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Abstract
Minimal cubature rules of degree 4n — 1 for the weight functions
1
W, g1 @) = ke yPH e =y PP =) (1 = y?)*2
LE)

on [—1, 1]? are constructed explicitly and are shown to be closely related to the Gaussian cubature rules in
a domain bounded by two lines and a parabola. Lagrange interpolation polynomials on the nodes of these
cubature rules are constructed and their Lebesgue constants are determined.
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1. Introduction

Minimal cubature rules have the smallest number of nodes among all cubature rules of the
same precision. Let W be a non-negative weight function on a domain 2 C R?. For a positive
integer s, a cubature rule of precision s with respect to W is a finite sum that satisfies

N
/Q fO W, ydedy = aef G, y0), VS € TI7, (1.1

k=1
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where Hsz denotes the space of polynomials of degree at most s in two variables, and there exists
at least one function f* in II fﬂ such that the Eq. (1.1) does not hold.
It is known that the number of nodes N of a cubature rule of degree s necessarily satisfies

nn+1)
2

(cf. [12,16]). A cubature rule of degree s with N attaining the lower bound in (1.2) is called
Gaussian. Unlike quadrature rules in one variable, Gaussian cubature rules rarely exist. At the
moment, they are known to exist only in two cases. The first case, discovered in [13], is for a
family of weight functions that includes, in particular, W, Bl defined by

N >dim 1> | = , s=21—1 or 2n—2 (1.2)

Wiy (0:0) = (U= 0) (L4 +0)° @ = d0)*2 (1.3)
L)

on the domain 2 = {(u,v) : 1 +u+v>0,1—u-+v > 0, u? > 4v}, bounded by two lines
and a parabola. On the other hand, Gaussian cubature rules of degree 2n — 1 do not exist when
W is centrally symmetric, that is, when W and its domain {2 are both symmetric with respect
to the origin: (—x, —y) € {2 whenever (x, y) € {2 and W(—x, —y) = W(x, y). For centrally
symmetric weight functions and s = 2n — 1, a stronger lower bound [10] for the number of nodes
is given by

N > dim 12 | + SJ = @ + SJ . (1.4)
A cubature rule that attains this lower bound is necessarily minimal. There are, however, only
a couple of examples for which this lower bound is attained for all n, most notable being the
product Chebyshev weight functions on the square.

In the present paper we shall show that the minimal cubature rules of degree 4n — 1 exist for
a family of weight functions that includes, in particular,

1 1
W p,e1 @) = by F e — PP — )T -y P, (1.5)
on [—1, 1]? and, furthermore, there is a connection between these minimal cubature rules and
Gaussian cubature rules associated with the weight function W, pl The weight functions (1.5)

include the product Chebyshev weight functions (wheno = = :I:%), for which the minimal cu-

bature rules are known to exist and have been established in several different methods [1,9,11,20].

Our result shows that they can be deduced from the Gaussian cubature rules for W_; 1 1 on
20 202

2. Giving the fact that so few minimal cubature rules are known explicitly, this connection is
rather surprising.

Cubature rules are closely related to interpolation by polynomials. Based on the nodes of a
Gaussian cubature rule of degree 2n — 1, there is a unique Lagrange interpolation polynomial
of degree n — 1 which converges to f in L? norm as n — 0o [19]. On the nodes of the
minimal cubature rule that attains (1.4), there is a unique Lagrange interpolation polynomial in an
appropriate subspace of polynomials [20]. Furthermore, the interpolation polynomials based on

the nodes of the minimal cubature rules for the product Chebyshev weight function W_1 1 _1,
20 20 2

studied in [21], has the Lebesgue constant of order (log n)? [3], which is the minimal order of
projection operators on [—1, 1]% [18]. We shall discuss the Lagrange interpolations based on both
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the nodes of Gaussian cubature rules with respect to W, ptl and the nodes of minimal cubature
RidE)

rules for (1.5) in this paper.

The paper is organized as follows. The next section is the preliminary, in which we
recall basics on cubature rules and, in particular, the connection between cubature rules and
interpolation polynomials, as well as basics on the orthogonal polynomials that will be needed
in the paper. The Gaussian cubature rules for weight functions including W, pt) and minimal
cubature rules for Wa’ p.l are discussed in Sections 3 and 4, respectively. The interpolation
polynomials based on the nodes of these cubature rules are treated in Sections 5 and 6,
respectively.

2. Preliminary and background

Minimal cubature rules are closely connected to orthogonal polynomials and to polynomial
interpolation. We recall the connections in this section and state necessary definitions and
properties of the weight functions and their orthogonal polynomials that will be needed later
in the paper.

2.1. Cubature, orthogonal polynomials and interpolation

Let W be a nonnegative weight function defined on a domain 2 in R? that has all finite
moments; that is, f 0 xf x’z‘W(xl, xp)dx1dxy < ooforall j, k € Ng. Then orthogonal polynomials
of two variables with respect to W exist. Let V(W) denote the space of orthogonal polynomials
of degree exactly n in two variables. Then

dimV,(W)=n+1.
Assume that W is normalized so that fQ W (x1, x2)dx1dx; = 1. A basis of V,(W), denoted by
{Pi.n : 0 <k < n}, is mutually orthogonal if

/Q P n(x1,x2) P (x1, x2) W (x1, x2)dx1dxp = hydij, 0=<k,j<n,

where h; > 0 and it is called orthonormal if 7y = 1 for 0 < k < n. The reproducing kernel
K, (W; -, -) of IT? in L2(W) is defined by

/9 Ko(W;x, ) p()Wdy = p(x), ¥p e II7,

in which x = (x1,x2) and y = (y1, y2). If Py, are orthonormal, then the reproducing kernel
K,(W;-, ) of an in L2(W) is given by

KaWix, ) =YY Pem(®) Pem(y). @.1)

m=0 k=0

Recall that a Gaussian cubature rule of degree 2n — 1, as in (1.1), has dim anfl nodes. These
nodes are necessarily common zeros of orthogonal polynomials in V,, (W), that is, zeros of all
polynomials in V,, (W) ([12] and [5, Theorem 3.7.4.]).

Theorem 2.1. Let n > 1. A Gaussian cubature rule of degree 2n — 1 exists if and only if its
nodes are common zeros of orthogonal polynomials of degree n. Moreover, the weights Ay of the
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Gaussian cubature rule are given by
-1
)\k = [Kn—l(W; (-xka yk)v (xkv yk))] ) l S k S N

Unlike interpolation in one variable, polynomial interpolation in two variables may not exist
for a set of distinct points. It does exists if the interpolation points are nodes of a Gaussian
cubature rule [19].

Theorem 2.2. Let N = dim an_l and let {(xx, yv) : 1 <k < N} be the nodes of a Gaussian
cubature rule of degree 2n — 1. Then there is a unique interpolation polynomial, L, f, of degree
n — 1 that satisfies

Lnf(xk,na )’k,n) = f(xk,n, }’k,n)7 I<k<N.

