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The various equations at the surfaces and triple contact lines of a deformable body are obtained from a var-
iational condition, by applying Green’s formula in the whole space and on the Riemannian surfaces. The sur-
face equations are similar to the Cauchy’s equations for the volume, but involve a special definition of the
‘divergence’ (tensorial product of the covariant derivatives on the surface and the whole space). The normal
component of the divergence equation generalizes the Laplace’s equation for a fluid-fluid interface. Assum-

Keywards: ) ) ing that Green’s formula remains valid at the contact line (despite the singularity), two equations are
Surface and contact line equations . [ . . . : -
Flasticity obtained at this line. The first one expresses that the fluid-fluid surface tension is equilibrated by the

two surface stresses (and not by the volume stresses of the body) and suggests a finite displacement at this
line (contrary to the infinite-displacement solution of classical elasticity, in which the surface properties are
not taken into account). The second equation represents a strong modification of Young’s capillary equa-
tion. The validity of Green’s formula and the existence of a finite-displacement solution are justified with
an explicit example of finite-displacement solution in the simple case of a half-space elastic solid bounded
by a plane. The solution satisfies the contact line equations and its elastic energy is finite (whereas it is infi-
nite for the classical elastic solution). The strain tensor components generally have different limits when
approaching the contact line under different directions. Although Green’s formula cannot be directly
applied, because the stress tensor components do not belong to the Sobolev space H' (V), it is shown that
this formula remains valid. As a consequence, there is no contribution of the volume stresses at the contact
line. The validity of Green’s formula plays a central role in the theory.

© 2013 Elsevier Ltd. All rights reserved.

Green'’s formula
Singularities

1. Introduction

Surface properties of deformable bodies have been continually
studied since the early work of Gibbs (1878) until recent mechan-
ical or thermodynamic studies, e.g. Gurtin et al. (1998), Simha and
Bhattacharya (2000), Rusanov (2005), Steinmann (2008) and Olives
(2010a). They have many applications, e.g. in adhesion, coating and
nanosciences (since small and thin objects are deformable and
have a high surface/volume ratio). A previous paper (Olives,
2010a) was devoted to the physical basis of the theory: application
of the equilibrium criterion of Gibbs; introduction of the new con-
cept of ‘ideal transformation’, i.e., the homogeneous extrapolation
of the deformation, in the interface film, up to the dividing surface;
determination of the thermodynamic variables of state of a sur-
face; definition of the surface stress tensor; surface and line equa-
tions. Moreover, for an elastic solid, it is known that classical
elasticity predicts a singularity with an infinite displacement
(and an infinite elastic energy) at a solid-fluid-fluid triple contact
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line, owing to the fluid-fluid surface tension which is a force con-
centrated on this line (Shanahan and de Gennes, 1986; Shanahan,
1986). Although some authors tried to overcome this problem, by
introducing some fluid—-fluid interface thickness (Lester, 1961;
Rusanov, 1975), some cut-off radius near the contact line (Shana-
han and de Gennes, 1986; Shanahan, 1986) or some new elastic
force at this line (Madasu and Cairncross, 2004), this situation
makes very difficult to write any equilibrium equation at the con-
tact line.

The present paper concerns the mathematical foundation of the
theory. A sketch of the proof of the surface and contact line equa-
tions is presented (no proof was given in the previous physical pa-
per Olives, 2010a), which shows (i) the importance of the validity
of Green’s formula at the contact line (despite the singularity) and
(ii) owing to the surface properties, the probable existence of a fi-
nite-displacement solution (consequence of the line equations,
based themselves on the assumption of the validity of Green’s for-
mula). These two points are justified with an explicit example of
finite-displacement solution, in the simple case of a half-space
solid, bounded by a plane, and subjected to a normal force
concentrated on a straight line of its surface. This solution also
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shows that the elastic energy is finite and that Green’s formula re-
mains valid at the contact line.

2. Surface and contact line equations

For a general deformable body b in contact with various immis-
cible fluids f, f,...(with no mass exchange between the body and
the fluids), the mechanical equilibrium condition relative to the
body, including its body-fluid surfaces (bf, bf,...) and its body-
fluid-fluid triple contact lines (bff,...), may be written as

7 : dedv —/ g-oxdv — / n-oxda — & - oxda
/b o= | PE Ebf: P Eb; | psg
+Z/ nszéesdaon/ Ve Ve - 0Xdl
bf /bf bff’

bff’

+ Z /bff,(“/o,bf — Yopr) 9Xodlp =0 (1)

bff’

(: means double contraction; see Olives, 2010a for the physical basis
of the theory), in which ¢ is an arbitrary variation such that, on the
closed surface £ which bounds the system, the points of the body
and the points of the body-fluid-fluid lines remain fixed. In this
expression, 7 is the Piola-Kirchhoff stress tensor (i.e., the Lagrang-
ian form, relative to a reference state of the body) at equilibrium, e
the Green-Lagrange strain tensor (also relative to this reference
state), dv and dv, are respectively the volume measures in the pres-
ent state and in the reference state, p is the mass per unit volume, g
the (constant) gravity vector field, ox the displacement of a point of
the body, p the fluid pressure, n the unit vector normal to the bf sur-
face, oriented from f to b, da and day are respectively the area mea-
sures in the present state and in the reference state, p, is the mass
per unit area (excess on the dividing surface Sy defined by the con-
dition: no excess of mass of the constituent of the body), 7s the
(Lagrangian) surface stress tensor at equilibrium, defined in Olives
(2010a), es the (Lagrangian) surface strain tensor, defined in Appen-
dix A, y the fluid-fluid surface tension, v the unit vector normal
to the bff line, tangent to the ff surface, and oriented from the line
to the interior of ff, 6X the (vector) displacement of the bff line, per-
pendicular to the line (in the present state), dl and dl, are respec-
tively the length measures in the present state and in the
reference state, y, is the surface grand potential (excess on the
dividing surface), per unit area in the reference state, and X, the
(scalar) displacement of the bff line, measured in the reference
state, perpendicular to that line in the reference state, and posi-
tively considered from bf to bf (see also Fig. 2, below).

This variational equilibrium condition leads to various equations
at the surfaces and the triple contact lines of the body. Since the pre-
ceding paper (Olives, 2010a) was devoted to the physical aspects of
the theory, these equations were only written without proof. In this
section, a sketch of this proof is presented, which shows the impor-
tance of the validity of Green’s formula to obtain the contact line
equations (despite the line singularity). These equations then sug-
gest the existence of a finite-displacement solution.

