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ABSTRACT During development neurons extend and retract cytoskeletal structures, chiefly microtubules and filopodia, to
process informational cues from the extracellular environment and thereby guide growth cone migration toward an appro-
priate synaptic partner. This cytoskeleton-based exploration is achieved by stochastic switching, with microtubules and
filopodia alternating between growing and shortening phases apparently at random. If stabilizing signals are not detected
during the growth phase, then the structures switch to a shortening state, from which they can again return to a growth phase,
and so forth. A useful means of characterizing these stochastic processes in a model-independent way is by autocorrelation
and spectral analysis. Previously, we compared experiment to theory by performing Monte Carlo simulations and computing
the autocorrelation function and power spectrum from the simulated dynamics, an approach that is computationally intensive
and requires recalculation whenever model parameters are changed. Here we present analytical expressions for the
autocorrelation function and power spectrum, which compactly characterize microtubule and filopodial dynamics based on
the stochastic, two-state model. The model assumes that the phase times are of variable duration and gamma-distributed,
consistent with experimental evidence for microtubules assembled in vitro from purified tubulin. The analytical expressions
permit the precise quantitative characterization of changes in microtubule and filopodial searching behavior corresponding
to changes in the shape of the gamma distribution.

INTRODUCTION

Neuronal growth is a highly dynamic and complex process
that establishes specific synapses and ultimately results in a
functional nervous system. To achieve this network of in-
terconnections, neurons grow processes called neurites
which have at their tips a highly motile structure referred to
as the growth cone. The growth cone senses its environment
and migrates in response to it in an attempt to locate an
appropriate synaptic partner. This is partly accomplished by
extending thin, actin-based protrusions called filopodia
shown in Fig. 1 A. Filopodia extend for highly variable time
periods and then retract if not stabilized by some positive
interaction, for example by contacting specific guidepost
cells during stereotypic pioneer axon extension (Bentley
and Keshishian, 1982).
In a similar fashion microtubules grow and shorten, a

phenomenon known as dynamic instability (Mitchison and
Kirschner, 1984). The growth occurs by addition of the
protein tubulin onto the distal microtubule tips. The transi-
tion to the shortening state is rapid and leads to extensive
tubulin subunit loss from the microtubule lattice structure.
The assembly of microtubules is critical for continued ax-
onal growth since the application of microtubule destabiliz-
ing drugs results in growth cone collapse and neurite retrac-
tion (Yamada et al., 1970; Daniels, 1972; Bamburg et al.,
1986). Typically, microtubules align parallel to each other

in the axon but splay out in all directions in the growth cone,
as shown in Fig. 1 B. Microtubules extend and retract via
dynamic instability apparently in an attempt to locate re-
gions of the growth cone periphery favorable for invasion
by the remainder of the microtubule array. The invasion of
microtubules into a particular region of the growth cone
periphery leads to formation of the axon and growth cone
advance (Sabry et al., 1991; Tanaka and Kirschner, 1991,
1995; Lin and Forscher, 1993). Based on this behavior,
microtubules have been hypothesized to be important de-
terminants of growth cone turning and reorientation
(Tanaka and Kirschner, 1995).
For both microtubule and filopodial dynamics the key

feature appears to be a rapid and stochastic switch between
states of extension and retraction, idealized in Fig. 2, where
A refers to extension and B to retraction. While the molec-
ular mechanisms of these switches remain obscure, phe-
nomenological models have been constructed to describe
the observed dynamics of both microtubules (Hill, 1987;
Mitchison and Kirschner, 1987; Bayley et al., 1989; Dog-
terom and Leibler, 1993; Gliksman et al., 1993; Odde and
Buettner, 1995) and filopodia (Buettner et al., 1994). These
models assume that microtubules and filopodia exist in
either a growing or a shortening state with abrupt, random
switches between states. The growth phases of microtubules
(Odde et al., 1995) and filopodia (Buettner et al., 1994) are
of highly variable duration and well-described by a gamma
distribution, shown in Fig. 3 A, which has the probability
density
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with parameters r and �. When r is large the gamma
distribution is symmetric and narrowly distributed about
mean r/�. At the other extreme, when r� 1, the distribution
is exponential and broadly distributed. These parameters
can be interpreted in terms of the kinetic scheme shown in
Fig. 3 B: a series of r first-order events, each event occur-
ring at rate �, is required for a switch to occur. Typically, we
have found r for microtubule and filopodial growth time
distributions to be in the range �1–4 (Buettner et al., 1994;
Odde and Buettner, 1995; Odde et al., 1995; Howell et al.,
1997). In principle, the value of r for growth phases is
independent of the value of r for shortening phases, al-
though recent analysis demonstrated that the two values of
r for microtubule dynamics in living cells are quite similar
(Howell et al., 1997).
The similarity in microtubule and filopodial dynamics