Furthermore, this interpolation polynomial is given explicitly by
N
Lof (. y) =Y fOh y)b(x,y),  Le(x,y) = Ko 1(W: (x,3), (5, 30))-
k=1

For centrally symmetric weight functions, we consider the minimal cubature rules whose
number of nodes attains the lower bound in (1.4). The nodes of such a cubature rule are common
zeros of a subspace of V,, (W) [10].

Theorem 2.3. Let n > 1. The minimal cubature rule of degree 2n — 1 that attains the lower
bound (1.4) exists if and only if its nodes are common zeros of L%J + 1 orthogonal polynomials
of degree n.

Since the number of nodes of such minimal cubature rules is N = dim an—l + 5], the poly-
nomial that interpolates at the nodes of the cubature rule needs to be from a polynomial subspace
of II, that has dimension N. An obvious candidate of this subspace is, by Theorem 2.3, the lin-
ear span of an \ Zp, where Z, = {Qxn : k=0,1,..., L%J} denotes a set of orthonormal
polynomials that vanish on the nodes of the minimal cubature rule. Let {P , : 1 <k < L%J} be
the orthonormal basis of the orthogonal complement of Z,, in V,,(W). Then Py, € V,(W) and

none of Py, vanishes on all nodes of the cubature rule. We define a subspace IT* of IT> by
* 2 n
Iy = 12 Uspan [Py 1 < k < b” . 2.2)
The weights At ,, of the minimal cubature rule in Theorem 2.3 are given in the lemma below.

Lemma 2.4. Let Py ,, be as in (2.2). There exists a sequence of positive numbers {by , : 1 < k <
L%J }, uniquely determined, such that the kernel K (-, -) defined by

7]
Kr(W:x,y) = Koot (Wi x,3) + Y bin Pen(¥) Pea(y), 2.3)
k=1

where x = (x1, x3) and y = (y1, y2), satisfies
—1
Men = [Kp (W (e, ye), (s ye))] . 1<k < N. (2.4)

This lemma was proved in [20] and the coefficients were shown to be determined by the
matrix [Cn(Pj,,,Pk,,,)];f k—o in [22], where {Py, ..., Py} is an orthonormal basis of V(W)
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1.0+

-1.0

Fig. 1. Domain (2.

andC, f = Z/](V=] Ak f (xk, yx) is the minimal cubature rule. The kernel K7 (-, -) can also be used
for the Lagrange interpolation polynomials based on the nodes of the minimal cubature rules, as
stated in the following theorem [20].

Theorem 2.5. Let W be a central symmetric weight function. Let N = dim an_l + | 5] and let
{(xk, yx) : 1 < k < N} be the nodes of the minimal cubature rule of degree 2n — 1. Then there
is a unique interpolation polynomial, L, f, in II* that satisfies

ACnf(xk,nv yk,n) = f(xk,na yk,n)y 1<k<N.

Furthermore, this interpolation polynomial is given explicitly by

N
Laf(,y) =Y f@r vl y), e, y) = e K (W: (x, ), (ks 30)),
k=1
where A are the weights of the cubature rule given in (2.4).
2.2. Weight functions and orthogonal polynomials

We define the weight functions for our Gaussian and minimal cubature rules. Our first weight
function is defined on the domain

Q::{(u,v):1+u+v>0,1—u+v>0,u2>4v},

bounded by a parabola and two lines, as depicted in Fig. 1. Let w be a nonnegative weight
function defined on [—1, 1]. We define

Wy (u,v) = bw,yw()c)w(y)(u2 —4v)Y, (u,v) € 12, 2.5)
where the variables (x, y) and (u, v) are related by
u=x+y, vV=Xy (2.6)

and by, ,, is the normalization constant such that [, W, (#, v)dudv = 1. In the case of the Jacobi
weight function w = wy, g defined by

wep(x) = (1 —)*(1+x)P, o p>—1,

the weight function W, is denoted by W, g ,, and it is given by

We gy, v) == bg gy (1 —u+0)*(1 +u+ )P @? —40),  (u,v) e, 2.7)
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where o, B,y > —l,a +y + % >—land B+ y + % > —1 and [15, Lemma 6.1],

N F(a+B+y+3)Te+p+2r+3)

ba,ﬂ’y = :
22a+2p+4y+2 F(O[ + I)F(,B + l)F()/ + 1)[‘ <Ol +y+ %) r (ﬂ +y+ %)
2.8)

The weight function W, is related to w(x)w(y) by the relation

/ [, v)W, (u, v)dudv = by, ,, / fx+y, xy)wx)wy)|x — y|27’+1dxdy, 2.9)
0 A

where A = {(x,y) : —1 < x < y < 1}. Since the integral in the right hand side has
symmetric integrand in x, y, it is equal to half of the integral over [—1, 1]2. In particular, if ¢, is
the normalization constant of w on [—1, 1] so that ¢y, f_ll w(x)dx = 1, then the normalization
constant of W_% is given by bw’_% = ZC%).

The orthogonal polynomials with respect to Wy, g, were first studied by Koornwinder in [6]

and further studied in [7,8,15]. They were applied to study cubature rules in [13]. In the case of
y = :t%, the orthogonal polynomials with respect to W 1 can be given explicitly. Let p,, denote

the orthogonal polynomial of degree n with respect to w. Then an orthonormal basis with respect
to W_ ! is given by

(-3) Pn)pk(Y) + pa(Y)pr(x), 0 <k <n,
P, ) = 2.10)
e 421) {ﬁpn(X)pn(y), k=n, (
and an orthonormal basis with respect to W 1 is given by
1 —
Pk(,i)(“’ v) = Pn+1(X) pr(y) Pn-i-l()’)Pk(x)’ 0O<k<n @.10)

X =y

both families are defined under the mapping (2.6). In the case of W, g ,, we denote the orthogonal

1
Bxd

polynomials by P,f ’n'B " In particular, P: M are expressible by the Jacobi polynomials.

Our second family of weight functions are defined on [—1, 1]? by
Wy (x,y) == W, Qxy, x> +y* = DIx? =%,  (x,y) e [-1, 1%, (2.12)
where W, is the weight function in (2.5). In the case of Wy g, , it becomes
Wy (0 3) = bapy 4 e — y P+ y PP A =27 (1= 2, (2.13)

which includes (1.5). The W, is normalized if W, is because of the integral relation

/ fu, v)W, (u, v)dudv = f , f(2xy, X2+ y2 - DW, (x, y)dxdy. (2.14)
N [-1,1]

The orthogonal polynomials with respect to WV, can be expressed in terms of orthogonal
polynomials with respect to W), [23]. For this paper we will only need a basis for 1,,(W,),
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which consists of polynomials

1005, y) = P Qxy, x? +y2 = 1), 0<k<n,

31,1

) (LD 2 (y > _q . (2.15)
205,00, y) = bV =y P ay P 4y =), O<k<n—1,

where Pk(};)ill’l are orthonormal polynomials with respect to the weight function (1—u+v) (1+u+

v)W,, (u, v) and bg,l "V is a normalization constant for the weight function. In the case of Wy g,

we denote the orthogonal polynomials by ; Q7 . 2n , in which case, Pk();) 111 = P,fl :1 1/3 LY n

(2.15). We will need explicit formulas for these polynomlals when y = —1/2, which we sum up
in the following subsection. Further results on orthogonal polynomials with respect to W), can
be found in [23].

