approximate solution to direct problem (1.1) from its variational
form (3.2) converges to the exact solution. That is, when the discrete size 7, h — 0, the discrete functional
should tend to the continuous one. For given ¢ >0 in (2.1), we still take © — 0 in such a way that
o = (ng + 1)z for some integer ny.

We need the following lemma in the proof of convergence property.



192 Q. Chen, J. Liu / Journal of Computational and Applied Mathematics 193 (2006) 183203

Lemma 4.1. Let {ui(qh)} be the solution to (3.4) for q, € A'y,. Then

M M
max n 2 n 2 Vu' 2<C 2’
max @l + 7 Y @l + = 3 IVug@n) < Cluol

n=1 n=1
M
max _[|Vui(gn)l* + 1 Y 10,1 (gn) 1> < C(I Vuoll + lluoll®)
n=1,...M -

hold with constant C independent of qp,, h, t.

Proof. The first result comes from the analogy of (3.9), while the second one is obtained by taking test
function ¢, = rarufl in (3.4) and Lemma 3.1. O

For simplicity, we denote u}, (gs), u(q), u(q)(x, nt) by uy, u, u", respectively. Moreover, introduce the
average value of u(q) fort € [t,—1, t,] by

1 [
= ;/ w(@)x,n)dr, n=1,...., M, u°:=up(q).
In—1

The continuous property of the functional (3.3) can be stated as:

Lemma 4.2. If {q;(x)} C K}, converges to q(x) € A" in LY Q) as h — 0, then

M T
I 7 (gn) — zp|* dx = dt —z[7dx,
Jim > rfgqhmh(qh) 2n|? dx fT fgqm(q) ol dx

n=M —ng -

where u(q) = u(q)(x,t), u;(qn) = up(qn)(x, nt) are the solutions to infinite-dimensional variational
form (3.2) and its approximation (3.4), respectively.

Proof. Taking ¢ = T_1¢h (x) in (3.2) and integrating for 7 € [t;_1, t;] yield

. 1 [ 1 (4
/Gru1¢hdx+—/ fVu-Vd);ldxdt—l——/ /qud)hdxdt:O
Q T tj—1 JQ T tji—1 JQ

from the definition of 0_u". Subtracting the above equality from (3.4) and taking ¢, = mi we get

. . . tj .
o[ e wjax e [ oo —uhmar+ [ [ vrPaxa
Q Q tj—1 JQ
1j . . tj .
+/ /V(Qhﬁj —u)-VniL dxdt+/ /qhmmzdxd;
1j-1JQ tji—1 JQ

1j . . tj .
+/ /%(Qhﬁ] — u)ny, dx dr :/ /(6] — gp)uy; dx dt,
tji1JQ tj—1JQ
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where we introduce 11;; = ui—Qhﬁj.Noticinth >0andraf11;; ni;:(n;;)z—n;;ni_l 2[(ni;)2—(11;;_1)2]/2,
the above equality tells us
| 1 i ;
Sl = Sl 1% + <l Vg
. . 1j .
gr/ o, (u! — Qhﬁj)nlﬁ dx +/ /(q —qh)zmz dx dr
Q tji—1 JQ
L . - ] .
+/ /V(u— Qhﬁf)-Vn{ldxdt—i—/ /qh(u— O’ )i dx dt
-1 JQ tj—1JQ

=:11(j) + L(j) + I3(j) + 14()).

(4.1)
Taking summation for j =1, ..., n<M and noticing 172 = 0 generate
1 n . n
SWIP 2 ) NVmIP< Y () + BG) + BG) + 1)) (4.2)
j=1 j=1
Noticing the identity 27:1(% —aj_1)bj = ayb, — aphy — Z?:laj—l (bj — bj_1) and the definitions
of Oy, 0", we get
n n . . . . .
dYohih=) / [/ —u!) — @/ —w/ =]y dx
j=1 j=17¢
n ) ] )
= /(u” — @My dx — TZ/W—I — ' ™Ho ] dx. (4.3)
Q ole
Noticing the fact that
1 In In In
lu" (x) —u"(x)| = —f / uy(x, t)dedy| </t / lus(x, )|2dt, (4.4)
T Ih—1 Yy Ih—1

the first term in the right-hand side of (4.3) can be estimated by

tn 172
‘/Q(u” — ")y, dx| <[lu” —u" ||l | S«/?(/ ||ur||2dt> [ (4.5)
fh—1

while the second one can be estimated from

n n n

j—1 —j—1 J j— —j—1 J
Z/W —w o lde < | D ud =t —w TR o 112
j=1¢ j=1

j=1

(4.6)