In order to only have quantities or variables (such as points,
forces, etc.) which refer to the present equilibrium state in these
equations, we first need to transform all the Lagrangian terms in
(1) (i.e., those related to the ‘undeformed’ reference state) into
Eulerian forms (i.e., related to the deformed present state). It is
well known that the Eulerian forms of the above (volume) stress
and strain tensors, 7 and de, are the Cauchy stress tensor o and
the infinitesimal strain tensor d¢ defined below in the next para-
graph (see e.g. Mandel, 1966, tome I, annexe II). Note that e mea-
sures the strain between the ‘undeformed’ reference state and
the deformed present state, so that its components e; may have
arbitrary values, since large strains may occur in highly deformable

bodies (even when subjected to capillary forces or surface stres-
ses). Note also that d¢, which measures the infinitesimal strain be-
tween the present state and its varied state (i.e., after the variation
8), is not the variation of some strain tensor, but it is related to the
variation de of the Lagrangian tensor e by

oe = @; - o¢ - Dy,

where @ is the deformation gradient between the reference state
and the present state and ®@j its adjoint. Classically, the work of
deformation of a volume element (first term of (1)) may be written
in the Eulerian form

m:dedvy =0 :dedy (2)

(see Mandel, 1966, ibid.), i.e., with arbitrary Cartesian coordinates
in the three-dimensional space E
7l 5e; dvy = o de;;dv,
where Latin indices i,j,k, ... belong to {1,2,3} and summation is
performed over repeated indices. In a similar way, these concepts
are extended to the surfaces in Appendix A, where the Lagrangian
surface strain tensor e, the Eulerian infinitesimal surface strain ten-
sor d&s and the Eulerian surface stress tensor o, are defined. The
work of deformation of a surface element (fifth term of (1)) may
then be written in the Eulerian form (A.12).

Let us first consider the simple case of a bounding surface
which only encloses one fluid f and the body b. The equilibrium
condition (1) may then be written as

/azésdy—/pg-wdv—/pwwda—/psgwda
v v s S
+/65:585da:07
s
where w = 6x, V is the bounded open set of E occupied by the part

of the body enclosed in %, and S the bounded part of Sp¢ enclosed in
Z. Since é¢ =1 ((Dw)" + Dw) and

/tr(a-&s)dv:/tr(a*;o_-DW> dv
v v
:/tr(0*~Dw)dv+/tr<a_6*~Dw> dv,
v \ 2

by application of Green’s formula (with w =0 on X)

'/Vtr(a*-Dw)dv:—'/Vdiv(a*)-wdy—/(a*-w)ﬂda

S
:—/div(a*)~wdv—/(a~n)~wda 3)
v S

(if the components of ¢ and w belong to C'(V); e.g. Allaire, 2007,
Section 3.2.1), this leads to the classical Cauchy’s equations for
the body

dive+ pg=0 (4)
g =0, (5)

where div G is the vector associated to the linear form div(c*), and
the remaining condition for the surface

—/.(a-n)~wda—/pn~wda—/psg-wda+/oszéssda:O
Js s Js Js
(6)

for any variation such that w = 0 on the closed curve I' =S, N X
which bounds S. Note that, if volume moments Mdv were present,
the new term — [, {tr(M* - Dw)dv' would appear in the equilibrium
condition, and (5) would become ¢ — ¢* + M = 0.

! M is the endomorphism defined by (M-x) -y = [M,x,y], for any vectors x and
y € E; it satisfies M" = —M.
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By applying Green’s formula on the Riemannian manifold S
(Courrége, 1966) to the last term of the equilibrium condition,
we then obtain

f/(o*-n)-Wdaf/pn-wdaf/psg-wdaf/div(&?)-Wda
S S S S

0-570-; * _
+/Str<T-z -z/;)da_O (7)

(see notations in Appendix A), where g; = 1-0, and the special
divergence of a;* is based on the tensorial product of the covariant
derivative on T(Sy¢) and the usual derivative on Spr x E* (see Appen-
dix B). This leads to the following equations for the surface

dives + p,g+0-n+pn=0, (8)
o, = 0s, 9)

where div g, is the vector associated to the linear form div(as*), i.e.,
according to (B.4),

0p(0 9,x) + Ty, 67 0,%' + psg' + 6n; + pn' =0,

ot = o2 (10)

(in the two last equations, s and ¢ as contravariant tensors, by
raising the covariant index to the second place). Note the similarity
of these equations with the classical Cauchy’s ones (4) and (5) for
the volume. Note also that (9) might be different if surface moments
were present (as for the volume stress: see the comment after (6)).
The above Eq. (8) has a tangential component

divos + p 8+ (o-n), =0 (11)

(divas being the usual surface divergence; the subscript t indicates
the vector component tangent to Sy¢) and a normal component

li:0s+ps8n+Om+p=0, (12)

where I, =1-n (I = lfx,f n;;1 is the second vectorial fundamental
form on Sy), g, =g-n and 6, = (0-n)-n (see Appendix B). At
any point x € Sy, the eigenvalues of [, (as endomorphism) are the
principal curvatures, Rl—l and Rl_z' of Spr (Dieudonné, 1971, (20.14.2);
a curvature being positive when its center is on the side of n). Note
that, if o5 is isotropic, i.e., s = 61 (eigenvalue 6, and I the identity),
thendivo, = gradds and I, : 05 = dstr(l,) = (fs(R‘—] + R]_z)' In particular,
if the deformable body b is a fluid, the application of the general
thermodynamic equations (26), (27) and (29) of Olives (2010a)
and (19) of Olives (2010b), and their comparison with the classical
fluid-fluid equations (see (1), (12) in Olives (2010a)), leads to
os =71, thus 6, = ). This is also a consequence of (12) of Olives
(2010b), since y (for a fluid-fluid surface) does not depend on the
surface strain &. In this particular case, the above Eq.(12) leads to
the classical Laplace’s equation for a fluid—fluid interface and (11)
to the classical hydrostatic equilibrium for the surface tension,
dy = p,gdz (Gibbs, 1878) (g is the norm of g and z the height).
The above Eqgs. (11) and (12) are then a generalization of these clas-
sical equations.

Similar surface equations were obtained for elastic solids from a
balance of momentum or equilibrium of forces (Moeckel, 1975;
Gurtin and Murdoch, 1975; Simha and Bhattacharya, 2000; Javili
and Steinmann, 2010), a virtual power method (Daher and Maugin,
1986), a thermodynamic approach (Alexander and Johnson, 1985;
Leo and Sekerka, 1989), or an energy minimization (Gurtin et al.,
1998; Steinmann, 2008). In these works, the existence of a surface
stress tensor was often assumed, deduced from a given surface
traction field (Gurtin and Murdoch, 1975), or defined for elastic
solids from a given set of thermodynamic or mechanical variables
of state of the surface (Alexander and Johnson, 1985; Leo and Se-

kerka, 1989; Gurtin et al., 1998; Steinmann, 2008). Note that our
thermodynamic method (Olives, 2010a), valid for any deformable
body (such as a viscoelastic solid, a viscous fluid or any other
one) and based on the general equilibrium criterion of Gibbs, leads
to the determination of the ‘local’ thermodynamic variables of
state of the surface, the definition of the surface stress tensor and
the above equations. Note also that the divergence term in (8) is
here defined as a true divergence with respect to a special covari-
ant derivative, i.e. the tensorial product of the covariant derivatives
on the surface and the whole space (in previous works, this term
was only defined by means of its scalar product with a constant
vector).