may be a direct reflection of a similarity in function: the
growing structures sense their environment, integrate the
signals received, and direct neuritic growth in response to

the integrated information. The two-state model for process
dynamics is useful in this respect since it permits a binary
representation of the structure’s state. For example, a mi-
crotubule in the growth state can be assigned the value “1,”
while a microtubule in the shortening state can be assigned
the value “0,” similar to the binary descriptors applied to
represent gene expression (Kauffman, 1993). If this state is
capable of switching in response to the local environment,
then the microtubule can act as an information processor
(Hameroff, 1987). This paradigm differs from the present
view of cellular information processing where specific sets
of signal transduction molecules (i.e., receptors, protein
kinases, etc.) are responsible for intracellular signaling. A
recent experiment supports the broader interpretation: when
cultured fibroblasts are treated with microtubule depolymer-
izing agents, the transcriptional regulator, NF-�B, is specif-
ically activated and associated genes expressed (Rosette and
Karin, 1995). This result shows that a large number of
microtubule switches from state 1 (growth) to state 0 (short-
ening) may result in a set of genes being changed from state
0 (not expressed) to state 1 (expressed).
In general, stochastic dynamics, such as those exhibited

by microtubules and filopodia, can be conveniently charac-
terized by the autocorrelation function and the power spec-
trum (Gardiner, 1985). The autocorrelation function char-
acterizes the degree of correlation between values spaced �
time units apart while the power spectrum characterizes the
degree of periodicity across a range of frequencies. Such
analyses are especially useful because they characterize the
system dynamics in a model-independent manner. For ex-
ample, coevolving systems often “explore” their local en-
vironment via self-organized criticality (Bak et al., 1988;
Kauffman, 1993). The autocorrelation and power spectrum
can be used to characterize the experimentally measured
dynamics of such a system and the results compared directly
to model predictions. The power spectrum of microtubule
dynamics in vitro was previously found to be consistent
with the two-state model assuming gamma-distributed
phase times, and exhibited power-law behavior consistent
with a self-organized critical system (Odde et al., 1996a). In

FIGURE 2 Idealized two-state behavior with stochastic switching. The
amount of time spent in a given state before switching is highly variable
and, in the present model, assumed to be gamma-distributed.

FIGURE 1 The nerve growth cone viewed by light microscopy. (A)
Phase contrast image of an embryonic chick growth cone and its associated
filopodia (three filopodia are marked by black arrows). (B) Fluorescent
image of an embryonic frog growth cone and its microtubule array (cour-
tesy of Drs. Elly Tanaka and Marc Kirschner, Harvard Medical School).
Individual microtubules can be seen to extend well into the peripheral
regions of the growth cone (marked by the three white arrows). Both
microtubules and filopodia serve to guide the growth cone during normal
development. Image widths are 85 �m (A) and 25 �m (B).
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addition, microtubule dynamics in frog growth cones were
found by autocorrelation analysis to be consistent with the
two-state model having gamma-distributed phase times and
displayed dynamics similar to those of the growth cone
itself (Odde et al., 1996b). Thus, exploratory dynamics can
generally be characterized by the autocorrelation function
and power spectrum and directly compared to each other
and to model predictions. However, this simulation-based
approach is computationally intensive and requires that a
new simulation be performed whenever a model parameter
is changed.
To compactly describe the dynamics of filopodia and

microtubules, we derived analytical expressions for the au-
tocorrelation function and power spectrum of a two-state
process with phase times that are gamma-distributed. For
simplicity, we considered only integer values of the gamma
distribution parameter, r (i.e., the special case given by the
Erlang distribution). The analytical expressions provide pre-
cise quantitative characterization of microtubule and filopo-
dial searching behaviors and their potential modulation dur-
ing neurite outgrowth.

