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1. Introduction

In this paper, we consider the Cauchy problem of the Schrédinger equation with derivative:

. 2 . 2

{latu+axu:lkax(|u| u), xeR, teR, (1)
u(0,x) =uo(x) € H*(R),

where A € R, H’(R) denotes the usual inhomogeneous Sobolev space of order s. It arises from describ-
ing the propagation of circularly polarized Alfvén waves in the magnetized plasma with a constant
magnetic field (see [23,24,26]).
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The local well-posedness for (1.1) is well understood. By the Fourier restriction norm in [3,4] and
the gauge transformation in [16-18], Takaoka obtained the local well-posedness of (1.1) in H*(R) for
s > 1/2 in [27]. This result was shown by Biagioni and Linares [1], Bourgain [5] and Takaoka [28] to
be sharp in the sense that the flow map fails to be uniformly C° for s < 1/2.

The global well-posedness for (1.1) was also widely studied. In [25], Ozawa made use of two
gauge transformations and the conservation of the Hamiltonian, and showed that (1.1) was globally
well posed in H'(R) under the condition (1.2). In [28], Takaoka used Bourgain's “Fourier truncation
method” [6,7] to obtain the global well-posedness in H*(R) for s > % again under (1.2). In [9,10],
I-team (Colliander-Keel-Staffilani-Takaoka-Tao) made use of the first, second generations of I-method
to obtain the global well-posedness in H*(R), for s > 2/3 and s > 1/2, respectively. For other results,
we refer to [14-19,25,29-31].

In this paper, we will combine the third generation of the I-method with the resonant decomposi-

tion to show the global well-posedness of (1.1) in H? (R). We think that the resonant decomposition
technique here may also be used to study the global well-posedness of (1.1) in H > (T).

Theorem 1.1. The Cauchy problem (1.1) is globally well posed in H? (R) under the assumption of

2m
lluollp2 <‘,ﬁ' (1.2)

The main approach, as described above, is the I-method. This method is based on the correction
analysis of some modified energies and an iteration of local result. The first modified energy is defined
as E(Iu), for some smoothed out operator I (see (2.4)). Moreover, one can effectively add a “correc-
tion term” to E(Iu). This gives the second modified energy E% (u), and allows us to better capture the
cancellations in the frequency space. However, a further analogous procedure does not work. Since
in this situation, a strong resonant interaction appears and this resonant interaction will make the
related multiplier to be singular. More precisely, as shown in [10], we define the second modified en-
ergy by a 4-linear multiplier M4, which will generate a 6-linear multiplier Mg in the increment of the
second modified energy. If we define the third modified energy naturally by the 6-linear multiplier og
as

Ms
o5 =——,
a6
where ag = —i(E} — & + &2 — €2 + &2 — £2), then «g vanishes in some large sets but Mg does not.

So it is not suitable to define the third modified energy in this way. Our argument is to decompose
the multiplier Mg into two parts: one is relatively small and another is non-resonant. The analogous
way of resonant decomposition was previously used in [21,22]. However, it is of great complexity here
and a dedicated multiplier analysis is needed in this situation. The resonant decomposition technical
was also appeared previously in [2,8,13]. In particular, I-team [13] made use of the second generation
“I-method”, a resonant decomposition (in order to avoid the “orthogonal resonant interaction”) and
an “angularly refined bilinear Strichartz estimate” to obtain the global well-posedness of mass-critical
nonlinear Schrodinger equation in dimension two.

Remark 1.1. Without loss of generality, we may take A =1 in (1.1) in the following context. Indeed, we
may first assume that A > 0, otherwise, we may consider u(x, —t) for instead. Then we may rescale
the solution by the transformation

u(x,t) —> Lu(x, t).

VA

This deduces the general case to the case A =1.
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Remark 1.2. For the global well-posedness, it is natural to impose the condition (1.2). Indeed, the
solution of (1.1) (for A = 1) enjoys the mass and energy conservation laws

M(u(t)) ::/|u(t)|2dx: M (up), (13)

and

3 — 1
H(u(t)) == /[|ux(t)|2 + 5 Imlu(®] uOu® + 5|u(t)|6] dx = H(uo). (14)
By a variant gauge transformation

i 2
v(x, t) = e 7 [lluv0) Yy (x, ),

we have

vz =u®];.
1
H(u®) = |vx(® ”ig - EUV“) H(LS)?'

Thus, the condition (1.2) guarantee the energy H(u(t)) to be positive via the sharp Gagliardo-
Nirenberg inequality

4
6 4 2
1£16 < —5 IS 1Ll

Remark 1.3. In [9], I-team obtained the increment bound N~'* of the first generation modified en-
ergy, which leads to the global well-posedness in H*(R) for s > 2/3. In [10], the authors obtained the
increment bound N—2F of the second modified energy, which extend the exponent s to s > 1/2. In
this paper, we will make use of the resonant decomposition to show the increment bound N—>/2% of
the third generation modified energy, which allows us to extend the exponent s to s =1/2.

The paper is organized as follows. In Section 2, we give some notations and state some preliminary
estimates that will be used throughout this paper. In Section 3, we introduce the gauge transforma-
tion and transform (1.1) into another equation. Then we present the conservation law and define the
modified energies. In Section 4, we establish the upper bound of the multipliers generated in Sec-
tion 3. In Section 5, we obtain an upper bound on the increment of the third modified energy. In
Section 6, we prove a variant local well-posedness result. In Section 7, we give a comparison between
the first and third modified energy. In Section 8, we prove the main result.

2. Notations and preliminary estimates

We use A < B, B> A or sometimes A = O(B) to denote the statement that A < CB for some large
constant C which may vary from line to line, and may depend on the data. When it is necessary,
we will write the constants by Cq(-), C2(-), ... to see the dependency relationship. We use A ~ B to
mean A < B < A. We use A < B, or sometimes A = o(B) to denote the statement A < C~!'B. The
notation a+ denotes a -+ ¢ for any small €, and a— for a—e. () = (14| )12, J¢ = (1 — 82)%/2. We

1 .
use ||f||Lm to denote the mixed norm (/|| f(:, t)||fq dt)?. Moreover, we denote .%, to be the Fourier
transformation corresponding to the variable x.
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For s,b € R, we define the Bourgain space Xsib to be the closure of the Schwartz class under the

norm
lulls, = ( GRS

and we write X p 1= X:b in default. To study the endpoint regularity, we also need a slightly stronger
space Y (than Xsi1 ),
2

1/2
i, )| dt dr) , (21)

