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1. INTRODUCTION

In this paper we are concerned with a rather unusual result that
arises in the study of harmonic analysis on semisimple Lie groups.
Suppose G is a locally compact unimodular group. Let f € L,(G) and
heL,(G), 1 <p < 2. By Young’s inequality ([4], p. 296) we know
that [_ | f(geg™") h(g)l dg < o for almost all g, € G, and that if

(f * h)eo) = [ floog™) Blg) de, (L1)

then fx heL(G), 1jr = 1/p — 1/2. However if G = SL(2, R) or
G = SL(2, C), then the following “L,, convolution theorem” is valid:

THEOREM. For each p, 1 < p < 2, there exists a constant A, such
that || fxhly, < A\ fli2l k], for all feLy(G), heL,(G). That is,
convolution by an L,(G) function, 1 < p < 2, is a bounded operator
on Ly(G).

The proof for G = SL(2, R) is in [6], for G = SL(2,C) in [9].
Our purpose here is to prove this theorem for G = SL(n, C), n > 2.

The idea of the proof is to utilize the “analytic continuation of the
principal series’” of SL(n, C) constructed by Kunze and Stein in [7].
Let us recall in rather loose terms what this means. The (non-
degenerate) principal series of representations of G = SL(zn, C)
is parameterized (partially) by n» — 1 purely imaginary numbers
ity ..., it,_4 ; i.e. for each ¢ ,.., %, ;R, we have an irreducible
unitary representation g — R(g;#t,,..., i, ;) of G on a (fixed)

Cx This research was partially supported by the Air Force under SAR/F-44620.
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Hilbert space 5. It is possible to extend the definition of R from
(¢R)™ to an open domain J in C"~!so that:

(1) for each(s, ,..., s,_;) € F ,the representation g — R(g; s 5..., $5_1)
is uniformly bounded, i.e.

sup || R(g; $1 s Spllo == A8y 500y $pq) << 00;
25G

(2) R depends analytically on (s, ,..., s,_4) €7 in the sense that
for each g € G, ¢, n € S, the function

(51 yeny sn—l) - (R(g, 51 asery Sn——l) fa 77)

is analytic on 7.

The uniform bounds A(s,,...,s,_;) exhibit polynomial growth
in the imaginary parts of the complex parameters s, ,...,s,_;. By
utilizing Phragmén-Lindeldf techniques, we shall show that these
bounds can be sharpened considerably. We then obtain a kind of
Hausdorff-Young theorem for G by applying an operator-valued
convexity theorem to the uniform bounds and the Plancherel formula
for G. The L, convolution theorem follows from that result by
suitable analyticity arguments.

If one compares the derivation (in [6] or [9]) of the L, convolution
theorem from the analytic continuation of the principal series with the
above outline, one sees that the method is basically the same. The
main difference (and new difficulty) is the dependence on n — 1
rather than ome complex variable. This necessitates the convexity
(interpolation) theorems proven in Sections 4 and 5. Theorem 3 in
Section 4 is rather general in nature and quite likely of independent
interest. Theorem 4 in Section 5, on the other hand, is tailored to
fit the situation that arises in the case G = SL(n, C). Both of them are
generalizations of the results proven in Sections 3 and 4 of [6].

The author is grateful to Professor E. Stein for several interesting
conversations on these and other matters relating to representations of
semisimple Lie groups. Some of the results contained herein have
been obtained independently by him and Professor R. Kunze. How-
ever, as of this writing, none of these have been published.

The paper is arranged as follows. In Section 2 we review the defi-
nition of the principal series of representations of SL(n, C). We then
describe in detail the analytic continuation of the principal series
a la Kunze and Stein [7]. We proceed in Section 3 to strengthen the
uniform bounds of the analytic continuation. The main tool that we
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use (Lemma 3) is a natural generalization of the Phragmén-Lindel6f
type result found in ([9], Lemma 1). As we mentioned previously,
Section 4 and Section 5 contain the interpolation theorems in several
variables that we shall need. The origin of these results is of course the
Riesz convexity theorem. Generalizations to operator-valued functions
depending analytically on a complex parameter are rather standard
by now (see for example [6], Section 3 and Section 4 or [10]). Here we
carry these methods one step further—namely, to dependence on
several complex parameters. We define the operator-valued Fourier
transform and prove a strong version of the Hausdorff-Young
theorem in Section 6. We obtain our main result, the L,, convolution
theorem for G = SL(n, C), in Section 7. Finally in Section 8, we
show that the Fourier transform extends to L,(G), I < p < 2, as an
analytic operator-valued function on a suitable domain &, in C»,
and we deduce an analog of the Riemann-Lebesgue lemma on G.

Notation. Unless specified otherwise G will denote the n x n
complex unimodular group SL(n, C). The letter A, possibly with
subscripts or arguments, shall denote a constant—not necessarily the
same from one line to the next.

A regular measure space (X, du) shall consist of a locally compact
Hausdorff space X and a regular Borel measure p on X. We denote by
Co(X) and Sy(X) the continuous and simple functions of compact
support on X, respectively. By a bounded subset of X we mean a
measurable subset of a compact set in X. When X = Gand ge G is
generic, we will use dg to denote Haar measure.

If S is a separable Hilbert space, we use 8(5) for the Banach space
of all bounded linear operators on 4. In addition, let B,(3¢),
1 << p <C oo, be the Banach spaces of operators with finite pth norms:
Bu(H) = {T eB():| T|,» = trace (T*T)?/2 < oo}. For the
elementary properties of 8, , see ([6], Section 2). We note here that
the norms are non-increasing as p — oo and that for Teg,, Seg,,

r=1/p+1jg <1,

[ TS|, <N Tlpll Sl - (1.2)

Let & be a function from a measure space (X, du) to the space
B(3F). We say F is measurable if x — (F (x) £, n) is u-measurable on
X for all £, y € o, If X has an analytic structure, we say .# is analytic
if x — (F(x) £, ) is analytic on X for all £, ne #. We shall also
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denote by B,(X, ), 1 < p < oo, the Banach spaces of functions
F : X — B(S) such that

~ 1/p
171 = ([ 1Z@i2dut) < 0,1 <p <<,

| # 1l = ess sup || F(x)], < 0.

Again, see ([6], Section 2) for the elementary properties of 8,(X, ).

Finally we shall use boldface to denote both variables and fixed
vectors in r-dimensional complex linear space C7, r > 1. For example,
we shall consider analytic functions ¢(z) = ¢(2; ,..., &,) on

| Re(z))] < I, = L.y 7

and vectors & = (8, ,..., §,), each §; = 0 or 1. At times the vector &
may occur in the same proof with a real number 6 > 0. The appro-
priate meaning will be clear from the context as well as the notation.