2.3. Jacobi polynomials and orthogonal polynomials for W, g—1

[N

The Jacobi polynomials are orthogonal with respect to wg, g and they are given explicitly by
a hypergeometric function as

(a+1) —nn+a+B+1 1—x
PP y) = == B a—i—llB P ) =P

where [{*? is the leading coefficient. By [17, (4.21.6)],

b+1 r 1
o - @AaELF Dy @t+p+1) : (2.16)
2"pn! 20tBH Mo + DB+ 1)
The Jacobi polynomials satisfy the orthogonality conditions
1
g [ PP PP 3w (0 = B8
-1
where
hﬁf"ﬂ) — (a+ DB+ Dy(a+B+n+1) 2.17)

nlo+B+2ua+p+2n+1)"
The reproducing kernel of k,(,w”S ) of the space of polynomials of degree at most n is given by,
according to the Christoffel-Darboux formula,

2(n + D+ B+ 2)n
Cn+a+B+2)(a+ DB+ 1),

R 0P 0) = PP PP

k’(‘la,ﬁ) (x, y) =

n+1 n+l1

. 2.18
pr— (2.18)

The Gaussian quadrature of degree 2n — 1 for the Jacobi weight is given by

1 n
up [ F@OULpCOG = A fun). VS € T (2.19)
-1 k=1
where x1 5, ..., X, are the zeros of the Jacobi polynomial P,ﬁ“’ﬂ ) and

AB) = [P (g )]
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We denote the orthonormal Jacobi polynomials by p,(,a’ﬁ )1t follows readily that p,(fl’ﬂ ) x) =
(h'eP ))_% PP (x). The following lemma will be needed in Section 6.

Lemma 2.6. For o, f > —1 and m > 0, define
N L (@p) (a+1,B+1) 2
o, o 5
= Y 2P =) [P e (2.20)
k=1

Then ﬁm = Co,g/Cat1,p+1f0r 0 <m <n —2, and

~ 404+ +a+ p+2n)
T 2t et PGB tatpUtatBrn)

Proof. For 0 < m < n — 2, we can apply Gaussian quadrature and use the orthonormality of
pf,?“’ﬂﬂ) to conclude, since (1 — xz)wa,,g(x) = We+1,41(X),

o~

! 2 (a+1,84+1) 2 Ca,pB
o= cap [ (=) [0 | pone = L
-1

Ca+1,8+1

For m = n — 1, we cannot apply the Gaussian quadrature of degree 2n — 1 directly, since
(1 — x2)[petPHD ()12 has degree 2n. However, by [17, (4.5.5)],

4(n +a)(n + p)
(1 =P () = P (xi)
Cn+a+pB2n+a+p+1)
dn(n+1)
- PP (o),
Qn+a+B+1D)C2n+a+B+2)
and by the three-term relation satisfied by {Pn(a’ﬁ)}nzo [17, (4.5.1)],
(n+ D +a+p+1DC2n+a+BPLP (xp)
=—(n+a)n+B)Cn+a+p+2)P P (x0).
From these two equations it follows that
1,B+1 4(n+a)(n+ p) ,
(1 =P () = P (xp). 221)

Cnt+a+p)n+a+p+1) "1

Denote the coefficient in front of P,fo_‘f ) (xx) in the above equation by D,,. Then, by the Gaussian
quadrature and the orthogonality of the Jacobi polynomials,

1 un

-~ 1,8+1 s 1,8+1 ,

Bt = Dy [ Ry P T (o) PP ()
B k=1

_ -1 1
1,841 1, 1 s
— D, [t A / PETLAED (1) PO (1, 4
L -1

. lr(loi+11,,3+l)

Ca,p

— D, [nletlAD

" @, TP
7 /_ 1 [Pn;] (x)] We.p(x)dx
n—1
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(a,8) (a+1,8+1)
hn—] ln—l

n (a+1,8+1) a,B ’
Rt !

n—1
which simplifies, by (2.16) and (2.17), to the stated result for ﬁn_ . d
In Section 6 we will need the explicit formula of orthogonal polynomials and reproducing
kernels for the weight function Wy, g, 1,2, which we rename as
e — y PPt x o yPP

2
Wa,p(x, ¥) = Wap,—172(x, y) = 2c5 g N
’ 1—x2/1—y?

In this case the orthonormal polynomials of even degree in (2.15) are given in terms of Jacobi
polynomials, which are

(2.22)

Proposition 2.7. Let o, 8 > —1. An orthonormal basis of Vo, (W, p—t ) is given by, for
0<k<nand(0 <k <n — 1, respectively,

1Qk Zn)(cosé’ cosp) = pl®P(cos(6 — ¢))p(“ P (cos(d + ¢))
+ P (cos(® — ) pl*P) (cos(@ + ¢)).
ZQ](:lég)(COSO, cos ¢) — Va,ﬁ(x ) [ (O(Jr] ﬂ+1)(COS(9 ¢))p((¥+1 ﬂ+l)(COS(9 + ¢))

+p (aH P (cos(o — ¢))P(a+1 7 (cos(6 + ¢))] ’

where IQS),[’zlf,) and zQ(a”S) are multiplied by \/5/2 and Yy g = ca+1,5+1/(\/§ca,5).

n,2n
Denote the reproducing kernel of II; 2 with respect to W, g by IC%”S (-, -). By [23, Theorem
4.8], the kernel IC ] is given explicitly by
K52 G,y = Kphs, 0 +d of =) of =K 60

+d )m + 1)1+ y) KA o0 +d ) o — ) (1 — K (5.1, 2.23)

where s = (2x1xz,x12 +x2 1),t = 2y1y2, y1 + y2 — 1), d(l - Z+i,h+j/ci,,3 and, with

(x1, x2) = (cos @, cosbr) and (y1, y2) = (cos ¢, cos ¢2),
1
K&P(s,1) = 5 [k (cos(81 — 02), cos(@1 — $p2))kSF (cos(81 + 62), cos(¢1 + $2))

+ k%P (cos(81 — ), cos(¢1 + ¢2))k2P (cos(61 + 62), cos(1 — ¢2))]. (2.24)

For orthonormal basis of odd degrees and the reproducing kernels of even degrees, as well as
other results on them, see [23].