1 Fllyz = 1Sl + 1660 Fll - (22)
52

These spaces obey the embedding YSi < C(R, H*(R)). Again, we write Y5 := Y. It motivates the
space Z; related to Duhamel term under the norm

€r°f

) (2.3)

Ifllz=1flx_, +H
2

L%L}'
Let s <1 and N > 1 be fixed, the Fourier multiplier operator Iy s is defined as

Insu(g) =mns(E)u), (24)
where the multiplier my s(§) is a smooth, monotone function satisfying 0 < mpy s(§) <1 and

1, IEI <N,

NI=SIgT, [g] > 2N, (25)

mys(§) = {

Sometimes we denote Iy s and my s as I and m respectively for short if there is no confusion.
It is obvious that the operator Iy s maps H*(R) into H'(R) for any s < 1. More precisely, there
exists some positive constant C such that

C Mullms < IMnsullyr < CN[lullps. (2.6)

Moreover, Iy s can be extended to a map (still denoted by Iy s) from X;p to Xq p, which satisfies that
forany s <1, b eR,

—1 1—
C™ lullxg, < Mnsullx, , < CNT°llullx,,.

Now we recall some well-known estimates in the framework of Bourgain space (see [10], for ex-
ample). First, Strichartz’s estimate gives us

Il S s, - 27)
2

This interpolates with the identity

ullz, = g

to give
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3/1 1
< Y
g, < lullye, . foro > > (2 q>. (28)
Moreover, we have
I flligere S ||f||vl+- (2.9)
2

Indeed, by Young’s and Cauchy-Schwarz’s inequalities, we have

1l <0y S J@)2*F

2Ly
Lemma 2.1. Let f € Ysi for any s > 0, then we have

1Fls SNy (210)

Proof. We only consider Ys-norm. By the dyadic decomposition, we write f = Z}?io fj, for each
dyadic component f; with the frequency support (&) ~ 24. Then, by (2.8) and (2.9), we have

1flls

j=0

—,

oo [e.¢]

. 110 10
Dl < ISl 1l
[e¢]

<
<

=0
o0
0 1-6 1-60)j
DA 1A, < D222l
=0 2

j=0

—,

where p > % and we choose q = 6— such that § = 1—. Choosing q close enough to 6 such that

s > p(1 —60), then we have the conclusion by Cauchy-Schwarz’s inequality. O

Moreover, interpolating between (2.9) and (2.10), we have
1f0g, 1SNz (2.11)

for any q € (6, +00) and sq > %(1 — g)_
At last, we give some bilinear estimates. Define the Fourier integral operators I%.(f, g) by

I5(f. 9. 1) = f ma (&1, &) f (&1, 1) E(E, T2), (2.12)

*

where [, = [, o 11 q— dE1dT1, and

m_ =& — &, my =& +&2|.

Then we have
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Lemma 2.2. For the Schwartz functions f, g, we have

1
[22Cr ]z <07l gl (213)
2 2
1
[22¢r ol <00k, gl (214)
2 2
1
[l SUflxe, lglhx-, - (2.15)
Xt 0.1+ 0.1+

Proof. See [14,21] for example. O

When s =0, by (2.8) we have

12 @2 < Ul Iglg, < 1Fxos 181xy - (2.16)
where
1,11 :§<1_1> /:§<1_1>
p q 2 2\2 p/)’ 2\2 gq/)
thatis, b+b'=3, and b, b’ € [}, 1.

Interpolating between the results in Lemma 2.2 and (2.16) twice, we have

Corollary 2.1. Let I¥, be defined by (2.12), then for any s € [0, %],

I oz S0k, , Nellxy,
||Ii(f’ g) ||L)2(t 5 “f”XO_Ybl_*_“g”XO_‘bz-%-7

I (F. ]2 S 1Sl

0.by+

lglx-

O‘bz-%-7
where by = 3(1 —s'+5), by = 2(25' + 1) forany s’ e [s, 1.

In this paper, we just need the following crude estimates:

1_
1127 0lz S1S 0k, lglyr, (2.17)
X 0,5 05—
1_
1127 oliz SUFlx-, lgly-, (218)
X 0,5 05—
1_
127 @]z SIFlx, gl - (219)
Xt 0,%, 0.%,

Before the end of this section, we record the following forms of the mean value theorem, which
are taken from [11]. To prepare for it, we state a definition: Let a and b be two smooth functions
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of real variables. We say that a is controlled by b if b is non-negative and satisfies b(§) ~ b(¢’) for
€1 ~1&'| and

b b
a§) Sh), a’<s>§%, “//5%-

Lemma 2.3. [fa is controlled by b and |n|, || < |&|, then we have

o (Mean value theorem)

b
|a(€+n)—a($)|,<vln|%. (2.20)

e (Double mean value theorem)

b(&)

laE+n+1 —aE+n) —aE+1+a®)| < IUIIAIW-

(2.21)

3. The Gause transformation, energy and the modified energies
3.1. Gauge transformation and conservation laws

First, we summarize some results presented in [9,10]. We start by recalling the gauge transforma-
tion used in [25] to improve the derivative nonlinearity presented in (1.1).

Definition 3.1. We define the nonlinear map ¢ : L>(R) — L%(R) by

G Fx) = e ST iy

The inverse transformation ¢! f is then given by

G fx) = el Sl FO Y ().

Set wo :=%ug and w(t) :=“u(t) for all time t. Then (1.1) is transformed to

_ 1
iatw+83w:—iwzaxw—§|w|4w, w:R x[0,T]+— C,

(3.1)
w(0,x) =wgo(x), xeR.
In addition, the smallness condition (1.2) becomes
lwoll2 < v2m. (3.2)

Note that the transform ¢ is a bicontinuous map from H*(R) to itself for any s € [0, 1], thus the
global well-posedness of (1.1) is equivalent to that of (3.1). Therefore, from now on, we focus our
attention on (3.1) under the assumption (3.2).
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Remark 3.1. For the equation without the derivative term in (3.1) (it is the focusing, mass-critical
Schrédinger equation):

[iatw + 02w =—|wl*w,
w(0,Xx) =wox), xeR, teR,

it is global well-posedness below H%(R) with the mass less than that of the ground state. Indeed,
in [21], the authors proved that it is global well-posedness in HS(R) for s > % So the difficulty of
Eq. (3.1) comes mainly from the derivative term.