RESULTS

Analytical expressions for the autocorrelation
function and power spectrum

Based on the two-state kinetic model shown in Fig. 3 B, we
derived expressions for the autocorrelation function of mi-
crotubule and filopodial dynamics. The details of the deri-
vation are given in the Appendix. For a two-state process
with gamma-distributed phase times the autocorrelation
function, B(�), is given by

B��� �
1
r��
i�1

r �
j�0

r�i

Pj � �
n�0

� �
i�1

r �
j�1

r

�P(2n	2)r�i	j � P(2n	1)r�i	j��
(2)

where r is the gamma distribution shape parameter and

Pk �
����k

k! e
��� (3)

where Pk is the probability (given by the Poisson distribu-
tion) of k first-order events occurring in a time interval �,

FIGURE 3 Gamma probability density
and its associated kinetic model. (A) The
gamma probability density is shown for val-
ues of r � 1, 2, . . . , 5 (note that � has been
adjusted in each case to maintain a constant
mean equal to 1 min). The distribution of
phase times varies from an exponential de-
cay when r � 1 to a more symmetric dis-
tribution when r � 5. (B) The associated
kinetic model that gives rise to a gamma
distribution of phase times. For a microtu-
bule or filopodium to transit from state A1 to
state B1, it must proceed through a series of
r � 1 substates, A2, A3, . . . , Ar, each step
occurring at rate �. A similar series of steps
is then required for the reverse process. In
principle the value of r for the growth phase
(A) could be different from that for the
shortening phase (B); however, the present
analysis only considers the case where they
are the same.
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each event occurring at rate �. The power spectrum, S(	), is
directly related to the autocorrelation function by

S�	� � 2 �
0

�

B���cos 	� d� (4)

where 	 is the frequency.

Effect of varying r, the gamma distribution
shape parameter

Previous analysis of growth time distributions suggested
that the gamma distribution shape parameter, r, may repre-
sent a key parameter which the cell manipulates to effect
changes in the state of the cytoskeleton (Odde et al., 1995).

When r is varied across a range of values found experimen-
tally for microtubules (Odde et al., 1995) and filopodia
(Buettner et al., 1994), the autocorrelation function, B(�),
transits from a simple exponential decay for r � 1 to a
damped oscillation for increasing values of r, the damping
lessening with increasing r, as shown in Fig. 4 A. When
B(�) � 0, there is no correlation between the present state
and the state at a time � later. Over long time intervals this
is the case for finite values of r. The case where B(�) � 1
implies perfect correlation between states time � apart.
Thus, as � 3 0, B(�) 3 1, since the state is unlikely to
change over very short time intervals. When B(�) 
 0 there
is anticorrelation to the present state, implying that if the
system is in state A now it will tend to be in state B after a
time � from now. In the extreme where B(�) � �1, the

FIGURE 4 (A) Autocorrelation func-
tion and (B) power spectrum of a two-
state process with gamma-distributed
phase times. The gamma distribution
shape parameter, r, is varied over the
range r � 1, 2, . . . , 5 (note that the
parameter � is held constant at 1). The
autocorrelation function exhibits in-
creased oscillations with increasing r
while the power spectrum becomes
more narrowly centered about the mean
frequency, 	mean.
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system will always be in the opposite state after a time
period � has passed, which occurs for perfectly regular
oscillations of frequency 	 � 
/�, a limit that is approached
as r becomes very large.
The power spectrum, S(	), complements B(�) by identi-

fying the relative strength of various-sized oscillations in
the process variable. The autocorrelation function and the
power spectrum are not independent characterizations, how-
ever, since one is the Fourier transform of the other (Beck-
mann, 1968). We present both since each highlights differ-
ent aspects of the stochastic process. The power spectrum,
S(	), is shown in Fig. 4 B as a function of the gamma
distribution shape parameter, r. For the special case of r �
1, the power spectrum is distributed across a broad range of
frequencies and is described by a Lorentzian of the form