Let us now apply the equilibrium condition (1) with a bounding
surface X which encloses two fluids, f and f, and the body b, in con-
tact. V denotes the bounded open set of E occupied by the part of
the body enclosed in X, S the bounded part of Sys enclosed in
¥, S’ the bounded part of S,y enclosed in X, and L the part of the
bff triple contact line enclosed in X (Fig. 1). We follow the same
method as above, but Green’s formula (3) cannot be directly ap-
plied on V (S being here replaced with SUS'), owing to the singu-
larity at the contact line. If b is a deformable solid subjected to a
force concentrated on a line of its surface (here, the fluid-fluid sur-
face tension y applied on the contact line), then classical elasticity
predicts a singularity with an infinite displacement at this line, to-
gether with an infinite value of the elastic energy (Shanahan and
de Gennes, 1986; Shanahan, 1986). Nevertheless, we shall see, in
this paper, that the introduction of the surface properties leads
to a solution with a finite displacement at the contact line and a fi-
nite value of the elastic energy. In the example of finite-displace-
ment solution presented in the next section, the singularity at
the contact line involves components of ¢ which do not belong
to H'(V). Although Green’s formula cannot be directly applied in
this case (we would need that components of both ¢ and w belong
to H'(V); e.g. Allaire, 2007, Section 4.3.3), we show in Section 3.6
that this formula remains valid. We may thus assume that Green’s
formula is valid and, following the above method, the remaining
condition for the surfaces and the line becomes (with the help of
(4) and (5))

—/ (6-n)-wda—
Jsus' sus’

+/ 0, : desda — / Vee Ver ~6Xdl+/ (Yobt — Yoo ) Xodlo =0
Sus’ L

Lo

pn~wda—/ P& -wda
Sus’

(Lo is the position of L in the reference state), for any variation such
that w = 0 on the curves I' = Syt N X and I = Sy N X which bound
SuS', and the two points of L which belong to X remain fixed.Note
that there is no singularity at Lo in the reference state of the body

Fluid '

Body b

Fig. 1. The bounding surface T encloses the parts V, S, S and L of, respectively, the
body b, the surface bf, the surface bf and the triple contact line bff (the part of T in
contact with the fluids and the surface ff are not represented).
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(which is, e.g., a state of the body before its contact with the fluids f
and f).The application of (B.1) and Green’s formula (B.6) to the two
terms [0 :desda+ [ 05 : désda leads to the two new terms
— Ju(Ospt - V) - Woedl — [, (G - Vo) - Wye dl (subscripts bf and bf’
respectively denote the sides of S = bf and S’ = bf’; thus, vy is the
unit vector tangent to Syr, normal to L and directed to the inside
of Sy¢; similarly, for v,y with respect to S,y; see Fig.1; w=0on T
and I”, but not on the bf and bf’ sides of L) and then, with the help
of (8) and (9) on S and S, to the remaining line condition

—/L(Us,bf “ Vor) 'bedl—/L(Js,bfr Vpp) - Wy dl—/Lyff, Vg - 0Xdl
+ /Lo(yo‘bf — Yoo ) 0Xodlp =0

for any variation such that the two points of L which belong to
remain fixed (both in the space and with respect to the body b).
Since the displacement 6X of the contact line in the space is due
to both the displacement of the corresponding material points of
the body (wyr and wy,y on the bf and bf sides, respectively) and
the displacement of the line with respect to the body
(6Xbt = dopr - 0Xo and 8Xpr = Popr - 0Xo on the bf and bf' sides,
respectively; here, 6X and 6X, are considered as vectors, not neces-
sarily normal to L and Ly, respectively; ¢, defined in Appendix A),
i.e., 0X =Wy + 0Xpr = Wiy + 06Xy (see Fig. 2), this condition
becomes

- /(Us.bf Vbt + O - Vo + Vg Vi) - 0X dl + /((O'sbf “ Vor) - 6Xbf
L L

+ (T pr - Vpr) - OXpe ) dl — /(be Vi - 0Xbt + Ppg Vo' - 0Xper) dl = 0
L
(13)

(the last term of the condition being written in Eulerian form, using
yda = 7y, day for bf and bf"), which leads to two equilibrium equa-
tions at the contact line (as in the case of the thin plate: Olives,
1993; Olives, 1996). The first one

Osbf  Vof + Ospp - Vo + Vg Vi = 0 (14)

corresponds to a contact line fixed on the body (8X, = 0, hence
0Xpr = 0Xpe = 0) and expresses the equilibrium of the two surface
stresses and the fluid-fluid surface tension. This shows that the sur-
face stresses are forces acting on a line fixed to the material points
of the body. Note that this equation suggests that a finite displace-
ment occurs at the contact line (in the next section, an explicit
example of finite-displacement solution will be presented). Some
authors (Madasu and Cairncross, 2004) proposed the presence at
the contact line of a force originating from the volume stresses o
in the body. The preceding equation shows that there is no such vol-
ume stress contribution. This is a consequence of the validity of
Green’s formula, as mentioned above, and will be illustrated in

bf 5Y,
bff’ bf"

Body b

Reference state

the next section (Section 3.6). With the help of (14), the above line
condition gives the second equation (according to 6Xpr = ¢ s - 0Xo
and 0Xpp = o - 6Xo)

Bopr - (Tsbr = Vorl) - Vot + Pope - (Tspe — Vo I)- vy =0 (15)

(I and I' are the identity mappings on Ty(Spr) and Tx(S,¢), respec-
tively), which corresponds to a line moving on the body (6X, # 0),
i.e., with ¢, = e - dobe (Which is the ‘relative deformation gradi-
ent’ of the bf’ side with respect to the bf side; this concept was de-
fined in Olives and Bronner (1984); note that ¢, does not depend on
the reference state: Olives, 2010a),

(Tspt = Voel) - Vor + ¢p - (g pe — Vor I)- vy =0. (16)

This equation expresses the equilibrium of the forces acting on the
‘free’ contact line (not fixed to the material points of the body). In
the reference state, these forces (normal to the line and positively
measured from bf to bf’) are represented by the opposite of the first
member of Eq. (15). Applying t* to the last equation (where 7 is a
unit vector tangent to the contact line at x; thus, ¢, - T = 1) gives
the same equation as the tangential component (along t) of (14).
Applying v;; to (16) leads to

Ovtw = Vo — (O v = Vor) Arww + O oy Arov = 0, (17)
where (Ot .y, Obery) are the components of aur - Vie in the basis
(v, T), similarly for o,y with the basis (vy, ), and (aryy,Gry)
the components of ¢, - vy in the basis (—vuy,T) (thus, a;y, > 0).
With the help of (14), this equation may be written in the more geo-
metrical form (Olives, 2010a)

Sin @y — Ay SIN Q¢

sin @y,

= Yot + Vor Arpv + Vg + Oy 1y ey =0 (18)

or
COS @y, + Ay vy
sin ¢,
+ Oy 1y Aroy = 0, (19)

= Yot + Vo Gryv — Vg COS Qg — Py SIN Q¢

where ¢;, ¢¢ and ¢, are the three angles of contact, respectively
measured in f, f' and b (¢; + @y + @, = 27). This shows that the
classical capillary Young's equation is strongly modified and re-
placed with the preceding one (as it occurred for the thin plate: Ol-
ives, 1993; Olives, 1996). In the limit case of an undeformable solid,
owing to aryw=1, &;rv=0 and ¢, =7 ((/111;211” % = 0>, this
equation leads to the classical Young's equation
—Vf + Vo — Vi €OS @ = 0. Note that, for an undeformable solid,
(14) cannot be obtained from the variational condition (13) be-
cause, if the line is fixed on the body (6Xy = 0), then 6X = 0 (since
Wpr = W = 0). In this case (in which 6X = 6X,r = 60Xy ), (13) leads
to only one line equation, which is the classical Young’s equation

Present state and varied state

Fig. 2. Displacement 56X, of the contact line bff’ with respect to the body, in the reference state, and displacement X of this line in the space, between the present state and its
varied state, due to both the displacement of the line with respect to the body and the displacement of the material points of the body (see text).
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(equilibrium of forces acting on the ‘free’ contact line). Note also
that, if the deformable body b is a fluid, then o5 = yI for the bf
and bf’ fluid—-fluid surfaces (as shown above, after (12)), so that
the second line Eq. (15) is obviously satisfied, while the first one
(14) leads to the classical equilibrium of the three fluid-fluid sur-
face tensions. Then, in this particular case too, there is only one line
equation.