Definition 3.2. For any f € H!(R), we define the mass by

M(f)z/lflzdx,

and the energy E(f) by

E(f) :=/|axf|2dx— %Im/Iflzfaxde-

By the gauge transformation and the sharp Gagliardo-Nirenberg inequality, we have (see [9] for
details)

10xfll2 < C(ILFll2) ECF)?2, (33)

for any f e H'(R) such that || f|;2 < /2.
Moreover, the solution of (3.1) obeys the mass and energy conservation laws (see cf. [25]):

M(w(t)) =M(wo),  E(w(t)) = E(wp). (34)
3.2. Definition of n-linear functional

Let w be the solution of (3.1) throughout the following contents. For an even integer n and a given
function My (&1, ..., &,) defined on the hyperplane

Fl‘l:{(gl""vgn): Sl—"_"'—"_gn:o}’ (3'5)

we define the quantity
An(Mn§ W(t)) = / Mn (&1, ..., &) Fxw (&1, ) Fxw (=62, 1)
I

o FxW(En—1, 0) Py (—En, ) dEq - - dEn_1. (3:6)

Then by (3.1) and a directly computation, we have
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iAn(l\/[n§ W(t)) = An(Mnan§ W(t))

dt
-4mﬂ<2yﬁmxﬁuwm>

j=1

+1MH<§}—UﬁwﬁMﬁWGO»

2 .
Jj=1

where

n
=iy (-1)E7,
j=1
and

Xi(Mp) = Mu(E1, . &1, &+ + &40 &1, Eng)-

(3.7)

Observe that if the multiplier My is invariant under the permutations of the even £; indices, or of the

odd &; indices, then so is the functional A,(My,; w(t)).

Notations. In the following, we shall often write &;; for & +§&j, &k for & +&; + &, etc. Also we write

m(&;) =m; and m(&; + &j) = my;, etc.
3.3. Modified energies

Define the first modified energy as

E}(w(®) :== E(Iw(D))

1
= —Ay(51&mmy; w(t)) + ZA4($13m1m2m3m4; w(t)),

where we have used the Plancherel identity and (3.6).
We define the second modified energy as

1
EF(w(D)) := — Az (E162mima; w(D)) + §A4(M4($1,$2, £3,64); W(t)),
where

m2E2Es + miE2Ey + miELE + miELE,
£2 -8 482 —¢2

M4(1,52,83.64) = —

Then by (3.7) (or see [10] for more details), we have

d
E#WmnzAdewm+AAme®y

where

(3.8)

(3.9)

(3.10)

(3.11)
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Mg(&1,...,86)
= Ps1,....56)

LY (MaEae b e 5B + Ma(a. Evca. Ee £

72 {a,c.e}={1,3,5}
{b.d, f}={2,4,6}

+ Ma(a. &b, Ecde. E7)Ea + Ma(Ea, &b, &c. Edef)Ee), (312)
Mg(&1,...,&8)
= Cg > (Ma(Eapede- €5+ £g- &) + MaEa. &b Ecdefs &)
{a,c,e,g}={1,3,5,7}
(b.d. f.h})=(2.4,6.8)
— Ma(&a, Epcdef > §g- &n) — Ma(Ea. &b, &c, Edefan)) (3.13)

for some constant Cg and
i ,
Bo(ér, ... Eo) == ) (~1)/mie]. (3.14)
j=1

Note that M4, Mg, Mg are invariant under the permutations of the even &; indices, or of the odd &;
indices.

In order to consider the endpoint case, we also need to define the third modified energy. Before
constructing it, we shall do some preparations. We adopt the notations that

|| = &5 = = g = - = &7

Moreover, by the symmetry of Mg, Mg (and other multipliers defined later), we may restrict in I}
(defined in (3.5)) that

111 = 183] = -+ = |&n—1l, 1§21 > 1541 = - - - = |&nl.

Now we denote the sets

T={&,....5%) € Is: |&|~|&| 2 N},

21 ={(Er..... &) € T: 1]~ I&3] > |&5| or 62| ~ 164l > |£5]}.

2= {E ..t e Tt al~ 6l 2 N> &, aldia + &> 6],
23={¢1.....6) € T: |&] > &},

and let

2 =821U82HUR23.

Remark 3.2. My is well controlled by a4 since a4 has a good factorization, see [10] or Lemma 4.5
below. However, in general, |Mg| is not controlled by |cg|, this is the main difficulty lied in our
problem. However, we exactly have (see Lemma 4.9 for the proof)
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IMs| < lagl, forany (&1, ..., &) € £2.
For this reason, §2 is referred to the non-resonant set.

Rewrite (3.11) by

d
EE%(W(D) = As(Ms - xrs\2: W) + As(Me - x2: (b)) 4+ Ag(Ms:; w(b)).

Now we are ready to define the third modified energy E?(w(t)). Let

M
E}(w(t)) = A6(06: w(D)) + E2(W(b)), o6= ‘a—f .

Then by (3.7) and (3.15), one has

d ~
aE?(w(t)) = Ag(Me - xrg\2; w(t)) + Ag(Ms + Ms; w(t)) + A10(M1o; w(1)),

where Mg, Mg are defined in (3.12), (3.13) respectively, and

6
Ms=~i)  Xj(06)js1.
j=1

. 6
1 .
Mio =3 > (=D X](0%).
j=1

Remark 3.3. By the dyadic decomposition, we restrict that

|&f|~ N5, forany j=1,2,....

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Now we give some explanations about the construction of £2;. We keep in mind the denominator

of og,

wp=—i(E2 — &2 + £} — &2 +£2 — £2).

On one hand, for the non-resonant region, we expect || has a large lower bound in 2. On the other
hand, we expect that the multiplier Mg has a small upper bound on the resonant region I'g\£2.

(a) By the definition of £21, we have

|| ~ N2, for (51, ..., &) € £21.

On the other hand, in %\£2, the following case is ruled out:

£ =&, & =&; or & =6, & =&.

Therefore, to estimate Mg - X\, We only need to consider
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E =&, & =& or &=§&, & =E&.
This is carried out in Proposition 4.1 below.
(b) Now assume that we are in the situation: |£1| ~ |&2| 2 N > |£5]. We find that ag will not vanish
if
&1+ &1 > N3?/NT,
since in this case |ag| ~ |&1]1§1 + &2|. It is common to choose a lower bound of |&1 + &| between
N;‘Z/NT and N3, and the choice of the bound will affect the bound of Mg and Ms. Generally (but
not absolutely), a small lower bound of & + &;| gives a small upper bound of Mg, but it maybe

lead to a large upper bound of Mg. So, it appears important to make a suitable choice.
As shown in the definition of 2, we choose a middle bound of

&+ &l > |52 lE ).

This leads to the upper bound of Ms - X\, Mg that if |51 < N, then

1 1 ~ 1 1
IMe - xrs\2l S N72N32 Ny, IMg| < N72N32.
See Corollary 4.1 and Proposition 4.3 below.