3. Gaussian cubature rules

In this section we consider Gaussian cubature rules for W1 on §2 and their transformations.
We shall show that these rules can be transformed into minimal cubature rules for W, g 1,2 on
[—1, 1]? in the next section. The first proof that Gaussian cubature rules exist for W 1 was given
in [13] via the structure matrices of orthogonal polynomials. Below is another proof that is of
independent interest.
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We start with the Gaussian quadrature rule for the integral against w on [—1, 1],

1 n
cu / S =3 hf ) f € Tt G.1)
- k=1

where Ilp,_1 denotes the space of polynomials of degree 2n — 1 in one variable and ¢y, is the

normalization constant so that ¢, fil w(x)dx = 1. It is known that A > 0 and xi , are zeros of
the orthogonal polynomial p,, with respect to w. When w = wy, g, the orthogonal polynomials

are the Jacobi polynomials P,fa’ﬂ ) and x », 1 <k < n, are the zeros of Pn(a’ﬂ ). We define

Ujk =Ujkn =Xjn+ Xkn and Vjk = Vjkn = XjnXkn- 3.2)

Theorem 3.1. For W_ on {2, the Gaussian cubature rule of degree 2n — 1 is
2

n k
/Q F, )W_y (u, v)dudv = 23> hkjfjkevin),  f €15, (3.3)

k=1 j=1
where Y_" means that the term for j = k is divided by 2. For W1 on {2, the Gaussian cubature
2
rule of degree 2n — 3 is

n k—1

2
/Q f, )W, v)dudv = 2;;Aj,kf(uj,k, vik), fell} 5, (3.4)
where Aj = AjAp(xjn — xk,n)z.
Proof. The product of (3.1) is a cubature rule on [—1, 177
n n
c, f[ S RwG)drdy = DO ik f Cans Xjin), (3.5)
-L k=1 j=1

which is exact for f € Ih,—1 x Ih,_1, the space of polynomials of degree at most 2n — 1 in
either x or y variable. Applying (3.5) on the symmetric polynomials f(x + y, xy) and using the
symmetry, we obtain

n k
Ci/ [+, xpw@wdedy = Y Ak f Gen + Xjns XenXjn)
A k=1 j=1
if f(x+y,xy)in Ih,_; x I,_1. Under the change of variables u = x 4+ y and v = xy and by
(2.9), the above cubature becomes (3.3), since I, X Il,_1 becomes szn—l under the map-
ping (x,y) — (u,v). It is easy to see that (3.3) has dim Hn2_1 nodes, so that it is a Gaussian
cubature rule.
To prove (3.4), we apply the product Gaussian cubature rule (3.5) on functions of the form
(x = Y)?f(x +y, xy) for f € Ihy—2 x Ihy—3 to get
n k—1
/ FO+ 3,006 = D w@we)dedy =Y > A jajn — X)W a0 vjk)-
A k=2 j=1
Since (x — y)2w(x)w(y) = Wi(u,v) foru = x + y and v = xy, the above cubature rule
becomes (3.4) under (x, y) — (u,v). 0O
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By Theorem 2.1, the nodes {(xx,, + Xjn, Xk.nXjn) 1 1 < j < k < n} of the cubature rule

(3.3) are common zeros of the orthogonal polynomials in {P( 2) . n( ,12)} and the nodes

{(xk.n + xj,n, Xk nx] n) 1 < j <k <n-—1}of the cubature rules (3.4) are common zeros

of {P, 0 n Prees P,f )1 e 1}. Formulated in the language of algebraic geometry, this states, for

example that the polynomial ideal I = (Pk( 2), ey P,,(’nz)) has the zero-dimensional variety

={(xkn + Xjn XknXjn) 1 < j <k <n}

We remark that the above procedure of deriving cubature rules for W 1 on [—1, 1] can be
adopted for other types of cubature rules besides Gaussian cubature rules. In fact, instead of
starting with the product Gaussian cubature rules for w(x)w(y) on [—1, 11? as in the proof of
Theorem 3.1, we can start with a product cubature rule of other types. For example, we can
start with a quadrature rule of degree 2n for w that has all nodes inside [—1, 1], in which case
an analogue of Theorem 3.1 was established in [13]. We can also start with a Gauss—Lobatto
quadrature for w to get a cubature rule that has nodes also on the two linear branches of the
boundary of {2.

The Theorem 3.1 shows that Gaussian cubature rules exist for W, 1 An immediate question

is if Gaussian cubature rules also exist for the weight function W), for y # :l:%. The answer,

however, is negative.

Theorem 3.2. For n > 1, the Gaussian cubature rules do not exist for W_1,2 12,y if v #
+1/2.

Proof. It was shown in [15, (10.7)] that a basis of orthogonal polynomials of degree n with
respect to W_1,2 1,2, is given explicitly by
11
Pl xy 4y = =PIV 0RTY 0 + BV R o),

where 0 < k < n and P,,(a’ﬂ ) is the Jacobi polynomial of degree n. It is easy to see that these
polynomials do not have common zeros (considering, for example, k = n first). Consequently,

{Pk_ni’_j’_y(x, ¥) : 0 < k < n} does not have dim I7> | common zeros for n > 1. Hence, the
Gaussian cubature rules do not exist according to Theorem 3.1. [J

For what we will do in the following subsection, we make an affine change of variables
u = 2(s —1t)and v = 2s + 2t — 1, which implies that the measure becomes W,, (u, v)dudv =
W; (s, t)dsdt, where

Wi(s, 1) = 2b1 4" T w@w() (1 = V/5)* =07 (1 +/5)* =17
1 1
with s = 4_1(1 +x)A+y),t = 4_1(1 —-x)(1—-y), 3.6)
and the domain {2 becomes (2* defined by

= (s, 1) 15 >0, >0,4/5s +V1 < 1),

which is depicted in the right figure of Fig. 2. In the case of w = wg, g the weight function W;j
becomes

Woi gy (5.1) = 2, gy 4P H P (1= 5)? = )7 (1 + V)2 = 1)
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Fig. 2. Nodes of cubature rules of degree 19 for W and W*
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Since the affine transform does not change the strength of the cubature rules, the Gaussian

cubature rules exist for the weight functions Wi , - Let us denote by
2

xj,k = xj,k,n = Z(l +x/,n)(1 +xk,n)» yj’k = yj’k)n = Z(l —X,,n)(l _xk,n)-

Corollary 3.3. For W* | on 2%, the Gaussian cubature rule of degree 2n — 1 is
2

n k
/m £, t)Wf%(s, Ndsde =2 N g fE Y. fell, . (3.7)

k=1 j=I

For Wi on (2%, the Gaussian cubature rule of degree 2n — 3 is
2

n k—1

/Q f (s, OW] (s, nydsdr = 23 > hjaf Vi, f el s, (3.8)

* k=2 j=I

The nodes of the cubature ruled of degree 19 for W_ 11 and W*, |, are depicted in
T —272 72

the left and the right figures of Fig. 2, respectively.
4. Minimal cubature rules

Our goal in this section is to establish minimal cubature rules for the weight functions W, on
[—1, 1]%. We shall do so by several transformations of the Gaussian cubature rules in the previous
section.