" tj-1 " ;
< X[ P drar Y o<tz
j=2Y2 Jtj2 j=1

n
AR
j=1
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due to (4.4). Now inserting (4.5) and (4.6) into (4.3) we get
n
Y L()<CVr (4.7)
j=I

with constant C independent of /, t from Lemma 4.1 and the boundedness of | u; || 12(0p)- For I (j), we
can see that

n n : 12 _
tj tj .
Y h(H<) / /|q—qh|2u2dxdt f f|n;l|2dxdt
j=1 j=1 \Jtj-179 1j-1JQ
2, ’ |
Z/ fIQ—QhIZMdedl Zf /In}llzdxdt
tj—1 Q j=1 tji—1 Q

1/2

T
gc(/ f|q—qh|u2dxdz) (4.8)
0 Q

from ||g — gn |l L= < C, noticing that 12?:1 ||;7£ |I2< Cnt<CT again from Lemma 4.1. We estimate /3(j)
by lab| < tlal? + |b]? to obtain that

1/2

12

tj . tj . .
I(j) = / fV(u — Quu) - Vi) dx dt+/ / V(Quu — Quie) - Vil dx di
tj—1 JQ tji—1 JQ

l]' .
S +/ /Q[IV(M — 0n) P+ IV (Qpt — O[] dx i,
j 1

which yields
n . n ) T
> BGH<z Y IV l? +/ IV (e — Quu)|| dt
j=1 2 j=1 0
‘e Z/ 1V(Qntu — 7)) db. (4.9)
tji—1

Finally we consider 14(j). Noticing nf; is independent of ¢, we get that

R .
L(j<Clnj / [ — Onull 20y + | Qn(u —u?) || 12(q)] dt
"

from the property of Oy, which yields

Z L(j)<C f lu — Qntll 20y dt + C Z f 10 — )|l 2 dr. (4.10)
tj—1

j=l1
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Inserting (4.7)—(4.10) into (4.2) generates

1. T w ; T
5||nz||2+5an,ﬁnkcﬁw(/o /|q—qh|u2dxdz)
i Q
j=1

1/2

T "l ,
+C/0 lu — Qnull 1oy dt + C 2/ | Qnu — )| 1 di
j=171i-1
from the property of Q. On the other hand,

, , C [l
1Qn(u —u) || g1 <Cllu —u’ || g S?/ lu(-, 1) —u(-, Ol g de.
t

-1

195

4.11)

Since ¢, ¢ € [tj_1, t;] means |t — &| <, it follows for Ve > O that |[u(-, 1) — u(-, &) || g1 <e for > 0 small

enough. So || Qp(u — ﬁj) || < Ce, which means

n tj .
Z/ 1Qn(u —w)|| 1 dt <Cent<CTe.
j=1°4

tji—1

Now by letting 7, i — 01in (4.11), we get ||} 12, 53", [V} > < Ce uniformly forall j=1, ..

for h, > 0 small enough. The arbitrariness of ¢ means

M

T .

lim max nzzlim_E:V12=O.

h,t—0 n=1,...M I hyi—>02 4 1” i
j:

That is,

M

J2 Jj2 Jj2

T <Mzt max =T max — 0

Dl P <Mz max =T max i,
j=1

as h,t — 0. By this estimate, we get from u} — u" =} + (Qu" —u") that

M M M
—n 2 2 — —n 2
© ) Ny = 82 <20 D gl 427 Y 1" — |
n=1 n=1 n=1

.....

n=l1

as h, © — 0 from (4.13) and the property of Qj,.