2. Tue ANALYTIC CONTINUATION

We single out some subgroups of the group G = SL(n, C):
(1) U = U(n), the subgroup of upper triangular unipotent matrices
U={ueG:uy =0,j >k u; =1}
(i) C = C(nm), the (Cartan) subgroup of diagonal matrices
C—{ceGicy=0,j + ks
(i) V = V(n), the subgroup of lower triangular unipotent matrices
V={veG: v, =0, <k ov; =1}

(iv) S = S(n), the finite subgroup of G generated by the n — 1
elements

010 -0 | 00
-1 0 0 0 .o .o

0 01 . 1

.o 0 .

00 1 0 -1 0

The Weyl group may be indentified with a quotient group of S.

580/3/1-9
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Let A denote a continuous character of the subgroup C. Then

Me) = [T (esll s )™ L ey |
i=1

where s, ,..., s, are complex numbers and m, ,..., m, are integers.
A is determined uniquely by either of the following specifications:

@) sg4+s3+ 45 =0 and O<myfmy+ - 4m, <n
(b) s, =0 and m, =0.

Kunze and Stein’s construction of the analytic continuation of the
principal series [7] assumes the parameterization (a); Gelfand and
Naimark’s computation of the Plancherel formula [3] assumes (b).
Part of our task in this section therefore is the reconciliation of these
two choices. Note that A is unitary precisely when Re(s;) = 0,
J = L,...,, n. We denote the unitary characters by the letter /4. We also
define a special character p on C by

p(e) =[] 1 ¢ B2+, ce C.
i=1

Gelfand and Naimark have shown that (with the exception of a set
of measure zero) every g€ G can be uniquely written g = uco,
uelU,ceC,ve V. Letve V, g e G and suppose vg is decomposable
in this manner; say vg = u(v, £) - ¢(v, g) * g(v), w(v, g) € U, ¢(v, g) € C,
£2(v) € V. One sees easily that dg(v) = u(c(v, g)) dv. Moreover, to each
continuous unitary character A of C, we can associate an irreducible
unitary representation g — T(g,A) of G on the Hilbert space
H = LyV):

T(g, 2): f(2) — Me(2, 8)) w!/¥(c(v, £)) f(8(2))-

These constitute the (nondegenerate) principal series.

Before proceeding, we quote one well-known result concerning
these representations. The group S acts on 4 (in fact on all continuous
characters) by pA(c) = A(p~1¢p), p € S. Moreover, for each p € S and
A € 4, there exists a unitary operator A(p, A) such that

A, ) T(g, ») = T(g,p)) 4(p, X, g€ G. 2.1)

This expresses the invariance of the principal series under the action
of the Weyl group. For proofs of these facts, the reader is referred
to [3].
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Until further notice we assume the parameterization (a). Consider
the complex hyperplane

P o= {(5y 10ry ) ECP: 8y + 55 + - + 5, = O}

Let 0 <d <1 and let B(d) denote the smallest convex set in
the real hyperplane ¢; 4 *- 4- 0, = 0 which contains the points
(0, —0,0,...,0), |o| <d, and all permutations of these points.
Next let F(d) denote the tube in % whose basis is B(d), that
s JTE)={(s1,08)EP, s;=0;+1t;, (o1,..,0,)c€ Bd),
t, + -+ + t, = 0, but the ¢;s arbitrary otherwise}. J(d) is an open
convex subset of #. Denote J = J(1). A function F defined on
F(d) (or on J or P) is called analytic if F is analytic as a function of
81 yeeey $p1 - Finally let 4% = those characters A = (my ..., m,; 51,..., 8,)
such that 0 < ¥ m; < » and (s, ,...,5,) € F. A function F on A* is
called analytic if, for each fixed (m, ,..., m,), F is analytic on 7.

We now summarize the results of ([7]; Theorem 4, the corollary on
page 172, and formula (9.9)) in the following

THEOREM 1. There exist representations g — R(g,A) of G on
H = Lo(V) such that:

(1) g = R(g, A) is a continuous representation of G on H for each
Ae A*;

(2) when e A, g — R(g, ) is unitarily equivalent to the element of
the principal series g — T(g, A);

(3) for each fixed g € G, &, 1€ S, the function X — (R(g, A) £, 7) is
analytic on A%*;

(4) there exists a function K;, 0 < d <1, bounded on any interval
of the form 0 < d < d, < 1 such that:

sup | R(g, Milo < Kq | HQA),
ge

whenever A = (my ,..., m,; $y ,..., $,) € A* satisfies | Re (s;)| < d,
1 <j < n. Here H(}) is the analytic function

, n 3 n
HO = (1+ % 1ml) TTG — 5%
=1 j=1
(5) R(g,A) = R(g,pA) for allge G, A e A*, pe S;
(6) if X' denotes the contragredient character X'(c) = Xc™1), A e A%,
then the representations R(g, A) and R(g, A) are contragredient on
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(7) if X' = pA for some nontrivial p € S, then g — R(g, A) is unitarily
equivalent to a member of the complementary series.

Remarks. (1) Let us recall very briefly how the proof goes. First
we specify the subgroup G, = {ge€G:g;, =0, 1 <j < n — 1}
Then for A € /1 we define the residue of A by res A = m; 4 - + m,,,
0 < res A << n. The following two points are crucial:

(1) if Ay, A, € 4 and res A; = res A,, then the elements of the principal
series T'(g,A,)and T'(g,A,)are unitarily equivalent when restricted to Gy;

(ii) the representations g — T(g, A), A € 4, are irreducible on G, .

It follows that for each A € A there exists a unique unitary operator
W(X) on # such that: if R(g, ) = W(A) T(g, A) W(A)™, then R(g, })
depends only on res A when g € G, . These representations constitute
the so-called normalized principal series. One can then construct an
analytic continuation of the R(g,A). This procedure is rather
involved—we mention only that it is facilitated by studying the
intertwining operators A(p, A) (see (2.1)). We should indicate that
Kunze and Stein have investigated the operators A(p, A) on arbitrary
complex semisimple Lie groups [§].

(2) The author has also reconstructed the analytic continuation
of the principal series according to the general scheme of [6]. One
obtains stronger uniform bounds by that method. Nevertheless,
Theorem | part (4) and Lemma 3 (Section 3) will suffice for the
results we desire in harmonic analysis. In addition, that method is
deficient for another reason. It employs (in the proof) the precise form
of the complementary series, an object unlikely to be explicity available
on more general groups. On the other hand, by the method of [7] one
obtains the complementary series from the analytic continuation.
This has led to the conjecture that all irreducible unitary representa-
tions of complex semisimple Lie groups will arise from suitable
analytic continuations of the (degenerate and nondegenerate) principal
series ([11], p. 580).