First we recall the Sobolev theorem on invariant cubature rules [14]. A cubature rule in the
form of (1.1) is invariant under a finite group G if the equality is unchanged under f +— of,
where o f(x) = f(x0), for all o € G. The Sobolev theorem states that if a cubature is invariant
under G then it is exact for a subspace P of polynomials if and only if it is exact for all
polynomials in P that are invariant under G.
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-1.0

Fig. 3. Nodes of the minimal cubature rule of degree 19 for U

)=
)=
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We start from cubature rules for W) in Corollary 3.3 and make a change of variables
(s, 1) = (u?%, v?). The domain £2* becomes the triangle 7 = {(u,v) :u,v>0,1 —u —v > 0}
and, since the weight function Wy (u?, v?) is even in both u and v, we extend it by symmetry to
the thombus R, depicted in Fig. 3,

R={u,v):—1l<ut+v<l,-1l<u—v<l}

The change of variables has a Jacobian dsdt = 4|uv|dudv. We define the weight function on
R by

Uy (u, v) = |uv| W (u?, v?) = 267,47 T w () w () uv|((1 — w)* = v*)" (1 + u)* = v?)?,
1 1
Whereuzix/l—l-x\/l—l— ,v:ix/l—x,/l—y.

In the case of W By the corresponding weight function is

U, p.y (t, V) = 2bg g, 4% TPTY T 200285 (1 — )2 — 02 (1 4+ u)? — 0?7, (41)
Under the change of variables (s, t) — (u, v) and using the symmetry, the integrals are related
by

/ f(s, t)dsdr = 4f f@w?, v)uvdudv = f £ @?, v?)|uv|dudv, 4.2)

2+ T R

from which it is easy to see that U,, satisfies fR U, (u, v)dudv = 1.

Directly from its definition, the weight function U,, is evidently centrally symmetric. To state
the cubature rules for U,,, we introduce the notation 6 , by

Xgn =c0sbrn, k=0,1,...,n.

Since w is supported on [—1, 1], the zeros of the orthogonal polynomial p,, are all inside [—1, 1],
sothat 0 < 6, < m.
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Theorem 4.1. For U_1 on the rhombus R, we have the minimal cubature rule of degree 4n — 1
2

with dim szn—l + n nodes,

1 n k )
/Rf(u, V)U_y (u, v)dudv = 5};; oy

Ok . Oin . Ok
fo( 2’”, i 12 2"), fell} |, 4.3)

where the innermost Y is a summation of four terms over all possible choices of signs. For U\
2

on R, we have the minimal cubature rule of degree 4n — 3 with dim H22n73 + n nodes,

n k—1

/I;f(u,v)U%(u,v)dudv— ZZAM

k=2 j=1

Gj,n ek, . 9',n . ek, 2
fo( 5 cos 2", JTSIHT”), fell} ;. (4.4)

Proof. Changing variables s = u? and 7 = v? in (3.7) and applying (4.2), we obtain

/f(u vHU_ 1w, v)dudv—zz M f O YT

k=1 j=1

0, 0; 0,
—ZZ AeAj f cos? co2 k’", in2 =22 sin? k.n
2 2 2

=1 j=1

Ojn
for all f € Ih,—1, where we have used the fact that x;f P = cos? 2Lt 5 " cos? Ok

0; : . .
sin’ 5= sin’ 93’" , which follows from the definition of x;‘  and y; x The above cubature rule

can be viewed as (4.3) applied to f(x2 yz) Since {f()c2 yz)  f € sz 1} consists of all

polynomials in H i, that are invariant under the group Z; x Z,, it implies, by the Sobolev
theorem, cubature rule (4.3). Since none of the nodes of (3.7) are on the edges s = 0 or ¢ = 0 of
£2*, the number of nodes of cubature rule (4.3) is exactly

,andyjk =

2n
4d1mH I_Zn(n~|—1)_d1mH2n 1+n_d1mH2n 1+ = >

which attains the lower bound in (1.4). The proof of the cubature rule (4.4) is similar. [

The nodes of the cubature rules of degree 19 for U_; _1 _1 are depicted in the right figure
of Fig. 3.

As a final change of variables, we rotate the rthombus by 45° to the square [—1, 1]>. This
amounts to a change of variables © = (x + y)/2 and v = (x — y)/2. The measure under this
change of variables become U, (1, v)dudv = W, (x, y)dxdy,

(S]]
[N]
(S]]

W, (x,y) = bY 4" w(cos(d — ¢))w(cos(d + @))|x> — y2[(1 — xH) (1 — y?)?,
where x = cosf,y =cos¢, (x,y) € [—1, 1]2.
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A simple computation shows that this is precisely the weight function defined in (2.12). In the
case of Uy, g,y , the corresponding weight becomes W, g ,, defined by

W,y (. 9) = ba,p 4 [x 4+ y[** T x — y PP (1 —x2)Y (1 = y?)7,

which is exactly (2.13). Since the strength of the cubature rules do not change under the affine
change of variables, we then have minimal cubature formulas for Wy g, . To state this cubature
explicitly, let us define

ej,n - ek,n Qj,n + ek,n
Sjk=c0os ———— and tjj = cos —,
Js ) Js )

where 6, is again the angular argument of the zeros xj , = cos 6k , of p,.

4.5)

Theorem 4.2. For W_1 on [—1, 11%, we have the minimal cubature rule of degree 4n — 1 with
2
dim H _1 tn nodes,

/{;LHZ f(x, y)W_%(x, y)dxdy = = ];JZ; )»k)» SCjsstin) + @k 5jk)
+ f(=sjp —tjp) + f(=tjx, —sji0)]. (4.6)

For Wi on [—1, 112, we have the minimal cubature rule of degree 4n — 3 with dim H 3+n
2
nodes,

n k—1
f[ S WG vy = 5 3D SN I OTIN RO

2z j=1
+ f(=sjp —tip) + f(—tjx, —s;0)], 4.7
where Xj ;. = AjAi(cosf;, — cos Qk,n)z.
In the case of the product Jacobi weight function W_ 11+l these cubature rules were

constructed in [11] and, more recently, in [9] via a completely different method. In all other
cases these cubature rules are new. The nodes of the cubature rule of degree 35 for the weight
function

4%

) = —x)Trd =y,

' _1
Woo.-1 @) = x? =31 =) 72 (1 = %) 72,

0=
NI
[ ]

are depicted in the left and right figures in Fig. 4, respectively. The influence of the part |x2 — y?|
in the weight function W, _ 1 is clearly visible in comparing with the cubature rules for

W i 1 1.

Bzy tﬁe rz:lation (2.12) and the integral relation (2.14), we could arrive at cubature rules (4.6)
and (4.7) from those in (3.3) and (3.4) by the mapping (x, y) — (2xy, x2 4+ y2 — 1), bypassing
some of the middle steps. Our presentation, on the other hand, is more intuitive and provides,
hopefully, a better explanation of the connection between the Gaussian cubature rules for W,
and the minimal cubature rules for W, .

We can also give a proof of Theorem 4.2 based on Theorem 2.3 by considering the common
zeros of corresponding orthogonal polynomials, although a direct computation of the cubature
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weights will not be easy. Recalling the orthogonal polynomials 1Q]((V2)n defined in (2.15), the
following corollary is an immediate consequence of Theorem 2.3.

Corollary 4.3. The nodes of the minimal cubature rule (4.6) are the common zeros of orthogonal
polynomials {; ngn : 0 < k < n}in Proposition 2.7. And the nodes of the minimal cubature

1
rule (4.7) are the common zeros of orthogonal polynomials {, Qaniz :0<k<n-1}.