(c) For the construction of £23, we have two observations. On one hand, we can prove (see Lemma 4.9
below) that

o) ~ N2, for (&1, ..., &) € £23.

On the other hand, it rules out the bad case

&1 2 N> &

in the resonant set /\$2. This case prevents us to give a better 6-linear estimate, see Proposi-
tion 5.1 below.

4. Upper bound of the multipliers: Mg, Mg, ﬁs, Mo

The key ingredient to prove the almost conservation properties of the modified energies is to
obtain the upper bounds of the multipliers introduced in Section 3. In this section, we will present a
detailed analysis of the multipliers: Mg, Mg, Mg, M1p.

4.1. An alternative description of the multipliers: Mg, Mg, IVIS

As a preparation of the next subsections, we rewrite the multipliers in a bright way by merging
similar items.

Lemma 4.1. For the multiplier Mg defined in (3.12), we have

Me=Bs+ 11+ L+ 13+ 14+ 15+ 16,

where B is defined in (3.14) and
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I1 = C6[M4(&3. £214. &5. &6) + Ma(83. £216. &5. £4) + Ma(83. ba16. &5. £2) 61,
Co[Ma(€123. £4. &5. &6) + Ma(§125. £4. 3. &6) + Ma(§325. £4. 1. 6) |2,
[Ma(&1. 6234, &5. &6) + Ma(€1. £236. &5, £4) + Ma(§1. £a36. &5. £2) |63,

]

]

]

I
I3 =Cg

Iy = Ce[M4(§143. £2. &5. &6) + Ma(§145. £2. £3. &6) + Ma(6345. 2. 1. &6) |a.
Is = Co[Ma(&1, 6254, &3, &6) + Ma(&1, £256, £3, £4) + Ma(§1, a56, 63, £2) |55,
Is = C6[M4(§163. 2. &5. £4) + Ma(§165. 2. £3. £4) + Ma(E365. 2. 61, £4) |6

for some constant Cg.
For Mg, we rewrite it as the following two formulations.

Lemma 4.2. For the multiplier Mg defined in (3.13), we have

Mg=Ji1+ o+ Js+ Ja=J1+ o+ I35+ ]34

where

Ja=2Cg > [Maé1,&, Eabeder ) — Ma(1, &2, &0, Ebcder)]

J1=2C; > [Ma(Erb3da. &5 &c. &) — MaEa. Eprasy. Ec. En)].

for some constant Cg.

For 1\718, we rewrite it as follows.

(4.1)
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Lemma 4.3. For the multiplier Mg defined in (3.18), we have

Mg=J1+J2+ J3 +Rs, (4.2)

where

J1 = C4[o6(83, €214, &5, &6, &7, £8) + 06 (€3, E216. &5, £4. £7, £8)

+ 06(£3, 6218, &5, 64, §7. &6) + 06(83, 6416, &5, 62, &7, &3)

+ 06(£3, £418. &5, 62, §7, &6) + 06(£3. £618. €5, 62, §7, £4) |61,
2= 6&[06(5123, 4,85, 86,87, 83) +06(8125, 84, &3, &6, &7, &8)

+06(8127, 64, &3, 86, §5. &8) + 06(6325, £4, 61, 6. £7, 68)

+ 06(£327. £4. £1. &6, 5. £8) + 06(£527. £4. £1. &6, 63, £8) |62,
J3 = Cy[06(&1. 6234, &5. £6. &7. £8) + 06 (§1. £236. &5. £4. £7. &3)

+06(81, 8238, &5, 64, 57, &6) + 06(81, 5436, 85, 62, €7, 68)

+ 06(€1, £a38. &5, £2, &7, &6) + 06(£1, 638, &5, 2, §7, £4) |63

for some constant C}, and

|Rs| §m§x|os|-max{|s4|,..., |&s]}. (4.3)

Next, we give the bounds of the multipliers one by one. From now on, we may assume by sym-
metry that

511 = 1521

in the following analysis. Hence
£ =¢&1, £y =& oré&s.
4.2. Known facts
In this subsection, we restate some results obtained in [10]. First, we have

Lemma 4.4. (See [10].) If NT < N, then we have

1
My(81,82,83,84) = 5(51 +&3), (4.4)
Mg (&1, ....8) =0, Mg (&1, ...,&) =0. (4.5)

Second, we present some estimates on the multipliers.
Lemma 4.5. (See [10].) The following estimates hold:

(1) |Ma(E1, &2, £3, 82)| SmINT; (4.6)
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(2) If151] ~ 1531 2 N > |§51, then

|Ma(&1,£2. &3, 64)| S mEN3; (4.7)
(3) Ifl&1] ~ 1621 2 N > |&51, then
1

My(&1,82,83,84) = Em%& +R(1,£2,83,84), for |R| SN3; (4.8)

(4) If1&31 2 N, then
Mg (&1, ... &) | SmING: (4.9)

(5) If €51 < N, then
|Me(&1,....&)| S NN3. (4.10)

4.3. An improvement upper bound of Mg
The estimates (4.9) and (4.10) are not enough for us to use, now we make some refinements.
Proposition 4.1. For the multiplier Mg defined in (3.12), the following estimates hold:

(1) If &5 =&, then

|Me (&1, ..., &)| S NTN3. (411)

(2) Furthermore, if |&1] ~ |62 Z N > |£3], then

Me (1, ..., £6) = —Ce&1612 + Co(m3e2 — mig?) — Com2&rErn + O(N3?),  (412)

where Cg is the constant in Lemma 4.1 and Cg = %Cs — é.

Proof. For the sake of simplicity, we may assume that Cg = 1. Moreover, for (4.11), we only consider
the case Ny > N3, otherwise it is contained in (4.9). Thus, we may assume that [&] ~ [&] > |&5]
in (1).

Now we estimate (4.11) and (4.12) together. Note that

o= —5 (m3&3 —mie?) + O (N5?).

It suffices to estimate: I, ..., Ig by Lemma 4.1.
For I, Iz, by the definitions, we further divide them into three parts:

Iy :=T11 + I + I13; Iy :=1I71 + I + I3,

where
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Ii1:= M4 (83,6214, 65, 86061, 112 := Ma(&3, 6216, &5, 64)61,
I3 := Ma4(83, €416, &5, 52)61,

Iy1 := Ma(§123, 84, &5, §6)62, Iz := Ma(§125, 64, €3, §6)62,
I>3 := Ma(8325, 64, €1, 56)62.

In order to estimate Iy, ..., Ig, it is enough to prove the following three lemmas.