3. Example of finite-displacement solution

We have shown in the preceding section that the coherence of the
theory is mainly based on the validity of Green’s formula (3) despite
the contact line singularity. This point is justified in the present sec-
tion, with an explicit example of solution concerning the simple case
of a half-space elastic solid, bounded by a plane, and subjected to a
constant normal surface tension concentrated on a straight line of
its surface. This solution satisfies the above line Egs. (14)-(19), its
singularity at the contact line is described, its displacement field re-
mains finite, the elastic energy is also finite, and it is shown that
Green’s formula remains valid at the contact line.

3.1. A plane strain problem

Let the body b be an isotropic elastic solid occupying (in the ref-
erence state) the half space x > 0, in the orthonormal frame
(Ox,0y,07), with a constant and isotropic surface stress of eigen-
value g, on its surface x = 0, and subjected to a constant force (per
unit length) o, parallel to Ox, concentrated on the line x=y =0
(Fig. 3; sign convention: g, > 0 if the force is directed to the outside
of b; there is no gravity: g = 0). Clearly, it is equivalent to consider
that the body is in contact with a fluid f occupying the region x < 0
and y > 0 (in the reference state), and a fluid f’ the other region
x <0 and y <0, with y = 01 and isotropic surface stresses with
the same eigenvalue o, = 0,y = 0. In the present equilibrium
state (after deformation), owing to the symmetry of the problem
with respect to the plane y = 0, and if the surface energies y,; and
7, are the same function of the surface strain tensor e, (temperature
and chemical potentials being constant), then the preceding Eq. (18)
is satisfied (arvy = 1,arcy = 0, ypr = Ve and @ = @g, by symmetry).
The other Eq. (14) at the contact line gives here

01 =20 COS (@, (20)

where ¢ = ¢, /2 = T — ¢; = T — @, which determines the angle ¢,
i.e., the orientation of the vector vy tangent to the bf side of the sur-
face (see Fig. 3). At the surface of the body, instead of applying the
complex stress condition (8), we shall impose a simple displace-
ment condition:

Va
Fluid f

Solid b

O'Iz’yﬁ,,< J

v

Fluid f*

Fig. 3. Half-space elastic solid subjected to a normal force concentrated on a
straight line of its surface. We present a solution with a finite displacement and the
formation of an edge at this contact line.

—a

“yrip WU =0 (21)

Ux
(a #0, b > 0),at any point (0,y, ') of the surface. The value of a/b2
is fixed by (20):

0]

a 1
5 =yl(y=07) 20"

_ ___ P
b tang /1-p?’
In the following (Sections 3.2 and 3.3), we solve the problem with
b =1, in the frame of classical plane strain elasticity, i.e., with

with p=

(22)

uy, U, functions of (x,y),
uy = 0. (23)

By a change of variables (Section 3.4), this will lead to solutions for
any a and b satisfying (22).

3.2. The analytic functions F and G

In the following, z will denote the complex variable x + iy and u
the complex displacement uy + iu, (function of the complex vari-
able z). We use the general Kolosov’s solution of plane strain
elasticity

u(z) = —% (kF(z) +zF'(z) + G(2))

A+3u

where k= -=
A+

(24)
(4, 1 > 0 Lamé’s coefficients, —3 < k < —1), based on the two ana-
lytic functions F and G. We then follow Muskhelishvili’'s method
(e.g. Mandel, 1966, tome II, annexe XVI)—adapted to the present
singularity problem—to determine F and G. The mapping
(—z=0()= }—;i from C— {-1} onto itself is bijective, analytic
and w'!'=w. It transforms B={(eC||{|<1} into
A={zeCRz>0},and U—-{-1} into D = {z € C| Rz = 0} (where
U = {{ € C| [{| = 1}). The above displacement condition, with b =1,
on the surface of the body thus means

kF(z0) + 20 F'(20) + G(20) = f (20)
1

Wol +1°

for zo € D,

where f(zg) = Yo =320, (25)

i.e., with the variable ¢

o(l T . .
ko(co) + 28 §5) + W(Zo) = dco) for i €U (26)
@' ()
(extended to {, = —1), where ®({) = F(w({)), ¥(¢) = G(w({)) and
B 1 1 B 1+
#(Go) =J(z0) = Wol+1 iggr2+1 T+l +ie(1-Co) @7
where & = sign(3 (o), for any ¢, € U (since |y,| = —izo signy, = iezo).
The function 0(¢) = ;j(()) = 1755 is not analytic, but its restriction
toU )
9(( ):lii.(1+é0)2:1_éé
R TR K ) 2

is that of the analytic function y({) = # Since (26) may be written as
for {, € U, (28)

k®(o) + E(Lo) = d(Co)
in which & = y @' + ¥ is analytic, we propose to define ® by

n_ L[ ¢Q)
ka(g)—zfm-.? gV()ig,dgoJrC for {€B (29)

(see Mandel, 1966, ibid.), where C is a constant and 7 the circuit
t € [0,27] — €. Since ¢ is continuous in U, ® is analytic in B. Using
the decomposition
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$(Lo) 1+ o 1+

o—C (+l+ie(1=0) (-0 (1 —ie)(lo+ie)(lo— )
-1 1 A+ie)(1+0 1
Tietl Gotie | 20e+0)  lo—¢

and according to

d¢o :/ dé, _T
y CO+I V- QO_I 2

d¢ d¢ .
éov+/ ngV:Zm
y+CO_Q y- 60 — 6

((eB;yt:tec[0,m] — el and y~ : t € [7,27] — €') and

/ déo _/ déo :_/' i déy dio
Jot-t L G-t Jrh-t Lh-C Jy G-t
[ de [ de [ d

/ao— - Co— e G-t

d@o 1-¢
=-2 =-2
/éo* / 1+C

where " is the path t e [0,7] — €™ followed by the path
te€[0,1] — 1+2t{,f the path t ¢ [rn,27] — e followed by the
path t€[0,1] — 1+2t{,o0 the path te[0,1] = 1+2(1-18), oy
the patht € [0,1] — 1+ { — 2t{, and log defined in C — R_, we finally
obtain