L, n<M

4.12)

(4.13)

(4.14)

Now we can complete the proof of Theorem 4.2. By defining z, := Qjz, it is enough to prove that

M T
I(h,7)—1(h) =1 Z fthuZ—zhlzdx—/ /qlu—zhlzdxdt—>0
Q T—¢JQ

n=M—ng
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as h, r — 0, noticing M depending on t. We rewrite [ (h, t) — I (h) as

M Iy
tho-1= 3 [ [ e -z -z ax
th—1 Y Q

n=M-nyg "~ ™"

T
+/ /(qh —q)lu—zh|2dxdt =:S1(h, 1) + S2(h). (4.15)
T—aJQ

For the first term, it follows from Holder inequality and Lemma 4.1 that

M n
Si(h, 1) = Z / /Q%(“Z —uw)[uy +u —2z,]dx dt
th—1

n=M-—-ng """
M In 1/2 M In 1/2
2 n 2
<c|l X f llufy — ul > / Ul + u — 2z
n=M—ng " n~1 n=M—ng * n-1
1/2
M tn /
<cl > f lluft — u||*de (4.16)
n=M—ng In-1

due to the boundedness of gj. On the other hand, the triangle inequality means

M th M M tn
> / ||uZ—u||2dt<2rZ||uZ—ﬁ"||2+22f @ — u||*dr. 4.17)
In—1 n=1 n=1"m-1

n=M-—-ng """

The first term tends to 0 as &, © — 0 from (4.14), while the second term also tends to 0 from the property
of average function. So we get Sj(h,t) — 0 as h, 7 — 0. That S»(h) — 0 as h — 0 is obvious since
gn — q in L'. Therefore we conclude that I (h, t) — I (h) — O as h, t — 0. The proof is complete. [

Now we can prove the convergence property of solution sequence {gn};,-¢-

Theorem 4.3. Assume that {q;,},~ is the minimizer to discrete optimization problem (3.3)~(3.4). Then
there exists a subsequence of {q}};~ such that this subsequence converges to the minimizer (3.1)—(3.2).

Proof. Noticing the constant , € 4, we get J,:’ 0 (q;‘l‘) <J ;: %(By) < C with some constant C independent
of i, 7 from (3.4) and (3.9), which generates | g; || ;1 <C for any fixed o > 0 due to ¢; € #', and (3.3).
Noticing the uniformly boundedness of {g;;},~¢ in L?, there exists a subsequence of {g;}n=0, Which is
still denoted by {g '}, such that

gy —>q*eA (4.18)

in L2(Q) c L'(Q) as h — 0. On the other hand, the denseness of Co° (Q) in W2(Q) means that any
g € A can be approximated by a function in C3° (Q). That is, for arbitrary & > 0, there exists g, € Co° (Q)
such that

lg: —qllp2<e, 1IV(ge — @2 <e (4.19)
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for any g € H'(Q). Restrict g, € # by defining

q:(x),  0<q,(x) <P,
gs(x) := 1 0, q:(x) <O, (4.20)
Bo- q:(x) = Po,

then g, € W°(Q) (N # and

1G: — gl <lge —qllpigy<e. 1Vl <IVall 2 +¢ (4.21)

from this definition and g € " as well as (4.19), which means

/|v(23|2dx=/ IVc?gIzdx=/ VP dx
Q x:ét::q XZ@,;Z(]

g/ |Vq8|2dx</ IVq|?dx + 2||Vq|le + & (4.22)
Q Q

Now for any ¢ € ., define g, in the previous way and then define g; = I;,4, € '}, Since g, is the
minimizer in %y, it follows that

M
T
Rap<i®ap=5 ) / ailuj(gi) — 2 dx + o f Vaj | dx. (4.23)
Q Q

n=M—ng

Now Lemma 4.2 and inequality (2.15) generate

M
. T 2 . 2
J@s fim 5 MZ fQQZIMZ(qZ)—ZI dx+am/g|w;:| dx
=M=

M
. T c c 2 c 2
gh,lglo En—;n /Qq,;mg(q,;)—d dx+afg|vq;l| dx (4.24)

from (4.23). For any fixed & > 0, it follows from g}, = I;,¢, — g, in H'(Q) and ||u — Thull2(q) — 0 as
h — 0 and (4.24) that

1 T
J(q*)s—/ /qglu(qg)—zlzderocf Vg2 d
2Jr—sJo Q

l ! € - 2 2
< q°lu(g”) —z["dx + o IVg|~dx +2||Vglle +¢
2 Jr—sJa Q

from (4.22). Finally, we take ¢ — 0 in the estimate, we get J(¢*) < J(q) for any ¢ € # from Lemma
2.2 and (4.21). That is, g™ is the minimizer. O