S�	� �
4�

	2 � 4�2 (7)

For increasing values of r the power spectrum becomes
more narrowly centered about a mean cycle frequency de-
fined as

	mean �

�

r (8)

Thus, varying r can dramatically shift the effective range of
frequencies that the two-state process exhibits.

DISCUSSION

Here we have presented analytical expressions for the au-
tocorrelation function and power spectrum of a two-state
process having gamma-distributed phase times. The analyt-
ical expressions provide compact descriptions of cytoskel-
etal dynamics so that computer simulation is not required to
describe filopodial and microtubule exploratory behavior.
The derived expressions for the autocorrelation function and
power spectrum both show a strong dependence on r. The
assumption of gamma-distributed phase times is necessary
since the simple exponential distribution does not ade-
quately account for the distributions observed experimen-
tally for either microtubules or filopodia. Experimentally, it
was previously estimated that r � 3 for microtubule growth
times in vitro using purified tubulin to assemble the micro-
tubules [6 �M tubulin, plus ends, axoneme fragments used
as nucleating structures (Odde et al., 1995)]. Analysis of
microtubule assembly data reported in the literature yielded
values of r ranging from 1.4 to 4 across a range of condi-
tions, both in vitro and in vivo (Odde and Buettner, 1995).
In addition, microtubule phase times (both growing and
shortening) in living newt lung epithelial cells exhibit
gamma distributions having values of r within the range of
the previously estimated values (Howell et al., 1997). Sim-
ilarly, filopodia of chick dorsal root ganglia growth cones
exhibit growth times that are gamma-distributed with a
value of r � 2–3 (Buettner et al., 1994).

Given that r is generally not equal to 1, as has been
previously assumed, it may be that r represents a key
parameter modulated by the cell to effect a change in the
state of the microtubule array. In support of this we have
found that by simply changing r, and holding all other
parameters constant, a cell can effect a change from an
interphase-like microtubule array to a mitotic-like array
(Odde et al., 1995). However, modulating r may not only
provide a means of regulating the state of microtubules or
filopodia, but also a means of optimizing the searching
activity associated with these structures. The modulation of
r could occur by any number of mechanisms. In the case of
microtubules, the increasing tendency to switch the longer
the microtubule has existed in the current state (as charac-
terized by r) could simply be a result of the very slight
increase in free energy of the microtubule polymer pre-
dicted (based on statistical mechanical arguments) to occur
with increasing microtubule length (Hill, 1987). Thus, the
observed gamma distribution could simply be a result of
length-dependent switching between states A and B (Odde
et al., 1995; Dogterom et al., 1996). Alternatively, the
increasing tendency to switch could be a function not of
microtubule length but rather of time spent in the current
state, as originally proposed (Odde and Buettner, 1993,
1995). On the molecular level, this could be the result of the
structural changes in tubulin subunits that occur at the
microtubule tip during assembly and disassembly (Chretien
et al., 1995). From the two reports of the phenomenon
(Odde et al., 1995; Dogterom et al., 1996) it is not possible
to discern which of these two possibilities is correct. Recent
analysis of microtubule dynamics in newt cells seems to
support the latter hypothesis: gamma-distributed phase
times were observed (r � 2) even though microtubule
length changes were typically 
�10% of the total micro-
tubule length. Further experimentation will be required to
resolve this issue. The results of Howell et al. suggest that
in either case the regulation of r is at least partially under the
control of microtubule-associated proteins whose activity is
in turn modulated by the phosphorylation state of the cell
(Howell et al., 1997).