Consider the character A = (m, ,..., M,; $| ,..., $,) € A*. How do we
translate from parameterization (a) to parameterization (b)? Clearly,
as a character, A also equals

(ml = My sy Wy —— My, 0; 1 = Suyers Sn1 — Sy 0)

Therefore consider the map

Pt (tmy ooy My 5 Sy ey Sp) = [y — My oy My — My 5 S) — Sy 5eeny Spy — Snl

(2.2)
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(In this section we use curved parenthesis to indicate # variables and
square ones to indicate r = n — 1 variables). For 0 < d < 1, let

D) = {[8y 0y 5] 18, = 0; + iy, | 0;] < d, t;eR, 1 <j <rh.

LemMma 1. P is a 1 — 1 mapping of A* onto Z' X %U(n), where
U (n) is some open set in C™ contarning D(n[(n — 1)2). If F is an analytic
Sfunction on A*, then F o P71 is analytic on @ = Z7 X 2(n/(n — 1)3).

Proof. Piswell-defined onall (m, ,..., m,; 51 ..., 5,), 0 < X m; <,
(81 5o $,) € 2. It is easy to check that the map defined on Z" x C" by

[G1sees @r 3 21 50ees B = (1 = Goores @ — ¢, —G; 2 ~— Z[R,.e., 2, — 2[0, —2[n)

M-

g =n0+p0<p <n,

-

7; = %,

1 1

.
Il

¥

is an inverse for P. Therefore Pis 1 — 1 onto Z" X C", and P is
clearly a homeomorphism. The integer part obviously covers Z7, and
P(T) covers D(n/(n — 1)?) because: P[o, ,..., 0,] can be written as
a sum of (n — 1) terms of the form (o;/n, —a;/n, 0,..., 0) and permu-
tations of these. To illustrate, whenn = 3,

(0, — 0/3, 0y — 0/3, —0a/3)
= H(401/3, —40,/3, 0) + (404/3, 0, —40,/3) + (—40,/3, 40/3, 0)
+ (0, 40,3, —40,/3)].

The formula in the general case is analogous. Therefore
PHDnj(n — 1)) C T = D(n/(n — 1)°) C P(T).

The last statement of the lemma follows trivially from the fact that
P-1is an analytic mapping of C" to 2.

Remarks. (1) If n > 3, nj(n — 1) < 1, while 2/2 — 1)* = 2.
Therefore we shall assume z > 3 in what follows. In fact, by altering
P slightly, we can include the case n = 2. We find it more convenient
to work with (2.2); and, since n = 2 is already handled in {9], we shall
leave (2.2) as it is.

(2) The set D(n/(n — 1)?) is clearly not the largest possible domain
of definition for the analytic continuation; but it will suffice for our
purposes.

Henceforth parameterization (b) will always be assumed. By using
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Lemma 1, we can translate Theorem 1 into this new setting. Since we
need only conditions (1)—(4) in this paper, we shall not bother with
the last three.

THEOREM la. There exist representations g — R(g, A) of G on
such that:

(1a) g — R(g, A) is a continuous representation of G on H for each
Ae 2,

(2a) when X e A ~ Z" x (IRY, g — R(g, A) is unitarily equivalent to
a member of the principal series;

(3a) for each fixed g € G, &, v € H, the function X — (R(g, A) &, 1) is
analytic on §2;

(@) sup | RGe Mo < Al O TT(1+ 1 m PTTCA+ 1507 @3)

i=1 i1
whenever A = [my ,...,m, ; §q,..., 8,] € §2 satisfies
[Re(s;)| <d<<nj(n—1%1<j<r.

Moreover, for fixed n, A(n,d) is bounded on intervals of the form
0<d<dy <nf(n— 10>

Proof. (la)—(3a) are obvious from Theorem 1 and Lemma 1. We
verify (4a). Let A = [my .., m,; §;,...,8), meZ, s; = o; + it;,
| o; | < n/(n — 1)2. Then

P = (my — q,.... m, — q, —q; §, — $[,..., s, — $/n, —s/n),

1

m; =ng -+ p,0 < p < n

r
zs,':s,

J=1 j=1

1

The following are easily checked:

(1) l—o/n]<maxto’-\,|aj——a/n|<max1cr]-[-2(n——l)/n,
W) |—gI <1+ Iml|m—q|<1+3|m|

(i) |34s/m| <4+l <40+ 140),
13—+ s/n| <S5+ <STTUI A+ [41)
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Putting these together with part (4) of Theorem 1 we obtain

wup | RGg, Wl < 40w ) {1+ 3 1y 1) TT(IT 01+ 1 17)

< A, OTT (1 + [my )P TT (1 + (1)

The last statement of (4a) follows from A(n, d) = A(n) Ky_pasn -
We close this section with the Plancherel formula for G ([3], p. 159).
Let fe (L, N L,)(G) and R(f, A) = [ R(g, A) f(g) dg, A€ /. Then

1fE=C ¥ = X [ [TIRGME T en® e d

L 1<i<k<n
(2.4)

where C, = 2nn—1/2[p! (27)(n-1)(n42) and
(A = [(my, — m;)? - (2, — )7, (2.3}

3. ImproviNG THE UNIFORM BOUNDS

In this section we employ suitable analyticity arguments to sharpen
the bounds in (2.3).

Lemma 2. Let ¢(s) be an analytic function of one complex variable
on the closed strip | Re (s)] << 7 << 1. Suppose that

e()l < k(1 +|2])* 1R,

kE>1,0<a<]1,c>=0,and that

sup | oo +2t)] < k(1 +|t}), teR.

0<loj<r
Then there exists a constant A, depending only on c, such that
| plo +it)] < AR A [ 2])@,  O0<L[|o| <7, teR,
and o(c) = (| o |/ — &) + a.

Proof. The case « = 0 is precisely ([9], Lemma 1). Recall that
the proof is a slight modification of the classical Phragmén-Lindelof
theorem in a strip; and that 4A(c) << 4(¢")if ¢ < ¢'.
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Assume 0 << a < 1. Define ®(s) = 2-*/2¢p(s)/k*(2 + s5)°*, an analytic
function on | Re (s)j < 7. Moreover | @(it)| < 1 and

sup | Do - it)] L RV | 2]) o) teR.

0. |0}«
Applying the case x = 0 to the function @, we obtain
|D(o + it), < A(c) k==elin(} 4 | )e-2lr 0 < |o| <7, teR
Therefore
[ (o +it) << A() RNl + 1)),  0<!o| <7 teR

With this lemma we can now use an inductive technique to obtain
the necessary result in several variables.