The relation (2.15) shows that the nodes of the minimal cubature rule (4.6) and the
nodes of the Gaussian cubature rule (3.3) are related by a simple formula: if (s,7) is a
node of the former, then (2st, 2412 = 1) is a node of the latter; furthermore, the nodes
(ks tjx)s (ks Sjx)s (—Sj ks —tjk), (—tjx, —5jx) of the former correspond to the same node
(2s j,ktj,k,sjz.,k + t]%k — 1) of the latter. This can also be verified directly by elementary
trigonometric identities.

It should be pointed out that the Theorem 3.2 shows that the above construction does not work
for the weight functions

12 2
Wy, ) = (=) (1 =y

when y # +£1/2. We cannot, however, conclude that the cubature rules of degree 4n — 1 that
attain the lower bound (1.4) do not exist for these product Gegenbauer weight functions. In fact,
examining the proof carefully shows that the procedures that we adopted could be reversed only
if the cubature rules for W_; _ 1y satisfy certain properties. What we can conclude is then

the following: If a cubature rule of degree 4n — 1 that attains the lower bound (1.4) exists for
W_ 11y then either it is not invariant under the symmetry with respect to the diagonals y = x

and y = —x of the rectangle [—1, 1]? or some of its nodes are on these diagonals.
Finally, our procedure of deriving cubature rules for VW, 1on [—1, 1]? can be adopted for other

type of cubature rules, such as cubature rules of even degree or Gauss—Lobatto type cubature
rules, see the remark at the end of Section 3.1. In particular, if we start with a Gaussian—Lobatto
quadrature for w, which has additional nodes at —1 and 1, then the resulted cubature rule for W,
will have nodes on the diagonals of [—1, 1]2. Since they do not seem to have other features, we
shall not pursue them further.
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5. Lagrange interpolation and Gaussian cubature rules

Cubature rules are closely related to Lagrange interpolation polynomials, as stated in
Section 2. In this section we consider Lagrange interpolation polynomials based on the zeros
of the Gaussian cubature rules constructed in the Section 3.

The Lagrange interpolation polynomial based on the Gaussian cubature rule in Theorem 2.1
is given in Theorem 2.2. A more direct construction can be given however as follows.

Let {xx, : 1 <k < n} be the zeros of the orthogonal polynomial p, of degree n with respect
to w on [—1, 1], as in (3.1). The Lagrange interpolation polynomial (of one variable) of degree
< n based on these points is

Pn(x)
Pl k) (X — Xien)

Lif@) =) fernh®x), h(x):= (5.1
k=1

Recall that u x = xj, + xpn and vj x = X} Xk -

Theorem 5.1. The unique Lagrange interpolation polynomial of degree n — 1 based on the nodes
of the Gaussian cubature rule (3.3) is given by

n k
Lof@u,v) =YY" fjp vio)ljau, v),

k=1 j=1
with Lj i (u, v) == LX) (y) + (M (xX), u = x +y,v =xy. (5.2)

And the unique Lagrange interpolation polynomial of degree n — 2 based on the nodes of the
Gaussian cubature rule (3.4) is given by

n k—1

Lof@u,v) =YY" flujp vl v),
k=2 j=1

il (y) = 1; () (x)
x—y ’

with 1 (u, v) = u=x-+y,v=uxy. 5.3)

Proof. A quick computation shows thatif 0 < j <k <nand0 < p < g < n, then
Likp.gsvp.q) = Li(xpn)lic(xg.n) + 1j(xg.n)lkc(Xp.n) =8} pOk.g + Sk.pdj.q = 8j.pdk.q-
If0<j=k<nand0 < p <g <n,then
Lik(p,g> Vpg) = 2k (xpu)li(Xg.n) = 28} pbi.q>
which proves (5.2). The proof of (5.3) is similar. [
The explicit formulas of /; can also be obtained from Theorem 2.2. In fact, as shown

1
in [23, Theorem 3.1], the reproducing kernel K,Siz)(., ) = Kn(Wi%; -,+) can be expressed

in terms of the reproducing kernel

ke (x, y) = k(W x,y) =Y pr(x) pr(y)
k=0

of one variable, where pj are orthonormal polynomials with respect to w. Set

u:= (ur,uz) = (x1 +x2,x1x2) and v:= (vi,v2) = (y1 + y2, y1y2)-
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1
The reproducing kernel K ,(, 2)(', -) for W_ is given by

(S]]

_1 1
K ) = 5 U Cx1. Y0k (32, 32) + i (e Y0k (1. 32)] (5.4)

1
and the reproducing kernel K ,52) (-, ) for W 1 is given by

) kny1(x1, yDkny1(x2, ¥2) — kn1(x2, y)knt1(x1, y2)

" 2(x1 — x2)(y1 — y2) '
As an application of the explicit expression, we can estimate the uniform norm of the

interpolation operator, often called the Lebesgue constant. For the interpolation polynomial 7, f

in (5.1), the Lebesgue constant || I, ||c[—1,1] satisfies

K,” (u,v) = (5.5)

n
Hnllcr-117 = maxeer—1.11 Y ().
k=1

Corollary 5.2. The Lebesgue constant for L, f in (5.2) satisfies
2
ILulloo <2 (IHnllci=1,17)" - (5.6)

Proof. A standard argument shows that the Lebesgue constant for £, f is given by

n k
ILnlloo = maxqvee Y Y Iljx, v)|.

k=1 j=1

Since £; j (u, v) = €, j(u, v) by (5.2), a moment of reflection shows that

n k n n n n
DD ko)l =Y KO + LM <2 Il 1)),
k=1 j=1 k=1 j=I j=1 j=l1

from which the estimate (5.6) follows immediately. [

Denote by Lf{’ﬂ f the Lagrange interpolation polynomial based on the nodes of the Gaussian
cubature rule of degree 2n — 1 for W, ol

Corollary 5.3. Let o, 8 > —1. The Lebesgue constant of Lg’ﬁ f satisfies

p2 M@ max{a, B > —1/2,

a,B _
1y lloo = OC1) {logzn, max{e, B} < —1/2.

Proof. This follows from the previous corollary and the classical result on the Lagrange
interpolation polynomials at the zeros of Jacobi polynomials [17]. [

We expect that these estimates are sharp in the sense that the lower bound holds with the same
order. Fora = 8 = —1/2, see [18].
6. Lagrange interpolation and minimal cubature rules

The relation between a minimal cubature rule and the Lagrange interpolation polynomial
based on its nodes is stated in Theorem 2.5. In this section we discuss the Lagrange interpolation
polynomials based on the nodes of the minimal cubature rules of degree 4n — 1 in Section 4.
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In order to derive explicit formulas and discuss the Lebesgue constants, we shall limit our
discussion to W, gL which we renamed as W, g at (2.22). An analogue discussion can be
Ra)

carried out for Wa’ bl

6.1. Construction of the interpolation polynomial

Let X, denote the set of nodes of the cubature formula W, g. The Lagrange interpolation

(@.8)

polynomial based on X, is given in Theorem 2.5, in which x; , = x, " are the zeros of Jacobi

polynomial Pn(o”3 ) The subspace I in (2.2) now takes the form

1
I, =13, U span{zQ,(fzfl) :0<k<n-—1}

The interpolation polynomial in 77 is given in Theorem 2.5 in terms of a kernel of I defined
by

K3, (x. ) = K5P (x, y)+zbkn2Qk2n(X)2Qk 692 (6.1)

where by , are certain positive numbers, ICgf_ 1 and 2 Qy 2, are given explicitly in (2.23) and
Proposition 2.7.