Stochastic searching activity and the
gamma distribution

To illustrate how modulating the gamma shape parameter, r,
can modulate the stochastic searching activity of microtu-
bules and filopodia, we consider two extreme cases of the
two-state model. The first is a two-state model with random,
first-order transitions, which we call “random switching,”
and the second is a two-state model with perfectly regular
transitions, which we call “regular switching.” These two
extremes can be represented within the context of the
gamma distribution. If microtubules and filopodia are gov-
erned by random switching, then r � 1 and there will be a
broad (exponential) distribution of phase times (see Fig. 3
A). Such microtubules and filopodia will undergo many
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short extensions with occasional very long extensions. At
the other extreme, regular switching occurs when all phase
times are equal, which is the case when r 3 � (see Fig. 3
A). In this case, microtubules and filopodia will always
undergo extensions of identical size.
The advantage of having r � 1, in terms of searching

activity, is that a broad range of search sizes are attempted
by the microtubules and filopodia. This strategy makes
distant targets less likely to be missed, as can be seen from
the right-hand tail of the gamma distribution shown in Fig.
3 A: a greater number of long times (relative to the mean
time of 1 min) occur when r � 1 than for larger values of
r. However, when r � 1 there is also a larger number of
very short excursions relative to distributions having larger
values of r. These short excursions presumably will contact
an appropriate target only on rare occasions. Thus, the
ability to locate distant targets comes at the expense of
considerable energy expended on short, futile searches. The
converse is true for the case when r is very large: while
unable to contact distant targets, less energy is wasted on
short searches. Here the energy spent by a microtubule or
filopodium in searching its local environment is now en-
tirely focused on searches of one particular size.
Based on these arguments, it would seem that the best

strategy will depend greatly on the prior “knowledge” the
searcher has about its local environment. Very often in the
embryo, neurons develop in a very stereotypical and con-
served manner (Jessell, 1991). In this case, r could evolve to
a large value so that precise lengths of filopodia and micro-
tubules are attained, lengths that exactly meet the require-
ments of the particular exploratory task. However, this
strategy is very sensitive to small changes in the environ-
ment. If the target is moved a little further away than
anticipated, the exploring structure cannot detect it since the
structure is constrained to searches of one particular size.
Thus, the greater r is the more fragile the searcher is, and the
more susceptible it is to failure.
While the two-state model provides a useful model for

characterizing microtubule and filopodial dynamics, devia-
tions from the ideal behavior can occur. For instance, both
microtubules (Schulze and Kirschner, 1986) and filopodia
(Myers and Bastiani, 1993) have been observed to “pause”
and neither grow nor shorten appreciably for a period of
time. While nonideal, these dynamics are nevertheless
readily amenable to autocorrelation and power spectrum
analysis (Odde et al., 1996a; Vorobjev et al., 1997). The
autocorrelation function and power spectrum can then be
compared to the behavior predicted by various models, such
as the two-state model. In addition, the analysis can be used
to characterize the type of searching activity, whether more
random (similar to when r � 1) or regular (similar to when
r is large), independent of any particular model, two-state or
otherwise. This approach is also useful when the underlying
model is not known. For example, self-organized critical
systems (Bak et al., 1988) and cooperative adsorption phe-
nomena (Vlachos et al., 1991) can exhibit dynamics quali-
tatively similar to those of microtubules and filopodia. An

interesting “higher-order” searching activity of the nervous
system is the switching between visual perceptions of the
Necker Cube, as shown in Fig. 5. The Necker Cube can
elicit the perception of either of two solid cubes with sto-
chastic switching between the two perceptions. Of particu-
lar interest to the present study is that the time spent in any
one perception is gamma-distributed with a mode value of
r � 3 [and varying between 1 and 9, depending on the
subject (Borsellino et al., 1972)]. Therefore, the two-state
process with gamma-distributed phase times may be a fun-
damental characteristic of stochastic exploration in biolog-
ical and physical systems. Any putative searching activity
ascribed to these systems can be quantitatively character-
ized by the autocorrelation function and power spectrum
and comparison made to model prediction.