Lemma 3. Let o(s) = ¢(sy,...,8,) be an analytic function on
| Re (5;)] <7 < 1, j = l,.,r. Suppose that | ¢(it)] < 1, te R" and

sup |g(o +it) < K[ 14D, t=(h,.,t,)eR, (3.1)
O<<logl =T j—1
K = 1,¢ = 0. Then there exists a constant A, depending only on c andr,
such that

| p(s), << AKm/ H (1 + ¢, )erdl, 0<]|gi<m, teR’

jm1
and d = max, ;.. | o;|.
Proof. Let s; = it;, j = 2,...,r be arbitrary but fixed. Define

¥i(s)) = (s, , ity ,..., 3t,), an analytic function on 0 < |o,| < 7.
Moreover | ¢,(it,)] < 1, and by (3.1)

P(oy + i)l S KT+ i)

j~1

By Lemma 2, with a = 0, 2 — K [Tj_, (1 + | ¢; ])%, we get

Paloy +ity), < Ay(c) Kloalim H (1 + [ ¢ ])ctonds .,

=1

That is

9511ty oo i) < Ayfe) Kom [T (1 [ 1,090, 0< ]| <. (3.2)

jm=1

We may assume 4,(c) > 1.
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Now let s, = o, +1it,|0;| <7, and s; = dt;,j = 3,...,,7 be
arbitrary but fixed. Define #,(s;) = o(s , 5, , #t5,..., i)/ A;(c), analytic
on 0 <o, <7 By (3.2

| (ity)] < Kol TT (1 + | g5 ])clealrr,
j=1

and by the assumption (3.1)
ho(sg) S KT +151)0  0<|oy| <
j=1

We apply Lemma 1 with o = | oy |/, 8 = K T2, (1 + | ¢ [)°. The

result is:
)] < A Ko TT(L 415 )0
where «(0p) = (| 03 |/7)(1 — | 0y |[7) + | oy |/r. Hence
@515 52 » ity yom i8,)| < Ayfe) Koo H (1 + [ 1, [y,
0<]ol,lon| <

Continuing in this manner we get

| @130y )l < Aple) KD [T (L + {150, 0 <oy | <y

i=1

where afo,) = (| o, |/7)(1 — o&'(0,4)) + o'(0,_;) and o'(o,_;) is the
exponent obtained at the (r — 1)st stage. A simple induction argument
shows «fc,) < (|0, | + -+ + | 0, |)/7; and the proof is completed
once we note | oy | + -+ + |0, | <7d,d = max|g;]|.

THEOREM 2. The uniform bound of Theorem la part (4a) may be
strengthened as follows: for every ¢ > 0,

sup || R(g, V= < A(n, d, ) [T Q0+ [ my)pe*ea+o TT(L + | ; |)ondtio,
- ~ (3.3)
A= (my,.,m ;5 ,..,85)ERL d=max|o;| <nj(n— 1)
Proof. Let & ne s be arbitrary such that [ £ < 1, ||9] < 1,
and let (m, ,..., m,) € Z". Define

(p(S) = (R(g’ ’\) & 7))) A= (ml yeeey My 5 81 5eeey s,.),
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an analytic function on 2(n/(n — 1)?). Then | ¢(it)] < 1 and by (2.3):

sup (o +it) < Al ) [ Fim PITO i 180
j-1 i=

o0logl <

whenever v << 7, < nf(n — 1)%

Let se%(n/(n — 1)?) and € > 0. Choose r and 7, so that
max |o; | <7 <7 <nfn— 1) and l/r < (1 + e)(n — 1)¥n.
Applying Lemma 3 with ¢ = 67, we obtain

r rd/r T
| ‘P(S)I < 4, (A(n, T1) n (] + . m; ))3) ! H (l it !)snrd/‘r
j=1

j=1

r T
< A(n, d, S) I‘I (1 + | m II):M’d(H-t) l"[ (1 + 1t |)6n:’d(l+¢).
j=1

j=1

Taking the supremum over all ¢, psuch that| ¢}l < 1, || 9] < 1, we
get the result (3.3).

The important advantage of (3.3) over (2.3) is that both exponents
—0asd = max|og;| - 0.

4. A GENERAL INTERPOLATION THEOREM

In order to carry out the necessary Fourier analysis on SL(n, C), we
have to generalize the results of ([6], Sections 3 and 4). First we
recall some of this material.

Let 2 = x + iy denote one complex variable. If 2 = Z(«, B) =
{f2eC: a < Re(2) < B}, « < B, we shall call a function ¢ analytic
on 2 if ¢ is analytic (in the usual sense) in o < Re(2) < B and
continuous on a < Re (2) << B. We say ¢ is admissible on @ if ¢ is
analytic on £ and

supa log | g(x -+ ty)l == O(e2l¥])

AL

where @ < 7/(B — «) and a in general depends on ¢. Now let (M, du)
and (N, dv) be regular measure spaces. Suppose that for each
z€D(x, B), B, is a bilinear form on Sy(M) X Sy(N). We say the
collection {B, : z € @} is admissible if for each ¢ € So(M), § € Sy(N),
the function 6(z) == B,(p, ¢) is admissible on 2.

Let us fix some notation. Let 0 < 7 << 1 and let py, P, , 9o, 41 be
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indices, 1 < p;, ¢; << . Denote by ¢; the conjugate indices of the
q; . Lety = (1 —T)(x—l~’rﬁand

lp=0—=7)1po+7-1pr, 1lg=@0—7) lg+7"1/g.

Also let 4, and A, be non-negative continuous functions of y € R
with

log 4i(y) = O(e®!")),  a <=/(f — o).
Lemma 4. Assume {B,} is admissible on @ and that
| Baris(s )1 << Ao @ g 1 4 1les »
| Baranle, ¥)I < A9l ULy N1 88 Mg »
for all g € S(M), 4 € So(N). Then

| B(e, )l < A:ll@llpll 1l
for all p € So(M), € So(N) and the following estimate holds for A,:
log A, = [ w(l —7,5)l0g A(8 — ) 3] dy + [ w(r, ») log Ai[(8 — o) 3] dy,

where

1/2 tan(wr/2) sech®(my/2)
tan2(r7/2) + tanh2(my/2)’

w(r,y) = 0< <1, yeR.

This result is stated in ([6], Lemma 8) and proven in ([10],
Theorem 1). We wish to generalize this lemma to bilinear forms that
are indexed by several complex variables.

Let z = x + iy denote r complex variables z = (2 ,..., 2,) (see
Section 1 for the notation convention). Suppose ¢(z) = ¢(2y 5., 3,)
is analytic in o; << Re(z;) < fB;, 1 <j <7, and continuous on
a; < Re(z;) <B;,1 <j<r Such a function ¢ will be called
analytic on @ = 2,(«, ) = {z€C": o; < Re(z;) < B}, o < B;-

DEFINITION. ¢ is called admissible on & if ¢ is analytic on & and

(,].\Elxl})g/a.l()g |p(x + 2y)] = O (CXP ( z': a; )), a; < wl(B; ~ o). (4.1)

i j=1

Vi

Again, let (M, dp) and (N, dv) be regular measure spaces and suppose
that for each z € 2, B, is a bilinear form on Sy(M) x Sy(V). We call
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the collection {B, : z € @} admissible if 6(z) = B,(¢, ) is admissible
for each ¢ € Sy(M), ¢ € Si(N).