Although the cubature rule (4.6) of degree 4n — 1 for W_ 1 can be deduced from the Gaussian
cubature rule (3.3) for W_, this deduction does not extend to interpolation polynomials, since

each node of the cubature rule (3.3) corresponds to four nodes of the cubature rule (4.6). We
have to work with the explicit formula given in Theorem 2.5, which we determine explicitly in
the following theorem.

Theorem 6.1. Let xi , = cos6,,, 1 < k < n, denote the zeros of the Jacobi polynomial P,fa’ﬂ)

0jn—0) 0140,
and let s} == cos 22250 qnd 1}y = cos L% Gef
@ . X2 .
X i = (5 1jk)s X =tk 8.0
(3) (4)
X = (=58jk —1jk), X = (=tjk, =5jk)-

Then the Lagrange interpolation [,Z'ﬁ fin II* is given by

n_k
o, f — My M @) ,@
Ll f ey ;;[ £ () e+ £ (x7) €00

+f (x0) e + 7 (x) e w]. 6.2)

where the fundamental interpolation polynomials 45’3( are given by
1 .
f(‘) (x,y) = E)Lg'aﬁ))‘](ga,ﬁ)lcﬁn ((x, ), Xﬁz?{) , (6.3)

in which % in the right hand side needs to be replaced by ‘—1‘ when j =k, and

1+Ol+/3+}’ld(1 1)

2 2 2 2
That s 7 = x) (07 — ¥2)

’CZn(x y) = ’CQn 1(S,l‘)+
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» [ a+1 ﬂ+1(s 1) — a+l ﬂ+1(s t)]

n(l+oa+B+n) 0
(1+Ol+ﬂ+2)2 n—1,2n

(x)2 anl,Zn(y), 6.4)
where s = (2x1x3, x% + x% -1, t = 2y1ys, y% + y2 1), ’C2n 1G5 ) and d‘sl’;) are given
in (2.23) and K,‘f’ﬂ(-, -) is given in (2.24).

Proof. The formulas (6.2) and (6.3) are exactly those given in Theorem 2.5, specialized to the
Jacobi case. It remains to establish the formula of (6.4), for which we need to determine the
constants by, in (6.1).

Throughout this proof, we write Qk 2, (x, ¥) =2 Q,(cof;lﬂ ) (x, y). By the explicit formula of QO 2,
in Proposition 2.7, it is easy to verify that

Om,2n ( (1)) =Y, ﬂFH
1, 1 1, 1
5 [p<a+ BED () plat 18D () 4 pletAHD j)pf,f‘“’ﬁ“)(xk)], (6.5)

and furthermore, since Q,, 2, is symmetric in its variables,

On2n (X)) = Qman (x}) = = Oumzn (X)) = = Oma (x7) (6.6)

Let us denote by C,[ f] the minimal cubature rule, that is,
Col f1:= ZZ k(aﬂ)x(aﬂ)[ ( (1)> +f< (2)> f( (3)) f( (4))].

By (2.4) and the fact that E(l  are the fundamental interpolation polynomials, we obtain

@ M\ _ CHINCHIAN
K;ﬁn ( j.k? X ’k’) =2 (Aj )Lk ) ajvj/(skak/’

which implies immediately that

Cu |15, (X)) Quan | = Qnan (1) ©.7)
On the other hand, using the formula of IC;n (-, -) in (6.1) shows that

| D n—1
Cu I:K:;n (XE',])(, ) Ql,2n] =Cy [Kg,’fi] ( 5]{: ) Ql 2n:| + Z bm,ncn [Qm,Zn Ql,2n] .
m=0

Since the cubature rule is of degree 4n — 1 and Qy 2, is an orthogonal polynomial of degree 2n,

Cu [ K501 (X1 7) Qran| =262 4 /[ o Kl (k) QW sty =0

Furthermore, since Q,, 2, is symmetric in its variables, it follows from (6.6) that

Cn [Qm,2n Q1.20] = ZZK(Q ﬁ)/\(a P Qmon ( ) Q1,20 ( (])) :

=1 j=1
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Recall the definition of ﬁm defined in (2.20). By (6.6), the explicit formulas of Qf 2, and the
Gaussian quadrature (2.19), it follows that

Cn [Qm,Zn Ql,2n] = zyg,ﬁﬁn—lﬁmgl,ms 0<l,m<n-—1.

Putting these formulas together, we have shown that
Cn [’Czn< X ko )QlZn] —2Vaﬂhn 1hm banlZn( ()).

Comparing with (6.7), it follows readily that bl_,: = 2)/(3’ ﬁiz\n_ﬁz\m. Recalling that y, g =
ca+1,ﬁ+1/(\/§ca,ﬁ), applying Lemma 2.6 gives
l+a+pB+n 2
bo)n = ... = bnfzyn = m, and bnfl’n = boyn.

The final step in verifying (6.4) uses the fact that

> 0k @ Oran(y) = dily of =D = 3D [ Kt P 0 - Ky )
k=0

which can be verified using the explicit formulas of the quantities involved and the elementary
trigonometric identity

2xy = cos(f — @) + cos(0 + ¢), x>+ y2 — 1 =cos(0 — ¢) cos(6 + ¢), (6.8)
see also Section 4 of [23]. This completes the proof. [J

The above theorem gives a compact formula for the Lagrange interpolation polynomial based
on the nodes of the minimal cubature rule with respect to W g. In the case of « = g = —1/2,
the interpolation polynomials were introduced in [21] and they were studied numerically in [2].
The explicit formulas given in [21], however, takes a different form since the set of nodes were
not divided into the four subsets as in (6.2) and a completely different formula for IC;H (-, -) was
used.

6.2. Lebesgue constants of the interpolation operator

The Lebesgue constant of the interpolation operator Eff’ﬂ is its operator norm ||£,(f”ﬂ )||oo.
Since

1L flloo < 1L P ool flloos  Vf € CI=1, 1P,
the Lebesgue constant determines the convergence behavior of E%”S f.

Lemma 6.2. The Lebesgue constant of L'a’ﬁ f in Proposition 6.1 satisfies
1
(1) (2
||£t>él3||oo = 4maxx€[ LR kZZ Ak HKZn (x X; )‘ ‘/Czn (x X k)‘
(©) ()
+ i ()| + s (e 2

~ max . p ZZ Mk ‘ICzn (x, Xil;{)‘ (6.9)

=1 j=1
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Proof. Recalling (4.5) and the definition of x > it follows easily from the symmetry that
Ly op lloo 1s bounded above by 4 times of the quantlty in the last expression and it is at least
as big as the same quantity. [

In order to deduce the order of the Lebesgue constant, we need to estimate, by the explicit
formula at (6.4), several sums. We first deal with the easiest sum to be estimated. Let ¢ denote a
generic constant whose value may vary from line to line.