This theorem guarantees theoretically that the minimizer g, for finite-dimensional problem can be used
to approximate the exact minimizer ¢ for small 2 > 0. However, the optimization problem (3.3)—(3.4)
in the set ", is constrained by the requirement 0<q (x) < f5y. This condition will cause some difficulty
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when we find ¢}’ (x) numerically. As usual, we convert this problem into one without a priori quantity
assumption on gy, (x). For this purpose, construct a new functional from J: %(q) for g, € ), by

- 1
TG ) = 1) + - / P(gn)(x) dx (4.25)
Q
with the admissible set Vj and small ¢ > 0, where the penalty term is

P(gn)(x) := 5[(qn(x) — B} + (gn(x)7 1. (4.26)

The notation a4 is defined as a4 =0 for a <0 and a4 =a for a > 0. We consider the minimizer of functional
f;f %(e, gp) in the entire space Vj,. By the same argument as that in proving Theorem 3.3, we know that
there exists a minimizer g (x) € Vj, to this problem. The following theorem states the relation between
g}, (x) and g;;, the minimizer of (3.3)—(3.4).

Theorem 4.4. Assume that {¢;} is a positive sequence satisfying e > e >---¢, = 0asn — oo and
&n

denote by q," the minimizer of functional (4.25) in Vj,. Then there exists a subsequence of {qZ” }, which
tends to g as n — oo.

Proof. Since g,’ is a minimizer of J; 40 (e, ) in Vi and 41 < &, we get
Tno & 7no Ei41 7no &it1
gy, iy q) )< Uy Gy g, )<, (“u‘i+1’thJr ),

that is, the sequence J; Z’ O(g, qzi ) increases with respect to i. On the other hand, it follows forg;, € #), C Vj,
that

1 ) - , -
y / P(q™)(x) dx < T (51, ) < T (et qn) = T (qn)
i JQ

1

due to P(gy) = 0. This fact means
lim / P(q;;i)(x)dx -0, & —0. 4.27)
&—0Jo

So expression (4.26) generates

0< limO q," (x) < o, (4.28)

since qff (x) is a continuous positive function. Moreover, it follows from (4.26) and (4.27) that {|| q,ii 200}
is uniformly bounded for all i. Noticing qzi lies in a finite-dimensional space for fixed 4 > 0, all the norms
are equivalent. Therefore there exists a subsequence, denoted still by qzi , which converges to some ¢g;; in
any norm. So (4.28) means q;f e Ap.

Finally, the definition of q;;" and (4.26) means for any g5, € 4", C V}, that

I @) <y i gi) <y iy an) = 1, (an).
Now the application of qzi — ¢, in any norm and Lemma 4.2 to the above inequality means

J, 0 (q;) < J, (qn) for any gj € o'y That is, g is the minimizer in . The proof is complete. [

Our next work is to minimize the function J; : %(e, qn) given by (4.25) in the whole space V), for given
g, h, ¢ > 0. As usual, the iterative scheme will be used to solve this optimization problem.
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5. Numerical implementations for optimization problem
Having obtained the theoretical results for our inverse problems, we consider the numerical inversion

schemes for the optimization problem in finite-dimensional space. We apply Armijo algorithm to minimize
the functional

M
- T 1
Pear=5 Y [anga-Pacts [ Wl [ Pa)a
n=M—ng Q Q & JQ
- - 1 -~
=: Ji(qn) + aJ2(qn) + 213(6111) (5.1

over the finite space Vj,. 5
A key ingredient in Armijo algorithm is the Gateaux derivative of J}:’ (e, gn). Since ¢ > 0 is given in

this algorithm, we abbreviate f;f (e, gp) as f: %(gp) in this section, without any confusion.

By lengthy but trivial computation, we can obtain the Gateaux derivatives of functional J 20 (qn) at gp
along direction p(x) € Vj, . This result is stated as:

Theorem 5.1. The Gateaux difference of J, ;: %(qn) at point q;, € Vy, along direction p(x) is determined
from the following expressions:

fé(czh)p=2/Qth(X)-Vp(X)dx, fé(qh)p=fQP/(qh)pdx, (5.2)

with the function
(qn(x) — Bo)p(x),  gn(x) > Py,
P'ign)p=10 0<gn(x) < By, (5.3)
qn(x) p(x), gn(x) <0.