We now fix some notation for the general case. Let © = (7 ,..., 7,),
0 <7, <landlety = (I —x)a- B, ie.y; = (1 — 7)) o + 7,85,
j = 1,...,7. Denote by U = A" the set of 27 elements consisting of
{6 = (8;,...,6,), each 8, = 0 or 1}. If we let e = (1 — 8) « + 8B,
then ¢; = «; or f; according as 8; = 0 or 1. Let p(5), g(5) be indices
such that 1 < p(8), ¢(8) < co, and define

VEPRVC H [ — )1 —8) + 87) “2)
lg = %, 1ig® H [(1— (1 — &) + 87, 43)
Note that
FITI0 =00 —5) + 3] =1 4.4)
&e? j=1

for any § = ({;,..., {,) €C". Finally let A(S,y) be 2" nonnegative
continuous functions of y € R" such that

) <miB; — ).

log A(8,y) = O (exp (Z a; | y;

LemMMA 5. Let {B,} be admissible on @. Suppose that for each
e

| Beyay(, $)I < A, Yl @ 1) | ¥ llatay’

for all g € So(M), € Sy(N). Then

| Bv("’» ‘l’)l < 4. @iy ¥ ller

Jor all ¢ € S(M), € So(N) and the following estimate holds for A.:

tog Ac = ¥ [ TTl(l = m)(1 —8) + 37,31 log A(5, (8 — )y) dy.
8eN ¥ R j=1 (4 5)

Proof. The proof is a straightforward induction argument using
Lemma 4 and (4.1)-(4.4). We omit the details.

Now for each z€ P = Z,(a, B), let T, be a linear transformation
T, : So(M) — Bo(N, #), H# a separable Hilbert space. So for each
fe Sy(M), T(f) =F, is a measurable operator-valued function
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F,: N — B(#). We call {T,} admissible if: (1) for each f € Sy(M), &,
n € #, the function t — (F,(t) & 7) is locally integrable on N; and (2)
for each bounded subset K of N, the function 6(z) = fK (F(t) € n) dv(2)
is admissible on 2.

We remark that the derivation of ([6], Theorem 5) from ([6],
Lemma 8) is independent of how many complex parameters are
present. Indeed that proof (with trivial modifications) applied to
Temma 5 yields the following

THeOREM 3. Let T, : So(M) — B(N, H#) be linear and admissible
on Y. Suppose

| Terss(awy < A3, Y)II fllnes)
for all 8 € N, fe S(M), y € R". Then, for every f e Sy(M)

I To(Nlle < Al Sl »
with A, again given by (4.5).

5. A SpeciAL INTERPOLATION THEOREM

Suppose @ = 2,(a,B) and F is an analytic operator-valued
function on 2.

DEerFINITION. & is called admissible if

)), a; < wl(B; — o).

(5.1)
We now make an additional assumption on « and B; namely, we
require that 8, — o 7 B; — o for j # k.

sup log|| F(x + )l = O (exp (L a;

Ky <y

Vi

THEOREM 4. Let (M, du) be a regular measure space and T a linear
map from So(M) to analytic operator-valued functions on 2. In
addition, suppose F = Tf is admissible on @ for each fe Sy(M). Let
8 = (§,9,...,89€U, t, =0, r =n — 1 as usual, and suppose that
for every fe Sy(M):

swpll Fle+ il [ (1 +1t—t0%< Alfl, (52)
teR” 1<ji<k<n
forallse A, 6 = &, and
1/2
([1#7@ +if T1 In—tPd)" <Aalfl. (63

1<j<ksn
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Here we require a;; to be a nonnegative integer for 1 << j < k < n,
a;=a,; >0, and ¢;; <0, 1 <j <k < n Then we can conclude:

([170+i8 T1 04 =g d) " <aifl,, fes,
li<k<n
(5.4)

where 1 <p <2, 1p+1llg=1,y=(1 —rx)a + <@ and d;; =
(I — 7¢") cy; + 757ay; . The parameters 7y € R, © € R” are determined by
172 = 1/q,0 <7y < 1,and v = (1 — 7o)(1 — 8°) + 8% so that

“\'1_70,83'0:0

Tj~% 7 ,8]'0:1’

j=1l..,r.

Proof. We set up a situation in which we can employ Theorem 3.
Let N =R and dy(t) = [T, (1 + |t — ;)2 wd dt, ¢, = 0.
For fe Sy(M) and F = T¥, set

Fz(t) = ﬂ(z -+ it) H (l -+ l b, — tj |)ck,-—akj

X [(z — Gko) — (3 — €j0) + it — £)]™, (5.5)

Z = (21,..,2) €D, 2, = €,° = 0.

Then T, : f — F, is a linear map from Sy(M) to B(N, #). Since
ay; € ZF, k % n, the factor [T;<;_j, in (5.5) is an analytic function
of z € C". In addition, a; > 0 and »; — ¢ # O for o; < x; < §; =
we may choose a single-valued analytic branch of [—(z; — €,°) — i£;]%,
1 <j < r. Therefore, F,(t) is analytic on 2.

Now we estimate the growth of || Fy(t)|., - Indeed for z e Z, te R’,
we have

HFz(t)Hm = || ﬂ—(x —+- l(y -+ t))HQc H (1 oty — 1 I)ck,»—a,”.

i<k
X (x, — €)) — (%5 — &) +ilye — ¥ + te — 1)1
< A(e, B FE 4 iy + )l
X TTQ + 16— D™+ |y — ;)™ (5.6)

i<k
Hence, using (5.1),
log [ Fy(t)lls, < log A(e, B) + ) [ex;log(l + |t — 2;1)

i<k

+ aylog(l + 4=, ] + O (exp (L ajl 37+ 1,1)). 57)
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It follows from (5.5) and (5.7) that {T,} is an admissible family.
Furthermore, substituting x = € in (5.6) and using (5.2), we obtain

[ Fersy(llo < A(e, B) H A+l —y +t— ¢ l)_cki (14 [t —t; )™

i<k
X (U4 1y — 3 )™ 44l 1y
< Al B) As [T (L4 13% — 2 )™ | flhy

i<k

since —¢;; > 0. Therefore

”Fe+z'y ”uo < A(sv Y)“le

with A(8,y) = A(e,B) As [Tjr (1 + | y5 — ; [y, 6§ € A, & +~ 8°.
We also get from (5.3) that

| Feoriy 13 = [ 1F( + iy + ) TT (1 + 1 1 — , o

i<k
X | Y — 5+ b — t; [P dy(t)

= [IFE +ily + O TT 10 + 1) — (35 + )™ e
i<k
< AFCIfIE-

But ¢(8) = 00, 8 # 8° and ¢(8°) = 2. Therefore the right side of
(4.3)is

12 H [ — (1 — 87 + 8] — 120 = 1/a.

Since 1/p(8) + 1/g(8) = 1, all 8 € A, the right side of (4.2) is 1/p.
We can now apply Theorem 3 to conclude: || F, |, < 4Jlf]l,,
f € Sy(M), with A, determined by (4.5). That is

(J 120+t TT (U + 12— 1 )

i<k

N — ) — (v — &%) F ity — )| d”(t))llq S Al fll,, (5.8)

Yn = €° = 0. Buty; — % = (1 — 7)(B; — o), 1 <j < r. Since
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Bi — oy # Bj — o;, j # k, the real part of the term inside the
absolute value is nonzero. Hence we infer from (5.8) that:

([ 120+ 00 TT (1 + | — g [omr=tonesd g

i<k

< A(p, o, B) Aelifll, = Al fln s

feSy(M). It suffices to note finally that gc; + 2(ay; — ¢py) =
ki T 97 (@ — Cp) = 9 - Q.E.D.