1 1-0
k() =—F5 | 1+(++ lo +C for{eB,
© 2(1+§)< t+¢ g1+> (e
(30)
i.e., with the variable z = ®({)
1 ) 4 _ S+zlogz
kF(z),m<3+z +Ezlogz> +C7m, (31)

with C= —}1. Since Z+zlogz = (z—i)Fi(z) ((z+1)Fi(z), respec-
tively) and sz =:LF,(2) (%Fa(z), respectively), where F; and F,
are analytic in a neighborhood of i (of —i, respectively), the function
Fis analyticin C — R_, and then in A. According to lim,_okF(z) =1, it
may be extended as a continuous function in C — R", and then in
A = AUuD. We may write

knF(z) = zlog z + g(2), i.e.
(1+2%)g(z) = g —Zlog z, (32)

where g may be continuously extended at 0, and after derivation
knF(z) =logz+1+g(2),

2zg(2) + (1 +22)g'(z) = —32%log z — 22, (33)
this last equality showing that g’ may be continuously extended at
0. We know that F' is analytic in C — R_ (and then continuous in
A — {0}) and (33) shows that zF'(z) and ZF'(z) may be extended as

continuous functions in C — R* (and then in A).
Since F(zo) = F(zo) = F(—2o) for zo € D,

T+ 2ologzy — zolog(—2z0) T+ zo(—iem)
KF(z0) + kF(z0) = n(1+2) T+ 2)
=yl 1
Z 34
1_y0 B EATA =f(zo) (34)
(with the notations of (25) and (27)), so that (25) gives
G(20) = f(z0) — kF(z0) — 20 F'(z0) = kF(z9) + 2o F'(z9) for zy € D.
(35)

Owing to this expression, we then define G in C — R" as

G(z) = kF(z) +zF (2), (36)

which is analytic in C — R_ (and then in A) and continuous in C — R"
(and then in A).

3.3. The solution and its singularity

According to (24) and (36), our solution u is then
um:—ﬁmww+ﬁm+u+aﬂ%, (37)

with F given by (31), and is a continuous function in A. Its value, for
Zzo €D,
u(zo) =~ k(F(20) + Fzo)) =~
2p 21 1+ 1y,
(from (34)) has the form (21) with b = 1. The displacement u is then
finite at z = 0 (i.e., at the contact line).
When the variable { = w~'(z) tends to —1,|z| tends to +oc.

(38)

Using this variable and the expression (30) (with C = —1), we have
—2uu(z) = k(F(2) + F(z)) + (2 + 2)F (2)
1-0 1-0\ (1490
RkD)) + <1 T + s Z) 5
1+
=2R(kD(()) —
(k®(L)) TN

1-g° (TE 2 2 1-¢

s |5 (1 =) = (1+ ) - 2llog=— ),

kT(( + é2)2 2 1+¢
which tends to 0 when { tends to —1 (®({) tends to 0 owing to
(1-)logiz=(1- ”z)log(l —0-(1-0(1+0log(1+¢); simi-
larly, (1 —|¢f)logi= (1 — (¢ log(1 = &) — (1 — [¢) log(1 +¢) =
(1=[gPlog(1 = O =31 = D1 + Olog(1 + 1) — 3(1 = (1 + D)
log(1 +¢) also tends to 0). This shows that the displacement u(z)
tends to 0 when |z| tends to +cc.

Kolosov's expressions of the strain and stress tensors compo-
nents are then obtained from (24) and, according to (36),

Exx = %‘R(—(l +k)F (2) - 2F'(2) - G (2))
1 7l = 7
=20+ k)F (2) — (z+2)F'(2)).
&y = Zl—lu‘.R(—(l +KkF(2) +ZF'(2) + G (2)) = ;—MYR((Z +2)F'(2)),
&y = ;—uS(iF”(Z) +G'(2))
= 21?3((1 +RF (2) + (2 +2)F'(2), (39)

0w = R(2F (2) - Z2F'(2) - G (2)) =

R(Q2F (z) +zF"'(2) + G (2)) =

R(1 - k)F (2) —

R(3+Kk)F(2)

(z+2)F'(2)),

Oyy = +(z+2)F'(2)),

Oy = 3(ZF"(2) + G (2)) = 3((1 + k)F (2) + (z + 2)F"(2)),

2)“ / g /
Ooe = 77 F (@) = B+ R(F(2). (40)

By derivation of (33),
1
knF'(z) = +8'(2),
2g(2) +428'(2) + (1 +2°)8"(2) =

the last equality showing that g” may be continuously extended at
0. The function F” is analytic in C —R_ (and then continuous in

—6zlogz — 5z, (41)
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A —{0}) and (41) shows that zF’"(z) may be extended as a continu-
ous function in C —R* (and then in A) and that
. - _ 1 + efzm

z—0, lf?llc-glnstant(z + Z)F (Z) - T’ (42)
where 0 = arg z. Let o be > 0 and Vy = {z € C| Rz > 0 and |z| < 1p}.
The function zF’(z) is continuous and then bounded in the compact
set Vo, so that (z +z)F"(z) is also bounded in Vy — {0}. In addition,
the first equality (33), where g’ is continuous in A and then bounded
in Vj, and g’'(0) = 0 (consequence of the second equality (33)) lead
to

lim R(F'(z)) = +oo

z—0
0
z—0, l()llc—glnstant\s(F (Z)) n ﬁ
|R(F(2))| < c1]logr|+d; inVy — {0}
J(F'(2)) is bounded in Vy — {0} (43)

(r=lz|, 0 =argz; ¢, d; constants > 0).

The expressions (39) and (40) and the preceding results show
that all the components of the strain and stress tensors are contin-
uous in A — {0}, bounded in V — {0} excepted

|xel, |0, |Oyy| and |02 | < c|logr| +d  in Vo — {0} (44)

(different constants ¢, d > O for each strain or stress tensor compo-
nent), and

lim &y = +o00
z—0

m e — 1 1+cos20
20, 0 constant »7 ﬁ km
1 (1+k)0—sin20
lim gy=5-—"—"—
z—0, 0 constant 2,u km

ling O, Oy and 0, = +o0
Z—

. (1+k)0—sin20
lim gy = ST
z—0, 0 constant km

(45)

Explicit expressions of F' and F” to be used in (39) and (40) are
obtained from (31):
1-mz+22+(1-2%)logz
B (1+22)°
1-mz-22% +3n2° - 32* + (-62> + 27*)logz
z(1+22)° '

kmF(z)

knF'(z) =

(46)

3.4. Change of variables

As noted after (22), we have solved the problem with the value
b = 1, which means (physical) dimensionless quantities y = Rz and
z, and, according to (25), dimensionless quantities F(z) and G(z).
Physical quantities are obtained by considering the new variable
z/b and the new functions F(z) = a'F(z/b) and G(z) = a'G(z/b) =
kF(z) + zF'(z), where b > 0 is a length and @’ € R* a force per unit
length. With these new functions, the displacement u given by (24)
or (37) becomes

i(z) = d'u(3) (47)

and the components of the strain and stress tensors, ¢; and o given
by (39) and (40), become

=5 (3

G4(2) = % oy (g) (48)

For z, € D, the displacement becomes

o,z ab 1
”(Z°>—“”(B)—*ﬁ'm

(from (38)), which has the general form (21) with a = %
3.5. Finite elastic energy
The elastic energy per unit volume is

(8w + &yy)° + (e + 82, + 282 (50)

TR

(using &; or &;). Since &, and &, are continuous and bounded in
Vo — {0}, €2, and &2, are integrable in V, (considered as c R?). Ow-
ing to the inequality (44), &, and &2, are also integrable in Vo, which

finally implies that (50) is integrable in Vy. The elastic energy in V,
2
Fa= [ (5000t 00+ (e + 6+ 265 ) dedy (51)
0

(per unit length along the normal OZ to the xy plane) is then well
defined and finite.