Lemma 4.6. If 1| ~ |&2| > |£5|, then we have

1
L3 +1Ixn= i(m%‘?l&z +m3g2) + 0(N3?). (413)
Hence,
[I13 + I23] S NYN3. (4.14)

Proof. By the definition, we have

I13 = M4(&3, §416, &5, 62)61

_ _m42116€4%15$2 + m%$22€416 + m%§32§5 + m§g5253

- &1,
o
where o = £ — &2, +£2 — £7. Similarly,
I3 = Ma (8325, €4, 61, 86)52

_ m§25€3225§1 + m%$12€325 + mﬁé}&’e + mégé$4

=- o - &2,
where o’ = &2, — &2 + 2 — £2. Note that |&1] ~ |&] > |£5], we have

leel, |e'| ~ N%2. (4.15)

Then,

2 g2 252
_ _ Muebineé2 + myE58a16

I3 " -&1+ O(N3>Nj/N?),
2 2 252
m3,565,561 +my61 325
Iys = — 13255325 - 151 ~52+O(N§‘2NI/N’{),
which yield that
2 g2 252
My 6&a1652 + M3E58416
I3+ Ip3 = — 2162416 22250 (& + &)

o
gy (mﬁm&%]eéz +m3ETEas  m3ysEysén + m%sfsm)

o o’
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+ 0(N3*Nj/NY)
=1l + & - I + O (N}°N}/N7). (4.16)
First, by the mean value theorem (2.20) and m < 1, we have

11| S m2 (€1 + &211E1246] S N2 (417)

On the other hand, note that &416 = —&325, then we have

2 2 2£2 2 &2 22
_ Mi16841652 T M3856416  M3585,561 +MyE7 6325
o o

1

1
= a(mzzu(;%'fm& + M5E5Ea16 + M3y5E5sE1 + MTELEszs)

a+o
- ( o ) - (M3a585sE1 + MiETEss)

1
= E(mfueéfm(él + &) + Ens(m3Es — mig]))

- (oca—:;c ) - (M3a5850s5E1 + MT&LE32s). (418)

By the mean value theorem (2.20), we have

1 — ; * %3
o~ amE TOMND)
M3 sEars(E1 +£2) + Ear6 (37 — miE) = O (N°N3).

Thus,

Term 1 of (4.18)

=25 (M3166216(E1 + &2) + Ear6(m3E7 — m2E2)) + O (N%%/N¥)

= @(m%s%@] +&) + & (mdeZ —migd)) + 0(N3?/N7)

1
- i(m%gl +m3&) + 0(N32/ND). (4.19)

On the other hand, by the mean value theorem (2.20),
o +a'| = logl SNGN3, | mbysédyser +miedess| = O (N7PN3).
Thus, by (4.15), we get
Term 2 of (4.18) < N32/N*. (4.20)

Combining (4.18), (4.19) with (4.20), we have
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= %(m%& +m3&) + 0(N32/NY). (4.21)
Inserting (4.17) and (4.21) into (4.16), we have the desired result. O
Lemma 4.7. If |&| ~ |&2| > |£5|, then we have
I1 + T2 + o1 + 12 SNIN3. (4.22)
Furthermore, if |€5| < N, we have

I+ T2 + Io1 + Ip = —£1612 + O (N3?). (4.23)

Proof. Since |&12| < N%, (4.22) follows from (4.6). Moreover, if |£12] < N, then by (4.4), we have

1 1
I11 =l = &35 - 61, Iz1 =1l = — 846 - &2,
2 2
which implies that

I+ Iz + I + Laa = £3581 — Ea662 = £12 - E235 = —E1812 + O (N5?).
This completes the proof of the lemma. O

Lemma 4.8. If |§1| ~ |&2| > |£5, then we have
I3+ 14+ 15 + Is| S NTN3. (4.24)
Furthermore, if |£5| < N, then
3
I3+14+15+I6=—§m%€1‘§12+0(N§2)- (4.25)

Proof. (4.24) follows from (4.6). Now we consider the case |£;| < N. By (4.8), we have

— — 1
Mu&&f&@=§ﬁ&+Omﬁ (4.26)

where & +& + &+ =0, & =& + O(N}), & =& + O(N3) and |&| ~ |&] = N > [£5]. Using (4.26),
we obtain

_3 2 %2
13+14+15+16—§m1§1(§3+$4+$5+$6)+O(N3 )
3
= —Smi&i (6 +£) + O (N5?).

This completes the proof of the lemma. O

Now we finish the proof of Proposition 4.1. Indeed, (4.11) follows from (4.14), (4.22) and (4.24).
While by (4.13) and (4.25), we have
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I3+ I +I3+ 14+ 15+ g

1 3
= 5 (mi1gr +m3&F) — Smiki & + &) + O (N5?)

1
= 5 (&3 —mi&}) —mig1 (& + &) + O (N5?). (4.27)
Therefore, (4.12) follows from (4.23) and (4.27).

Corollary 4.1. If |£5| < N, then we have

Mo (1. ... 86)| SNTINZING in Ip\82. (4.28)

Proof. In this situation, &5 = & (see Remark 3.3(a)). Then by (4.12) and the mean value theo-
rem (2.20), we have

2
|Mg(&1. ... &)| S IE11161 + &2] + N3°.
. 1 3.
Moreover, since |§1]2 &1 +&2| S |&512 in I6\S2, we have
K13
|Mg(&1, ..., &) S NT2IN32,
Then (4.28) follows by the fact that N3 ~ N} in I5\25. O

4.4. An upper bound of Mg

Proposition 4.2.

|Msg (&1, ..., &)| S N7 (4.29)
Furthermore, if |€5| < N, then we have
|Msg (&1, ..., &)| S N3 (4.30)

Proof. By (4.6), we have |[M4(£1, &2, &3, £4)| S N7 Thus (4.29) follows. For (4.30), we split it into two
cases.

Case 1. £ = &,. By (4.1), we have

Mg=J1+ J2+ J3+ Ja.

So it suffices to prove: |J1l,[J2l,1J3l.1Jal S Nj. First, J1 follows immediately from |£1 + &| S N3
and (4.6). While j, follows from (4.7) and J3, J4 follow from (4.26).

Case 2. £5' = &3. Now we adopt the formulation:
/ / ’ /
Mg=]1+ o+ J3+ s

and it is necessary to prove: |J{1,1J51, 151, 1J4l SN3. J; and J, are similar to J; and J». For J;, we
also use (4.26) to give
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J5=C(mi& +m3ts) + 0(N3) = O(N3).
where we used the mean value theorem (2.20). J is similar to J>. O

4.5. An upper bound of o, Mg

2183

First, we prove that o is uniformly bounded in §2, which implies that the set £2 is non-resonant.