Remark. From the proof we see that the constant 4 in (5.4) has
the following form: 4 = A(p, a, B)A, where A, is given by (4.5) and

AB,y) = A, B) 45 [[ (1 + |ye —p; ™™,  8eW,  8+#8
i<k

A(Sﬂ, y) = AO .

6. A Hausporrr-YOUNG THEOREM FOR SL(n, C)

Let G be the set of equivalence classes of irreducible unitary
representations of G = SL(n, C). The Fourier transform of a function
feL(G) is usually defined to be the operator-valued function
F) = fG A, f(g) dg, A € G. Butit follows from the Plancherel formula
(2.4) that only the nondegenerate principal series occurs with nonzero
measure. In particular, the degenerate principal series, complementary
series, degenerate complementary series, and any other exotic repre-
sentations of G lurking in the wings awaiting discovery! do not appear
in the support of the Plancherel measure. Therefore we shall consider
the Fourier transform of f € L,(G) to be the operator-valued function

FO = ReNf@dy red.

By the uniform boundedness of R(g, ), A € 2, we can extend the
definition of & to Ae Q. Claim: & is actually an analytic operator-
valued function of A € 2. It suffices to show that A — (F(A) &, ), &,
n € S, is analytic locally, say on polydiscs. But for fixed s, ,..., 5;_;,
$;41 »+-» Sy , We can use Morera’s theorem to show that & is analytic as
a function of s; (see [9], Section 3). The analyticity in all variables then
follows by Hartog’s theorem ([5], p. 28).

1 Added in Proof. Stein, Ann. of Math., 86, pp. 461-490, has found some.
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THEOREM 5. Let 1 < p <2 2, 1/p + ljg =1, and 7y = (2/g)'/",
0 <79 << 1. Let A == (my,....m; $;,..,5)€ER, m, =1, =0, and
oo = (1 — (2/@)V/") nj(n — 1)%. Suppose |o;| <oy, j = l,...,7 and
that | o; | % o, | <j <k < n. Then for every & > 0, there exist
constants A(n, p, e, 8) such that

UR FN) [_’[ (1~ ;g dt)l':q < A(n, p, 0, ) ]f[ (1 +im )11,

(6.1)

for all fe S(G). Herer = n — 1
o ot dl — (1 — 70)]i(1 — 7o) — 121 — 7o) (6.2)
v = 6n3d(1 — 7"){(1 — 7o), (6.3)

andd - max, ;.. o;| <og.

Proof. We set up a situation to which Theorem 4 is applicable.
We are given p, | < p << 2, s0 74 is determined by 1/p = 1 — 747/2
or l/g = 7,7/2,0 << 74 << 1. We are also given 6 = (o, ,..., 0,) satisfying
d=max|o;! <g, and |o | #lo;!, 1 <j<k<n Let
p=o/(l — 7). Then maxlp;;=4d/(l —op), ipjl#*lpxis
1 <j <7k < n and ’

i =ty (1 =) <mftn — 1P, =l

Next define

_ \(Pjio)y (7]-<0 o
(aj ’:Bj) - ((0’ Pj)y o; -~ o ] = l,...,f.

Clearly 8; — a; = |p; | # | pr | = Bx — o, j # k. We also choose

5.0 — y1, o; <0
’ ‘0, g; >0

so that ¢ = (1 — 8,°) o; 4 §,°8; = O for all .
Now for any ¢, 0 < e < 1, let ¢ = 6n%d(1 4 €)/(1 — 7;) and
define

ckj:?—c, 1l <j<hk=n

s80/3/1-10
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It follows from (3.3), using m = (m, ,..., m,) and py = 3n%dj(1 — =),
that

sup | Fm,e+it)l, [] (14 [t—1)"

1 j<<k<n

<Al di(t — 7o), ) [T+ 1m )21 (64)

for fe Sy(G)and e # €.
Next we obtain an estimate for € = 0 from the Plancherel formula
(2.4). The following inequalities are obvious from (2.5):

|t — 4 % Il<j<k<n
wi(A) = {14 % l1<j<k=mn m=0
A+1mDltl, 1<j<k=mn m=0.

Therefore if we let

1, 1<j<k<nm
ay; =31, 1<]<k—n, m; =10
12, 1<j<k=mn m+#0,

we obtain from (2.4):

(J 1 # e, &+ iolg IT 16— 1 P dt) ’ A(n)ﬁ(l -+ Ly )7l
= = 65)

We apply Theorem 4 to (6.4) and (6.5), taking M = G, du = Haar
measure on G. The result is: for f € Sy(G)

1/a
(Jiea+mE 10 +1t—uh™d) <Alfl, (66
i<k

where dy; = (1 — 1) ey + 70ag;, Y = (1 —7)a + B,
v = (1 — 7y)(1 — 8% 4 8%, and the constant A remains to be

estimated.

(1 — 7)) p;, . <0

O e R B e R

(1 —7p)p; = 05, thatis y = o.

o, I1<j<k<nm
2 B Z \por — (1 —a)e, 1<j<h=n
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Henceg¢dy; > 0,1 <j <k <nmand

gd; = qdy; = 1 — gbn® d(1 — 7y")(1 + (1 — 7o)
=1 —qg—38
s0 long as € << 8/qv.