3.6. Validity of Green’s formula

The assumption made in Section 2 that Green’s formula (3) re-
mains valid, in order to obtain the equilibrium equations at the tri-
ple contact line, will be now justified using our present finite-
displacement solution. Since u is continuous in A x R (considered
as c R®; we return here to the three-dimensional space, according
to (23)), we consider its variation w = éu as also continuous in
A x R and then bounded in V, where V = V;x]0, [ (I > 0), so that
the components w; € L (V) (c L*(V), since V is bounded). The par-
tial derivatives 9ju; are dylly = &y, OyUy = &,y (written in (39)) and

Oyly = 21—#3(—(1 —k)F (2) +ZF"(2) + G (2))

1 _ , —\
= ﬂ\s(ZkF (2) + (2 + 2)F'(2)),

Dyl = 21—#3((1 — k)F(2) + 2F"(2) + G (2))

:;—MS(ZF’(Z) +(z+2)F'(2)) (52)
(obtained from (24) and (36); dju; = O if either i or j refers to the
third coordinate z) and are all continuous in (A — {0}) x R, and
bounded in (Vo — {0}) x R excepted dyuy = &x Which satisfies the
inequality (44) in (Vo — {0}) x R. We may then consider their vari-
ation (i) = 9w; as also continuous in (A-{0}) xR, and
bounded in (Vo — {0}) x R excepted 9w, which will satisfy an
inequality similar to (44) in (Vo — {0}) x R, so that all the deriva-
tives 9;w; e [*(V), then the components w; € H' (V).

Similarly, the components of the stress tensor a;; € L*(V), since
they are continuous in (A—{0}) xR, and either bounded in
(Vo — {0}) x R or satisfying the inequality (44) in (Vo — {0}) x R.
Since they are the real or imaginary part of a linear combination
of F(z) and (z+z)F'(z) (see (40)), their partial derivatives 9,0
(81 = 9, or 9,) will have the form

0105 = R or I (ki F'(2) + ka(z + 2)F" (2)) (53)

(different constants kq, k, for each [, i, j). B
The expression (41), where g” is continuous in A and then
bounded in Vy, leads to

F'@) <2 +d; in Vo {0} (54)

(c2, dy constants > 0). The derivation of (41) gives
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" 1 I
knF"(2) = -5 +8"(@),
6g'(z) +62g"(2) + (1 +2%)g"(z) = —6logz — 11, (55)
the last equality showing that zg"(z) and zg”(z) may be continu-

ously extended at 0, and then considered as continuous in A, and
then bounded in V,. The expression (55) then leads to

(z+2F" (@) < Z+ds in V- {0} (56)

(c3, ds constants > 0). The expression (53) and the inequalities (54)
and (56) show that the partial derivatives 9,6;; € L' (V).

Nevertheless, these derivatives 9,0y ¢ [*(V) (for I = x or y, and ij
= XX,yy,Xy or ZZ'), so that ¢; ¢ H'(V). Let us take the example of
0x0xx = —R((1 + k)F'(2) + (z+2)F"(2)):

+ h(z))

(using (41) and (55)), where h(z) = (1+k)g"(z) + (z+2)g"(z) is
continuous and bounded in Vy. Thus, 0,0 ¢ L2 (V) because

( <1 +k z+2>>2 (kcos 6 — cos 30)°
R T2 = =z
z z r

1+k z+2Z
z z2

= iR(

is not integrable in Vp.

Since o ¢ H'(V), Green’s formula (3) cannot be directly applied
on V, as noted in Section 2. Nevertheless, in the following, we will
show that Green'’s formula remains valid in this case. The open set
V is bounded by the surfaces S={zeClz=iy, 0 <y <r1p}x]0,
b,S ={zeClz=1iy, -1o <y <0}x]0,p[and £ = ({z€ C|Rz>0
and |z| = 1o} x]0, lo[) U (Vo x {0}) U (Vo x {lp}). Since the compo-
nents of ¢ and w belong to C! (V:), where 0<eé&<ry and
V,={zeCRz>0ande < |z| <r19}x]0,lp[, Green’s formula may
be applied on V, (with w =0 on X)

/ tr(c* -Dw)dv = — | div(c*) -wdv f/ (6" -w) - nda,
Ve SuUS;;UC:;

Ve

(57)

in which S, ={zeClz=iy, e<y<ro}x]|0,], S, ={z€Cl z=1y,
—To <y < —¢€}x]0,lp[, C.={z€C| Rz>0and |z| =&} x]0,l)[ and
the unit normal vectors n are directed to the inside of V.. Since
the components of ¢ and Dw belong to L*(V),tr(¢* - Dw) € L' (V)
which implies that f, tr(o* - Dw)dwv tends to [, tr(c” - Dw)dv when
& — 0. Since the components of div(¢*) belong to L'(V) (the partial
derivatives 9,05 € L'(V)) and those of w to L*(V),div(a*) - w € L' (V)
which again implies that [, div(¢*)-wdv tends to [, div(c*) - wdv
when ¢ — 0. Moreover, according to (44) and the functions logr and
(log r)2 being integrable in [0,1] (their respective primitives,
rlogr —r and r(logr)2 —2rlogr +2r, tend to 0 when r — 0), the
components of ¢ belong to L*(S) and L*(S'). Since the components
of w also belong to L*(SUS') (they are continuous and bounded in
V), (6" -w) -n e L'(SuS') which shows that _]‘SNS;(J* -w) - nda tends
to [ (0" w)-nda when ¢— 0. Finally, for i and j fixed, the
inequality

‘ / owin;da
CI:

(from (44); e constant, |w;| < e in V) shows that

< (c|logel +d)emely

lim [ (6" -w)-nda=0. (58)

&—0 C;

The limit of (57) when ¢ — 0 is then
/tr(a* -Dw)dy = — / div(c*) - wdv —/ (6" -w)-nda, (59)
\ \ sus’

i.e. Green’s formula on V. Note that some authors (Madasu and
Cairncross, 2004) proposed that the volume stresses produced a

resultant force at the contact line. The result (58) expresses that
there is no such contribution of the volume stresses at the contact
line (see also the comment after (14)).