Lemma 4.9. In 2, we have

los(&1,....&)| S 1.

Particularly, in £21 N {|§5]| < N}, we have

|o6(€1, ..., &6)| S N3/NT.

Proof. Recall that

In £21, we have

|6 (E1, - .., E6)| ~ NI2.

This gives (4.32) by (4.10) and (4.31) by (4.9).
In £27, we have

&2 — 2| ~ |&llEr + &1 > |5 ]

)

which yields that

lo| ~ |€11181 + &2l

While from (4.12) and the mean value theorem (2.20), we have

[Ms(&1,.... &) | S &1l1E1 + &2l + N32 S &1 1161 + &21.

This gives (4.31) in §2;.
In £23, since & - &5 <0, & - & > 0, it holds that

&7 = &3]+ [&5] + o(N3).
We claim that
lag| = NTN3.

Indeed, for (4.34), we divide it into the following three cases:

() =& &=& () §=6  g=& () =5

(4.31)

(4.32)

(4.33)

(4.34)

£ =&.
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If &5 =&, &5 = &3, then we get

el = | (&7 — &3) + &5 + (=65 +85 — &5)|
= (51 — &) + & +0(1&%)
=—£1& + & +o(1&111E3))
~ [E11£3].

If £5 =&, £&5 = &4, then we have
los| = | (67 — &5 — &3) + (&5 + &2 — &)
= (82 — &2 —£2) +o(1&l?)

= ([|&2] + 1&al + 0(I&a])]” — &2 — &2) + 0(1&a?)
~ |E3][E4].

If &5 = &3, £&5 =&, then we have

los| = (67 — & + &) +o(1&1°) > &5 +o(1&31°) ~ &7
This proves (4.34).
By (4.9) and (4.10), we have |Mg(&1,...,&)| < NTZ. Then (4.31) follows if N ~ N3. Now we con-
sider the other case: N7 > N3. Thus we have: &' =&, in £23\$21. Then (4.31) in £23\$2; follows from
(411) and (4.34). O

Now we give the upper bound of Ms.

Proposition 4.3.

|Ms (&1, ..., &) SNT. (4.35)

Furthermore, if |€] < N, then we have

Mg (&r, ..., &)| S NTIN3Z, (4.36)

Proof. Since |og| <1, we have (4.35). Now we turn to (4.36). By (4.2), we shall estimate: J1, ]2, Js.
For this purpose, we divide it into two cases.

Case 1. £&5 = &. Since |og| < 1, we have T3l < N3. Now we consider the other two parts. Since 0 =0
for |&;] < N, we know that the first, second, third terms of ]1, ]2 vanish. Therefore,
Mg = 6;;[06(53, §416, 85, 62,57, 88) + 06(83, 418, 85,52, &7, &6)
+ 06 (€3, £618. &5, £2. £7. £4) |61 + Cg[06(6325. £4. €1, &6, &7, &3)
+ 06(£327, 64, €1, &6, &5, £8) + 06(E527. €4, §1. €6, §3. £8) |62 + O (N3). (437)

By (4.32), each term is bounded by N3.
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Case 2. £&5 = &3. In this case, |J2] < N%, so we only need to estimate Ji, J3. By permutating the terms
in J1, J3, we may rewrite Mg as

Mg = > [06(&3. Ep1a, &a. &1 &, En)E1 + 06 (61, Enza, £a. &1, &c, En)E3)

As an example, we only consider

06(83, 6214, &5, &6, 67, §8)51 + 06(61, §234, &5, 86, §7, £8) 63,
which equals to
I & + O(N3), (4.38)
where

II':= 06(&3, £214, &5, &6, &7, &8) — 06(61, 6234, &5, &6, 67, &3).

We first adopt some notations for short. We denote

A = Mg(&3, 6214, &5, &6, 87, &3); A" := Mg(&1, £234, &5, &6, £7. £3),
B :=ag(&3, 8214, 85, &6, &7, 8); B :=as(&1, £234, &5, &6, £7. £3).

Since

§22(&3, 6214, 65, 86, 67, &8) = §22(61, £234, &5, 86, £7, &3),

then by (4.31), (4.33) and the definition of £2,, we have

!

A 1.3
‘E’ B <1 IBI, | B'| ~ |&1234l1€1] > NT2 N3 2. (4.39)
Moreover,
A A 1 A" B+ B
M==—-—=—(A+A)-—. . 4.40
B B’ B( + ) B’ B ( )

On one hand, by (4.12) and (4.39), we have
A+ A" = Ceé1234 - (262457 + £13) — Cob1234(mi&1 +m3E3)
2 2 262 2 22 22 2
+ Cg(M3148514 — M3E5 +M33a83554 —mi&7) + O (N37).

Moreover, by the mean value theorem (2.20) in the second term and by the double mean value
theorem (2.21) in the third term, we have

| A+ A'| Smdl€123al 520l + N3 (4.41)
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Therefore, by (4.39) and (4.41), we have

1 N*Z
I
B &1 N*aN*2
1203
1 1 1 1
S N3/NT+N32 /N2 S N32 /N72. (4.42)

On the other hand,

2 2
|B+B'| = |57 — &334 + &5 — 14| + O(N37) =2l61234l 1524] + O (N).
Therefore, by the similar estimates as those in (4.39) and (4.42), we have

A" B+ B

1 1
g | SN/ (4.43)

Inserting (4.42) and (4.43) into (4.40), we have

1 1
I < N32 /N7 2,
which together with (4.38) yields (4.36). O
5. An upper bound on the increment of E? (u(t))

By the multilinear correction analysis, the almost conservation law of E? (u(t)) is the key ingredient
to establish the global well-posedness below the energy space. This is made up of the following 6-
linear, 8-linear and 10-linear estimates.

ops 1
Proposition 5.1. For any s > 5, we have

S
5
/ As(Ms - Xry: wO) dt| < N3 1w, (5.1)
0

Proof. By (4.5), when |&],...,]&| < N, we have Mg = 0. Therefore, we may assume that || ~
|51 2 N. Note that

[roa®rly , S15lx,

[NE
[NE

(see Lemma 2.2 in [20] for example), (5.1) is reduced to

5
w3,

_3
‘/AG(MG'XFG\Q§W(t))dt SN ZJr||IW||x1 ;
*2
But the 0+ loss is not essential by (2.17)-(2.19) and (2.8) for g < 6, thus it will not be mentioned. By