For derivative J {(qn) p, it can be computed by the adjoint operator method with the expression

M M
~ T _
Janp=5 ) / p)lufy(gn) — 2P dx +7 ) f pw; ™! (Dujy(gn) dx, (5.4)
2 Q Q
n=M—n n=1
where the adjoint function wj (x) forn =1,2, ..., M satisfies that

—/arw,’;qsh dx+/ vuw!~. Vg, dx+/qhwz—‘¢h dx
Q Q Q

+ 1y /Q‘h{ () (uy — )¢y dx =0,

n _ 1
W (x) =0, o.w! = U1 Twh ) (5.5)

forn=M,. .., 1, ¢,(x) € Vv, is the test function and yu, =1 forn=M, ..., M — no and p,, =0 for
n=1,2,....,.M —nog— 1.
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Now we state the steps of Armijo algorithm as follows:

Step 1: Give iteration step adjusting parameter 7 and iteration stop tolerance parameter ¢g. Set iteration
initial guess g\ (x) € Vj.

Step 2: For given qé (x) € Vj, solve the direct problem for u(x,¢) in (x,7) € Q x (0,T) by its
variational form

/atqubhdx—l—/ ng.v¢hdx+/qguz¢hdx:0, Yo, € Vi,
Q Q Q

ull (x) — up 1 (x)

ug(x) = Thuo(x), ouj := - (5.6)
forn =1,..., M along time direction, where ¢, is the base function of space Vh. Then we solve the
adjoint problem for w(x, ¢) by the variational form (5.5).

Step 3: Compute the Gateaux derivative JZ’ 0 (q,]l)xpl =g/ forl=1,2,..., N along direction y;, where

y; is the base function of Vj,:
. M ' M .
g== > f V()| (gj) — z|* dx + Zf Y Ow ! (uf(g)) dx
2 Q Q
n=M—ng n=1
. 1 -
+ 24 / V4l () Vi) dx + ~FigDi (5.7)
Q >

where J} (q,{ )y, is given by (5.2) and (5.3). Then we get the iteration direction from jth step to (j 4 1)th

step g (1) = Lygni ().

Step 4. Compute the norm of g{l (x) at jthstep: ej = (hzllilglz)l/z.

Step 5: Determine the iteration step length from jth step to (j + 1)th step or stop the iteration from the
following step:

(5a) Set 2= 1. . ' .

(5b) Compute err := f;o(qé + }ng) — f;o(q;l) + %ie?.

(5¢) If err <0, then come to (5d); otherwise set 1 = 534 and come to (5b).

(5d) Set q,ﬁ = q,Jl + igé. If ||),g}Jl || <eo, exit and stop the iteration scheme. Otherwise set j = j + 1
and come to Step 2.

Next we apply this algorithm to some examples to show the validity of our inversion scheme. In our
numerics, the step sizes /4, t and regularizing parameter o as well as penalty parameter ¢ are given in
advance. Moreover, the condition err <0 in (5c¢) is replaced by err < ¢ for some small parameter oo > 0.

Example 1: We take a =0.01, T =1 with g (x) = ¢*. The initial function for iteration is qo(x) = 3 with
the regularizing parameter o = 107>. The reconstruction results for different iteration times are shown in
Fig. 1.

We can see from this figure that the main shape can be recovered with satisfactory accuracy, except
the boundary points. However, we also find in our numerics that the boundary status can also be revealed
well with different regularizing parameter « = 1075.

Example 2. This example aims to reconstruct a oscillatory function g(x) =3 + 2x%2 — 2 sin(2nx). In
numerics, we take a =0.01, 7 = 1.
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Fig. 1. Recovery at different iteration step.

0.9

The same situation arises as that in Example 1. If we apply the noisy data generated in the form

Fig. 2. Recovery of g(x) =3 + 2x2 — 2 sin (2nx).

u®(x, T) = u(x, T)[1 + & x random(x)]

with 0 = 0.05, that is, with 5% relative error, the reconstruction is also satisfactory, see Fig. 2.

201
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Fig. 3. Recovery of discontinuous ¢ (x) from constant initial value.

Example 3: We take a = 0.01, T = 1 with discontinuous g (x) given by

1, xe]l,0.3],
q(x) = 2, x €(0.3,0.7], (5.8)
1, xe(0.7,1].

The initial function for iteration is ¢°(x) = 4. For different iteration times n, the results are shown
in Fig. 3.

We can see that the discontinuous property of g (x) is recovered very well after 15 000 iterations. Also,
the rough shape of g (x) has been obtained after few iterations.
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