(3) By the remark following Theorem 4, 4 = A(p, «, B) 4,; here
A(p, «, ) depends on n, p, and o, and 4, is given by (4.5) with

A(sy y) = A(d, p) AS H (1 -+ lyk —; l)ak,-—ckj,

j<k

ds = A(n, p, 0, &) [T (1 + | my )6+ 5 £ 8°

Ay = A [T(1 + | m; [y
=1

1t follows that

log 4, = O(1) -+ log [T (1 + | m; )=+
i=1

Y [TTlt = )t —8) + 875, 53] dy

6;&60 j=1

+10g [ 1+ my e [ [T ol(l — )1 — ) + 85r5, 3 dy

— O(1) + Aylog [] (1 + | my [y + A log [T (1 + | m; )7,

=1 =1

where the constant O(1) depends on n, p, ¢, and §, but not on m or f.
But (I —7;)(1 —8;°) 4 8,°r; = 7, and Iw(TO,y,)dy, =1—m,
j = 1,..., r; therefore 4, = (1 — 7o) Since 4, + 4, = 1, we must
have 4; =1 — (1 — 'ro)’ and

A = A(n,p, c, 8) ],—.[ (1 + m; Duu(lﬁ-s)[1—(1—1'0)']—(1—7-0)7/2
j=1

< Alm 1,0, ) [T (1 + | m; "

=1

From (6.6) and (1)-(3) above, we get the result (6.1).
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CoROLLARY. Let 1 <p <2, 1/p + 1/g = 1. Then there exists
oo > 0 such that

(J 15 9nd) " < Ao p,9lfl,  feS(O)

whenever 0 < |o;| <oy, j=1,.,7r and |o;| # 0;, ] # k.

Proof. From (6.1) we see that o, must satisfy three requirements.
First o, must be small enough (0, << o,) so that Theorem 5 is valid.
Next oy, must satisfy 1 — gbniso(1 — 7")/(1 — 79) > 0. Then for
any ¢ = (o ,...,0,) such that 0 < |o;| <oy, 1 <j <7, we can
select 6 > 0 so that 1 — gv — & > 0 (see (6.3)). Finally we require
that  6n%0g[l — (1 — 7o) 1/(1 — 7) < 1/2(1 — 7). Then for
6 = (07,.,6),0 <|o;| <oy,] <j<r wehavepu <0, u given
by (6.2). Q.E.D.

7. 'THe L, CONVOLUTION THEOREM

We now prove our main result: convolution by an L,(G) function,
1 < p < 2, 1s a bounded operator on Ly(G). Recall that the analyticity
result ([6], Lemma 26) or ([9], Lemma 3) plays a crucial role in the
proof of the L, convolution theorem for SL(2, R) and SL(2, C). We
first generalize that result.

LemMA 6. Let ¢(z) = ¢(2y ,..., 2,) be an analytic function in an
open region containing @ = D (a, B). Suppose that for some K = 1
and ¢ > 0,

sup |(x +7y) < K[+ 13100 yeR~

;KX <B; j=1

Let € = (1 —8)a | 8B, 8 A" and suppose that for some q > 1,
f | (e +iy)edy <1, all se9L.
R?’

Then for o; <vy; < B;,j = 1,..., 7, we have

r

sup | p(y +iy)l < ][ 4

Jeal

where A; = c¢i[(y; — o)1 4 (B; — v;)71/4], ¢, an absolute constant
(i.e. independent of @, K or ¢).
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Proof. For r = 1, this follows from ([6], Lemma 26). Suppose
r > 1; we give a proof by induction. Assume the result for all dimen-

AAAAA Chenon 8 n A 1a 1 Ve —

DlUlla \ 7. CAIUUDT Ur = v ana ICL P —_— q ) 1 c. 1/11 - l/q — 1’
1 <p < co. Let 8cCyR) be arbitrary such that [ |67 <
Define

Q(zl) = ¢(2’1 yeeey zr—-l) = f ‘P(zl yesss Bp1 9 O T iyr) 0(}’,-) dyr .

(In this proof we use primes, e.g. z’ = x’ + 7y’, to denote r — 1
variables.) Then @ is analytic in an open region containing
; <ij <Bj,j=1,.,r—1and

r—1
sup | O(x' +4y")| < K [ (1413 1)
a,<x,\ Fl j=1

1<igr—1

since 8 has compact support.
Next let ¢ € Co(R™) be arbitrary such that [ ., |4 [? <1. We

compute
ot +auyray | = | [[ o +iv, 0+ 9800 b dy, dy' |
<([[ 19 +iv 00 + i) dy, dy)
x ([ 100 dv) " ([ 1o dy)
<1, forany & e

Since ¢ is arbitrary [ | §(e’ + iy’')|2 dy’ < 1. By the induction hypoth-
esis

7—1

sup | Oy’ +iy)| < [] 4 = 4 — 1);

i=1

that is

sup | [ o' +iv', 2y + iv) 63 dy | < Alr — D).
Since ¢ is arbitrary, we conclude

sup [ | 9y’ +iy', @y + ip)le dyy < Ar — 1. (7.1)
y
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By a similar argument with §, = 1, we get
sup [ 190y’ +1¥', B, + )|t dy, < Alr — 11, (7.2)
y

Finally let y' € R"! be arbitrary but fixed. Define ¥(z,) =
(1/A(r — 1)) o(¥" + 7y’, 2,). ¥ is analytic in an open region containing
x < Re(z) < B,, and

sup | Flx, + iyl < K1 415, 1)

<X, S8y

since y’ is fixed. By (7.1) and (7.2)
[ 19 +i)dy, <1 [ 196 + i dy, < 1.

Applying the one-dimensional case, we obtain

sup | ¥(y, +9,)| < 4,.
Yy

But 4, is independent of y’, therefore

J=1

sup lo(y + )l <[] 4;- Q.E.D.

LemMa 7. Let 1 < p < 2. Then for every f e Sy(G)
[F Ao < A ) fll, A€l

A(n, p) depends only on the parameter p and the dimension n of the
complex semisimple Lie group G = SL(n, C).

Proof. The case p = 1 is trivial (since R(g, A), A € 4, is unitary).
Suppose 1 < p < 2,1/p + 1/g = 1. Normalize by assuming || fi, = 1.
Consider o, of the corollary in Section 6. Choose p, ,..., p, such that
0 <p, <py <'*<p, <og. For 68U = A, denote p(8) =
(+py 5.y £p,), where we choose +p; if §; = 0, —p; if §; = 1. By
that corollary

[17@m, o(8) + 0l de < A(w p, 6(®)) < Alm pY, B,

There are only 27 possibilities for 8 and we consider p, ,..., p, fixed
throughout the remainder of the proof.
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Let & ned, |E1<L lql<l If we define gfs) =
(F(m, s) &, n)/A(n, p), then

| (s)l < | #(m, s)llo/A(n, p) < || F(m, s)ll,/A(n, p).
Hence
[ 1#(e®) +ityede <1,  sed.

Moreover ¢ is analytic in an open region containing —p; << Re(s;) <
pj»J = l,...,r; and by (2.3)

sup [ g(s)] < KH(I—HtI)”

1011\ o4l

K = A(n, og) TTi<1 (1 4+ | m; ||| fl1, ¢ = 6n. Note K depends on
m and f, but by Lemma 6, that is immaterial. Indeed Lemma 6 =

r
sup | @(it)] < [] 4,
teR" j=1

A; = /—1( pi» 0, p;, q) = A(g). Taking the supremum over all £, 5
of norm < 1, we obtain

sup || F(m, i)l < A(m, p) Alg) = A(m, p). (7.3)

Droppmg the normalization || f||, = 1 and noting that the right 81de
of (7.3) is independent of m, we get

“ y()\)”w < A(n! P)”f”m ’ Ae A: fe SO(G)

The L, convolution theorem for G = SL(n, C) follows easily.