Plancherel’s identity and f(&, 7) = J’(—S, —7), we only need to show that for any f; € YJ, j=1,3,5
and fjeYy, j=2,4,6,
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/ Me-er\rz(%'u---,Se)fl(él,Tl)"‘ﬁs(&s,fs)
(E1)m(&1) - - - (56)m(&p)

F5><F5

_3
N=E U frllyg 1 ally < sl ol

where I'g x Ig={(,7): &1+---+& =0, 1 +---+176=0}, E=(&1,...,&), T=(T1,...,

we divide it into four regions:

(£.7) € (Is\2) x T%: |&5| 2 N> |&5
(6.7) € (Is\2) x I's: |&5| Z N> |&F
(6.7) € (I's\2) x I's: |&5| Z N> |63
(£,7) € (I\2) x Ts: €3] 2 N}.

b
b
b

{
{
{
{

In the following, we adopt the notation f}‘ to be one of f; for j=1,...,6 and satisfy f];

Estimate in Aq. By the definition of 2 and (4.28), in (/$\£2) x I, we have
1 1
11~ 162l Z N> |€5|, and M- xr\el SNTINSZING.
Therefore, by (2.17)-(2.19), we have

fi&, o) - fo(€s, 7o)
|25 2 (£3) 2 (E2)(ED)

LHS of (5.2) < N%572 /

w2 [l (6 R s T

Aq
(&) ()T
SN () e D g
U e 1 f e
SN fillys 1 fallyg Il folly
where we use the relations that |&F & &3] ~ |£F| and |&} £ &F| ~ |&}].
Estimate in A;. Note that A, =@ in (I'5\§23) x I's, thus Mg - x5\ =0.

Estimate in A3. By (4.9), we have

2042
IMs - Xxrs\2| SmiNT“.

Therefore, by (2.17)-(2.19) and (2.10), we have

2187

(5.2)

7). Now

= f}(%’*, 7j).

(5.3)
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fiE, ) folEs, T6)

LHS of (5.2) < N?572

&3 1°165 1°(65) (56)
As
—3H | 7S e S e L (16X 12T TR (e 0 TR
=02 [l e et ) (R 6 )
A1

(&1 )& T g) R
SN (8 ) i 108 £ s 199 55
R Fa s 10 e
SN_%+||f1 ||y0+||f2||y0— -~~||f5||y0+I|f6||y0—,
where we use the fact that |£; £ &2| ~ |&F] in this case.

Estimate in A4. The worst case is |§j| 2 N for any j=1,...,6, we only consider this case. Then by
(5.3), (2.8) for g =6— and (2.11) for q = 6+, we have

fi&, ) fo(gs, T6)
|63151&5 116215 1EE 1S

LHS of (5.2) < N4s—4

Ag
—4+ 0—
SN A s o 13 e [0 F6 s
SN fillygf2llys - 1 fsllys  folly,
This gives the proof of the proposition. O
Proposition 5.2. For any s > 3, we have
8
~ 5
/Ag(Ms + Mg; w(t))dt| SN2 Iw|§ . (5.4)
0
Proof. When |&1],..., || < N, we have Mg, Mg = 0. Similar to (5.2), it suffices to show

(Mg + Mg) (&1, ..., £8) f1(61,T1) - -~ f3(Es, Ts)
(ENm(Er) - (Eg)m(Es)

FgXFg
_3
SN fillys 1 fallys - 17 llys sl (55)

where I's x I'g ={(¢1,...,88,T1,...,T8): &1 +---+& =0, 71 +---+ 13 = 0}. Now we divide it into
three regions:

B4 {(51,...,58,1'1,...,‘[8)6FgXFS: !%‘ik’~|§';|zN>>|§'§k’},
{(E1,...,§3,‘C1,...,‘L’3)€FgXFS: !5;’2N>> |§I },

{G1.... 88, 11,....18) € I3 x T || Z N}.

B;

B3
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Estimate in By. By (4.30) and (4.36), we have
~ 11
IMg + Mg| S N72N32.

Therefore, similar to the estimate in A; in Proposition 5.1, we have

fi&, ) fa(€s, T8)

LHS of (5.5) < N%52 —
O IEFTRENTED - (&)

1_ 1_
N D Ll 0 D 1 e 1 S

_3
SN fillyg 1 fallyg -+ 17 llyg 1 sl

Estimate in B,. By (4.29) and (4.35), we have
IMs + Ms| < N

Moreover, it satisfies that

67| = [&5]~ [&7] inBa.

2189

(5.6)

Indeed, we have [&f| = |£5] + |5 + 0(N3) (see the proof of Lemma 4.9 for more details). Therefore,

similar to the estimate in B, we have

fi&, ) fa(Es, T8)
ST ED - &)

LHS of (5.5) < N353

SN () 11205 )
A e 10 S

-3
SN fillyg 1 2llyg - 1l sy -

Estimate in B3. We only consider the worst case: |£;| 2 N for any j=1,...,8. By (5.6) and the

similar estimates in A4 in Proposition 5.1, we have

fiE, ) fa(€s, t8)

&7 1251 ES 1 - - £ 1S

LHS of (5.5) < N8—8

B3
_1_ —3—
Lty PV P U PV P o 8
< N‘6+||f1||yo+||f2||y0— ol fsllys

This gives the proof of the proposition. O
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Proposition 5.3. For any s > 3, we have

B
/Aw(Mm; w(®)dt| SN Iwl|. (5.7)
0
Proof. When [&1],...,|&10] < N, we have Mg = 0. Therefore, we may assume that |&f| ~ |&5| 2 N.

Moreover, by symmetry, we may assume |&1| > --- > |§10| again. Similar to (5.2), it suffices to show

/ Mio(&1, ..., £10) f1(E1, T1) - - Fro(£10, T10)
(Em(ED - (E10)m(Er0)

T'oxT1o

SN fillyg 1l 1 fsllyg L frolly, - (58)

where I'g X I'o ={(&1,...,&10,T1,-.-,T10): &1+ -+ &10=0, 71+ -+ 110 = 0}. Now we divide it
into two regions:

D1 ={(&,....&10.T1, ..., T10) € o x To: |&2] Z N> |&3]},
Dy ={(&1.....810.T1,.... T10) € T x T'o: 631 2 N}.
Estimate in Dq. By Lemma 4.9, we have |og| <1 and thus
[Miol < 1. (5.9)

Similar to the estimates in A; in Proposition 5.1, we have

fiE, ) froEo, Ti0)
[€1151&215(&3) - - - (610)