4. Conclusions

In this paper, which concerns the mechanical surface properties
of a deformable body, the general surface and contact line equa-
tions are first deduced from a variational formulation (see Olives,
2010a for the physical aspects of the theory), by applying Green’s
formula both in the whole space and on the Riemannian surfaces.
Despite the singularity at the triple contact line (due to the action
of the fluid-fluid surface tension on the body), it is assumed that
Green's formula remains valid in order to obtain the equations at
this line. The explicit example of solution given in Section 3 justi-
fies this assumption. The Egs. (8) and (9) at the surfaces are similar
to the Cauchy’s equations for the volume, but involve a new defini-
tion of the divergence term as a true divergence with respect to the
tensorial product of the covariant derivatives on the surface and
the whole space (till now, this term was only defined by its scalar
product with a constant vector). The normal (12) and tangent (11)
components of the divergence Eq. (8) are respectively a generaliza-
tion of the classical Laplace’s equation and the surface tension
hydrostatic equilibrium for a fluid-fluid interface. Similar equa-
tions were written for elastic solids, e.g. in Gurtin and Murdoch
(1975), Leo and Sekerka (1989), Gurtin et al. (1998) and Steinmann
(2008). Note that our thermodynamic approach is valid for any
deformable body (such as a viscoelastic solid, a viscous fluid or
any other one). There are two equations at the contact line, which
represent: (i) the equilibrium of the forces acting on the line fixed
to the material points of the body (14) (equilibrium of the two sur-
face stresses and the fluid-fluid surface tension); (ii) the equilib-
rium of the forces acting on the ‘free’ contact line (15)-(19) (i.e.,
line moving with respect to the material points of the body), which
leads to a strong modification of the classical capillary Young's
equation (as in the case of the thin plate: Olives, 1993, 1996). These
two equations reduce to only one equation in the particular case of
the undeformable solid (leading to the classical Young's equation)
or that of three fluids in contact (leading to the classical equilib-
rium of the three surface tensions). Note that (14) shows that sur-
face stresses are forces which act on a line fixed to the material
points of the body and that the fluid—fluid surface tension is equil-
ibrated by the two surface stresses (and not by the volume stresses
of the body). This Eq. (14) suggests a finite displacement and the
formation of an edge at the contact line, contrary to the infinite-
displacement solution obtained from classical elasticity (Shanahan
and de Gennes, 1986; Shanahan, 1986) in which surface properties
(such as surface stresses) were not taken into account. As a simpli-
fied image, the body-fluid interface behaves as a tensile mem-
brane, which undergoes a finite displacement when subjected to
a force concentrated on a line. Experiments seem to confirm this
idea (Jerison et al., 2011) and an experimental support of the above
Eq. (14) (Eq. (42) of Olives (2010a)) was recently obtained (Style
et al., 2013). The existence of such a finite-displacement solution
is shown with the explicit example of Section 3 satisfying the line
Eqgs. (14)-(19). This elastic solution, based on the approaches of
Kolosov and Muskhelishvili—adapted to the present singularity
problem—and the theory of analytic functions, leads to a descrip-
tion of the singularity at the contact line. While the displacement
components are continuous functions, their first partial derivatives
and the strain tensor components are discontinuous, generally
having different limits when approaching the contact line under
different directions (Section 3.3 and (52)). This solution also leads
to a finite value of the elastic energy (Section 3.5), whereas this en-
ergy is infinite in the classical elastic solution (Shanahan and
de Gennes, 1986; Shanahan, 1986). Owing to the contact line
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singularity, the stress tensor components do not belong to the
Sobolev space H'(V). Although Green’s formula cannot be directly
applied in this case, it is shown in Section 3.6 that this formula re-
mains valid. This result justifies the theory leading to the line Eqgs.
(14)-(19). It also proves, according to (58), that there is no force
contribution of the volume stresses at the contact line (contrary
to what was proposed in Madasu and Cairncross (2004)). In fact,
(58) shows that the validity of Green’s formula is equivalent to
the absence of contribution of the volume stresses at the contact
line. In the presented finite-displacement solution, the validity of
Green’s formula is a consequence of the inequalities (44) for oy
and (54) and (56) for 9,04 The importance of Green’s formula
and its validity for a wider class of functions will be presented in
a future paper.

Dedication
Dedicated to the memory of my mother.

Appendix A. Eulerian and Lagrangian surface quantities

Let us denote by xo the position of a point of the body in the ref-
erence state, x its position in the present state, u = x — xo its dis-
placement between the reference state and the present state, x’
its position in the varied state, w = x’ — x = Jx its displacement be-
tween the present state and the varied state, dg; = 0% and §; = 2.
Let Sopf, Spe and Si; respectively be the bf dividing surfaces in the
reference state, the present state and the varied state, and (x%)
and (x*) arbitrary curvilinear coordinates on Sgp¢ and Sy, respec-
tively, where Greek indices o, $,7,.. .belong to {1,2} ((x%) and (x*)
must be clearly distinguished from the three-dimensional Carte-
sian coordinates (x,) and (x'), respectively). The geometrical trans-
formations such that Fy : Xo — X, defined in the part of E occupied
by the body b, will now be restricted to the bf surfaces. We thus
have the mappings Fo : Xo — X from Spps to Spe, F: X — X' from Sy¢
to Si, Jo:Xo — X from Sopr to E j:x—x from Sy to
E, Go : Xo — u from Sy to E and G : x — w from Sy to E, and their
respective tangent linear mappings ¢, : dxo — dx from Ty, (Sof) tO
Te(Spt), ¢:dx — dx from Ty(Sp) to Ty (Siy), lo : dXo — dxo from
Ty, (Sopt) to E, 1:dx — dx from T.(Spr) to E, ¢ : dxo — du from
Ty, (Sopr) to E and y : dx — dw from Ty(Sy) to E.

For arbitrary vectors dxo and dy, € Ty, (So,r), the Lagrangian sur-
face strain tensor is defined by

1 1, .., .
es(dxo, dyo) = 5 (dx - dy — dxo - dyo) = 5 (dx - dy — dx; - dy,)
1 .. . -
= i(dxo (1o +1o)" - (10 +ho) - dyo — dxy - 15 - 10 - dY,)
(A1)
(see footnote?), which gives
1, ., . "
eszj(‘/’o'loJrlo'WoJfl//o"//o) (A2)

(es being here considered as an endomorphism of Ty, (Sox)), i.e.,
using the coordinates

1 4 . ,
) (Doxlli DopXg + Dopli DouXg + Ooulli Dopll')

(as a covariant tensor). For any vectors dx and dy € T,(Sps), the Eule-
rian infinitesimal surface strain tensor d¢; is defined by

(A3)

2 For example, dx" is the linear form associated to dx, v : E — Ty, (Sopr) is the
adjoint of .

d&s(dx, dy) = %5(dx -dy) = %(5(dx) -dy +dx - 5(dy))
:%(dx*-l//*~z-dy+dx*~l*-(//-dy), (A.4)

which gives

08 = %(l//* L) (A.5)

(d¢s as an endomorphism of Ty(Sy)), i.e.,

08505 = % (02 W; X' + O5W; 0,X') (A6)

(as a covariant tensor). It is related to the variation de; of e; through
des(dxo, dy,) = %é(dx -dy) = d&s(dx, dy),
ie,
dx; - des - dyy = dx’ - e - dy
= dXy - b 08s - o - Yo,
which gives

0es = g - 0&s - Py

Jes = ¢y - Oes - ¢y’ (A7)
(des and d¢5 as endomorphisms), i.e.,

d€s 45 = DouX" DopX" 585 ¢

085 a5 = 0aX5 OpXy 085 oy (A.8)

(as covariant tensors).