Lemma 6.3. Fora, 8 > —l and x € [—1, 1],

: a
Ag = ZZK(Q ﬁ)?»(g P ‘ZQn—l,Zn(x)2Qn—l,2n (x,Xj ,)C)‘ < cn?Mlef),
=1 j=1

Proof. We will need several well known estimates for the Jacobi polynomials and related
quantities, all can be found in [17]. First we need

B+1/2)/2

—(a+1/2)/2 -
PP @l e (Vi—x+n") (ViFx+n) (6.10)

for x € [—1, 1]. Using the fact that cos? 6 — cos? ¢ = sin( — ¢) sin(@ + ¢), it follows from the
explicit expression of 2 9,1 ,(x) that

/ p(a ﬁ)(x)’ < Cn2max{o(,ﬂ}—l’ x e [_1’ 1]2

|20n—1,20(X)| < cmax_j<y<

Furthermore, we need the estimates

-1

A@p [k(a m(x“,x“)] ~ Mg ey 1 — X2 s (6.11)
-1 _

p’(lot [f)(xk,n) ~ [wotﬁ(xk,n)] (' = xt.n) A 6.12)

From (6.12), it is not difficult to see (using (2.21), for example) that

)ZQn 1.2n (x XE ;)()‘ ~n [wa,ﬂ(xk,n)]_l/z (1 — x4

—1/2 _
x [wa sG] 2 (= x0)7 4

Consequently, since 2 Q,—1.2, 1S symmetric in its variables, we see that

2

n

AQ < Cn2max{0(,ﬂ} (Z )»]((a'ﬁ) [wa,ﬁ(xk,n)]il/z (1— xk,n)]/4> < Cn2max{a,;3}
k=1

as the sum is easily seen to be bounded upon using (6.11). [

The other sums of ||£Z”3 loo cannot be deduced form the Lebesgue constant for the
interpolation polynomial of one variable, as we did in Corollary 5.2, since there are four
remaining sums by (6.4), and only one of them, the first one, is related directly to the fundamental
interpolation polynomials of one variable. We can, however, reduce the proof to the estimate of
several kernels in one variable. Let us define, for i, j > 0,

P (e y) = (1= 0 A+ 02— I+ )T (),
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Lemma 6.4. Let o, B > —1/2and i, j > 0. Then

|kr(lot,ﬁ)-,i;j (cos 6, cos )|

—a—1 —p-1
(sin§sing +n7110 =gl +n2) " " (cosGeos§+nto gl +n2) "
<c

- 6 —¢|+n!

(6.13)

While (6.11) and (6.11) are classical, (6.13) is stated recently in [23, Lemma 5.3] and its proof
follows from an estimate in [4]. The restriction «, 8 > -3 L instead of o, B > —1 comes from the
method used in [4]. For i, j > 0, let

L n
A,gl"/)(x) = Z o

k=1

We will need the following result for our estimate of || £’ A [l oo

Lemma 6.5. Let o, 8 > —1/2. Fori, j >0,

- max{a,ﬂ}-i—% —
maxeei—1.11 Ay (1) = O(1) " , max{a, B} > —1/2, (6.14)
logn, max{c, B} = —1/2.
Proof. We can assume x € [0, 1] and write x = cosf. We consider « > —1/2, the case
o = —1/2is easier. Fix m such that x, , is (one of) the closest zero to x. Then 1 <m < n/2+1.

We only consider the sum in /lf,i’j ) for 1 < k < 2n/3, the remaining part is easier since for
2n/3 <k <n,|0 —6gn|l ~1.Ifk =m—1,m,m+ 1, then by (6.11) and (6.13),

1

. +,
(sin G ,)* "2 sl
I§cn 2,

0 ats
(sm2 kon +n*2>

Using the fact that |6 — 0| ~ |6, — €], we have by (6.11) and (6.13)

+
E lk—m|>1 <cn® ZE lk—m|>1

1<k=<2n/3 1<k<2n/3 |k m|(km+|k m|) o= j

The last sum can be shown to be bounded by dividing it into three sums over 1 < k < m/2,
m/2 <k <2mandm < k < 2n/3, respectively. Such estimates are rather standard affairs, we
leave the details to the interested readers. [

kOH_%

For i = j = 0, the estimate (6.14) gives the order of the Lebesgue constant for the
interpolation polynomials based on the zeros of Jacobi polynomials in one variable. The classical

proof in [17], however, does not apply to the case of (i, j) # (0, 0), since A(a ﬂ)k(a’ﬁ)’i’j(x, Xk.n)
does not always vanish at x; , when [ # k.

We are now ready to prove our result on the Lebesgue constant of 52{”3 f.

Theorem 6.6. Let o, 8 > —1/2. The Lebesgue constant of the Lagrange interpolation
polynomial Lz‘ﬂf based on the nodes of the minimal cubature rule of degree 4n — 1 for Wy g
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satisfies
2 max{a,B}+1 max{e, 8} > —1/2
o o . ’ , ) 6.15
1L, lloo ( ){(logn)Z, max{a, B} = —1/2. o
Proof. Let xi , = cos 6 , be the zeros of the Jacobi polynomial P;(za’ﬂ ) We estimate ||£%”3 lloc in

(6.9) by setting x; = cos @ and xp = cos # and taking the maximum over 0 < 6y, 6, < &.

It follows that 2x; x> = cos ] + cos 0, and x% + x% — 1 = cos ) cos B>, and furthermore,

X1 — Xy = \/(l —cosf1)(1 —cosBy) and x;+xp = \/(1 + cos01)(1 + cos ).
Hence, recalling (4.5), it follows from (6.4), (2.24) and Lemma 6.3 that

n_k
125 oo = O maxozay pyzn Y ki [ [ I 01 02| + |70 001, 62)
k=0 j=1

+ |15 @ o] + | @ || + On2 e,
where J,i’j are defined by
T 01, 60) = kP (cos By, cos 0)ki"P" (cos 02, cos ;)
+ k,(f’ﬂ)’i’j(cos 61, cos Gk)k,(la’ﬁ)’i’j(cos 02, cos0;).

Hence, as in the proof of Corollary 5.2, we can reduce the estimate to the product of /lfli’j ) , SO
that the desired result follows from (6.14). [

In the case of « = 8 = —1/2, the order of the Lebesgue constant was determined in [3] based
on the explicit expression in [21]. In all other cases, the estimate (6.15) is new. One interesting
question is if the result can be extended to the case of max{c, B} < —%. We expect that it can

be and, furthermore, we believe that the order is ||£Z’ﬁ||oo = O(1)(log n)? for max{a, B} < —%.

Finally, we expect that this order and the one in (6.15) are sharp in the sense that the lower bound
holds with the same order.
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