LHS of (5.8) < N%2

D4
1_ 1_
SN 127 (A, f3)HL§[ |12 (f2. f4)HL§[
[ sl - 105 frof

-3
SN fillyg 1 fallys 1 fsllyg L frolly, -

Estimate in D;. We only consider the worst case: |§j| 2 N for any j=1,...,10. Thus by (5.9), and
the similar estimates in B3 in Proposition 5.2, we have

fi&1. 1) - Fro(10. T10)
F 1E1151621518315 18415 - - - 1€101°

LHS of (5.8) < N10s—10

< N8+ ||f1* ”Lﬁ[ ”fé" ”Lf?{ “ ]S_fg “Lf[+

1

1
A ? f7*”L;;> 12 f1*0||L§§>
< N_8+||f1||y5r I f2lly; -~ I follyz Il frolly -

This gives the proof of the proposition. 0O
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6. A comparison between E}(w) and E} (w)
In this section, we show that the third generation modified energy E?(W) is comparable to the

first generation modified energy E} (w) = E(Iw). In Section 5, we have shown that E?(w) is almost

conserved with a tiny increment. Then the result in this section forecasts that E}(w) is also almost
conserved with a similar tiny increment (which will be realized in the next section). Now we state
the result in this section.

Lemma 6.1. Let s > , then we have

|E}(w®) — Ef (w©)| S N (1w + [1w©[70)- (6:1)

Proof. By (3.8), (3.9) and (3.16), we have
3 1 1 1
Ef(w(®) — Ej(w(®) = 5A4 My(§1,82,83,84) — 5513m1m2m3m4; w(t)
+ AG(O’G; W(t))
Therefore, it suffices to prove
1 _ 4
‘A4 <M4($1,§2, §3,84) — 5;:13m1m2m3m4; W(U)‘ SN w1, (6.2)

and

| As(06; w(©)| S N [ Tw(®)] %1 (63)

For (6.2), we refer to (32) in [10]. Now we turn to prove (6.3). By Plancherel’s identity, it suffices to
show

[ ORG-S FO oy ool 64

(E1)m(&1) - - - (Ee)m(8p) ~

I's

We may assume that |&1] > |&;| > --- > || by symmetry. Since g =0 when |£;| < N for any j =
1,...,6, we may assume that |&1| ~ |&2| 2 N. By Lemma 4.9, we have |os| < 1. Note that

(€)mE) 2 (§)°, forany£ eR,

we have by Sobolev’s inequality,

fi&, ) foEo, Tio)
(E3)5T - (£6)T

LHS of (6.4) < N2+
Is

1 1
SN2 A0 115 50l 115 o]

N 1]+ o]

This gives the proof of the lemma. O



2192 C. Miao et al. / ]. Differential Equations 251 (2011) 2164-2195

7. The proof of Theorem 1.1
7.1. Avariant local well-posedness

In this subsection, we will establish a variant local well-posedness as follows.

Proposition 7.1. Let s > % then Cauchy problem (3.1) is locally well posed for the initial data wq satisfying
Iwg € H'(R). Moreover, the solution exists on the interval [0, 8] with the lifetime

8~ |lIn swoll (7.1)
for some > 0. Furthermore, the solution satisfies the estimate
IINswlly, S IHNsWollg- (7.2)
Proof. By the standard iteration argument (see cf. [27]), it suffices to prove the multilinear estimates,
||1(W13xV72W3)||Z] S Hwally, 1wz lly, [Twslly,, (7.3)
and
[1(w1WawsWaws)| 2 S Hwilly, - [Hws]ly,. (74)
By Lemma 12.1 in [12], it suffices to prove the multilinear estimates,
[widxwawsllz, S lwillys lwally, llwslly,, (7.5)
and
wiwawswawsliz, < [wally, - -~ lwslly,. (7.6)
These were proved in [27]. O

7.2. Rescaling

We rescale the solution of (3.1) by writing

W, 0 = 1w T W/ t/pE); Wo (0 = T wo/p).

Then w, (x,t) is still the solution of (3.1) with the initial data w(x, 0) = wo , (x). Meanwhile, w(x, t)
exists on [0, T] if and only if w, (x, t) exists on [0, WAT1.
By m(£) <1 and (3.4), we know that

[1wu©] 2 < [wu® ]z = Iwoullz = Iwollz < V27,
This together with (3.3) yields

oxtu @ ~ EF(wpe®). [1wu® [y S E(wpe®) +1. (7.7)
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Moreover, by (2.6), we get that

loxIwo il S N7/ - lIwol hs.
Hence, if we choose u ~ N suitably, we have [[Iwg ||y < 5. Thus we may take § ~ 1 by Proposi-
tion 7.1.

By standard limiting argument, the global well-posedness of w in H¥(R) follows if for any T > 0,
we have

sup [w(©®] s S C(Ilwollus, T).
0<t<T

Moreover, in light of (2.6) and (7.7), it suffices to show

sup  Ej(wu(0) SC(T) (7.8)
0t 2T

for some N. In the following subsection, we shall prove it by almost conservation law and iteration.
7.3. Almost conservation law and iteration
By (3.17), we have

t

E} (wu (D) = E} (wo, ) + f (AG(MG Xrg\2; W(s))ds
0

t
+ / Ag(Ms + Ms; w(s)) + A1o(Mo; w(s))) ds.
0

By Proposition 5.1-Proposition 5.3 and (7.2), we have for any t € [0, 1],
_3
E}(wu () < E}(Wo) + CINT2F (w15, + 1wy l§, + Hwplly°)
_3
< E}(wo )+ CoN"2F,
Thus,
E}(wu(®) < Ej (o) + (E (Wi (D) — Ef (wau ()
_3
+ (Ef (Wo) — Ef (Wo ) + Co2N 737,

Using (6.1), choosing N suitable large and applying the bootstrap argument, we obtain that for any
te[0,1],

E} (wu(0) < 10.

Repeating this process M times, we obtain for any ¢ € [0, M],
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Ej (Wi (®) < Ej(Wo,u) + (Ef (wa (D) = Ef (W)
5
+ (Ef (Wo) — Ef(Wo 1)) + C2MN ™2+,

Therefore, by (6.1) again, we have E} (wy () <10 provided M S N%*, which implies that the solution
w,, exists on [0, M§] ~ [0, N%_]. Hence, w exists on [0, 4% T] with the relation

2(1=s)
N

N3~ > 2T ~N"5 T,

9s—4
Thus we may take T ~ Nz —. When s > % we have 952;4

cient large N, and thus completes the proof of Theorem 1.1.

> 0. This implies (7.8) by choosing suffi-
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