Let dx, and dy, be arbitrary vectors of Ty, (Sof), dlp and dl the
respective lengths of dxo and dx, vy € Ty, (Sopf) a unit vector normal
to dxo, and v € T,(Sy¢) the unit vector normal to dx such that
V- (¢ - Vo) > 0. The relation between the areas da, and da of the
two parallelograms respectively built with (dxo, dy,) and (dx, dy)

Avodly - dyy = vdl- dy,

where A = ddTC:) = |det(I - ¢y)| for any isometry I: T,(Spr) — Tx, (Sopf),
gives

vodlp = A™" ¢y - vdl. (A.9)

We then define the Eulerian surface stress tensor o such that
the Eulerian surface stress force g, - vdl results from the transport
by ¢, of the Lagrangian surface stress force 7 - vodly:

o - Ts - Vodly = 05 - vdl,

which gives, according to (A.9),
Ts=Ady' 05y

Oy =A" ¢y T B

(s and g as endomorphisms of Ty, (So »r) and T, (Syr ), respectively), i.e.,

(A.10)

T2 = ADX% Xty o3
% = A7 QX" Doy ! (A11)

(as contravariant tensors).
From (A.10) and (A.7), we have

tr(7s - des) = Atr(¢y" - 0 - 06 - o) = Atr(a - 9¢s),

which leads to the Lagrangian and the Eulerian forms of the work of
deformation of a surface element
T : desday = 05 : d&sda, (A12)
ie.,

7 Seg yp dag = 6% s 4 da.
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Appendix B. Surface equations

According to (A.5), the last term of the equilibrium condition (6)
is first written as

tr(os - &) = tr(¥~ - 1//)

:tr(o;~z*~¢)+tr(gs+gz~z*-1//>. (B.1)

S being a Riemannian manifold with boundary I', we then apply
Green's formula (Courrége, 1966)

/didea:—/X-vdl
s r

(where X is any vector field of class C' on S—which is compact—, v the
field of unit vectors on I', tangent to S, normal to I" and directed to the
inside of S, and da and dl are the Riemannian measures on S and T,
respectively) to the vector field X =0} -1*-w=0,"-w, where
05 = 1- 05, if the components of o5 and w belong to c! (S). At a point
X € Spr, 05* € To(Spr) ® E* (linear mapping from E to Ty(Syr)), i.e., 05*
is a section of the vector bundle T(Sy) ® (Spr x E”) over Sy¢. In order
to decompose the term divX = div(a;* - w), we first need to define a
covariant derivative and a divergence for o;*.

In a general way, let us define the covariant derivative V on the
vector bundle (T(Sp)*)™ @ T(Spr)™” @ (Sor x E)* @ (Spr x E)*" over
Sye (forany p, q, r, s > 0), as the tensorial product of the covariant
derivative V on (T(Sy)*)™ @ T(Spr)™P (for the Levi-Civita connec-
tion) and the usual derivative d on (Spr x E))® ® (Sps x E)*" =
St % ((E)* @ E*"), i.e., by

Vx(Ua V) = (VxU) oV + U (dyV), (B.2)

for any sections X of T(Sps), U of (T(Spr)")*? @ T(Sp)*?, and V of
(St x E)® @ (Spr x E)*" (this definition may be justified by using lo-
cal frames of (T(Spr)*)*? @ T(Spr)™” and (Spr x E)** @(Sp x E)®"). For
any section W of (T(Sps)")*? @ T(Sp)™ @ (Spr x E)** @ (S x E)', the
covariant differential of W is then defined as the linear mapping
VW :X - VxW, so that VW is a section of (T(Sy)")*“"
T(Sp)® ® (Spr x E)* @ (Spe x E)*".As an example, for a section W
of T(Spr) ® (Spr x E*), VW is a section of T(Sps)” ® T(Spf) ® (Spe x E”)
and, by contraction of the covariant index relative to T(Spr)" and
the contravariant index relative to T(Sy), we thus define div W, which
is a section of Spr x E*. With respect to a local chart of Sy (coordinates
(x*); Greek indices o, B, 7,...belong to {1,2}), with the associated
frames of T(Sy¢) and T(Sy¢)”, and to a basis of the vector space E (coor-
dinates (x); Latin indices i, j,...belong to {1,2,3}), with the associ-
ated dual basis of E*, we may thus write the components

(VW);,- = oW} + l";ﬂ,,Wiy (B.3)
(divW); = 9;W! + T W7,

By

3
where I,

tion on Syy.
With this definition, we may now write

are the Christoffel’s symbols of the Levi-Civita connec-

V(o ow) = (Vas) oW+ 05" @y

( being the usual derivative of w), then

V(o5 -w)=(Vas")-w+ 05" -y

(contraction of the covariant index deriving from ¢* and the con-
travariant index deriving from w) and

div(as* - w) =div(as") - w+ 65" 1 (B.5)

(contraction of the covariant index deriving from V and the contra-
variant index deriving from &5*). Green’s formula applied to
X = 05" - w may then be written as

/Str(o*;‘-1*~1//)da:—/sdiv(o‘s*)~wda—/r(as*~w)~vdl

=— [ div(as*)-wda— [ (g5-v)-wdl.  (B.6)

The condition (7) is Sthen obtained, frorr{ (B.1) and (B.6) (since
w=0onT)

Let us now consider g5 as a contravariant tensor (convention
used in (10)), denote & = 1 - 05 (by contraction of the covariant in-
dex of 1 and the first contravariant index of ;) and write

Vigos)=(VI)®os+ 12 (Vos),
hence
V6= (Vi)-os+1-(Vos)

(contraction of the covariant index deriving from 7 and the first con-
travariant index deriving from o) and

dives =1: 05+ 1-divos (B.7)

(contraction of the covariant index deriving from V and the second
contravariant index deriving from o;; divas is the usual surface
divergence), where

I=Vi, (B.8)
i.e.,, with the components,

(divey) = 6 I, + (divoy)* 9.1, (B.9)
with

(dives) = 94(0% 9,x') + I, 67 X!
Ly = 0y — T, 0,%0

(divey)” =o,02 + T, 01 + T} a7 (B.10)

Moreover, for any sections X and Y of T(Sy), we have
Vx(1®Y)=(Vx) @Y +1® (VxY),

hence

Vx(1-Y) = (Vx1)- Y + 1 (VxY)

(contraction of the covariant index deriving from 1 and the contra-
variant index deriving from Y), i.e.

dyY = (Vx1) Y+ VxY =1: (X®Y)+ VxY (B.11)

(Y and VxY being identified to 1-Y and 1-(VxY), respectively),
which shows that [ is the second vectorial fundamental form on
Spr (see Dieudonné, 1971, (20.12.4)), so that (B.7) and (B.11) respec-
tively represent the decomposition of divas and dyY into the nor-
mal component (l:0; and [: (X®Y), respectively) and the
tangential component (divo,s and VY, respectively), with respect
to Spr. This leads to (11) and (12).
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