THeoREM 6. For each p, 1 < p < 2, there exists a constant
A(n, p) such that

If * Al < Al )l fli2 | 2115 (7.4)
for all f € Ly(G), h € L,(G).

Proof. Of course it suffices to prove (7.4) for a dense class of
functions, so assume f, & € S(G). Denote R(f, A) = [ R(g, A) f(g) dg
and R(h,A) = [R(g, A h(g)dg, AeA. If k= fxh is defined by
(1.1), then

R(k, ) = f R(g, X) k(g) dg = R(f, A) R(h, A), Ae A,



152 LIPSMAN

By (1.2) and Lemma 7

| R(&, Mlls < | R(f, Mllz 1| R(A, Wl
< AmpPU RS AL,, 1T<p<2

Computing the L, norms of k and f via the Plancherel formula (2.4),
we obtain
1R =CuX | IR NI TT wnld) de
ZT

i<k
= [ I Rek, DI ()
< [ Alm 11 131 RS N 4B

= A(n, p* | RGN S5 - Q.E.D.

8. A RieMaNN-LEBESGUE LEmMMA FOR SL(n, C)

In this section we obtain the analog of ([9], Theorem 6)—namely,
the Fourier transform of fe L, , 1 < p < 2, vanishes at infinity on /.
It has already been pointed out ([9], Section 5) that this is not true in
general for locally compact abelian groups.

LevMMa 8. Let 1 <p <2 and A= (m,s)e 2. Assume that
|oj| <oy, 1 <j < 7. Then there exists a constant A(n, p, A) such
that

I F Nl < A, p, M1 f s » (8.1)
Jor all f € Sy(G).
Proof. Recall that o, was defined in Theorem 35,

oo = (1 — Qg mj(n — 1%, 1jp+1/g=1.

Normalize by assuming || f{|, = 1. Choose p, ,..., p, so that 0 << p, <
pg < *r° < p, < 0g. As usual for 8 € U, let o(8) = (d-py y-ory £py)s
choosing +p; if §; = 0, —p; if §; = 1.

Now let 8 > 0, v = 6n%,(1 — 7¢")/(1 — 7o) (see (6.3)), 8 = 1 —qv - 3,
and p = 6n%p,{1 — (1 — 7oy I(1 — 7¢) — H(1 — 7o) (see (6.2)). It
follows from (6.1) that:

J I Fem, o(8) + 0I5 [ (1 + 4 de < 4°

J=1
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where

A= A, 2,50, T+ my 1) )

j=1

Let §, nedf, | £l < 1, 9]l < 1. Define ¢(s) = (¥(m, s) &, 7).
Clearly ¢ is analytic in an open region containing —p; <C Re(s;) < p;,
1 <j<rand

[ 19e(®) + 00 [T (1 + |1 dt < A°.
j=1
We also define

#(s) = coA”? H (1 + 5" 4(s).

If we choose the constant ¢, appropriately (depending on #n, p, and
pr), then @ is an analytic function on an open region containing
—p; < Re(s;)) <p;, 1 <j <7, and

f}(p(p(S) +it)edt <1, Sedl

The growth condition of Lemma 6 is satisfied for ¢ with any exponent
> 6n + 0/q. Therefore by Lemma 6

sup | ¢(o +it) < [Jall o — ps |70 + 0 + p; [711],

j=1

lo;| <ps, 1 <j<r Thatis

111 +s 1 (F(m, s) & )]
je1

< A(”)P: Pr) H U G5 — P I—llq + I G + P; l_llq]'

J=1

Taking the supremum over all £, 7 of norm < 1, and dropping the
restriction on f, we obtain:

[L+ s 17 Fm, sl < ATT0 o —pi 17+ Lo+ 7 S
=1 Jj=1
(8.3)

s

il

and the constant 4 is given by (8.2).
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Finally we note that (8.3) holds for every s in the open domain
lo;| <oy, 1 <j < r. Indeed for such an s we need only choose
at the beginning so that max|o¢;| <p; < -+ <p, <o,. This
completes the proof.

LemMA 9.  The Fourier transform, initially defined for fe L, NL, ,
1 < p < 2, has a unique bounded extension to all of L,(G). For each
feL,, 1 <p <2, F(m,s) is analytic in

2, ={(m, s) e Z7 x C7: | Re(sy)| < (1 —(2/g)"") nj(n — 1)%
and satisfies (8.3) when 1 < p << 2.

Proof. Lemma 9 follows from Lemma 8 by the exact same proof
used to derive ([9], Theorem 6) from ([9], Lemma 4). The only point
we have to make is that the constants A(n, p, A) of (8.1) are uniformly
bounded on compact subsets of £2,, .

We conclude with our version of the Riemann-Lebesgue lemma
on G.

THEOREM 7. Let 1 < p < 2 and feL,(G). Suppose F = F(A)
is the Fourier transform of f. Then the function X — || F(})|., vanishes
at infinity on A = Z7 X (iRY.

Proof. p = 1. Consider the set G of equivalence classes of irre-
ducible unitary representations of G = SL(n, C). G possesses a
certain natural—although non-Hausdorff—topology called the Aull-
kernel topology. For fe L;(G) and ¢ > 0, theset A e G : || F()|| > ¢}
is quasi-compact in this topology ([/], p. 317). Since the support of
the Plancherel measure, i.e. 4, is closed in G ([1], Sections 18.3.1,
18.3.2, 18.8.4), the set {Ae A : || F())| = ¢} is also quasi-compact.
But the hull-kernel topology restricted to A is actually Hausdorff and
coincides with the ordinary topology ([2], Section 17). Therefore
| # ()|l vanishes at infinity on /.

The interesting part of the theorem is the case 1 < p < 2. From
Lemma 8, we know || F (W), < A(n, p, M) fll,, A €2, , fe S(G).
Here A(n, p, A) is specified by formulas (8.2) and (8.3); and, by
Lemma 9, the inequality holds for all feL,(G). In the proof of
Lemma 8, choose p, > 0 and & > 0 so small that § > 0 in (8.3) and
p << 0in (8.2). Upon setting ¢ = (o ,..., 0,) = 0 in (8.3), we obtain

HF M) = | F(m, i), < Aln, p, 0, 8) ]jl 1+ m )1+ tiz) —G/M”f”m .
8 (8.4)
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is now clear from (8.4) that || #(A)|, vanishes at infinity on

= 27 X (iR)-
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