APPENDIX

Derivation of expressions for autocorrelation
function and power spectrum

Consider a process that switches between two states, A and B, as idealized
in Fig. 2. Furthermore, assume that r Poisson events (i.e., first-order
reactions) in series are required for a switch to occur from state A to B and
vice versa. The probability of k Poisson events occurring in a time interval
� is given by

Pk �
����k

k! e
��� (A1)

where � is the frequency of the Poisson events. To derive the expression for
the autocorrelation function we consider each of the first r events and then
calculate the probability of there being m switches during an arbitrary time
interval �. For example, assume that no Poisson events have occurred. If
there are 0, 1, . . . , or r � 1 Poisson events, then there will be zero
switches. If there are r, r	 1, . . . , or 2r� 1 Poisson events, then there will
be one switch. If there are 2r, 2r 	 1, . . . , or 3r � 1 Poisson events, then
two switches will occur, and so forth. Next, assume that one Poisson event
has occurred. If there are 0, 1, . . . , or r � 2 Poisson events, then there will
be zero switches. If there are r � 1, r, . . . , or 2r � 2 Poisson events, then

FIGURE 5 Necker Cube. Visual perception of a cube changes stochas-
tically between either of two faces being closer. The distribution of times
spent in any one perception has been shown previously to be gamma-
distributed with a mode value for r of �3.
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there will be one switch. If there are 2r � 1, 2r, . . . , or 3r � 2 Poisson
events, then two switches will occur, and so forth. This procedure can be
applied for each of the first r intervals.
We can now calculate the probability of 0, 1, 2, or more switches

occurring by adding all the probabilities together. For example, the prob-
ability of zero switches is given by

prob�m� 0 in interval �t, t� ��� �
1
r ��P0 � P1 � · · ·

� Pr�1� � �P0 � P1 � · · ·� Pr�2� � · · ·� P0�
(A2)

or

prob�m� 0 in interval �t, t� ��� �
1
r �
i�0

r �
j�0

r�i

Pj (A3)

Similarly, the probability of one switch is given by

prob�m� 1 in interval �t, t� ���

�
1
r ��Pr � Pr	1 � · · ·� P2r�1� � �Pr�1 � Pr � · · ·

� P2r�2� � · · ·� �P1 � P2 � · · ·� Pr�� (A4)

or

prob�m� 1 in interval �t, t� ��� �
1
r �
i�1

r �
j�1

r

P(r�i)	j (A5)

In general, for m  0, the probability of m switches occurring is given by

prob�m, m integer� 0, in interval �t, t� ���

�
1
r �
i�1

r �
j�1

r

Prm�i	j

(A6)

From these probabilities the autocorrelation function can be derived. If
there are an even number of m switches during time t 	 �, the state will be
the same as it was at time t. Alternatively, if there are an odd number of
switches, then the state at time t 	 � will be the opposite of the original
state at time t. For an even number of switches, the probability is given by

prob�m even� �
1
r �
i�0

r �
j�0

r�i

Pj �
1
r �
n�0

� �
i�1

r �
j�1

r

P(2n	2)r�i	j

(A7)

and for an odd number of switches the probability is given by

prob�m odd� �
1
r �
n�0

� �
i�1

r �
j�1

r

P(2n	1)r�i	j (A8)

The autocorrelation function, B(�), is then given by

B��� � prob�m even� � prob�m odd� (A9)

Combining Eqs. A7–A9, we arrive at the final expression for B(�), which
is given by

B��� �
1
r ��

i�1

r �
j�0

r�i

Pj � �
n�0

� �
i�1

r �
j�1

r

�P(2n	2)r�i	j � P(2n	1)r�i	j��
(A10)

Since the autocorrelation function and power spectrum are Fourier trans-
forms of each other (Beckmann, 1968), we can obtain the power spectrum,
S(	), from Eq. A10. The expression for the power spectrum, S(	), is
therefore given by

S�	� � 2 �
0

�

B���cos 	� d� (A11)
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